UNIVERSITA DEGLI STUDI DI FIRENZE

Facolta di Scienze Matematiche, Fisiche e Naturali
Dipartimento di Matematica “Ulisse Dini”
Dottorato di Ricerca in Matematica

PhD Thesis

Planar Clusters

Doctoral candidate:
Andrea Tamagnini

Advisor:
Prof. Emanuele Paolini

Tutor: o Director of PhD:
Prof. Rolando Magnanini Prof. Alberto Gandolfi

November 2012 - November 2015

CICcLO XXVIII
SETTORE SCIENTIFICO DISCIPLINARE MAT /05



Contents

Introduction 3

1 Preliminary results

1.1 Existence and regularity of soap bubbles . . . . ... ... ..
1.2 The concepts of pressure and results on minimizing clusters 19
1.3 Theweakapproach . .. ... .................. 32
2 The geometry of planar soap bubbles 35
2.1 Mobius transformations . . . ... ... Lo 35
2.2 The geometry of planarbubbles . . . . . ... ... ... ... 45
2.3 Reduction of a bubble with threeedges . . . ... ... ... 56
3 Conditions on area, variations and estimates of bubbles 64
3.1 Necessary conditionsonarea . .. ... ............ 65
3.2 Variationsofbubbles . . . ... ... .. ... .. ... .. .. 72
3.3 Estimates on pressure in a standard double bubble . . . . . . 81
4 Planar double and triple bubble with equal areas 86
41 Planar double bubble with equalareas . . . . . ... ... .. 86
4.2 Planar three bubble with equalareas . . . ... ... ... .. 89
5 Planar four bubbles conjecture with equal area 97
5.1 Necessary conditions on area of different components of the
SAME TeZION . . . . . . vt 97
5.2 Possible cases of disconnected weakly minimizing 4-cluster 103
5.3 Thecases (2,0,0,0)and (1,1,0,0) . . . . ... ... ... ... 113
53.1 Thecase (2,0,0,0) . ... .. ... ... ........ 114



INDICE

532 Thecase (1,1,0,0) . . ... ... .. ... .......
54 Thecase (1,0,0,0) . . . . . ...



Introduction

This thesis is focused on the study of minimal planar soap bubble clusters.
The aim is to determine the configuration of N disjoint regions E1,. .., Eyx
with fixed areas ay,...,ay, which minimizes the length of the interfaces:
Uf\il OE;. The 3D version of this problem (i.e regions enclosing prescribed
volumes with minimal total surface area) has a simple physical model given

by soap bubbles (see Figure 1).

Figure 1: Double bubble in R? provides the least-area way to enclose and

separate the given volumes of air.

If we have a single bubble the problem becomes the classic isoperimet-
ric problem already well known since the times of ancient Greeks, which
knew the solution: the circle. But the first real proof is due to Steiner [14]

in the nineteenth century. He proved that, if the solution exists then neces-
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sarily has to be a circle. Carathéodory ! completed the proof showing the
existence of the solution. We want to emphasize that the circle is connected,
so intuitively, it would seem clear even in the presence of more than one re-
gion, that the best configuration is one in which each region is connected.

This is called the soap bubble conjecture
Conjecture 0.1. [12] All regions of a minimizing cluster are connected.

In particular it is not known if the problem to determine the configura-
tion of IV disjoint connected regions Ey, ..., Ex with fixed areas a1, ..., an
has solution. As often happens, however, what is intuitive is particularly
difficult to prove mathematically; this is the case, a method is not yet found
to solve directly the conjecture but partial results are obtained a posteriori
after finding an explicit solution of the problem. The problem can be pre-
sented in the more general case of clusters in R"; it is called the generalized
soap bubble problem.

Almgren in 1976 [1] proved existence and regularity almost everywhere
for n > 3 of a solution to the generalized soap bubble problem. Taylor im-
proved this result for n = 3 in the same year (see [15]).In 1985, Bleicher
[4] proved important properties of the solutions to the problem in 2 di-
mensions without giving a rigorous proof of their existence, while in 1992,
Morgan [11] proved the existence of the solutions to the planar problem
and properties of minimizers (the same is also proved by Maggi in [10]).
Some years later, in 1994 — 1995 Cox, Harrison, Hutchings, Kim, Light,
Mauer and Tilton [6] proved that to each region E; of the minimum one
can associate a real number p; (said pressure) so that each edge between re-
gions I; and Ej; has curvature p; — p;. In 1996, Bleicher [5] proved a useful
property that, in a minimizing bubble, any 2 components may meet at most
once. This reduces many combinatorial possibilities for candidate bubble
clusters.

Once the existence and local structure of minimizers have been com-

pletely established, the problem stated in Conjecture 0.1 remains the most

!Blaschke [3] credits Edler, Carathéodory and Study with existence results. Bandle [2]
claims Carathéodory was first. Schmidt and Weierstrass completed the three dimensional

analogue.
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important open question. In 1994 the planar double bubble problem (i.e

cluster of two bubbles)

Figure 2: A standard double bubble.

was solved by Foisy, Alfaro, Brock, Hodges and Zimba [7], a group of

students of Morgan: all minimizers are as in Figure 2.

Figure 3: A standard triple bubble with the same area.

The case N = 3 (Figure 3) was fully proved in 2002 by Wichiramala
in his PhD thesis [17], exploiting the PhD thesis of Vaughn [16] of 1998.
Vaughn proved that any minimizing triple bubble with equal pressures and
connected exterior is composed by connected regions. Other significant

result is the proof of the classical honeycomb conjecture: any partition of
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the plane into regions of equal area has perimeter at least that of the regular
hexagonal honeycomb tiling. It is proved in 1999 by Hales [8].

The purpose of this thesis is to solve Conjecture 0.1 in the case N = 4
and all regions with the same area.

We conclude this introduction with a short summary of each chapter of
the thesis.

e Chapter 1. In this chapter we briefly recall previous results on the
soap bubble problem and we give important definitions that are used
throughout this dissertation. In particular we introduce the notion of
weak minimizers, which is a minimizing cluster with areas | E; | > a;

(instead of | E; | = a;). We focus on progress in the planar case.

The first section is devoted to the existence and regularity of soap
bubbles.

In the second section we introduce a significant concept: the pres-
sure. Here the most important result is Corollary 1.47, that links the

perimeter of a bubble with the pressures and areas of each region.

In the last section we show that, under some suitable conditions,
weak minimizers are minimizers, and if weak minimizers are stan-
dard (i.e each region is connected), then minimizers are standard (see
Theorem 1.50).

e Chapter 2. Here, following also the PhD thesis of Wichiramala [17],

we discuss geometric properties of planar soap bubbles.

In the first section we introduce Mobius transformations, that are
maps with particular properties; they transform straight lines and cir-
cles into straight lines and circles and they preserve angles between
curves and orientation, as shown in Theorem 2.6 and Remark 2.9 re-
spectively.

In the second section, we determine some conditions under which
some components are vertically symmetric, as shown in Corollary
2.16. Furthermore Lemma 2.18 is very interesting, since it describes

the situation when there is a sequence of four-sided components.
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Finally, in the last section, we conclude with Lemma 2.22, where we
show how to simplify clusters by reducing one component with three

edges.

e Chapter 3. In this chapter we introduce some new tools which are
used in the following. In this first section, we present the key theorem
of the thesis; it is Theorem 3.5 and it gives some necessary conditions
on the quantity of area that different components of the same region
must have. In particular, under suitable conditions, we are able to

identify a big component and the small components in each region.

In the second section we introduce three particular variations of a
cluster in Lemma 3.11, Lemma 3.12 and Lemma 3.14. In the first
we find the minimum quantity of area that a component of a dis-
connected region must have. In the second the goal is to remove a
small component in favor of the big component. This will give an
important estimate for the pressure of a region. Finally in the last we
determine a simple estimate for the length of all edges of a weakly

minimizing planar cluster.

In the third section we conclude with an interesting lemma (Lemma

3.16) where we determine a significant estimate for the pressures of a
standard double bubble.

e Chapter 4. In this chapter we show how the tools developed in Chap-
ter 3 can be successfully used to prove, in an alternative way respect
to the already presented solutions, that the double and triple bubbles

with all regions of equal area are connected.

In the first section we deal with the double bubble. The result is a di-
rect consequence of Remark 4.7 and Corollary 4.8, that give an upper

and lower estimate on the area of a small component respectively.

In the second section we deal with the triple bubble. Remark 4.12
and Corollary 4.15 are the keys, because again they give an upper
and lower estimate on the area of a small component respectively.
Finally we also underline Lemma 4.21, that describes a component of

a disconnected region and a component of a connected region.
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e Chapter 5. This chapter contains the new result of this thesis. We con-
sider a cluster of four regions of equal area and we prove that each
region is connected (i.e. Conjecture 0.1 is true in the case in which
each region has the same area). The chapter is divided in four sec-

tions.

In the first section the most important results are Theorem 5.6 and
Corollary 5.10, which give estimates on the area of disconnected re-

gions.

In the second section, exploiting Remark 5.7 and Corollary 5.10, we
list all possible cases of disconnected planar weakly minimizing 4-

cluster (see Remark 5.12), which remain to be excluded.

Theorems 5.15, 5.23, 5.39 and 5.55, contained in the second, third and
fourth section respectively, are the crucial theorems to prove the con-
jecture. Indeed they eliminate all possibilities of disconnected planar

weakly minimizing 4-cluster, listed in Remark 5.12.



Chapter 1
Preliminary results

In this chapter, we summarize known results on the soap bubble prob-
lem and we give important definitions that are used throughout this dis-
sertation. We focus on progress in the planar case.

In particular the first section is devoted to the existence and the regu-
larity of soap bubbles.

In the second section we introduce a significant concept: the pressure.
Here the most important result is Corollary 1.47, that links the perimeter of
a bubble with the pressures and areas of each region.

In the last section we show a new approach in order to prove the planar
soap bubbles conjecture. It is summarized in Theorem 1.50, which, under
suitable conditions, shows when a weakly planar minimizing cluster is a
planar minimizing cluster and underline that the soap bubble conjecture holds

if every weak minimizer is standard.

1.1 Existence and regularity of soap bubbles

The core of this first section is the existence and the regularity of soap

bubbles. In particular we are especially interested in the planar case.
We start with some definitions.

Definition 1.1. [10] A N-cluster E is an N-uple of sets, E := (E1, Eo, ..., EN)

with these properties

a) E;is a subset of R, £L"-measurable foralli =1,...,N;
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b) 0<|E;| <+4ocforalli=1,...,N;
c) |EiNEj|=0foralli# j;
d) P(E;) = H" Y(0*E;) < +ooforalli=1,...,N.

Furthermore, given an N-cluster E, we define

N
e) Ep:=R"\ U E;, called exterior region;
i=1

[t
=

[\

f P(E) =35> P(E).
j=0

We introduce the following notation to denote the set of N-clusters E of R"

Enn ={E|E N — cluster of R"}.

We denote with P(B), | B |, 8*B and H"!(B) respectively the perimeter,
the volume, the reduced boundary and the n — 1-dimensional Hausdorff
measure of any subsets B of R". We use the vector notation to denote a
vector of given volumes a = (a1,...,an) witha; > Oforalli =1,...,N
and m(E) = (| E;|,...,| Ex ).

The soap bubble problem is the following;:

min {P(E) |E € &, n,m(E) = a}, (1.1)

namely it consist in the search for the least surface area way to enclose and
separate IV regions E; of given volumes a;. If n = 2, we call the problem
the planar soap bubble problem.

We formulate the corresponding weak version of the problem (1.1):

min {P(E) |E € &, n,m(E) > a}, (1.2)

where m(E) > ais |E;| > a;, foralli =1,...,N.

We call this problem weak soap bubble problem.

Definition 1.2. We denote with

pn.n(a) = min {P(E) |E €&, n,m(E) = a},
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pi.x(@) = nin {P(B) [ B & £,y m(E) > ).

Definition 1.3. Let E be a N-cluster. If m(E) = a, then we say that E is a

competitor for the problem (1.1). Then we denote with
Con(a) ={Ec & n|mE)=a},

the set of all competitors.
In the same way, given a N-cluster E, we say that it is a weak competi-
tor for the problem (1.2) if m(E) > a. Then we denote by

wn(@) i ={E €& n|m(E) >a},
the set of all weak competitors.

Remark 1.4. By Definition 1.2, it is clear that

pn,n(a) = inf {P(E) |E e Cn,N(a)},
(1.3)
pj y(a) = inf {P(E) |E € C;N(a)}.
Since Cp,n(a) C C;, y(a), thenpj, y(a) < pnn(a).
Remark 1.5. By (1.3) of previous remark, we have that
P (@) = inf py v (b).
whereb > aisb; > a;, foralli=1,...,N.
Definition 1.6. A N-cluster E is a minimum for the problem (1.1) if
1) E € C, n(a);
2) P(E) < P(E) forall E' € C,, ny(a).

We denote with M,, y(a) the set of minimizers, namely

M, n(a) :={E € C,n(a)| P(E) < P(E),VE' € C, y(a)}.

Similarly for the problem (1.2), given a N-cluster E, we say that it is a

weak minimum if
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1) E€C; y(a);
2) P(E) < P(E') forallE’ € C; y(a).

We denote by M, y(a) the set of weak minimizers, namely

nn(@) ={Be€C; y(a)| P(E) < P(E'),VE' € C; y(a)}.

Remark 1.7. If E € M, y(a), then E € M, y(m(E)). Otherwise there
would exist E' such that m(E’) = m(E) and P(E’') < P(E) < P(E") for all
E" € C; y(a). Since m(E') = m(E) > a, E' € C; y(a), then P(E) < P(E),

so we get a contradiction.

Remark 1.8. Let M; y(a) # (. We note that when for all E € M}, y(a) is
true that m(E) = a, then weak minimizers and minimizers are the same.
Indeed let be E € M; y(a), since m(E) = a, then P(E) < P(E") for all
E" € C, n(a). Therefore E € M,, y(a), namely E is a minimizer.

On the other hand, since m(E) = a, E is a competitor for the problem
(1.1), therefore, taken a minimizer E’, then P(E) > P(E’). Furthermore,
since m(E’) = a > a, E' is a weak competitor for the problem (1.2), there-
fore P(E) < P(E’). So E’ is a weak minimizer.

Remark 1.9. Furthermore, by the definitions of p,, y(a) and M, n(a) seen

in Remark 1.4 and in Definition 1.6 respectively, we have that

M, n(a) = {E €Cpn(a) ‘ P(E) = pn,N(a)},
for any vector a of positive components.

The existence and basic regularity almost everywhere of the solutions
to the soap bubble problem in R" for n > 3 was proved by Almgrem in 1976
[1], while in 1994 Morgan proved the existence and regularity of solutions

to the planar soap bubble problem (the same is also proved by Maggi in
[10]).

Theorem 1.10. [11][4][10] For all a = (ay,...,an) € RY there exists E €
M3 n(a). Every E € My y(a) must satisfy these conditions:
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1. it is composed by a finite number of arcs of circle (segments are considered

edges with zero curvature);
. ) ) 2
2. each vertex is meeting point of exactly three edges that make angles of g ;
3. edges that separate the same pair of regions have the same curvature;

4. in each vertex the cocycle condition holds, namely the sum of the signed

curvatures is zero.

Remark 1.11. By Almgrem [1] and by Theorem 1.10 we have that the set
M, n(a) # 0 for any vector a of positive components. So by Remark 1.9,
there exists E € M,, y(a), such that P(E) = p,, y(a).

We recall the isoperimetric inequality

n—1
n

P(E) > n(w,)"| E|"* ,VE C R", E £" — measurable, | E| < +o0,

where w,, is the volume of the unit ball in R". We denote by C,, := n(wn)%,
thusifn =2, Cy = 2¢/7.

We set D, := a1, +00[x ... X [an, +oo], where a; > 0 for all i.

Here, we show a preliminary lemma for the proof of the existence of the

minimum for the the soap bubble weak problem (1.2).

Lemma 1.12. Leta = (ay,...,an) € RY and p,, n be the following function,

pn,N3Da — R, b :(bl, .. ,bN)'—> pmN(b):miIl {P(E) { | DRSS Cn,N(b)}y
(1.4)
then:

1) pnn(b) > pn j(bj), where bj is a vector of j-components of the vector b;

2) |b‘lim pn,N(b) = +o00 (|b| denotes the Euclidian norm of b € Dy);
—+00

3) pn,N is continuous.
Proof. First of all we note that the minimum of the set { P(E) | E € Cp, n(b)}

exists and there is E € M,, x(b), such that P(E) = p, n(b), as we have

seen in Remark 1.11.
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We show 1). Let E € M,, y(b) and j with 1 < j < N, we consider
E’, a vector of j-components of E with Eg, the complementary set of the
union of j-components of E, then E/ is a j-cluster and E € C,, ;(b;)(see the

Definition 1.1) and one has

pnN(b) = P(E) > P(E) > py ;(b;).

This finishes 1).
The property 2) is a directed consequence of 1); in fact for all j fixed,
such that 1 < j < N, we obtain that

n—1

pn,N(b) > pn,j(bj) = Cn : bj "o

From which, choosing j such that b; — 400, the claim follows.

Finally we prove 3). The idea is to show that p, v is, fixed b € Dj,
upper and lower semicontinuous in b. We check that p,, ;- is upper semi-
continuous in b: letx € D, withx > b (i.ex; > b; foralli =1,...,N), then
taken E € M,, y(b), we consider E'=EU(By,...,By)=(E1UBy,...,E,U
By), where B; are wirwise disjoint balls, each ball B; is disjoint from E and

| B;| = x; — b;. B is in C,, y(x), thus we get

(1.5)
n—1
=pon(b)+C, N|[x—Db]|| .
From (1.5), for all € > 0, chosen § go that
€ _n_
0<d<( ), (1.6)

Cn N
we have that for all x, x > b and ||x—b|| < ¢ one has p, n(x) < pp n(b)+e¢.
We must also consider the case where x € D,, x — b and x has at
least one component z; such that z; < b;. Without loss of generality we
can suppose that the components of x, which are smaller than the corre-
sponding components of b, are the first components of x. So we use the

following notations: x = (xj,xXny_k), With x; < by, xy_r > by_j, where
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we letb = (bkabek)/ X = (1’1, . ,.’L‘k), XN—k = (.%'k+1, e ,HJN) and the

same for by and by,. Let x be as above and E € M,, y(x), then we let
1

k 1
A= <H bz) and E': = )\ - E. We will prove the following facts:
Xq
i=1
a) x’ > b, wherex’ = \" - x;
b) if x — b then x’ — b;
c) P(E') =ppn(X) > pnn(x).

We have that x’ = m(E') = A" - m(E) = \" - x, with

b.
o =|E|=\" 1z = . Li
j j J i£]
A", ifk+1<j<N,

therefore, since by, > x; and xy_; > by_g, a) follows.

We see b); we have

|Ix" = b|| = [[]A" - x — b

j:
b;
b; (H m) —b;
i#j

If 1 < j < konehas

)\n-.’I}j—bj

bj H bi — H xT;
_ i i#j
IC
i#j

while, if £ + 1 < 7 < N we have

(1)~ (1)

K
[
i=1

)\n'ibj—bj
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k k k
’ (Hbz — sz>x] — (Hl’z> (bj — xj)
1=1 i=1 =1
k
[
i=1

k k k
110 = Il + 1o; — 1| ] i
=1 =1 =1

<

; .
1]
i=1

Thus, by previous estimates, it is clear that, if x — b, then x’ — b. This
proves b).

Finally we show c¢); we argue by contradiction, so we suppose there
exists E” € C,, y(x') such that P(E”) < P(E’). We consider E”': = ET”, then

m(E") = mg\E") — j\% = x, hence E” € C,, y(x). So it follows

P(E") _ P(E)

P(E) = pan(x) < PE") = 557 < =7 = P(E);
kg
this is a contradiction, thus c¢) is true. Since H - > 1, it follows that
T
i=1

Pn,N(X") > pp N (x); therefore, from a), b) and ¢), eventually taking a smaller
0 in (1.6), we have that

PuN(X) < pun(X') < pon(b) + €.

So the upper semicontinuity of p,  is proved.

Now we will prove the lower semicontinuity of p, n; the idea is the
same that we used for the upper semicontinuity. Let x € D, withx < band
E € M,, ny(x), then we consider E' = EU(By,...,Bn) = (E1UBy,..., E,U
By), where B; are pairwise disjoint balls, each ball is disjoint from E and
| Bi| = b — ;. E' isin C,, y(b), thus we obtain

n N
pan(b) < P(E') = P(E) + Y P(Bi) = ppn(x) +Cn > (2;— b)) =
i=1 i=1

n—1
n .

=pnN(x) + Cu N ([|x = Dbl|)
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From (1.7) for all ¢ > 0, chosen 0 < § < (&° N)ﬁ, we have that for all
X € Dy, x < band ||x — b|| < d it holds p, n(b) < p, n(x) + €.

From here, as in the case of the upper semicontinuity, we show that it is
always possible to be in the situation, up to a rescaling of x, where x < b.
So we must also consider the case where x € D,, x — b and x has at least
one component z; such that z; > b;. Without loss of generality we must
think that the components of x, which are greater than the corresponding
components of b, are the first components of x. So we use the following no-
tations: x = (xg, xNy_k), Withx; > by, xy_ < by_r whereb = (b, by_1),

Xt = (21,...,2%), XN, = (Zg+1,...,2n) and the same for by, and by, . Let
k

bi\ "
x be as above, A = <H> and E: = ). E, where E ¢ Mn,N(X)-

T;
i=1
Therefore the following facts hold:

d) x' <b,wherex’ = \"-x;
e) if x — bthenx’ — b;
f) P(E') = ppn(X') < ppn(%).

The proof of d), ) and f) is the same as the one we have already presented
in the case of the upper semicontinuity; then from this also the lower semi-
continuity of p,, x follows; together the upper and the lower semicontinuity
give the continuity of p, n.

O

Corollary 1.13. The problem (1.2) admits minimum.

Proof. By Remark 1.5 it suffices to prove the existence of the minimum of

the problem
inf {pmN(b) ‘ b > a}, (1.8)

so the proof is finished. The existence of the minimum for the problem (1.8)

is a direct consequence of 2) and 3) of Lemma 1.12. O

At the end of this section we introduce other important definitions, that

are used throughout this dissertation.



Preliminary results 18

Definition 1.14. Let E be a N-cluster in R", we say that E; is a connected
region of E if for any subset E}, E? of E; such that

i) E; = E! UEZ;
ii) Ef is L"-measurable for any j ;
iii) |E} NE?| =0;
iv) P(E!) < 400 for any j;
v) P(E;) = P(E}) + P(E2),
then either |E}| =0 or | E? | = 0.

Definition 1.15. Let E be a N-cluster in R", we say that C' is a component

of some region F; of E if
i) Cis a connected subset of E;
ii) |C|>0;
iii) P(C) < 400
iv) P(E;) =P(C)+ P(E;\C).

In particular a bounded component of Ej is specifically called an empty

chamber as it does not contribute area to any of /N bounded regions F;

(i £ 0).

Definition 1.16. Let E € &, yand C be a component of a some region E; of
E, we say that C is inner if H"~1(9*C N §*Ey) = 0. While we say that C'is
external if #"~1(0*C N 0*Ey) > 0.

Definition 1.17. Let E € &, x and C;, C; be two components of the regions
E; and E; of E respectively, we say that C; and C; are disjointif C;NC; = 0.
While we say that C; and C; are adjacent if H"~1(9*C; N §*C;) > 0.

Definition 1.18. Let E be a N-cluster in R” and C be a component of a
region E; of E, we say that

i) Cissmallif |C| < [El;
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ii) C'isbigif |C| > ‘—2|

Remark 1.19. Let E be a (weak) minimizing N-cluster. We note that each
disconnected region E; can be seen as finite disjoint union of its compo-

nents by Almgrem [1] and Theorem 1.10.

Definition 1.20. Let E be a N-cluster in R", we say that E is standard if

each region Ej; is connected.

Definition 1.21. Let E € &, y, we define the vector, called connection
type, Ig := (M(1),...,M(N)), where M (i) denotes the number of small
components for any region E; of E.

In particular we explicitly note that if E is a minimizer, by Almgrem [1]
and Theorem 1.10, M (7) is finite for all i = ..., N.

Remark 1.22. It is clear that any connected region E; of E € &, y is a big
component. We set the number of small components, M (i), equal to zero

for any connected region.

The soap bubble conjecture can be phrased as follows: every minimiz-

ing cluster is standard.

1.2 The concepts of pressure and results on minimiz-

ing clusters

Here we introduce an important definition: the definition of pressure
of a region and furthermore we conclude with some significant results for
a minimizing cluster, that link together the concepts of perimeter, area and

pressure. From now on we will focus on the planar soap bubble problem

min {P(E) |E € & v, m(E) = a}, (1.9)

and on the corresponding weak problem

min {P(E) |E € & n, m(E) > a}, (1.10)

unless otherwise noted.
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Definition 1.23. Let E be a N-cluster of R2, we say thatp;...,py € R are
the pressures of Ej, ..., En respectively, if each edge between E; and E;
has curvature | p; — p; | and curves into the lower pressure region with the

convention that the pressure of the exterior region is zero.
Remark 1.24. Note that a priori regions may have negative pressures.

Existence of pressures implies the cocycle condition at all vertices and
further implies that all edges separating a specific pair of regions have the
same curvature.

Later, following the work of Cox, Harrison, Hutchings, Kim, Light,
Mauer and Tilton [6], we show that for a minimizing planar N-cluster it

is possible to define the pressure for each region.
Definition 1.25. The sign of the curvature of a directed edge is considered
positive (negative) if edge is turning left (right).

Remark 1.26. When considering a component C, we implicitly direct its
edges counter-clockwise with respect to C' thus to the left on each edge.

Hence the signed curvature of an edge of a component is well-defined.

Remark 1.27. Another convention for the oriented curvature that we use

is the one represented in Figure 1.1.

4 -

k>0 k<0

Figure 1.1: Sign conventions for the oriented curvature of an edge crossed by a

path.

Remark 1.28. Let e be an edge of a component C. We say that e is convex
(concave) if its signed curvature is non negative (non positive). If all edges

of a component C' are convex (concave), we say that C' is convex (concave).
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Definition 1.29. An edge of a cluster is redundant if it separates a region

from itself.
Remark 1.30. Clearly a cluster with redundant edges is not minimizing.

Definition 1.31. Let E be a planar N-cluster, we say that E is regular if E
satisfies the properties of Theorem 1.10, it has pressures for its regions and

it has not redundant edges. We also call a regular N-cluster a N-bubble.

Proposition 1.32. [4] A minimizing planar N-cluster E is path connected and

each component is simply connected.

Proof. We argue by contradiction and we suppose that E is not path con-
nected, thus by sliding two pieces of E until they touch, we create a clus-
ter of the same perimeter and areas but with an invalid meeting between
edges. This contradicts 2. of Theorem 1.10. Hence E is path connected.
Arguing in the same way seen previously, we obtain that each compo-
nent is simply connected.
O

Proposition 1.33. [5] For a minimizing planar N-cluster any two components

may meet at most once along a single edge.
An edge e is said to be incident to a vertex v if v is an endpoint of e.

Definition 1.34. An incident edge of a component C is an incident edge at

a vertex of C that is not an edge on the boundary of C.

Corollary 1.35. [7] A minimizing planar N-cluster has no two sided components
if N > 3.

Proof. 1f there is a two sided component, then the two components sur-
rounding the two sided component meet twice unless the two incident
edges on the two sided component are the same edge. By the previous
proposition the latter case is true; therefore the two sided component with
this third edge form a standard double bubble. But N > 3, then there is an-
other bounded component not attached to this part, contradicting Proposi-
tion 1.32. ]
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Definition 1.36. The turning angle of an edge of a component is the prod-

uct of its signed curvature and its length.

Remark 1.37. The product of the length and the absolute curvature of an
edge L is also the central angle subtended by L, but at the same time it is
also the double of the angle between the tangent to L in B (or the tangent
to L in A) and the edge L (see Figure 1.2).

Figure 1.2: It is clear that L - = L - k = 20, where R is the radius of curvature

of L and k is its curvature.

Lemma 1.38. [17] For an n-sided component of a bubble, the sum of all edges’

turning angles is (&T’L)w if the component is bounded and is (*6*")7r if the

3
component is unbounded.

Figure 1.3: A bounded component C with four edges and the corresponding poly-
gon F.
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Proof. We show in detail the case of bounded component C. We consider
a component C' with n edges 71, ..., 7, with the convention for the orien-
tation view in Remark 1.26. We build the polygon F' determined by the
vertices of C. Since C has n edges, then S has n sides (see Figure 1.3). Let
0; be the angle between +; and the corresponding side of F' and we de-
note with L; the length of v;. We call S; = {j € {1,...,n}| /cNJ > 0} and
So={je{l,...,n}| lgj < 0}, where l<:~] is the signed curvature of ;. The
sum of the inner angles of F' is nm — 27, but at the same time it is equal to
n- %” -2 s i +2 Yic s, Ois because C'is a component of a bubble, then

its inner angles are 2F. So we have
2r=n S Lk - Y Liks
nT—2T=n-— — ki — i ki
3 ' 1 vt ' (242
1€51 i€S2
namely the statement

- - 9 _

€S €S2

In the case of unbounded component C, the argument is the same, but
in this situation we must consider the external angles of F' (again, see Fig-
ure 1.3, where the component C' is unbounded). The inner angles of C' are
always 2{ (because C' is a component of a bubble), while the sum of the
external angles of F' is equal to 2nm — (nm — 27w) = nw + 27. The proof is
then concluded as before.

O

Now we follow [6] in defining variations.

Definition 1.39. Let E be a regular N-cluster of R?, a variation of E is a C*
family of clusters (E;)|; <., where E; = E(t,z): [~¢,¢] x R? — R? is such
that

1) E(0,z) =E,
2) E is injective for all ¢ fixed in [—¢, €],

with e > 0.
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Following [9] and [13] we find a formula for the first derivative of the
perimeter of a bubble.

Consider a planar N-cluster E with smooth interfaces £;; (precisely E;;
represents the union of the edges between E; and Ej) between E; and Ej.

Let NV;; be the unit normal vector on E;; from E; into E; (see Figure 1.4).

E:

i
W
U
S Ej

Figure 1.4: An example of an edge between E; and E;.

Consider a continuous variation V = {E; = E — R?}; . of E, that is
smooth on each E;; up to the boundary. The associated initial velocity is
X: = % . The scalar normal component of X from Ej; to E; is u;;: =
X-N;j. Let kzj 1 be the oriented curvature of E; j; this is nonnegative if £; has

higher-pressure. It is clear that N;;, u;; and k;; are skew-symmetric in their
indices. Let NV, u and k be the disjoint union functions [[;_; Nij, [[;; wij
and [[,_; kij. The normal component of X is uN, where ulN denotes the
pointwise product of the functions v and N. Given a scalar or vector valued
function f = [] fi;; defined on the interfaces of E, we define a function
Y (f) on the vertices of E by Y(f)(p) = fij(p) + fin(p) + fri(p) if E;, E;
and Ej, meet at p (in that order counterclockwise). If Y'(f)(p) = 0, we say
that f or f;; agree in p. For a bubble, since N;; agree at p for any X and
the associated normal component u, Y (u)(p) = X - Y (N)(p) = 0. Hence u;;

daqj

agree at p. Initially the area of E; changes at therate >~ ; | By Wi = di

t=0"
precisely in each interface E;; there is a change of f 5, Wij, thus in totaly we
ij

must sum each previous contribution.
We will calculate the first variation formula of the perimeter for a planar

N-cluster. We let T'(p) be the sum of the unit tangent vectors to the edges

"Let ;; be the parameterization of one edge of F;; with respect to the arc-length s, then

we have that v;;(s) = ki;(s) Nij(s), namely kq;(s) = 7i; - Nij(s).
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meeting at p. Note that 7'(p) = Y (IV)(p), where * denotes the rotation of

90° clockwise.

Lemma 1.40. [9] Let E be a planar N-cluster and V' = (Ei) ;. a variation of E
with associated initial velocity X, normal scalar component u;; on E;;, interfaces

C®°, then the first derivative of the perimeter at the initial time is:

dt 0 - ; /Eij k?z]uz] ve%pX(p) T(p)
:_/Ek'“_ > X)) T(p). (1.11)

vertex p

In particular, if E is a bubble then

= Z/ kijuig :—/ k-u. (1.12)
Eij E

=0 J>i

dP(E)
dt

Proof. Let V = (Ei);<. be a variation of a planar N-cluster E with associ-
ated initial velocity X. In order to determine the statement we find the first
variation of the length of each edge of E. Let e be an edge of E of length [
and signed curvature k; we denote with vo: [0,ly] — R? its parameteriza-
tion with respect to the arc-length s (note that |, | = 1). Forall ¢ € [—¢, €],
71 [0,l0] — R%is a parameterization of the deformed edge e; of e at the

time ¢ according to the variation V' (see Figure 1.5).

Tgt
Nj\/

St

N T
N\/g«

S

Figure 1.5: The edge e with its deformed edge e;.
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Observe that this parameterization is not necessarily respect to the arc-
length.We call Tg and IV the unit tangent vector and the unit normal vector
on 7y respectively, where NN is obtained by Tg with a counterclockwise ro-
tation of 90° degrees. We denote with f= %{ and ' = %, where ¢ and s
are the temporal and spatial variable respectively. In this way we have v, =
Tg, 7o =k N = T¢,and G|

= (%)L_O = X. Expanding in series of
Taylor the function ; for t = 0 we obtain that v;(s) = yo(s) +t X (s) +O(t?),

thus v, (s) = v5(s) +t X'(s) + O(t?). Then we have that (note that | v, | = 1)
94(5) P = 170() P +2(70(5) - X'(5)) -+ O(2)
- 1+2<76(s)-X’(s))t+O(t2). (1.13)
Furthermore by Taylor expansion, we know that
Vith=1+ g + O(h?). (1.14)

Now let I; be the length of e;, then we get:

u- | ()] ds 2 / ’ JL+2(366) - )+ o) as

Lt /O ' (1 + (1ols)- X'(3)) + 0<t2>> ds

lo ,
:l0+t/0 Yo(s) - X'(s)ds + O(t?).

Thus, integrating by parts, since the interfaces £;; are smooth (so vy is
smooth), we obtain that

dly

o | ) _ o,
Tl = [ X6 s = bt X - [0 X(9)s

t=0

lo
— [Ty(s)- X(s)]2=l — / K(s) N(s) - X(s) ds
0
lo
— [Ty(s)- X ()=l — /O K(s) u(s) ds

lo
== [ ks) us) s + (T} - X (1) = Ty(0) - X(0).

Then, when we sum the contribution of each edge of E, we have that

dP(Et) = — Z /E kij(s) uij(s) ds — Z X(p) ’ T(p). (1‘15)

dt
t=0 7> vertex p
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In particular, if E is a bubble, (1.12) holds, because
> X(p)-T(p)=0.
p vertex

Indeed each vertex is the meeting point of exactly three edges that make

angles of 27 (see Figure 1.6), thus, for all vertex p, we get that

X(p)-T(p) = | X(p)| <cosa+cos (%ﬂ —a) +cos<2;+a>) —0,

since cos a + cos (F — a) + cos (2 + a) = 0 for all c.

Figure 1.6: In a vertex p three edges meet, whose tangents t1, to and t3 define

angles of 2.

O]

Remark 1.41. We explicitly note that the identity (1.12) also holds if E is a
minimizing planar N-cluster. Indeed the proof of (1.12) is based, as shown
in previous lemma, on each vertex is a meeting point of exactly three edges
that define angles of %’r By Theorem 1.10, this property is still true in the

case that E is a minimizing planar N-cluster.

Proposition 1.42. [6][5] For any closed path that crosses only edges of a mini-
mizing planar N-cluster E, the sum of the oriented curvatures of the crossed edges

1s zero.

Proof. We consider a closed path y (see Figure 1.7) that crosses a minimizing
planar N-cluster E. Let v; be the vertices of E inside v and ; be the directed
curves (oriented as ) around each v; such that each v; crosses E only in the

three incident edges of v; and nowhere else.
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Figure 1.7: A closed path ~y that crosses E with the directed curves ~y; around the

vertices v;, that have the same orientation of ~y.

By 4. of Theorem 1.10, the sum of the oriented curvatures of the three
edges on each v; is zero. Then the sum of the oriented curvatures of the
edges crossed be v is equal to the sum over v; of the sum of the oriented
curvatures of the three edges crossed by ~;, that is a sum of zero and hence
is equal to zero as claimed (note that the contribution of the oriented cur-
vatures of edges in common between two ; is null, because these arcs are
crossed in two directions, one the opposite of the other; for example in
Figure 1.7 the green edge is considered by v, and v, and the red edge is

counted by 2 and ~3 in a opposite direction respectively). O

Remark 1.43. The previous Proposition is also true if E is a planar regu-
lar N-cluster. Indeed, the previous proof is based on the cocycle condition,
which is also true in all vertices of a regular planar N-cluster E (see Defini-
tion 1.31).

Proposition 1.44. [6] A minimizing planar N-cluster E is reqular.

Proof. Let E be a minimizing planar N-cluster. By Theorem 1.10 and by
Definition 1.31, we have only to show that each region of E has a pressure.

The proof is divided in three parts:
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1) first of all we define pressure for a component C of each region;
2) then we prove that the previous definition is well posed;

3) finally we prove that different components of the same region have
the same pressure; so the pressure of a region is the pressure of any

of its component.

We show 1). Fixed a region E; we consider one of its components C and let
v be an external path to E, such that ~y is not closed, does not pass through
the vertices of E and it arrives inside C' (see Figure 1.8). Then we define the
pressure of C' as the sum of the signed curvatures of the edges crossed by

~. In formula

py(C) = ky, (1.16)
Y

where k., represents a signed curvature of an edge crossed by .
We prove 2). We take another path 7; with the same characteristics of ~,
then we must see that the definition (1.16) is independent from the choice

of the path, namely p,(C) = p,, (C).

Y1

Figure 1.8: Two path ~y and v, external to E and that arrive inside C. In order to
prove the independence of the definition of pressure of a component C we consider

the path ~ + (—1).

Hence we link v with 73, considering a new path v+ (—v1) (see Figure 1.8),
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then by Proposition 1.42 Z kyy(—y) = 0, thus
(=)

0= Z Kyt (-m) = Z ky + Z k(=)
v

Y+H(=m) n

= Zkv — Zkyl = pV(C) _p%(c);
= 7

this completes 2).
Finally we see 3). Now in (1.16), by 2) we can write p(C) = Z k..
v

We consider two different components C and C, of the same region E;
and we prove that p(C1) = p(C2). If p(Cy) # p(C2), then without loss
of generality we can assume that p(C) < p(Cs) and so we may create a
variation V = (Et)|t‘<5, that moves some area from C, to C; (see Figure

1.9) in order to conserve all areas of the regions at the initial time.

Figure 1.9: The variation V removes the red area in Cy and gives the green area
(which is the same of the red area) to C1; so the component of E; adjacent to Cy

and Cy does not change its area as also the region E;.

In particular for the region E; we have dcgt(t) ‘ +—o = 0, because dafﬁ ®) ‘t: 0=
- daﬁt Q ‘ o (note that C; takes area from (5, thus dafﬁ L ‘ —o > 0). By (1.12)

of Lemma 1.40 (see also Remark 1.41) we get that (recall that initially the

area of E; changes of [}, wu,; in the interface E;;)
ij

PED) = (vl i) e <o

This contradicts the minimality of E and concludes the proof.
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Remark 1.45. By Remark 1.7 and Proposition 1.44, we explicitly note that a
planar weak minimizer E is a regular cluster. Hence it is possible to define

the pressure of for each region.

Proposition 1.46. [6] In a planar regular N-cluster E with areas a1, ..., an and
pressures pi, .. .,pN, and any variation (Et)‘t|<€, we have
N
= ; 1.17
= 1 =

where a;(t) = | E;(t) | denotes the area of the it" bounded region of E.

Proof. Let V = (E;)jy<. be a variation of a planar regular N-cluster E with
associated initial velocity X and let u;; be the scalar normal component
of X on Ej; (recall that £;; is the union of edges between E; and Ej).

dP(E;) . .
By (1.12) of Lemma 1.40 we know that 72| = =3, ; [5 Kij uij =
—Dic y / .. (Di — pj) uij. Furthermore the total area lost by E; in favor of £
ij
is — Zj i [ By, Ui = daét(t) ‘ 1o Since i) By Wid is the initial rate of decrease in
the area of E; taken by E;. Note that u;; = —u;; for all index ¢ and j, thus
called a;; := — fE u;j, we have that a;; = —a;;. Observing that py = 0, we
ij
get that
Z kij aij = Z(pz‘ —pj) aij = sz' aij — ij aij
i<j i<j i<j i<j
i<j J<t >0 i<j 7>0 j<i
DD WIED D WAVED MO WXIE WY
i>0 i<j i>0 j<i i>0 N j>i j<i
da;(t)
=3 (Smes+ Sman) = Sn S =S G0y
i>0 N j>i j<i >0 j#i i>0
O

We present an important corollary of the previous proposition, that con-
tains a formula, which links the perimeter of a bubble with the pressures

and areas of each region.
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Corollary 1.47. Let B bea N-bubbleof areas a, . .., ay and pressures pi,...,pn,
then

N
P(B)=2) pia; (1.18)
=1

Proof. We consider the following variation B; = B(t,z): [—¢,¢] x R? — R?,
with Bi(z) = (t + 1) and € > 0. With this choice P(B;) = (¢t + 1)P(B) and
ai(t) = (t + 1)?a; for any i. Thus dpéft) —o = P(B) and dac'{t(t) l,—o = 2a;,
then by (1.17) we obtain the claim.

O]

Remark 1.48. In a N-bubble B of areas a1, . .., ay and pressures p1, ..., pn,

from (1.18) the highest pressure must be positive, because P(B) > 0.

1.3 The weak approach

In this section we show a new approach, in order to prove the planar
soap bubbles conjecture, that allows to consider the exterior region con-
nected and to take as competitors any clusters E with m(E) > a.

We present two significant statements, one proposition and one theo-
rem. In the first we show that for a weak minimizer the pressures are non
negative and the exterior region is connected and in the second we prove
that, under suitable conditions, weak minimizers are minimizer and the

soap bubble conjecture applies if every weak minimizer is standard.

We recall that, by Remark 1.7, each weak minimizer is a minimizer, then
by Proposition 1.44, each weak minimizer is a regular cluster. Therefore if

E is a weak minimizer, the pressures are defined for all its region.

Proposition 1.49. [17] The exterior region of a weak minimizer for area ay, . .., an
is connected. Its pressures pi,...,pn are non negative. Furthermore if a region

has area greater than a; then p; = 0.

Proof. Let E be a weak minimizer. If the exterior region Ej is not connected
then at least one empty chamber of Ej exists; thus we can reassign C' to

be part of one of the neighboring components and then we remove the
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redundant edge. Then we have a shorter cluster that satisfies the condition
of m(E) > a, contradicting the minimality of E.

If there exists an index 7 such that p; is negative, we can define a vari-
ation V' = (E)|;<. such that the area of E; increase and the other remain
the same; so the length decreases by Proposition 1.46, giving again a con-
tradiction.

If the area of E; is greater than a; and p; > 0, we can define, as before,
a variation V' = (E¢) ;. such that the area of E; decrease making sure that
the area of each region is at least a;. By Proposition 1.46 the length decreases
again. Hence we get a shorter cluster that still contains areas bigger than
ai,...,ap; this is a contradiction.

U

Theorem 1.50. Let E € M; y(a) and N be the total number of bounded com-
ponents of E. If No < 6, then m(E) = aand E € My n(a).
In particular, if N < 6, the soap bubble conjecture holds if every weak

minimizer is standard, where N is the number of the regions of the problem (1.10).

Proof. 1t is clear that IV is not larger than No. We explicitly note that,
by Proposition 1.49, Ey is connected, thus there are no empty chambers.
Therefore the only bounded components are components of some regions
E; with i # 0. We suppose by contradiction that the statement is false.
Therefore an index i € {1,..., N} exists such that | E; | > a,;. By Proposi-
tion 1.49, its pressure p; = 0 and it is the lowest pressure region. Hence the
turning angle of any edge of £; is non positive, then the turning angle of
any its component is non positive. Therefore, by Lemma 1.38, any compo-
nent of E; has at least six edges. By Proposition 1.33 and by the fact that
N¢ < 6, we have that any component of E; has exactly six edges. So the
turning angle of any its component is zero. Since the turning angle of any
its edges is non positive, by Lemma 1.38, we get that any component of
E; is an hexagon, namely its edges are a straight lines with zero curvature.
Thus N¢ = 6 and the pressure of any region is zero, in particular the pres-
sure of the highest pressure region. By Remark 1.48 this is a contradiction;
by Definition 1.6 we have that E € M y(a).

If every E € M5 y(a) is standard, then N¢ = N, therefore if N < 6
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we have that No < 6. Hence E € M, y(a), thus, taken E' € Mj n(a),
P(E) > P(E’) (note that if E € M3 n(a), then E € Cy n(a)). At the same
time m(E') = a > a (ie E' € C; y(a)), thus P(E’) > P(E). Since P(E) =
P(E’), then E' € M; y(a) and so, by assumption E’ is standard.

O

Remark 1.51. Theorem 1.50 shows that to prove the planar soap bubble
conjecture for NV < 6 it suffices to consider nonstandard clusters with exte-
rior region connected and with non negative pressures and to prove they

are not weakly minimizing.



Chapter 2

The geometry of planar soap
bubbles

In this chapter, following also the PhD thesis of Wichiramala [17], we
discuss geometric properties of planar soap bubbles.

In the first section we introduce Mobius transformations, that are maps
with particular properties, namely they transform straight lines and circles
into straight lines and circles and they preserve angles between curves and
orientation as shown in Theorem 2.6 and Remark 2.5.

In the second section we determine some conditions under which some
components are vertically symmetric, as shown in Corollary 2.16. Further-
more Lemma 2.18 is very interesting, since it describes the situation when
there is a sequence of four-sided components.

Finally, in the last section, we conclude with Lemma 2.22, where we

show how to simplify clusters by reducing one component with three edges.

2.1 Mobius transformations

We introduce an important class of functions which have some nice

properties: Mobius transformations. We place ¥ = CU{cc} and we define

the set of Mobius transformations

35
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A4:{F:2a§:F@):“2+ﬁmaqdecﬂd—m¢o},
cz+d
where
F(—d> =o0, ifc#0,
C
and

o fe 0.

¢

F(oo):{ oo, ife=0

Remark 2.1. We observe that /' € M is an homeomorphism on 3, because

F is continuous, and its inverse transformation is F~!(z) = jijzjrba e M.

The following maps are particular and important elements of M:

i) the inversion F(z) = ;

ii) the translation F(z) = z + a with a € C;
iii) the similarity F'(z) = az with a € C \ {0}.

These transformations are called elementary transformations.
It is easy to see that each F' € M is a composition of elementary trans-
formations. Indeed if ¢ = 0, then (note that by the condition ad — bc # 0,

since ¢ = 0, a and d are different from zero)

az

b
F(z) = s (f20 f1)(2),
where fi(z) = % and fa(z) = z + %.
While if ¢ # 0, then
F(z) = ZIZ +b=(f10 f30 fao fi)(2),

where fi(z) =z + %l, f2(2) =1, f3(2) = bc;%l czand fy(z) =z + 2.

z c
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Definition 2.2. Let (2 be an open set of R? and f: ) — R? a function. We say
that f is a conformal map in p € Q if it preserves the amplitude of angles
between curves through p.

In particular if f also preserves the orientation we say that f is a direct
conformal map in p.

Finally we say that f is a (direct) conformal map in Q if f is a (direct)

conformal map in all p € Q.

We recall that the angle between two curves is the angle between the

two tangent lines to the curves in their common point.

Remark 2.3. If f is a differentiable function in €2, the condition to preserve
the orientation is expressed by det D f(z) > 0 for all z € §2, where D f is the

Jacobian matrix of f.

Proposition 2.4. Let () be a subset of C and f : Q@ — C a holomorphic function
in Qwith f'(z) = %(ZZ) # 0 forall z € §, then f is a direct conformal map in Q.

Proof. We denote z = = + iy for all z € C and f(z) = P(z) + iQ(z), then
f(z,y) = (P(z,y),Q(z,y)). Since f is holomorphic in  and f'(z) # 0
for all z € (, then! det Df(z,y) = | f/(2)|*> > 0. Now we prove that f
preserves angles. Let v : (—=1,1) — R?, v = (v1,72) be a curve such that
7(0) = z =z + iy = (z,y) and v = 7/(0) # 0. Thus, in view of Cauchy-
Riemann equation, the tangent vector v to f o v is given by

~_ d(fo)(t)

T = Df(x,y) -~ (0)

t=0

!We recall thatif f:Q C C — Cis holomorphic in €2, then we have that

_ O9f(zy) _ OP(zy) :0Q(z,y)
{ fl(z) = =22 = =52 + 175

T
jof(wy) _ Of ()

(
oz oy

where i% = %Z’y) is the Cauchy-Riemann equation, that is
OP(z,y) _ _ 9Q(z,y)
Oy - oz
9Q(z,y) _ OP(z,y)
oy oz .

Therefore we obtain that

OP(z,y) OP(z,y) OP(zy) _ 9Q(z,y) )
_ ox oy _ ox ox _ /
det Df(z,y) = det 0Q(ey)  5Qew) = det 00(,y) OP(2.1) =|f ()"
oz oy oz oz




The geometry of planar soap bubbles.

38

BPgt,y) . 8Q§z,y)
4 T /
=\ ey orew |70
ox ox
OP(x, 0Q(x, 0Q(z, OP(z,

= (%) . (0) - U2 g (0), 2L . (0) + 2P 440 )

= f,(Z) ",
where the last - denotes the complex multiplication. By assumption f'(z) is

different from zero for all z € ), thus we have that
f1(z) = £ ()],
v=|vle".

So it follows that

0= 1 (2)] - oI,

namely v is obtained expanding or contracting v of a factor | f’(z)| and fi-
nally turning it of an angle 6(z). The key observation is that the angle 6(z)
depends only on z and not on the curve v through 2. Therefore, given two
curves 1 and 7 through z with tangent vectors v; and v, respectively, the
corresponding tangent vectors v and v to f o y; and f o v, differ from vy
and vy of the same angle §(z). It follows that if v; and vy define an angle «,
then v; and v define the same angle.

O

Remark 2.5. By the previous proposition it is clear that
a) F' € M is a direct conformal map in C if c =0,
b) F € M is a direct conformal map in C ~\ {—% if ¢ £ 0.

Indeed if ¢ = 0, F'(2) = § # 0 (in this case, since ad — bc # 0, ad # 0,
therefore a and d are different from zero), while if ¢ # 0, F'(z) = (Zj;g)cz
0, thanks to the condition ad — bc # 0.

We note that if ¢ = 0, F' € M is holomorphic in C, because it is a
composition of one translation and one similarity (see Remark 2.1). At the
same time if ¢ # 0, by Remark 2.1, F' € M is a composition of elementary
transformations (translation, similarity and inversion), therefore it is holo-

morphic in C \ {—g} (note that the inversion is holomorphic in C \ {0}).
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We conclude this section with two significant results about Mébius trans-
formations. The first shows that Mobius maps transform straight lines and
circles into straight lines and circles. The second proves that Moébius trans-

formations are direct conformal maps in C.

Theorem 2.6. The elementary transformations, the translation and the similar-
ity,transform straight lines (circles) into straight lines (circles).
The inversion map F(z) = L transforms straight lines R and circles C into

straight lines and circles in this way:

1) if C is a circle with center ¢ and radius r, which does not pass through the

origin O = (0,0), F'(C) is a circle with center W%TQ and radius W;

2) if C'is a circle with center c and radius r, which passes through the origin

O = (0,0) and c is not on the x-axis, F'(C) is a straight line with slope

R ; 1.
hflgz)) and y-intercept q = — 5

3) if C is a circle with center c and radius r, which passes through the origin
O = (0,0) and c is on the z-axis (but it is not the origin), F'(C) is the

vertical line with equation z + z = @;

4) if R is a straight line with slope m and y-intercept q # 0, F'(C') is the circle

m2+1.

with center ¢ = AL ke g
2lq|

m i H _
—5; — g and radius r =

5) if R is a straight line with slope m and y-intercept ¢ = 0, F'(C) is the

straight line with slope —m and y-intercept g = 0;

6) if R is a vertical line with equation z +Z = 2k and k # 0, F'(C) is the circle
with center ¢ = ﬁ and radius r = ﬁ;

7) if R has equation x = 0, then it is kept.

In particular any F' € M transforms straight lines and circles into straight

lines and circles.

Proof. We recall that the equation of a circle with center ¢ € C and radius r

is

2 Z—z-C—Z-c+|c—r*=0, (2.1)
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while the straight line y = mx + ¢ can be written as

z(1 —im) — Z(1 +1im) — 2ig = 0, (2.2)

if the straight line is not vertical with slope m and y-intercept ¢, while if it

is vertical and has equation = = k, the equation in z is
z+ 7 =2k (2.3)

It is easy to verify the statement about to the translations and homoth-

eties, therefore we only show the case of the inversion function F(z) = 1.

z

We begin to prove the first three assertions. The circle of equation (2.1)

becomes

(lef=r¥)z-Z2—2z-c—Z-c¢+1=0. (2.4)

If |¢|> — 7? # 0, we can divide by |c|? — r? obtaining

z c z ¢ + ! 0
VAR Ay AR —_— — 2 = .
o= P =) e =

By (2.1), this is the equation of a circle with center W%TQ and radius W,

because the square of the radius is

2
c c 1 B r
2 P e T e 2 )

If |c|?> — 72 = 0, i.e. the circle C passes through the origin O, by equation
(2.4), F(C) is the following straight line:

z-c+z-c—1=0. (2.5)

By multiplying by i we have

z-(ic) + z - (ie) —i =0,

where ic = —(Im(c) — iRe(¢)) and i¢ = (Im(c) + iRe (¢)). Thus if Im(c) is

different from zero, the previous equation becomes
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' B iRe (c) . iRe (c) ol 1 _
“ (1 Im(c) ) (1 + Im(c) ) 2 < 21m(c)> 0
Re (c)

By (2.2), this is the equation of a straight line with slope m = = and

y-intercept ¢ = — WI(C)

If |¢|> — 7? = 0 and Im(c) = 0, i.e. the circle C passes through the origin
O and the center is on the z-axis, by (2.5), F/(C) is

z-Re(c)+z-Re(c)—1=0. (2.6)

Since r is positive and |c|?> — 72 = 0, then |Re (¢) | = r, therefore Re (c) is

different from zero. Hence the equation (2.6) represents a vertical straight

1
Re(c)*

Now we prove 4) and 5). The straight line of equation (2.2) becomes

line of equation z + z =

z-(1—im)—z-(1+im) —2igz - z = 0. (2.7)

If ¢ # 0, we can divide by —2ig obtaining

By (2.1), it is an equation of a circle with center —2—”; — 2%‘(1 and it passes
. . . . . i W/ 2+1
through the origin, therefore its radius is | — 32 — 5. | = Sial

If ¢ = 0, i.e. the straight line R passes through the origin O, by (2.7),
F(R) is the following straight line

Z-(1—im)—z-(14+im) =0. (2.8)

By (2.2), it is an equation of a non vertical straight line passing through the
origin (thus the y-intercept is ¢ = 0) with slope —m.
Finally we prove 6) and 7). The straight line of equation (2.3) becomes

Z4+2z2=2k-Z- 2. (2.9)

If £ # 0, we can divide by 2k obtaining
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By (2.1), it is an equation of a circle with center - and it passes through the
origin, therefore its radius is ﬁ
If £ = 0, i.e. the vertical straight line R is the y-axis, by (2.9), F(R) is R

because its equation is

z+2z=0.

By Remark 2.1 any Mobius transformation is a composition of elemen-
tary transformations. Then it is obvious that any Mobius function trans-
forms straight lines and circles into straight lines and circles.

O

Definition 2.7. Let r; and r; be two intersecting lines in a point p. We say
that the angle to co between r; and r; is the supplementary of the angle

defined in p.
Proposition 2.8. The inversion F(z) = 1 is a direct conformal map on C.

Proof. By Remark 2.5 for all z € C \ {0}, F'is a direct conformal map. We
prove that F' keeps the oriented angles also in z = 0.

We denote by Ry(z) = ez a rotation of angle §. We observe that (F o
Ry)(2) = (R_go F)(z) forall z € C \ {0} (note that F~! = F), thus we can
show the statement up to rotations.

Furthermore let 7" be the tangent line to the curve v in the origin, then
F(T) is parallel to the tangent line, 77, to F(~y). We parameterize v with a

cartesian parameterization

O: T — R ®(u) = (u,o(u)), (2.10)

where 0 € I, I is an open interval of R, ¢ € C%(I,R) and ¢(0) = 0. We see
the inversion F' as a function of real variables, i.e. F'(x,y) = (

Certainly F o ® is a parameterization of F'(vy), where

(Fo<1>)(u):< LI () > wel.

w2+ () u? + p(u)?

In order to prove that F(T) is parallel to 77, it is sufficient to show that
the slopes of F(T') and T" are the same. By (2.10) the slope of T is ¢'(0),

_z _L)
:v2+y2’ $2+y2 .
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therefore, by Theorem 2.6, the slope of F'(T') is
—(0). (2.11)

5. We note that U — +oo if

The cartesian coordinate of F(y)is U:= m

and only if u — 0; furthermore

d (_ (u? + p(u)?)? )d.

AU\ w2 = p(u)? + 2u- p(u) - ' (u)

Thus the slope of T is

(o) Al e
E%< W—wwv+mrﬂm«ﬂw>du<aﬂ+ﬂwg‘ 212

We observe that

) I (1) F
w2+ o(u)?  u? + p(u)? ' ( ° )v # 0. (2.13)

By Taylor expansion we have that

Hence, by (2.13), we get that

o i(::gu)Z T2 +1;(u)2 (=¢(0)+0W),  u=0.

By simple calculations we find that

4 u _ vt —p(u)? + 2u - p(u) - @' (u)
du\ v+ p(u)? | (u? + o(u)?)? ’

and %(—gp’ (0) + O(u)) is bounded around u = 0. Therefore we have that

u? w2 (= U U
hm<_<«+w>> ( @«»+0<»> d(_ wy>:‘¢””

u—0 u? — p(u)2+2u-pu) - ¢'(uw) | du\ w2+

. _ (u? 4+ o(u)?) - u i o B
E%< T O TR =) AT S B
because it holds that

hm( (u? + p(w)?) - u )ZQ

u—0 \ u? — o(u)? +2u - p(u) - ¢'(u)




The geometry of planar soap bubbles.

44

Thus, by (2.12), we derive that the slope of 7" is —¢'(0). By (2.11), we see
that F(T') and 7" have the same slope, therefore F/(T') and 7" are parallel.
Hence recalling that the angle between two curves is the angle between
the two tangent lines to the curves in their common point, we need to
prove that F keeps the oriented angles between two straight lines that pass
through the origin. Up to rotations we can think that one straight line has
equation x = 0 and the other has equation y = mx. By Theorem 2.6 the
straight line of equation z = 0 is kept, while the straight line of equation
y = ma becomes the straight line of equation y = —mx. We establish to
measure the angle between two straight lines counterclockwise. Thus, by

Definition 2.7 we get the statement (see also Figure 2.1).

Figure 2.1: In the origin O = (0,0) two straight lines of equations x = 0 and
y = ma pass creating an angle . The inversion function fixes the straight line
of equation x = 0 and transforms the straight line of equation y = max into the

straight line of equation y = —mux defining an angle to the infinity of 1 — f = «.

O]

Remark 2.9. By Remark 2.5 and Proposition 2.8 it follows that any Mobius

transformation is a direct conformal map on C.
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2.2 The geometry of planar bubbles

This section establishes important facts about basic planar geometry of

lines and circles.

Lemma 2.10. [17] At a vertex where three circular arcs meet at 120° angles, the
cocycle condition is equivalent to requiring that the three circular edges leaving the
vertex meet again in a single point and thus form a standard double bubble in the
extended plane (R? U 0o).

Proof. Let three edges meet at 120° angles in a point p. First of all we prove
that if the three edges satisfy the cocycle condition (the sum of the three

oriented curvatures is zero), then the three edges meet again in other point

q.

12077 p p

120° 120°
120°

120° 120°

Figure 2.2: The cases where at least one edge is straight; in the first picture there

are three straight edges and in the other only one edge is straight.

At the beginning we consider the situation where two edges are straight.
Then by the cocycle condition, the third edge is also straight. Hence the
three edges meet again at infinity at 120° (see Figure 2.2).

We suppose now that there is only one straight edge, therefore by the
cocycle condition, the other two edges have the same absolute curvature.
So the two edges define a component with two sides with two possibilities

as in Figure 2.2.
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Finally we take the case where each absolute curvature is positive; we
suppose that two edges g and h meet in another point ¢ (see Figure 2.3),
then we must prove that the third edge, f, meets g. We consider the edge
c of the circle C, that crosses p and ¢ and which has the same direction of
the edge f in p (i.e the two arcs have the same tangent in p and the same
position respect to it), then we just show that k(c) = k(f), where we denote
by k(1) the absolute curvature of any edge I (see Figure 2.3). In this way we
have two arcs c and f with the same absolute curvature, that pass through
p and have the same direction in p, then the two edges are the same and so
f meets q.

By the assumptions, we know that (we use the convention seen in Re-
mark 1.27)

120°

Figure 2.3: The edges g and h meet again in q; we must see that the third edge, f,
has the same absolute curvature of edge c of the circle, that crosses p and q and it

has the same direction of edge f in p.

Indeed, observing Figure 2.3, we have that (we denote by d(p, ¢) the
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distance between two point, p and q)

2sinf
k(c) = ——,
9= 3.0
2sin (21 — 2& — 0) 2sin (2 4+ 0)
k(g) = 3 = - 3 , (2.14)
(9) d(p, q) d(p,q)
2sin (0 — 27)
k(hy="—— 3~
) d(p,q)
Using also the convention view in Remark 1.27, we get that
2 2T 2T
k(g) — k(h) — k(c) = — in{—+0 in (60— — ind
(9) (h) (c) d(p,q)<81n<3 + )+81n< 3>+sm >
2 V3cosf sinf sinf  /3cos .
=— — - — + sin 6
d(p,q) 2 2 2 2
=0, V0.

Finally we prove the viceversa, namely if the three edges meet again
in ¢ forming a standard double bubble, then the sum of the three oriented
curvature in p is zero. The proof is based on Figure 2.3, on the formulas
(2.14) and on the fact that sin (£ + 6) + sin (§ — 2F) + sin§ = 0 for all 6.

120° 120°

Figure 2.4: The four cases for three edges meet in a point p with positive

absolute curvature.

Remark 2.11. We explicitly observe that the possibilities in Figure 2.4 are

the only cases for three edges to meet in a point p with positive absolute
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curvature; at the top there are two possibilities where the cocycle condi-
tion is not satisfied, at the bottom other two possibilities where the cocycle

condition is satisfied.
Corollary 2.12. [17] The cocycle condition is invariant under a Mobius map.

Proof. By Theorem 2.6, any M&bius map transforms straight lines and cir-
cles into straight lines and circles and, by Remark 2.9, it preserves the ori-
ented angles, therefore any standard double bubble is also sent to another
standard double bubble. Thus, by Lemma 2.10 we have the claim. O

In the next lemmas we discuss about geometry of consecutive edges of

a component where it has internal angles of 120° (see Figure 2.5).

C 3

Figure 2.5: Internal angles of a component are 120°. The shade denotes

interior of a component.

90° 90°

90° | 90° Q
h ' 120°

ol
(o]

Figure 2.6: Three consecutive edges ¢, g and f with internal angles of 120°
where e and f have the same signed curvature but different centers, O and
0.
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Lemma 2.13. [17] Let e, g and f be consecutive edges of a component C, such
that e and f have the same signed curvature and different centers, O and O’ re-
spectively. Denote by [ the axis of the segment OO’, then | is the axis of g (see
Figure 2.6).

Proof. Let E and F be the circle to which e and f belong; having different

centers, F and F' are distinct.

90° 1 90°

Figure 2.7: Three consecutive edges e, g and f with internal angles of 120° where
e and f have the same signed curvature but different centers. So the axis of the

segment OO is the axis of g.

Looking at Figure 2.7 and denoted by «, the angle between the line
through the vertices A and B of the edge ¢g and the arc g, then the angle
between the tangent t; to F in A and AB is %” — a. The same is the angle
between the tangent ¢, to F' in B and AB. Furthermore the angle between
t; and the radius OA of FE is 90°, and at the same time, the angle between
ty and the radius O’B of F. Therefore OAP = O’ BQ := ~ and so

OP = d(0,4B) = Rsiny = 0'Q = d(0', AB).

Thus AB and OO’ are parallel; furthermore in this way [ is perpendicular
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to AB and AT = TB, because AP = AOcosy = O'Bcosy = QB and
PT = OS = SO’ = TQ, since [ is the axes of the segment OO’. This
completes the proof. O

Remark 2.14. We explicitly note that in Lemma 2.13 it is very significant
that the edges have the same signed curvature, indeed it allows us to prove
that the straight lines AB and OO’ are parallel.

Definition 2.15. Let e and f be two edges; we say that e and f are cocircular

if e and f are in the same circle.

Figure 2.8: Two examples of components C' with four sides and vertically sym-

metric.

Corollary 2.16. Let C be a component with four edges, whose have
the same signed curvature and which are not cocircular, then C'is vertically sym-

metric.

Proof. Let e and f be the lateral sides of C, component with four edges;
since e and f are not cocircular, then e and f have different centers, O and

O’ respectively, as shown in Figure 2.8. Furthermore by assumption e and
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f have the same signed curvature, so by Lemma 2.6, if we consider the axis
[ of the segment joining the centers O and O’, [ is the axis of the top and

bottom sides of C. Therefore [ is the vertical axis of C. O

Now we show two important lemmas. In the first one we determine
the unique shape for a particular component with four edges and in the
second we describe the situation where there is a sequence of four-sided

components.

Lemma 2.17. Let C be a four-sided component with inner angles of 2 and two
opposite concave edges (concave edge according to Definition 1.28), then, if the
concave sides are cocircular, the top and the bottom edge of C' are strictly convex
and strictly concave respectively. In particular the shape of C, up to translations,
rotations and homoteties, is uniquely determined and it is represented in Figure
2.9.

Figure 2.9: The unique shape of a four-sided component C' with two opposite

concave circular edges and internal angles of 2.

Proof. Since the two opposite edges are concave and cocircular, then they

are external to the circle. Furthermore C' has four edges, therefore its turn-
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ing angle is %”, thus at least one of the other sides must be strictly convex
(i.eits signed curvature must be positive). It is clear that the bottom edge of
C must be strictly concave because, as shown in Figure 2.10, otherwise the

condition of inner angles of 2F is contradicted. This concludes the proof.

Figure 2.10: In the first and second picture the bottom edge is straight and strictly
convex respectively. In both, we note that there are two inner angles greater than

.

O

Lemma 2.18. [17] In a sequence of four-sided components of a bubble E (see
Figure 2.11), if the sides w; and v; are cocircular, then any edges u; and v; are

cocircular.

Proof. By assumption there exists an index ¢ such that the edges u; and v;
are cocircular. We note that, since this sequence of four-sided components
is in a bubble E, in each vertex the cocycle condition holds. Therefore all
edges u; and v; have the same absolute curvature respectively. We just
show that u; and v; also have the same center. This is a consequence of
Lemma 2.10. Indeed we consider a couple of edges u; and v;, respectively

consecutive to u; and v;, as shown in Figure 2.11.
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Vs

Figure 2.11: A sequence of four-sided components of a bubble E.

Since in the vertices A and B it is true the cocycle condition and the
edges u; and v; are cocircular meeting the edge s in A and B, then, by
Lemma 2.10, both edges u; and v; belong to the same arc, that passes to
A and B with the same direction of u; in A and the same direction of v;
in B. Therefore u; and v; also have the same center. We repeat the same
argument for another couple of edges, so the lemma statement is clear.

O

Now we present a lemma, that describes the curvature of a inner and

external edge to a circle.

Lemma 2.19. Let C be a circle of radius R and let L be an arc of a circle joining
two points P and Q of C. If L meets inside C at inner angles 2F as in Figure 2.12,

then its curvature is given by

K (0) ::Jl%-sm((:i;e), oe]-2.7] (2.15)
27

Instead if L meets outside C at inner angles = as in Figure 2.13, then its

curvature is given by

; ST
K (0) ::;.SHI(C;G), oe]-22 (2.16)
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In particular the functions k% and k¢ are bijective and k%, k¢ are strictly

decreasing and increasing respectively.

Figure 2.12: An edge L meets inside the circle C at inner angle 2.

Proof. We can assume that the circle C is centered in the origin of the plane
O = (0,0), otherwise we translate it. We call P and @ the meeting point
between L and C and we respectively denote by a and 6, the angle between
L and the joining line of its vertices P and () and the angle determined
by P on the circle. We denote by d(A, B) the distance between two point
in the plane. Initially we prove (2.15); observing Figure 2.12 we have that
st0+a= 2%T,thus

T
= — _40. 217
« 5 ( )

Now P = R(cosf,sinf) and Q = R(—cos#,sinf). By the formulas in

Proposition 5.4 we get that (note that 0 €| — 7, 5)

: 2sin (% — 40 sin(Z —46
i 2sina (2.17) ( 6 1 < 6 )
k() = ) -

T d(P,Q)  2R|cosf| R cosf

This is (2.15).
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0=(0,0)

Figure 2.13: An edge L meets outside the circumference C at inner angle 2.

Finally we prove (2.16). In this case we are in the situation illustrated in

Figure 2.13. By assumption L meets C at inner angles 27, then the external

3
angles between L and C are %". Therefore we have that § +60+a = 4?”, thus

5
= — —0. 2.18
o= 218)

We also obtain that P = R(cosf,sinf) and @ = R(—cosf,sinf). By the

formulas in Proposition 5.4 we get that (note that § €] — 7, 5[)

. 51 : 5T
K (a) 2sin o <218>2sm(?_9> _ 1 M
L\ = d(P,Q)  2R|cosf|] R cosf

This is (2.16).
We see that the functions k¢ and k¢ are bijective. Their first derivative

are

dkp(9) V3 1 1
9 ~ 2 cos20 R’
dks(0) V3 1 1
de 2 cos20 R
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Thus the first derivatives are negative and positive respectively, there-
fore ki and k¢ are strictly decreasing and increasing respectively. Then k%

and k¢ are injective. It is very simple to see that

lim k% () = +o0,

™+
0——3

lim k% () = —oo,
0—=35~

Hence k% and k$ are surjective (note that £} and k¢ are continuous), then
the proof is concluded.
]

Remark 2.20. We note that in Lemma 2.19, the monotonicity and the bi-
jectivity of the functions k% and k¢ do not depend by the radius R of the

circle.

2.3 Reduction of a bubble with three edges

In this section we show how to simplify clusters by reducing any com-
ponent with three edges. We call this method reduction of a three-sided

component.

We begin with a lemma, that gives the uniqueness of a three-sided com-

ponent with internal angles of %’r on an equilateral triangle.

Lemma 2.21. Let T be an equilateral triangle, then the three-sided component
C with internal angles of %% and the same vertices of T is unique and it is as in
Figure 2.14, namely the angles between the edges of C and the corresponding sides
of T (i.e the chord line of the edge of C) are 30°. In particular each edge of C has

the same curvature.
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Figure 2.14: The only three-sided component C with internal angles of % and the

same vertices of an equilateral triangle T

Proof. Fixed an equilateral triangle 7', let A, B and C be its vertices and [ be
the length of its side. It is clear that we can make a three-sided component
with internal angles of 2F and the same vertices of 7. Indeed we fix a vertex
of T' and the corresponding opposite side, then we consider the circle with
center in this vertex and radius [. Since T is equilateral, this circle passes
through the vertices of the fixed side, creating an angle of § between the
side of T" and the arc of the circle for the vertices of the side (see Figure
2.15).

Figure 2.15: The sides AB and C B are equal, because T is equilateral, therefore if
we consider the circle with center in B and radius [, then it passes from A and C,
creating an angle of & between itself and the side of T, that crosses the vertices A
and C.
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We repeat this construction for the other vertices and the corresponding
opposite sides and so we obtain the component as illustrated in Figure 2.14.

Now we must see that, given 7', we cannot realize any other three sided
component C with internal angles of 2F and the same vertices of T. We
call 01, 02, 5 the half of the turning angle of the edges L, Ly and L3 of C
respectively. We note that, since the vertices of 7" must be the vertices of
C, then each side of T" represents the chord line of an arc of C. By Lemma
1.38, we know that Z?:l 0; = 7, thus there exists an index i € {1,2,3}
such that 0 < §; < 7 (i.e there exists at least one edge of C' with positive
signed curvature?). Without loss of generality we can assume i = 1 and
we consider positive the angles that are exterior to the triangle. The edges
Lo and L3 cannot be straight, because if L, is straight (the argument is the
same if L3 is straight), then 6; = %, because the internal angles of C' must be
of 2 and T is equilateral. Therefore L is also straight, then C would have

an internal angle of ¥ asillustrated in Figure 2.16, but this is a contradiction.

Figure 2.16: If Ly is straight, since the internal angles of C must be of 2 and T

is equilateral, then Ls must be straight and so C' would have an internal angle of

™

3

2sin 0
d(P,Q)’

>We recall that the curvature k of an edge through the points P and Q is k =
where 0 is the angle between the edge and the segment.
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Figure 2.17: The situation in the case if m%% 0; = 0y < —g
=4,

Therefore we have that min (| 63 |, | 63 |) > 0. Furthermore we prove that,

if min (92, 93) <0, then
min (92, (93) > —g,
namely, the arcs of C' are external or inner to 7.

(2.19)

For example we suppose that min (6z, 03) = 65; if min (62, 63) = 65 the
argument is the same. We proceed by contradiction, then we are in the
situation described in Figure 2.17. We recall that 0 < ¢; < 7 and the internal

angles of C' must be of %’r, but in the angle between L; and Ly we have that

2 T o
<=
g ~ithsTm3eg

This is a contradiction, thus min (6, 3) > —7%.

We note that we have decided to consider positive the angles that are
exterior to the triangle and by (2.19) the angles 6;, 6», 03 are external or
internal to 7" (¢, is always external). Since the internal angles of C must be

of %”, 61, 02, 3 must satisfy the following linear system (in Figure 2.18 the
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Figure 2.18: This is the situation when min_6; > 0.

1=1,2,3

case when ‘ming 0; > 0 is represented)

1=1,2,
01+ %+ 62 =2
O+ %403 =2

O3+ 5+ 6= 3.

The only solution of this system is §; = 0y = 63 = %. Therefore C is as

in Figure 2.14.
O

Figure 2.19: A component C with three edges, whose incident edges are prolonged.
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Lemma 2.22. [17] Let C be a component with three edges of a planar reqular N-
cluster E, then, extending its three incident edges (incident edge according to the
Definition 1.34) into the component, they meet in a point satisfying the cocycle
condition (see Figure 2.19).

Proof. By Definition 1.31 we know that in each vertex of a planar regular V-
cluster E, the cocycle condition is satisfied. By Lemma 2.10 this means that
the three edges leaving the vertex meet again and thus form a standard
double bubble. Thus we can extend in this way the three incident edges
of a three-sided component C of E. We recall that the orientation of any
component is fixed as in Remark 1.26. We choose F', a Mobius map, such
that the three vertices of C' go into the vertices of an equilateral triangle as

in Figure 2.20.

Figure 2.20: A component C with three edges and its extended incident edges are

mapped by a Mobius map into an equal-sided three component.

We explicitly note that, by Remark 2.9, any Mébius transformation is a di-
rect conformal map on C. Hence C and F(C) have the same orientation
and so in this way the interior of the image of C'is the image of the interior

of C. Since the vertices A’, B’ and C’ of F(C') are vertices of an equilateral
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triangle, by Lemma 2.21, F'(C') is a three component with equal edges and
each arc has the same curvature. Furthermore in the vertices A’, B’ and C’
of F'(C) the cocycle condition applies because it is true in the vertices A, B
and C' and F' is a Mobius map (see Corollary 2.12). Thus the three incident
edges of C' are mapped by F' in three straight lines, which are the axis of
symmetry of F'(C) (see Figure 2.20). In the inner point of F'(C), where the
image of extended incident edges of C' meet, the angles are 120° creating
a standard double bubble at the infinity; so by Lemma 2.10 here it is sat-
isfied the cocycle condition. Now we can return back with F~1 (since F
is a Mobius map then F~! is a M6bius map ) and so we obtain the state-

ment. O

Remark 2.23. The Mobius map of the previous lemma, up to translations
and homotheties, that sends the three vertices A, B and C of a three-sided
component of a regular planar N-cluster E in the three vertices A, B and

C' of an equilateral triangle, is

F(z) = z-ez(C—B) _—
2(C—B-¢e3)—CB(1—¢'3)

Indeed, without loss of generality, we can assume that A = (0, 0) (other-

(2.20)

wise we translate the three-sided component; in complex notation A = 0)
and B = (B,0) (otherwise we rotate the three-sided component; in com-
plex notation the imaginary part of B is null and so B € R). We show that a
Mobius transformation exists, that transforms A, B and C' in the following
equilateral triangle A’ = (0,0), B’ = (1,0) and C’ = (3, @) (in complex
notation they are 0, 1 and e'5 respectively). If we prove this, then three
vertices A, B, C' can be transformed in any equilateral triangle composing
F' with suitable translations or homotheties.

In order to prove that A, B and C can be mapped in A’, B and ',
we must imposed the following relations (we recall that F/(z) = 2+% with

cz+d’
a, b, c,d € C such that ad — be # 0)

b=0
aB=cB+d
aC =3 (c-C+d).
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Since three vertices A, B and C are distinct we have that (we can divide for

B and C that are non zero)

b=0
cB+d
a B
ei%(c-0+d)
a= C

From the second and third equation we get that

¢c-CB(1—¢5)+d(C—B-e5) =0.

If C — Be's = 0, then we have that the starting triangle is equilateral, there-

fore we can choose F'(z) = z. Thus C' — Be'3 # 0 and so we find that

¢ OB(1- e's)
C—B-e'3
Since we have that b = 0, then ad — bc = ad # 0, thus a and d must be

d =

(2.21)

different from zero. By (2.21), we obtain that ¢ # 0. Therefore with simple

algebraic computations we have (2.20).



Chapter 3

Conditions on area, variations

and estimates of bubbles

This chapter is divided in three section.

In this first section, we present the key theorem of the thesis; it is Theo-
rem 3.5 and it gives some necessary conditions on the quantity of area that
different components of the same region must have.

In the second section we introduce three particular variations in Lemma
3.11, Lemma 3.12 and Lemma 3.14. In the first we find the minimum quan-
tity of area that a component of a disconnected region must have. In the
second the goal is to promote the external components of a region respect
to its inner components; this will give an important estimate for the pres-
sure of a region. In particular it is very significant in the case when a big
component of a region is external.

Finally in the last Lemma we determine a simple estimate for all edges
of a weakly minimizing N-cluster for the problem (1.10).

In the third section we conclude with an interesting lemma, Lemma
3.16, where we determine a significant estimate for the pressures of a stan-
dard double bubble.

64
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3.1 Necessary conditions on area

Lemma 3.1. Let C and D be real constants such that D is non negative and
VD < C < /2D, then the solution of the following inequality

Vi+vVD—-2<C, 0<z<D, (3.1)

is

or
2 2

D—/C?-(2D - C? D 22D - C?
0<ne C? | C?) +/C2 ) _.ep

(3.2)

Proof. With easy algebraic steps and by assumption on the constants C' and

D, we obtain that the solution of (3.1) is the same of the following inequality
4r® —4x- D+ (C* — D)* >0,

that is just (3.2).
[

Remark 3.2. Let C and D be real constants such that D is positive and

VD < C < /2D, then

0<

<

D-.\/C?-2D-C%) D D D+,/C2.(2D—C?
( )<2, D + ( ) . p

2 2
(3.3)
First of all we note that 2V <~ 2P=¢") VCQé@m = p - 2V iEn=c) VCQ'Q(QD_CQ). There-
fore we just show that 0 < w < L. By assumption it is imme-
diately clear that w < %, while

D —/C?. (2D - C?
( ) 2o

2

is equivalent to

Cc?. (2D - C?) < D?
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and it is the same as
C*—2D-C?*+D?=(C?*-D)*> 0.

By assumption C? > D, thus the last inequality is true.
This proves (3.3).

Remark 3.3. Let C' and D be real constants such that D is positive and

\/5<C<\/D(1+23ﬁ),then
D —+/C?.(2D — C? D 2D D+ ./C?.(2D —C?
0< ( )<7 — < + 2< )<D

2 37 3

(3.4)
Since 1 + QT‘/? < 2,then vD < C < v2D, thus, by Remark 3.2,

0<

—\/C?.(2D — C? D D D C?.(2D — (C?
( )<2, 5 < + ( )<D.

2 2

Therefore to prove (3.4), it is enought to show that w <D

when D > 0and VD < C < \/D(1+ %) Indeed we have that

C?-2D-C?) D
2

is equivalent to

C?2.(2D - (C?) >

|

that is same as

D 2
C* 4+ C?(—2D) + <3> < 0.

The solution of the previous inequality is

D.<1—2*f)<02<p~< ‘3[) (3.5)

+
By assumption C > /D, thus C2 > D > D - < ﬁ) Thus (3.5) is

equivalent to
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o (1+28) <oy (1+22),

Also by assumption C' > /D and D > 0, thus C > 0, so the previous

c<yfp (1+22),

This completes the proof.

relation is equivalent to

Remark 3.4. We explicitly note the following estimate holds on p; y(a)

N
P > V(3 Vi + v ) (3.6)
i=1
N
where ag := Z a;.
i=1
In particular

i) - vA( v + van)
\/];:1

> Vi, (3.7)
foralli=1,...,N.

Indeed we consider E € Mj y(a), then, by the isoperimetric inequality,
we get that (note that, by Remark 1.7, E € M3 y(m(E)), thus, by Theorem

1.10, E; can not be a circle)

P(E) = ;(Zﬁ;P(Ei)JrP(EO)) > ﬁr(ﬁ}\/cﬁr \/%)

Therefore, we have (3.6).

N
Givena ¢ Rf, a=(ay,...,an), wesetag:= E a; and let ¢ be an index
i=1

in {1,..., N}, then we place

p-va(vai+ Y va)
PBialp): = G e
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(3.8)

4= \J82,00) - (20 - 92,(0)

5 , Vpe{p|Pialp) < V2a:},

xi,a(p) :
where p is the value of the perimeter of E € C3 y(a).

Theorem 3.5. Let E € M; y(a) and p be the perimeter of a weak competitor
such that ®; 4(p) < +/2a;. If E is not standard with disconnected region E;, then
each disjoint union U of components of E;, satisfies that 0 < |U | < z;a(p) or
(U | > a; — zia(p)

Proof. By Remark 1.19 we can see Ej; as finite disjoint union of its compo-
nents. We suppose by contradiction that there exists one disjoint union U
of components of the region E; such that z; 2(p) < |U| < a; — z;a(p). By
(3.7) of Remark 3.4 and by assumption on p we have that

\/CTZ' < (I)i,a(p) < \/Taz (39)

We set D = a; and C = ®; 4(p), then, by (3.9) and by Remark 3.2, we get

that
_ 2, (2 i
D=vce 2(2D ) (3.10)

2
Thus it follows that, by the minimality of E and by the isoperimetric in-

equality, (note that, by (3.10), | E;,~\U |=|E; | = |U| > a; — | U | >z; a(p) >0)

0 <ja(p) =

p> P(E)> % <P(U) + P(E;~\U) + P(Ey) + ; P(Ej)>
(3.11)

zﬁ<¢yU\+\/ai—|U+\/%+Z@>.

J#

Let z = | U |, therefore we have the following inequality

p—ﬁ(Zx/CTjﬂ/%)

VT4, —x< iz
N

for z; a(p) < © < a; — x;,a(p). It contradicts Lemma 3.1, because by (3.9), it
follows that /D < C < v/2D.

== q)i,a(p)7

O
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In the following remark we show that, in Theorem 3.5, it is better to
choose a value p of a perimeter of E € C; \(a) "near” to p} y(a) and such
that CI)i,a(p) < 2a;.

Remark 3.6. Let ¢ be the value of the perimeter of E € C; y(a) such that
®; a(q) < v/2a;, then the function (the index i is fixed in {1, ..., N})

a; — \/ @7, (p) - (20, — @7, (p))
Tia:[pyn(@),ql =R, zialp) = 2

)

(3.12)

is strictly increasing. In particular z; a(p; y(a)) < z;a(q).
We set I = [p5 y(a), q]; the first derivative of ®;  is @;’a(p) = %, there-
fore @, , is strictly increasing on I. Thus, by (3.7) of Remark 3.4 and by

assumption on ¢, we have that

Va; < (I)i,a(pz,N(a)) < Pialp) < Pialg) < V2a;, Vpel. (3.13)
Then the function z; 5 is well defined on I and z; 4(p) = (F'o®;.a)(p), where
F(z): = &z 22 W, with z € [®; o (p;N(a)),(I)i,a(q)]. By algebraic cal-
culations the first derivative of F is (note that z > ®; » (p§ (@) > /a; > 0)

1,‘2—ai

Then the first derivative of z; 4 is
’ F ©i7 (p) Q?a(p) — a5
i a(p) = (2ialp) _ ’ . (3.15)

VT \/7r . (Qai — @%’a(p))
From (3.13) the claim follows.

Remark 3.7. By Remark 1.19, given E € M; ~(a), each disconnected re-
gion E; of E can be seen as disjoint union of its components. In the follow-
ing remark we will show, as under specific conditions, there is a particular

decomposition for E;.
Remark 3.8. Let E € M; \(a) and p be the perimeter of a weak competitor

such that ®; 4(p) < {/a; - <1 + 2*‘?) We show that if the region E; of E is

not connected then
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E=E'UE'y.. EMY

7 )

(3.16)

with

a) | E}| 2 | Ei| = 2ia(p) = ai — wia(p);

M(5)

L &

J=1

b) 0 < < zja(p)

where Ef is a component of E; for any j = 0,...,M(i) (note that M (i) is
finite by Theorem 1.10 and M (i) > 1, because E; is disconnected). Further-
more it holds that 0 < z; a(p) < %, therefore any EZJ (G=1,...,M(i))is a
small component and E? is the big component by Definition 1.18 (note that
E € M; y(a), thus [ E; | > a;).

By (3.7) of Remark 3.4 and by assumption on p we have that

2v2
Vai < ®ialp) < \/az- : (1 + ‘{) (3.17)
We set D = a; and C = ®; 4(p), then, by (3.17) and by Remark 3.3, we get
that
a;

0 < zialp) < 3 (3.18)

Therefore if we prove (3.16) with the properties a) and b), by Definition
1.18, any Ef is a small component,while E? is the big component.

By assumption on p and by Theorem 3.5 (note that 1 + 2—\3/5 < 2), we
know that 0 < |U | < z;a(p) or |U| > a; — x; a(p) for any disjoint union U
of components of E; (since E; is not connected, then E is not standard). In
order to prove (3.16), we just show that E; has one and only one component
C with |C| > a; — z;ja(p). Indeed if it is true, by Theorem 3.5, it follows
that | E; N\ C'| < zja(p), thus |C| = |E;j| — | E; N C| > | E; | — z5.a(p).

We explicitly note that the condition

®;a(p) < \/ai : (1 + 2\3@)

is equivalent to
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\/%<\/%+Z\/a7+,/ai<1+2‘f>) —p>0. (3.19)
i
We underline that
2 22
2-\/;>\/1+3. (3.20)

Therefore, if there are at least two components C} and C? of E; with
their area greater or equal to a; — x;.a(p), by the isoperimetric inequality
and by the minimality of E, we get that (note that P(E;) > P(C}) + P(C?)
and, by (3.18), a; — z;.a(p) > 2‘“)

p> P(E) > ( (Eo) + Y _P(Ej) + P( Cl)+P(02)>
J#i

2a;

>\F<\ﬁ+z\ﬁ+2\/ a)
J#i

Hence, by (3.19) and (3.20), we obtain that

0>\F<\F+Z\ﬁ+2\/27”> p

J#

2v2

> ﬁ(.ﬁaﬁZ\Faj + az-(1+ :{)) ~p>0.
JFi

This is clearly a contradiction.

Now we prove the existence of a component C, which satisfies that
M (i)
|C'| > a; — z;a(p). We show that if E; = |_| Cj, where 0 < |Cj | < zia(p)
j=1
forall j = 1,...,M(i), then there exists s € {2,...,M(i) — 1} such that
S S

zia(p) < Z |C| < a; — z;a(p). Therefore, if we call E} := |_| C;, E

would have a component with area which contradicts Theorem 3.5, given

the condition on p and by the minimality of E. We know that

M (4)
DY 1G> a;
Jj=1
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2) 0< x¢7a<p) < %,
3)0<|Cj‘§xi,a(p)a ijl,M(Z)

At the beginning we prove the existence of s € {2,...,M (i) — 1} such

that Z |Cj| > xia(p). We proceed by contradiction, therefore it follows
j=1
M(i)—1 3)
thata; < Y |Cj|+[Cuyg | < 22ia(p), finding z;a(p) > 4, but this
j=1
contradicts 2).

We consider

t
316> | G2y

s-min{tE{Q,...,M(i)—l}
j=1

S
then Z | Cj| < ai — x;,a(p). We suppose it is not true, thus we have that
j=1
s s—1
(3.21)and 3)
a;i —2a() <Y 1C D |0 +|Cs| = zialp) + wialp) = 2ia(p)
j=1 j=1

aq

getting r; a(p) > %, that is an absurd, because it contradicts 2). This con-

cludes the proof.

3.2 Variations of bubbles

Lemma 3.9. Let A be a positive constant and f(x) = x- (\ /1+ % - 1), x> 0.

Then f is strictly increasing.

Proof. The first derivative of f is

x—i—A—\/x(x—i—QA).

z(r + 2A)

Now the first derivative is positive because

va(r+2A4) <z + A,

is equivalent to
x(z 4 24) < (z+ A)?,
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that is the same as
0 < A2

O]

Lemma 3.10. Let A be a positive constant and f(x) =z — A - <\ 1+ 2 — >,

x > 0. Then f is strictly increasing.

Proof. The proof is a direct consequence of the first derivative of f, which
is
 VA+22-VA

/(@) VA+2x

O]

Lemma3.11. Let E € M y(a). If E is not standard, then the following inequal-
ities hold:

| S |
DS < symporsy - PE),
E S, 2
2) |Si| zﬁ?g'<' ;@'y') :

3)&|z&-|“”‘5%ﬁ“2-( 1+<<>'N>1>

P(E)-N,)? Ta;
4)si\2ai—<<3,%7r>-( 1+<P?é>w—1>f

where S; is a component of some disconnected region E;, S is the maximum sum
of the lengths of the edges of S; adjacent to the same region and N, is the number
of adjacent regions to S;.

In particular, for any p, perimeter of a weak competitor, it follows that

(p- N,)? / 64w - a;
(p- N)? 647 - a;
| Sil 2 ai = o -<1/1+(p.N)2—1>. (3.23)

Proof. Wherever S, is (in Figure 3.1, i = 4), we consider a new cluster E’

and finally
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Figure 3.1: Cluster E where Ey is the disjoint union between its components By

and Sy. We remove the orange edge of S for Es.

Figure 3.2: The new cluster E'.

as follows: remove S, the maximum sum of the lengths of the edges of
S; adjacent to the same region F;, and give the area of S; to the region F;
obtaining that E:=(E1, ..., E, B}, ..., Eyy) with | B} | = | E} | forall k # i, j
and | B} | = | E;| + [ S|, | Ei| = | Ei| — | Si| (see Figure 3.2). From E’ we
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make a weak competitor for the problem (1.10); in order to do this we need
that | E/ | > | E; | > a; (in fact it would be enough | E! | > a;), thus we dilate
by a factor A the cluster E’ obtaining a new cluster E” such that E” = \E/,
where we impose that | E/ | = | E; | (in Figure 3.3 E” is the dashed cluster).

Figure 3.3: The weak competitor E".

Thus |E;| = |E!'| = N|E!| = A2 (| E;| — |Si|), which shows that
A2 = % =14+ % Since A > 1, then E” is a weak competitor
for the problem (1.10). Let f(z) = V1+2 -1~ 5 for z > 0. We have

that f'(z) = 1 ( L _ 1> < 0, namely the function f is decreasing. Then

T2\ VIt
f(z) < f(0) = 0,s0 that /1 +2 < 14 § for any « > 0. Therefore it holds

that (note that E € M y(a))

P(E) < P(E") = P(\E') = AP(E)

_ gy 1Sil _
=AP(E)-S) \/1+,Ei||5i| (P(E) - S)

50\ e
S(”2<|Eir—|s¢r>> (P(E) = 5).

obtaining that

| Si | >< | Si |
| Ei| = 1S:1)) — 2(| Ei| — | Si|)

5<S- (1 o . P(E), (3.24)
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that is 1) of the statement.
Let IV, be the number of adjacent regions to S;, then S > %‘?). By (3.24)
and using the isoperimetric inequality, we get that

27 VTSH] _ P(S) B
N SN, SwmEI-1en TE

Now dividing by +/| S; | and squaring, we obtain

160 (| Ei|—]8\?
|&’_AQ ( P(E) ’ (3.25)

that is 2) of the statement.

We set C = f\é’i in (3.25), and we underline that the previous inequality
is equivalent to the following inequality in the variable | S; |

1Si >+ S| (—2|E;| — C- P(E)*) + | E; |* < 0. (3.26)
Placing
(2 B:i|+C - PB)?) € PE) - \/1+
S1 = 5 )
.. GBEIrC P(E)?) + (; PE? 1+ o |
the solution of (3.26) is
51 < | S| < so. (3.27)

N2
If we replace C = 35,

of course we obtain 3)

(P(E) - N,)? 647 - | E; |
> B | - L — ). .
Ifweseta = W and b = (]\,ﬁﬁi&w in (3.28), then a - b = 2 and

[ 2|E
|&|2|E—a< 1+h;—1>. (3.29)

We call
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o= -afyfi 2 1),

with = | E; | > a;. By Lemma 3.10, we know that f is strictly increasing,

f(m)zf(ai)zai—a<,/1+2a‘“—1).

(M‘;;i(f))z, of course we obtain 4)

(P(E)~NT)2 64m - a;
|Si’2ai_327r(\/1+(P(E)W—1)-

Let p be the perimeter of a weak competitor, then, by Remark 3.4,

therefore

By (3.29) and if we replace a =

ﬁ(iﬁﬁ@) <P(E)<p,

N

where aozz:ai. We seta:é\;i andb:64§'2“i in 4), then a - b = 2a; and
i=1
2a;
> a— qa - 2 e . .
|Si|>a;i—a P(E)( 1+a-P(E)2 1) (3.30)
We call
/ 2a;
f(m)z:c-( 1—|—a—1>,
x
N

witha - 7 - (Z@—&-M)Q <z =a- PE)?<a-p’ By Lemma 3.9, we
i=1
know that f is strictly increasing, therefore

(Np)2< L, 647 a _1>'

f(2) < fla-p?) = 5o +W

By (3.30), we have (3.22)

(p- N,)? 647 - a;
> g — —-1).
|Sil 2o = HoNeE !
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Since E is a weak minimum, then there are not redundant edges, there-
fore 2 < N, < N, where N is the number of the regions of the problem
(1.10). We set a = ;’2—2” and b = % in (3.22), then a - b = 2a,; and

a- N2

r

\Si\Zai—a-Nf< I —1). (3.31)
We call

o= (12 1),

with4a < 2 = a- N? < a- N2 By Lemma 3.9, we know that f is strictly

increasing, therefore

2 /] Tan
f(f)ﬁf(a'NQ):(]\;;:) < 1+(6]%r.p)2_1>'

By (3.31), we have (3.23)

(N -p)? 64 - a;
> a0 — . - .
|Si| > ai 397 1+(N'p)2 1

Lemma 3.12. Let E € M5 y(a). If E is not standard, then for all external and

disconnected regions E; (i.e. E; is adjacent to the exterior region Ey) we have the

O

following inequalities:

1 T 1.

a) a> N [C7] Ly —1;
% 2 T 2
b) k‘eZ N [C7] Lt/

where L represents the external edge of one external component Ct of E;, k!
is the curvature of Lt (since L is external, ki corresponds with the pressure of
E;), a is the angle between L: and the segment that links the vertices of Lt, C*
is another component of E; and N¢: represents the number of regions adjacent to
C".
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Proof. We create a weak competitor for the problem (1.10) thanks to the

variation illustrated in Figure 3.4.

Figure 3.4: The variation gives a weak competitor for the problem (1.10) because
the area of E; remains the same, while the area of the region, that has in common

with C* the maximum sum of the lengths of the edges, increases of area of C".

We want to eliminate the component C* in favor of C! acting in the fol-
lowing way: we delete the maximum sum of the lengths of the edges of C*
adjacent to the same region and we recover the lost area of C? extending
outside the radius of curvature, R%, of L of a quantity ¢ and finally by clos-
ing all in the most natural way. Called N: the number of regions adjacent
to C*, we have that

P(C") < Ngi - S, (3.32)

where S denotes the maximum sum of the lengths of the edges of Ct adja-

cent to the same region. Furthermore the following identities hold:
i) Lt =2R! o,
i) Li = 2(Ri +¢) o
i) AP = Ri%q,
iv) Al = (Ri +¢)2q,

V) |CF| = Ai — AL = ac(e +2RY),
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where A% and ;{vle respectively are the area of circular sector of radius R’ and
amplitude 2« and the area of circular sector of radius R¢ + ¢ and amplitude
2a respectively.

From v), € satisfies the equation:

ae’ + (2R a)e — | C'| =0,

and so, since ¢ is positive, we get that

3

_R T )2 AN i
_ Ria+/(Ria) +ozC|:)Ré( 1jL2|‘C‘|1>'
o Ly R

Since v/1+x <1+ 3 forall z > 0, we have that

BTl
e < o

(3.33)

Since E is a weak minimum, then the performed variation gives a non neg-

ative variation of perimeter, that is, by i), i¢) and (3.32),

0< AP =Ti+2—ILi—8<2:(14a)— &)
Nes

(3.33) ’ Cl | P(CZ)

< 201 . :

e TR

from which and by the isoperimetric inequality, it is clear that

2y/7[C7] _ P(CY)

Thus, simplifying, we obtain a), namely

<2(1+ a)|S@'|'

e

1 s

= Neio \V|C7

L —1.

Now, using a) and k! = i—?, we have b), namely
B> 2. [T 2
Neo V€ Lt

O]

Remark 3.13. We clearly note that the number of adjacent regions to C*,

Ne¢i, is less or equal to N, the number of region of problem (1.10).
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Lemma 3.14. Let E € M; y(a), then

Lo <2v/m|C|, (3.34)
for any edge L¢ of a component C' of a region E;.

Proof. We consider some component C of a region F; of a weakly mini-
mizing N-cluster E. We take one of its edges Lc, then we make a vari-
ation, that produces a weak competitor E’ for the problem (1.10). This
variation consists in eliminating the edge L¢ in order to donate the area
of C to the region that has Lc in common with C' and finally recovering
the lost area of C' with an external circle, with the same area of C. Hence
P(E') = P(E)— Lc+2+/7| C'. Since by assumption E is a weak minimum,

the variation of perimeter must be non negative and so we obtain

0< AP =2\/7[C| - Lc.

3.3 Estimates on pressure in a standard double bubble

Finally we present an interesting and simple lemma, where we deter-
mine an important estimate for the pressures of a standard double bubble.
Before that, we premise a preliminary lemma where we show significant

properties of some functions used in the following.

Lemma 3.15. Consider the following functions

T — sinx cosz
4sin?(x)

. 27 27 T T
f(x):2sm<3+x> A(3+x>—A($), xe]—g,g[.

The functions A and f are strictly increasing.

A(z) =

x €| —m,

Proof. We consider the function A; first of all we note that A(—z) = —A(z)
for any x €] — 7, 7r[. Therefore we can restrict = on interval [0, 7[. By direct

computations, we have that
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sinx — T CosT
2 sin3(z)
In order to prove that A is strictly increasing, it is sufficient to show that

Alx) =

A'(z) is positive for all z € [0, «[. First of all lim,_,g A’(z) = £, thus, since
sinz > 0 for all z €]0, x|, it just show that [(z) := sinx — xcosz > 0 for
any z €]0,7[. Forz = 7, () = 1, while for z # T, I(x) = cosz(tanz — x);
therefore for 0 < 2 < § the functions cosz and tanx — x are both positive,
while for § < 2 < 7 are both negative. Thus we have the first claim.

Now we prove the monotonicity of the function f. By the monotonicity

of A we get that A(2—7r +z)—A(x) > 0forall z €] - §, §[. Furthermore, since
v €] -2, Z[, 2 < & + z < m; thus the function f is positive for z €] — %, Z|.

Since f is posmve,we just show that f2 is strictly increasing. With simple
calculations we get that

fQ(x):2l+$+sin(%+2x) _cos(5F2r)+1 2x—sin(2m),

3 2 1 — cos (2z) 2
9 2z —sin(2z) ™
(f (:c)) s venn el LN (B +a | +cosz|.
. . 2 ! 3 . 2z —sin (2z) 3 4
First Of all hmx_m (f ($)> = 35" hmx_m " osinzd = 353 = 2. We

call k(z):= 2z — sin(2z) and ki(z):= cos (§ +x) + cosz. It is clear that
( ) k@)k1(z)  The first derivatives of k and k; are &’ () =4sina?,

2sin a3

ky(x) =— (\f sinz + cos x) respectively. Therefore it follows that & is
strictly increasing for z €] — %, §[and k is positive for x €]0, [ and negative
for z €] — %, 0[. While the function ; is strictly increasing in | — §, — [ and
strictly decreasmg in [-%, 5[, then ki(z) > min (k1(—3%), k1(5)) = 0 for all

z €] — %, %[ Wenote that sin z is positive for x €]0, §[ and it is negative for

305
/
r €] — %,0], hence by also the previous conclusions, we find that ( f 2(:75))

is posmve for any z €] — Z, Z|, thus f? is strictly increasing.

350
O

Lemma 3.16. Let E = (E1, Es) be a standard planar double bubble of areas
a = (a1, ag) with ay > ay, then we have that
25in (2 + ) \JAF +0a) — Ala)

Vi |

PE, =
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PE, =

9

25in (% — ) \/JA(Z — a) + A(a)
Jas

where o denotes the angle between the joining line and the joining edge of the ver-
tices A and B (see Figure 3.5), A(«) := 2=S9C80 gt represents the area of a
circular segment of amplitude 2cc and unit distance between its vertices and finally
pE, and pg, are the pressure of the big (E,) and small bubble (E3) respectively or

equivalently the curvature of the external edge of the big and small bubble.

\/2m 4 V3
vyi3 4 (3.35)

Ja1

In particular the following estimate hold

VE+Y
N

Furthermore if pg, = pg,, then a1 = as.

> PE, > PE, >

Proof. As shown in Figure 3.5, a € [0, §[ (recall that the inner angles of
bubbles are 27).

Figure 3.5: A standard double bubble of areas a, and as.

Using the formulas of Proposition 5.4 we have that

2
a1 =Y

9

A(Z ) o

(3.36)

2
a2 =Y

9

A(zg” - a) + Aa)
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therefore we derive that

— a1
- \/A(%;fw) ~Ala)
(3.37)

Y \/A(Q?Zr — o)+ A(w)
Again from formulas of Proposition 5.4, we know that for any circular sec-

tor of amplitude 2q, the curvature radius, R, is given by R = where

Y
2sina’

y is the length of the segment connecting its vertices. Thus it is clear that

- 2sin (& — )
’ y
(3.38)
2sin (2 + )
PEL = — —

Y

Now, since o € [0, 5[, then § < 2{ —a< %’r < %” + a < 7. Therefore we

s
3
obtain that 1 > sin (2f — o) > 73 > sin (2 + a) > 0, and so we get that
PE, > PE; - (339)

From (3.37) and (3.38), it follows that

2sin (2 — ) \/A(%’r — )+ Aa)

PEy, = \/@ 5
2sin (& + a) \/A(%“ +a) — A(w)
PE, = \/E
From Lemma 3.15, we can see that
f(=a)
pEQ - \/@ )
o = (@)
E Jar

Furthermore by Lemma 3.15, we know that f is strictly increasing, there-

fore we get that
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(3.40)
2r 4 V3
pElzf(O): 3+4'
Vvaiu ai

Combining (3.39) and (3.40) we have (3.35).
Finally, since a € [0, §[ and by (3.38), it follows that if ps, = pg, then
a = 0. Therefore by (3.36) we have that a; = as. O



Chapter 4

Planar double and triple

bubble with equal areas

In this chapter we prove the following theorems with the tools pre-

sented in Chapter 3:
Theorem 4.1. [9] Every E € M3 2(a, a) is standard;
Theorem 4.2. [16][17] Every E € My 3(a, a,a) is standard.

Remark 4.3. Up to rescale the area in Theorems 4.1 and 4.2, we can consider
that | E; | = 1 for all 4.

Remark 4.4. From Remark 1.51, in order to prove Theorems 4.1 and 4.2,
it suffices to consider nonstandard clusters with exterior region connected
and with non negative pressures and to prove they are not weakly mini-

mizing.

4.1 Planar double bubble with equal areas

In this first section we prove Theorem 4.1; we will see that it is a di-
rect consequence of Remark 4.7, that describes the composition of a discon-
nected region, and Corollary 4.8, that gives the minimum quantity of area

that a small component must have.

First of all in the next remark we calculate the perimeter of a standard

double bubble with unit areas.

86
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Remark 4.5. By Proposition 5.4, we have that (see also Figure 4.1)

120°

Figure 4.1: A standard double bubble with areas | E, | = | E2| = 1.

27 | /3

1=|E|=|E|=AZ%y =y ?27, therefore, indicating with

PDB the perimeter of a standard double bubble,

2w 3 3T
PDB = 2L — =, |—=(14+—=) = 6.35913. 4.1
y+ <3,y> ‘/2§T+\£§<+3\/§> (4.1)

Furthermore it holds that (note the definition of ®; o(p) in (3.8) where the

vector a = (1,1))

1< ®;4(PDB) = PDB - \\/ﬁ;(l +v2) <y/1+ 2\3/5 <V2 4.2)

Thus, by (3.8), we can define

1— \/qﬁa(PDB) (2 - ®2,(PDB))
2

Theorem 4.6. Let E € M3 ,(1,1). If E is not standard, then each disjoint union
U of components of a disconnected region E; satisfies that 0 < |U| < Aj2 or
|[U|>1—App.

Ay o=, 2(PDB)= ~ 0.0369337. (4.3)
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Proof. The proof is based on Theorem 3.5. We explicitly note that a; = 1
foralli = 1,2, 50 ap = a1 + az = 2. Finally we see that PDB, by (4.2) of
Remark 4.5, satisfies the condition on the value of the perimeter in Theorem
3.5. This completes the proof.

O

Remark 4.7. Let E € Mj,(1,1). From (4.2) of Remark 4.5, we see that

PDB satisfies the condition on the value of the perimeter in Remark 3.8.

Therefore it follows that if a region E; of E is not connected then
E,=E'UE U...EMY, (4.4)

with

a) |E?| > |Ei|—Aip>1—A1p> 3

M (i)
L]
j=1

where Ef is a component of E; for any j = 0,..., M (i) (note that M (i) is

1
b)0< §A1,2<§,

finite by Theorem 1.10 and M (i) > 1, because E; is disconnected). Fur-
thermore any EZJ is a small component and E? is the big component by
Definition 1.18.

Now we present a corollary where we find the minimum area that a

small component of a disconnected weak minimizer must have.

Corollary 4.8. Let E € M35,(1,1). If E is not standard, then the following
inequality holds:

1-— A172
PDB

where S; is a small component of some disconnected region.

2
|S;| > 4r - ( ) = Agy ~ 0.288222, (4.5)

Proof. The proof is based on Lemma 3.11 and Remark 4.7. We note that
| E;| > 1foralli = 1,2and N = 2, thus the number of regions, N,, adjacent
to any component is less or equal to 2. By Remark 4.7 the area of a small
component S; is such that | S; | < A 2 ~ 0.0369337 (therefore 1 — A; 2 > 0)
and finally from the minimality of E we have P(E) < PDB. Linking these

informations with the estimate 2) of Lemma 3.11 we have the claim. O
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Theorem 4.9. Let EEM 5(1,1). Then Eis standard. Moreover if E€ M2 »(1,1),
then E is standard.

Proof. The proof is based on Remark 4.7 and on Corollary 4.8. We suppose
by contradiction that E is not standard, therefore there exists at least one
disconnected region E;. From Remark 4.7 and Corollary 4.8, we have that
0.288222 ~ Az9 < |S;| < A1 2 ~ 0.0369337 for any small component S; of
a disconnected region Ej. It is a contradiction and thus E is standard.

By Remark 4.4, we have that if E € M3 3(1,1), then E is standard. [

4.2 Planar three bubble with equal areas

In this section we prove Theorem 4.2; Theorem 4.11 and Remark 4.12
will be very important. The first gives some informations on the quantity
of area of a disconnected region and the second describes the composition
of a disconnected weakly minimizer. Another significant result is Corollary
4.15, that gives an estimate for the minimum quantity of area that a small
component of a disconnected weakly minimizing must have. Finally we
also underline Lemma 4.21, that describes a component of a disconnected

region and a component of a connected region.

Figure 4.2: A standard triple bubble with areas | Ey | = | Ey| = |E3| = 1.
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First of all in the next remark we calculate the perimeter of a standard

triple bubble with unit areas.

Remark 4.10. By Proposition 5.4, it follows that (see also Figure 4.2) 1 =
2 2 .
|Er| = |E2| = | E3| = A(5,y) + 497\/5 =2 (g + % , therefore, denoting

by PT B the perimeter of a standard triple bubble,

1
+ — =~ 8.79393. 4.6
73 (4.6)

Furthermore it holds that (note the definition of ®; (p) in (3.8) where the
vector a = (1,1,1))

|9

PTB:3Z+3L<72T,y) —6-

1 < ®; o(PTB) = PTB - 72+ 3) <A[1+ 2v2 <V?2 (4.7)

2
I 3

Thus, by (3.8), we can define

1 /02, (PTB)- (2 - ©2,(PTB))

A173:$i7a(PTB) )

~ 0.0703324. (4.8)

Theorem 4.11. Let E € M5 3(1,1,1). If E is not standard, then each disjoint
union U of components of a disconnected region E; satisfies that 0 < |U | < Aj 3
OT"U’ > 1—14173.

Proof. The proof is based on Theorem 3.5. We explicitly note that a; = 1
forall i = 1,2,3, 50 ag = a1 + a2 + a3 = 3. Finally we see that PT'B, by
(4.7) of Remark 4.10, satisfies the condition on the value of the perimeter in

Theorem 3.5. This completes the proof. O

Remark 4.12. Let E € M3 3(1,1,1). From (4.7) of Remark 4.10, we see that
PTB satisfies the condition on the value of the perimeter in Remark 3.8.

Therefore it follows that if a region E; of E is not connected then

E=E'uE'y.. EMY

7 )

4.9)
with

a) |E?| > |Ei|—Aig>1—A13> %
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M (7)

L] &

Jj=1

1
S A1,3 <73,

b) 0 < 3

where Ef is a component of E; for any j = 0,..., M (i) (note that M (i) is
finite by Theorem 1.10 and M (i) > 1, because Ej; is disconnected). Fur-
thermore any Ef is a small component and E? is the big component by
Definition 1.18.

Remark 4.13. Let E € M} 4(1,1,1), then any big component has area at
least as large as 1 — A 3 ~ 0.929668.
First of all connected regions E; are big components with | £; | > 1.
While for all disconnected regions F;, by Remark 4.12, E? is the big
component and | EY | > 1 — A; 3 ~ 0.929668.

Corollary 4.14. Let E € M5 5(1,1,1), then any big component is external (i.e

the component has an edge in common with Ey).

Proof. We argue by contradiction and we suppose that there is at least one
big inner component. By Remark 4.13 any big component has area at least
1 — A3 =~ 0.929668. Let E; be the region with its big component B; inner

(i.e B; is disjoint to Ey), then by the isoperimetric inequality we have that

P(E) > P(B;) + P(Ey) > 2\/7?(«/1 —Ars+ \/§> ~ 9.55793,

From the minimality of E, we know that P(E) < PTB ~ 8.79393. Since it

is a contradiction, the proof is completed. O

Now we present a corollary where we find the minimum area that a

small component of a disconnected weak minimizer must have.

Corollary 4.15. Let E € M3 4(1,1,1). If E is not standard, then the following
inequality holds:

|Si’21—

9PT B2 ( 64w
1+

s

where S; is a small component of some disconnected region.
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Proof. The proof is based on estimate (3.23) of Lemma 3.11. Let S; be a small
component of some disconnected region E; (note that S; exists by Remark
4.12), we choose PT B as perimeter of a weak competitor, then, since NV =3
and a; = 1 forany ¢ = 1, 2, 3, by estimate (3.23) of Lemma 3.11, we have the

claim. ]

Proposition 4.16. Let E € M5 5(1,1,1). Each disconnected region can have at

most one small component.

Proof. Let E; be a disconnected region. By Remark 4.12

E,=E'UE'U...uEMY, (4.11)

M@
L =
of small components E; of E;.

We have that, by Corollary 4.15, | Ef | > Agsforall j=1...,M(i) and

i = 1,2, 3. Therefore we get that

where | EZQ | >1-A43,0< < A 3 and M (i) denotes the number

M@ M()
M(i)-Aps < > |E | =| | | B| < Ass,
i=1 7=1
obtaining that M (i) < 3;; ~ 1.11006. Considering the integer part of
1.11006 we have the claim, M (i) < 1. O

Theorem 4.17. Let E € M3 4(1,1,1), then E has at least two connected regions.

Proof. We argue by contradiction and we suppose that there are at least
two disconnected regions. Let F; and E; be the disconnected regions. By
Remark 4.12 and Proposition 4.16, it follows that

E;=5,UB;,
E; =5;U B,

with §;, S;, that are the small components and B;, Bj, instead which are
the big components. Hence, by Remark 4.12 and Corollary 4.15 we have
that min (| B; |, | Bj|) > 1 — A1 3 and min (| S;|,|S;|) > A3 respectively.
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So, by the isoperimetric inequality, we can give the following estimate for

the perimeter of E:

8.79393 ~ PTB > P(E)

5 (X PB+ 3 P(S)) + P(E) + P(E))

n=t,j n=t,j

> V(2 (V= A + V/Azg) +1+V3) ~9.1527,

v

where k # i, j. It is a contradiction, thus the proof is completed. O

Remark 4.18. Let E € M5 3(1,1,1). If E is not standard, then, by Remark
4.12, Corollary 4.15, Proposition 4.16 and Theorem 4.17, E is composed by
one and only disconnected region E; = S; U B; with Ay 3 < |S;| < Aj3
and | B;| > 1 — A; 3. Moreover, since each region has unit area (up to
a permutation of regions), E can only have this case of connection type:
Ig = (1,0,0).

Proposition 4.19. Let E € M3 5(1,1,1), then the total number of bounded com-

ponents is at most four.

Proof. 1f E is standard then E exactly has three bounded components, in-
stead if E is not standard, then by Remark 4.18 E has four bounded com-

ponents. O
Corollary 4.20. Let E € M3 5(1,1,1), then E € My 3(1,1,1).

Proof. The proof immediately comes from previous proposition and Theo-
rem 1.50. O

We preset a simple lemma, that describes a component of the discon-

nected region and a component of a connected region.

Lemma 4.21. Let E € M5 5(1,1,1). If E is not standard, then any component
C of a disconnected region is external (i.e C' has an edge in common with Ey) and

it has three edges, while a connected region is external with at most four edges.

Proof. By Remark 4.18 the connection type of E is Ig = (1,0,0) up to per-

mutations. First of all we prove that any component C of E is external. If it
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is inner, then, by Proposition 4.19 and by the fact E can not have redundant
edges, it must have only two edges. But this contradicts Corollary 1.35.
Now we prove that C has three edges. It is clear because Proposition
4.19 applies and E is a minimum, so E can not have redundant edges.
Finally, by Corollary 4.14, we know that each connected region is exter-
nal. By Proposition 4.19, by the minimality of E, and by Ig = (1,0,0), it
follows that each connected region can have at most four edges.
O

Remark 4.22. Let E € M3 4(1,1,1). If E is not standard, then from Lemma
4.21 we have that any component of a region of E is external. Therefore the

only possible case of E is represented in Figure 4.3

Figure 4.3: The only possible case of disconnected E € M3 5(1,1,1).

Lemma 4.23. If E has the topology of Figure 4.3, then E ¢ M3 (1,1, 1).

Proof. We argue by contradiction and we suppose that E is a weak mini-
mum. We recall that, by Corollary 4.20, m(E) = aand E € M33(1,1,1).
We determine an estimate for the pressure of F/; and for the lowest pressure

of all regions. So we will be able to give an estimate for the perimeter of E,
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that will be bigger that PT'B. We note that, by Remark 4.12, | S; | < A; 3
and | By | > 1— Ay 3, where S; and B are the small and the big component
of E; respectively.

We start to obtain an estimate for the pressure of the disconnected re-
gion Ey. Let l1 o, 1 2 and 1 3 be the edges of S;. Since the turning angle of
S1 is m, we have that (recall that pg, = 0 and each pressure is non negative

by Proposition 1.49)

pE, P(81) = max (pp, —ppg,)P(51) 2 > (pE1 —pEk) = .
” k=0,2,3

Therefore we obtain that

s
> =
S Ps)

By the Definition 1.1 and by the isoperimetric inequality, it follows that

P($1) = 2P(E) — (P(B) + P(Es) + P(Ey) + P(E) )
< 2PTB —2v/m(\/1—A13+1+1+3).

So we find that

= k1 ~ 3.3417. (4.12)

PE, =

s
2PTB — 2/7(\/1— A13+2+/3)

Certainly F is the highest pressure region, indeed if there was another
region with pressure at least k;, then the perimeter of £ would be at least
(by Corollary 1.47 and by Proposition 1.49)

3
8.79393 ~ PTB > P(E) =2 pp, > 4k; ~ 13.3668,
i=1
that is a contradiction. So the lowest pressure region is either Ey or Es.
Without loss of generality we can consider that the lowest pressure region
is F3. It has four edges, therefore since its turning angle is 27, we have the
following estimate for the lowest pressure pg,

2T

pE; - L3o = Elcliéi(pEg —pE) =Y Link(pes — pE,) = 3

E£3
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where L3 denotes an edge of E3 in common with the region Ej. By
Lemma 3.14, we have that L3 o < 2y/7 (recall that E € M3 3(1, 1, 1), namely
| E; | = 1 for all 7), hence

PEy > \f ~ 0.590818 (4.13)

Then, by Corollary 1.47, (4.12) and (4.13),

3
8.79393 ~ PTB > P(E) > 2 pp, > 2k; + 4(?) ~ 9.04667.
=1

It is a contradiction; so the proof is completed. O

Theorem 4.24. Let E € M3 4(1,1,1). Then E is standard. In particular if
E € My3(1,1,1), then E is standard.

Proof. The proof is immediate. Let E € M3 3(1,1,1); we suppose by con-
tradiction that E is not standard, then by Remark 4.22, E has the topology
represented in Figure 4.3. By Lemma 423 E ¢ M5 4(1,1,1,1); this is a
contradiction, thus E is standard.

By Remark 4.4, we have thatif E € M3 3(1,1,1), then Eisstandard. [



Chapter 5

Planar four bubbles conjecture

with equal area

In this chapter we present the problem, which is the core of the PhD

thesis. It is a particular case of the problem (1.9), indeed it is the following;:
min {P(E) |E € &4, m(E) = a}, (5.1)

where a = (a,a,a,a) with the target to prove the corresponding planar

soap bubble conjecture:

Theorem 5.1. Every E € My 4(a) is standard.

5.1 Necessary conditions on area of different compo-

nents of the same region

Theorem 5.6 and Corollary 5.10 are the most important results in the
first section of this chapter. The first gives some necessary conditions on the
quantity of area that different components of the same region must have,
while the second determines the minimum area that a small component of

a disconnected weakly minimizer E must have.

Remark 5.2. From Remark 1.51, in order to prove Theorem 5.1 we can con-

sider the corresponding weak problem of (5.1)

97
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min {P(E) |E € &4, m(E) > a}, (5.2)

where we must show that nonstandard 4-clusters with connected exterior

region and with non negative pressures are not weakly minimizing.

Remark 5.3. Up to rescale for a we can consider | E; | = 1 for all i. Therefore
from now for the problems (5.1) and (5.2) a = (1,1,1,1).

We begin with some basic formulas and omit the easy computations.

Figure 5.1: The circular arc L has radius of curvature R, area A and length .

Proposition 5.4. Let S be a circular sector. Define y the distance between the
endpoints of the circular edge L of S, with o the angle between L and the line
segment connecting its endpoints (see Figure 5.1). Then the radius of curvature
R of L, the area A of the region between L and the line segment connecting its

endpoints, and the length [ of L are given by

Y o — sin a cos a
R(a,y) = Alay) =y — 5

2sina’

. (5.3)

, l(a,y)Zy'Sma

4sin? o
In this remark we show the construction of a possible connected com-
petitor for the problem (5.1). We denote by p the perimeter value of such

competitor that is called the competitor.
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Remark 5.5. The competitor, as in Figure 5.2,

Figure 5.2: The competitor where | E; | = 1foralli =1,...,4.

is composed by two adjacent regions of four sides and by two disjoint
regions with three sides; each region is adjacent to the exterior region. We
call @ and b the following constants: a := %%%' b= @ and z, h and s as
in Figure 5.2. For the region with three sides the following identities hold:
y = zv/3 and h = £. Since the area of each region must be unit we have
that the area of the regions with three sides is expressed in the following

way 1 = ()% % + % =22 (3T 4 %), getting that x = 1

) w,
8 3, V3 Now,
4

8
by the formulas (5.3), the area of each region with four sides is expressed

in the following way

9g) . Y3z
1:A((x+s),7r/3)+(x+z)2
T_ V3 (p42s). V32
_ 2. 34 2
= (z+3) 3 T >

=(r+s)* a+(x+2s) x-D,
obtaining the next equation of second degree in the variable s

a-s*+2s-(ax+xb) + (#* (a+b) —1)=0.
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Since s must be positive, the solution of this equation is:

_ 2 _q (2. _
. (ax + 2b) + \/(ax + xb)2 —a - (22 (a +b) — 1) s 0541492,
a

Considering the relations (5.3) we get that the perimeter of the competitor is

= drts+2-1ym/2) +2-1(a +5,7/3)
=4z +s+2-U(xV3,7/2) +2-1(x+5,7/3) ~ 11.1946. (5.4)

Furthermore it holds that (note the definition of ®; (p) in (3.8) where the
vector a = (1,1,1,1))

1<¢>iva()_p;\f 1+—‘[<\f (5.5)

Thus, by (3.8), we can define

1—\/@ (2 - 22,())
A14=;a(p) = ~ 0.159132. (5.6)

We present the most important Theorem for problem (5.2), that is a di-

rect consequence of Theorem 3.5.

Theorem 5.6. Let E € M3 4(1,1,1,1). If E is not standard, then each disjoint
union U of components of a disconnected region E; satisfies that 0 < |U | < A 4
or|U|>1— Ay

Proof. The proof is based on Theorem 3.5. We explicitly note that a; = 1 for
4

alli=1,...,4,s0a9 = Z a; = 4. Finally we see that p, by (5.5) of Remark
i=1
5.5, satisfies the condition on the value of the perimeter in Theorem 3.5.

This completes the proof. O

Remark 5.7. Let E € M3 ,(1,1,1,1). From (5.5) of Remark 5.5, we see
that p satisfies the condition on the value of the perimeter in Remark 3.8.

Therefore it follows that if a region F; of E is not connected then

E;=E°uEiu... EMO (5.7)

7 )

with
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Q) |BY| 2 |Ei| —Aia>21- A4 >3
M(3)
g
j=1

where Ef is a component of E; for any j = 0,...,M(i) (note that M (i) is

1
b)0< §A1,4<§,

finite by Theorem 1.10 and M (i) > 1, because Ej; is disconnected). Fur-
thermore any Ef is a small component and E? is the big component by
Definition 1.18.

Remark 5.8. Let E € M5 4(1,1,1, 1), then any big component of E has area
atleast 1 — A; 4 ~ 0.840868.

First of all connected regions E; are big components with | E; | > 1.

On the other hand for all disconnected regions E;, by Remark 5.7, EzO is
the big component and | E? | >1— A4~ 0.840868.

Corollary 5.9. Let E € M3 4(1,1,1,1), then there is at most one big inner com-

ponent (i.e the component has not an edge in common with Ey).

Proof. We argue by contradiction and we suppose that there are at least two

big inner components (see Figure 5.3).

=
S

Figure 5.3: E 4-Cluster which have two inner big components.

By Remark 5.8 any big component has area at least 1 — A; 4 ~ 0.840868.
Let F; and E; be the regions with their big inner components B; and B; (i.e
B; and B; are disjoint to Ej, therefore also B; U B; is disjoint to Ep), then
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by the isoperimetric inequality we have the next estimate for the perimeter
of E:

P(E) > P(B; U B;) + P(Ey) > 2\/%( 2(1 — A) + 2) ~ 11.6869.

From the minimality of E, we know that P(E) < p ~ 11.1946. Since this is

a contradiction, the proof is completed. O

Now we present a corollary where we find the minimum area that a

small component of a disconnected weak minimizer must have.

Corollary 5.10. Let E € M3 ,(1,1,1,1). If E is not standard, then the following
inequalities apply:

| Si | _

S<———"p. (5.8)
2(1—1[5;)
Furthermore the estimates hold:
(p- N,)? 647
>1- i 1], .
|Sil = 327 * (p- N;)? (59)

and

~2 4
1S >1- 2. (ﬂ 1+ 2 - 1) = Ay 4 ~ 0.0238853, (5.10)
27 D

where S; is a small component of some disconnected region, S is the maximum
sum of the lengths of the edges of S; adjacent to the same region and N, denotes

the number of regions adjacent to S;.

Proof. The proof is based on estimates 1), (3.22), (3.23) of Lemma 3.11. First
of all, by Remark 5.7, we know that there are small components S; of some
disconnected region E;. Let S; be a small component of some disconnected
region E;, we choose p as perimeter of a weak competitor.

Since | E; | > a; = 1 and by 1) of Lemma 3.11, we find (5.8).

Instead, since a; = 1 forany ¢ = 1,...,4 and by (3.22) of Lemma 3.11,
we have (5.9) and finally, since also N = 4, by estimate (3.23) of Lemma
3.11, we get (5.10).

]
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5.2 Possible cases of disconnected weakly minimiz-
ing 4-cluster
In this section, exploiting Remark 5.7 and Corollary 5.10, we consider

all possible cases of disconnected weakly minimizing 4-cluster which we

want to exclude in order to prove Theorem 5.1.

Proposition 5.11. Let E € M3 ,(1,1,1,1). Each disconnected region of E can

have at most two small components.

Proof. Let E; be a disconnected region. By Remark 5.7

E;=E'UE'U...EMO. (5.11)
M(@5)

where | EZQ | >1—-A414,0< |_| Ef < Ay 4 and M (i) denotes the number
j=1

of small components of F;.

We argue by contradiction and we suppose that M (i) > 3. By (5.10)
of Corollary 5.10 we know that |Ef | > Aggforall j =1...,M(i). There-
fore we get, by the isoperimetric and by the definition of perimeter view in

Definition 1.1, the following estimate for the perimeter of E

M)
P®) = 3 (B + PED + 3 PIED + X P )
j=1 ki

> ﬁ<2+ £/ 1 —A174 +3- \/A274+3> ~ 11.3094.

But by the minimality of E, P(E) < p ~ 11.1946 therefore we come to a

contradiction that concludes the proof. O

Remark 5.12. Let E € M3 ,(1,1,1,1). If E is not standard, then E has at
least one disconnected region E;, thus, by Remark 5.7 and Proposition 5.11

E; is so composed:
E=E'uE'y... EMY

7 )
M(i)
where E? is the big component with | EY | > 1—A4; 4 and |_| F! is a disjoint
j=1
M@)
L =

J=1

union of M (i) small components with <Ajgand 1 < M(i) <2.




Planar four bubbles conjecture with equal area 104

For any connected region E; of E the number of small components M (i) is
zero. Therefore, since each region has unit area, up to a permutation of the
regions, the only possible connection types Ig = (M (1),...,M(4)) for not
standard E are the following: (2,2,2,2), (2,2,2,1), (2,2,2,0), (2,2,1,1),
(2,2,1,0), (2,2,0,0), (2,1,1,1), (2,1,1,0), (2,1,0,0), (1,1,1,1), (1,1,1,0),
(2,0,0,0),(1,1,0,0), (1,0,0,0) and (0,0,0,0).

Lemma 5.13. Let a, b, D be real positive constants with a < b and let
g:I=1la,b] >R,
be a function such that
1) g is convex,
2) ¢'(a) >0,
3) VD < g(a) < g(b) < V2D.

Then the function

fia) = D2 VIET B 4G

is strictly increasing and its first derivative is positive and strictly increasing.
In particular if f(I) C I and f'(b) < 1, then one and only one fixed point | of

f exists in I. Furthermore if b < £, lis a root of the function

zel, (5.12)

F(z) = g(z)?- (21) - g(aj)2) —(D-22)%  zel, (5.13)
where F is strictly increasing.

Proof. We define

T(x) := g(z)?- <2D - g(.:;:)Q)7 x el (5.14)

From the first property of g, we get that ¢’ is increasing, therefore, by 2), we
have that the function g is strictly increasing. By 3) we initially obtain that ¢
is positive and finally that 7" is positive. With simple algebraic calculations
it follows that
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T'(x) = ~4g(x) - g () - (g(x)* = D).

Therefore by the positivity of g and ¢’ and by 3) we have that 7" is nega-
tive. Then T is strictly decreasing. Furthermore we obtain that the second

derivative of T is

T' () = —4 !g%m)? (9(2)*= D) +9(2)-g"()- (9(2)*~ D) +29(a)* -g'<z>2] .

Again, by the positivity of g and ¢’ and by the property 3) of g, we have
that 7" is negative, therefore T is concave. Now we notice that the function
fin (5.12) is equal to

flz) = ———. (5.15)

Thus, since 7' is strictly decreasing, f is strictly increasing.

Furthermore we can see that

F(z) = e (5.16)

We explicitly note that, by 3) and g is strictly increasing, \/2D — g(z)? is
positive. Hence by the positivity of ¢’ and by 3) and g is strictly increasing,
g (z) - (g(x)? — D) is positive too. So we get that f’ is positive.

We set

file)=g'@)- (9@)?~D). wel

fao(x) :=+/2D — g(x)2, wel

From what we have seen before we know that fi and f» are positive. By the
assumption on the function g and by the monotonicity of g and ¢/, we re-
spectively deduce that f; is strictly increasing and f; is strictly decreasing.

It is clear, by (5.16), that f'(z) = ggig for any = € I. Therefore f’ is strictly

increasing.
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In particular if we have that f(I) C I and f’(b) < 1 (recall that f’ is
strictly increasing), then, f is a contraction on I. By Banach fixed point
Theorem, the function f has one and only fixed point/in I, namely f(I) = I.

Iftb < %, then from (5.15) and by the fact f(I) = [, it is clear that [ is a

root of the function

F(z):=T(z)— (D —-2z)?, ze€l.

By the expression of 7" in (5.14), F is the same as in (5.13). We calculate the

first and the second derivative of F' and we obtain

F'(z) =T'(z) + 4D — 2z2);
F'(z) =T"(z) — 8.

Since T" is negative and 0 < a < z < b, F" is negative, therefore F” is
strictly decreasing. Thus F'(z) > F'(b) = T"(b) + 4(D — 2b). Then, since
b < £ and T is positive, we have that I is positive. Hence F is strictly
increasing.

O]

Remark 5.14. Let E; be a region of E € M3 ,(1,1,1,1), then, by Remark

5.12, E; can be decomposed as:

E; if M (i)
E;=<{ EYUE}, if M (4)
EPUEMUE?, if M(i) =

0
1

By Remark 5.7 we have that | E? | > 1 — A; 4, while by (5.10) of Corollary

5.10 we know that it holds that | Ef | > A4 for any j # 0. Therefore, by
isoperimetric inequality, we get

2/, if M (3)

P(E;) > 2y /1 —Ara+ \/A2,4), if M (i)

2/ \/1 — Ay +2\/A274>, if M (i) =2,

where 2/7(\/1 — A1 4+ 2\/A24) > 2/7(\/1 — A4 + \/A24) > 2/, be-
cause 1.07154 ~ /1 — A1 4+ \/Az4 > 1.

0

1
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Now we present a theorem where we exclude all possible connection
types /g seen in Remark 5.12 except the cases (2,0, 0,0), (1,1,0,0), (1,0,0,0)
and of course (0,0,0,0). We denote by n(A) the cardinality of a set A.

Theorem 5.15. Let E € M35 4(1,1,1,1), then
I € {(0,0,0,0),(1,0,0,0),(1,1,0,0),(2,0,0,0)}.

Proof. We call P = {(0,0,0,0),(1,0,0,0),(1,1,0,0),(2,0,0,0)}, and we sup-
pose by contradiction that Iy, ¢ P. Therefore the possible connection types
Iy = (M(1),...,M(4)) can be only one of the cases described in Remark
5.12 with the following properties:

4
)Y M3) = 3;
=1

2) n({j e{1L,...,4}[M(j) = 1}) =2 2,

namely the possibilities for Iy are (2,2,2,2), (2,2,2,1), (2,2,2,0),(2,2,1,1),
(2,2,1,0), (2,2,0,0), (2,1,1,1), (2,1,1,0), (2,1,0,0), (1,1,1,1), (1,1,1,0).
We denote by

Ij:={ie{l,...,4} | M©G) > 1}
I.:={ie{l,...,4} | M (i) = 0};

the sets of indices, that represent the disconnected and connected regions
respectively.
Now we divide the proof in two parts. In the first we determine the

following inequality

_ ﬁ<3+2\/1 _A174+2\/A2,4>

p
T —x 1
Vi+Vl—z< NG ; (5.17)

M(3)
where x represents the area of a disjoint union of small components, |_| E;

i=1
By Remark 5.7 and (5.10) of Corollary 5.10 we know that Ay 4 <z < Ay 4.

Solving (5.17), we find a new estimate for x:

Asg <z < fi(Ara) < Aig, (5.18)
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where
1— \/gl(x)Q ~ (2 — gl(a:)2>
fi(z) = 5 . x €l :=[Agy, A1l
g1(z) :=C, —2V1 —x, xel, (5.19)
C, =1 _3_2/4y,

NZS

In the second part we see that, for the cases (2, 2,2, 2), (2,2,2,1), (2,2,2,0),
(2,2,1,1),(2,2,1,0),(2,2,0,0),(2,1,1,1), (2,1,1,0), the new estimate (5.18)
on z is immediately a contradiction, while, for the following connection
types Ig, (2,1,0,0), (1,1,1,1), (1,1, 1,0), it will allow us to get an estimate
for the perimeter of E greater than p. This is still a contradiction, thus the
proof is completed.

Part I. By 2) there are at least two disconnected region. We take j € I
such that

> M(k)>2,

kel
where I, = I; ~ {j}. We explicitly note that the choice of j € I; is indif-
ferent except in the case Ig = (2, 1,0,0) where j must be 2 (i.e. the index j

denotes the disconnected region with one and only one small component).
M(j)

Given j so done, E; = E? L] ( |_| E;) . Therefore, by the minimality of E,
i=1

we get that

M(j)
p> P(E) > ;(P(Eo) + P(EY) +P< | | EJ> + > P(E)+ ) P(Ej>),
=1 kel; kel

(5.20)

where the following conditions apply (note that 0 < M (i) < 2 for any i by
Proposition 5.11 and see also the properties 1 and 2))

a) n(l;) = 1;

b) n(I;) +n(l.) = 3;
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Q > M(k)>2.
kel

By a) b) and ¢) we get that (n(/; ),n(/.)) can be (1,2), (2,1) and (3,0). We

notice that the case (n(/;),n(l.)) = (1,2)is Ig € {(2,2,0,0),(2,1,0,0)},

whileif (n(Z;),n(l.)) = (2,1) the possibilities for Iy are (2,2,2,0), (2,2,1,0),
(2,1,1,0), (1,1,1,0), and finally if (n(f, ),n(l.)) = (3,0) the set of possible

connection types Igis {(2,2,2,2),(2,2,2,1),(2,2,1,1),(2,1,1,1),(1,1,1,1)}.
We set

S(E): = ) P(Ey)+ > P(E).

kel kel.

We underline that, the condition ¢) guarantees that in Z P(E}), there are
kel
disconnected regions such that the total number of their small components

is at least two. Hence by Remark 5.14, we have that

2Vm (/1= Ara+2\/As4) + 47, if (n(I]),n(I.)) = (1,2)
S(E) > § 4y/m(y/T— Ay + /Azs) +2y/7, if (n(I7),n(L)) = (2,1)
6va(y/I— Ara+ /Az), if (n(I; ), n(L)) = (3,0).

By Remark 5.7, 1 — A; 4 < 1, thus we observe that

2\/7?(\/1 — A174 + 2\/14274) +4ﬁ > 4ﬁ(\/1 - A1,4 + \/A2,4) + Qﬁ.

Since \/1 — Ay 4 + /A4 > 1 (see Remark 5.14), we get that

Gﬁ(\/l — A1,4 + \/A274) > 4\/7?(\/1 — A174+ \/A274) +2\/7T'.

Thus we have that

S(E) > 4vm(\/1— A1+ \/Az4) + 2V, (5.21)

By (5.20), it is clear that

. MG)
p> P(E) > 3 (P(Eo) + P(E)) + P( E;) + S(E)> .
=1
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MG)
|| E
=1

M(j)
. 1
mark5.7,0 < xz = |_| Bl <Ay < §) Therefore, from the isoperimetric
i=1
inequality and (5.21), we get that

We call z = ,thus|E§-]] =|Ej| -z >1—2z > 0 (because, by Re-

p> P(E) > \/%<2 +V1I—z4+Vr+2\/1—A1a+2/ A4+ 1), (5.22)

which is equivalent to the inequality in (5.17), namely

5 ﬁ(:a 4o /T A+ 2\/A2,4)
ﬁ )

VI+V1—z<

(5.23)

M(j)
where x represents the area of a disjoint union of small components, |_| E;,

i=1
such that Ay 4 <z < Ay 4, by Remark 5.7 and (5.10) of Corollary 5.10. Let I
be the interval I := [A3 4, A1 4] and let the functions g; and f; be as in (5.19).

Therefore we have that

() = —=—.
)= ———
2(1 —x)2
Thus it follows that
1) g1 is convex on I;
2)g}(A2) =~ > 0; (524

V1—A4s4

3)1 < g1(Ags) ~ 1.03083 < g1(A14) ~ 1.17283 < V2.

Weset D =1,a = A4 and b = Ay 4, so by Lemma 5.13, the function f; in

(5.19) is strictly increasing on I. Furthermore we get that

0.0238853 ~ Ag 4 < f1(A14) =~ 0.0365939 < A 4 ~ 0.159132.
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Now it is easy to see that the inequality in (5.23) is
VT + V1T -z < gi1(A14). (5.25)

Weset C' = g1(A1,4) and D = 1, thenby Lemma 3.1, the solution of previous

inequality is

0<z< fi(Aig)or(l— fi(A1a)) <z <1,

because, by (5.24), we have that 1 < ¢1(A;14) < V2 (see the condition on
the constants in Lemma 3.1). We recall that Ay 4 < « < Ay 4, furthermore
Az < fi(A14) < A1g, thus 1 — fi(A14) > 1 — A1g > Ay because, by
Remark 5.7, A1 4 < % Then the inequality (5.25) reduce to:

Ay <z < fi(A14) < A, (5.26)

that is the estimate in (5.18).

Part II. From (5.26) we have that Ay 4 < = < fi(A14) < A4, where
M(3)

L| &

=1

and j € I; such that Z M (k) > 2. Therefore we can im-
kel
mediately exclude the following possibilities of connection type:(2, 2,2, 2),

(2,2,2,1), (2,2,2,0), (2,2,1,1), (2,2,1,0), (2,2,0,0), (2,1,1,1), (2,1,1,0).
In these cases we can choose j such that M(j) = 2, then by (5.10) of Corol-
lary 5.10, | E; | > Ag 4 for any ¢ = 1, 2, therefore by (5.26) it follows that

xr =

2

L=

=1

0.0477706 =~ 249 4 < < f1(A14) =~ 0.0365939.

This is a contradiction.
For the other cases of connection type, (2,1,0,0), (1,1,1,0) and (1,1,1, 1),
we give an estimate for the perimeter P(E), which will be greater that p.
We start with Ig € {(1,1,1,0),(1,1,1,1)}. From the first part we can
say that | E} | < f1(Aj1.4) for any small component of a disconnected region,

because it is true that Z M (k) > 2 for any j € I. Therefore we have that
kel

|E) | =|Ei|—|E}| > 1= fi(A14) >1— A4, (5.27)
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for any big component of a disconnected region. Moreover, by (5.10) of
Corollary 5.10, it holds that

| B} | > Az, (5.28)

for any small component of a disconnected region. Hence, by (5.27), by
(5.28) and by the isoperimetric inequality, we get the following estimate for

the perimeter of E:

3 3
! (P(Eo) +Y P(E))+>_ P(E})+ P(E4)>
i=1

=1

4 4
: (P(Eo) +Y PEN+Y P(E}))
=1 =1

- V(24 3y/1— fi(A14) + 3/ A4+ 1) = 11.3583, if Iy = (1,1,1,0),
T VA2 441 = fi(Ara) + 44/ Az4) ~ 11.5995, if Ig = (1,1,1,1).

This is a contradiction.

11.1946 ~ p > P(E) >

Finally we consider the case when Ig = (2,1,0,0). From the first part
we can say that | Ei|<h (A1,4), because the only choice of j € I; such that

Z M (k) > 2is j = 2. Therefore we have that
kely

|ES| = |Ea| — | E3| >1— fi(A1a) > 1 — Ay, (5.29)
while, by (5.10) of Corollary 5.10, we get that
|E3| > Ao (5.30)
By Remark 5.7 and (5.10) of Corollary 5.10 we know that

[EY[>1— A,
(5.31)
|E]| > Ag, forany j = 1,2.

Hence, by (5.29), by (5.30), by (5.31) and by the isoperimetric inequality, we
get the following estimate for the perimeter of E:
1 4 2

p>PE)> g <P(Eo) +Y  P(Ey) + P(EY) + > P(E]) + P(E9) + P(E21)>
k=3 Jj=1
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> V(24 241 — Ay g+2y/ A a+1/1— f1(A14)++/Az,4) 11.2766

This is a contradiction because p ~ 11.1946.
L]

Corollary 5.16. Let E € M3 ,(1,1,1,1), then E has at least two connected re-

gions. Moreover E has at most six bounded components, thus E € My 4(1,1,1,1).

Proof. 1f E is standard, then any region is connected therefore there are four
bounded components.

If E is not standard, then by Remark 5.12 and Theorem 5.15, we know
that its connection type Ig can be only (2,0,0,0), (1,1,0,0) or (1,0,0,0).
Therefore E has two connected regions and it can have at most six bounded
components. Thus, by Theorem 1.50, E € My 4(1,1,1,1).

O

5.3 The cases (2,0,0,0) and (1,1,0,0)

In this section we consider the cases (2,0,0,0) and (1, 1,0,0). The most
important results are Theorem 5.23 and Theorem 5.39, that exclude these

possibilities.

Lemma 5.17. Let f : I — R bean increasing function (i.e. f(x) < f(y)ifx <y)
where I is an interval of R and f(I) C 1. Fixed arbitrarily o € I, we define the

following recurrence sequence (Up)neN

up = o
Unt1 = flup), n > 0.
Ifuy > xq then the sequence (uy,)nen is increasing, while if uy < xo, then (up)nen

is decreasing. In particular the limit of the sequence (u, )nen exists.

Proof. If xy = u; then f(u;) = u; thus, by induction, the sequence (uy,)nen
is constant and it holds that u,, = z¢ for all n € N, then the existence of the
limit is obvious.

Thus we can consider zy < wy or zg > wuy. If xg < wuy, since f is
increasing , it holds w3 = f(z9) < f(u1) = ug; now we prove by in-

duction that the sequence (uy,)nen is increasing. For n = 1 we have that
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ug = f(u1) < f(ug) = us, since u; < wug and f is increasing. We sup-
pose true u,, < upt1, then upi1 = f(up) < f(upt1) = upt2, thus we have
Un+1 < Upt2.

If o > wu; we proceed in the same way, and now we obtain that the
sequence (uy)nen is decreasing.

Since in both cases the sequence (uy,)nen is monotone, then the limit of
the sequence (u,)nen exists.

O

Lemma 5.18. Let E € M3 ,(1,1,1,1). If I € {(2,0,0,0),(1,1,0,0)}, then E

has ten vertices and fifteen edges.

Proof. Let v, e and c be the numbers of the vertices, of the edges and of the
connected components of E respectively, then, by the Euler’s formula, it
applies that v — e + ¢ = 2. Since E is a minimum, each vertex of E is is a
meeting point of exactly three edges (see Theorem 1.10), thus 3v = 2e (note
that each edge has two vertices). Furthermore, Iy € {(2,0,0,0),(1,1,0,0)},

therefore ¢ = 7. Solving the following linear system

v—e=—5
3v = 2e,
we find the statement. O

5.3.1 The case (2,0,0,0)

We begin with the case Ig = (2,0,0,0). First of all we present a simple
lemma where we describe a component of the disconnected region and a

component of a connected region.

Lemma 5.19. Let E € M3 ,(1,1,1,1). If Iy = (2,0,0,0), then a component C
of E1 has

i) three edges if it is inner;
ii) at most four edges if it is external.

While a connected region has
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iii) at most five edges if it is inner;
iv) at most six edges if it is external.

Proof. By Corollary 1.35, we know that every component has at least three
edges. Furthermore from Proposition 1.33 we have that any two compo-
nents of E may meet at most once along a single edge. We explicitly note
that E has six bounded components with three connected regions.

We consider a component C' of Ej; therefore if C is inner, by the mini-
mality of E, C' must have three edges.

While if C' is external, then it could have one and only one edges in
common with Eg, thus C' can have at most four edges if it is also adjacent
to the all others connected regions.

The argument is the same in the case that we take a connected region
FE;, finding that F; has at most five edges and most six edges if F; is inner
and external respectively.

O

Lemma 5.20. Let C, = %\;AQ"‘) and

(1—z)—4/C2-(2(1 —x)—C?
fa(x) := \/ 2< >7

then f is strictly increasing on I with fo(I) C I and fo is a contraction on I.

x €I :=[Ag4, A1 4],

Furthermore the unique fixed point | of fo on I is a root of the function

Fs5(z) == B8z —1) + \/6’22 . (2(1 —x)— C’22>,
where F3 is strictly increasing. In particular 1 is less than 0.042.

Proof. We explicitly note that f; is well defined because 2(1 — z) — CZ > 0
forall z € I,indeed 2(1 — z) > 2(1 — Ay 4) ~ 1.68174 > C? ~ 1.34874. We
initially prove that f5 is strictly increasing and that it is a contraction on I.
With simple algebraic calculations we can see that

02

2

—1].
\/022. (2(1—9[;)—022) ]

o) =5
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Therefore f} is positive if and only if

022 > (1 —x).

Butz € 1,50 (1 — ) < (1 — Az4) = 0.976115 < C? ~ 1.34874. Thus we get
that f is strictly increasing on I. Hence we have that f>(/) C I, indeed

0.0369618 ~ fa(Az4) < fo(x) < fa2(A14) ~ 0.0853508,
(5.32)
Ay~ 0.0238853, Ay 4~ 0.159132.

If we set fy(z) := 2(1 —2) — C2, with z € I, then f is strictly decreasing
on I, thus fy(x) > fa(A14) = 0.332994 > 0. It is easy to see that

02 _ C2 .
o) = 5 | L
2 C2 - fu(x)
Since f; is strictly decreasing, we have that C2 — \/CZ - fy(x) is strictly

increasing on I. Furthermore, since f} and f, are positive on I, we also get
that C? — \/CZ2 - f4(z) is positive on I. Therefore f} is strictly increasing on
I. Thus we obtain that

0 < fa(z) < f5(A14) ~ 0.506274. (5.33)

Hence, by (5.32) and (5.33), we deduce that f> is a contraction on 1.
Then, by Banach fixed point Theorem, we have that there exists one and
only one fixed point [ of f, on I such that f>(1) = [. By f2(l) = [, we deduce

that [ is a root of the function

F3(z) =Bz —1)+ \/022 . (2(1 —z)— C’22>
Its first derivative is

02
Fj(z) = 3 - 2

\/cg- (201 - ) —022)'

Now we can see that I} > 0 it is equivalent to
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5C2
(1—z)>—=.

9
Since z € I, then (1 —x) > (1 — A;4) ~ 0.840868 > % ~ 0.749301, (note
that the denominator of F} is just positive because it is the same denomi-
nator of f3). Therefore F} is positive on I and so Fj is strictly increasing.
Since F5(0.042) =~ 0.000691277 > 0, we have the estimate | < 0.042.

O

Lemma 5.21. Let E € M3 ,(1,1,1,1). If Ig = (2,0,0,0), then the area of a

small component can be at most the limit of the following sequence:

{ a0 = A1 (5.34)
ap+4+1 = f(an)a n >0,
where
1-1)— \/022 : (2(1 - 022)
fa(z) = ; x el :=[Axy4, Ayl

2
(5.35)
_ p— 75+ \/A24)
7 )

In such case the limit 1 is less than 0.042.

with C, :

Proof. First of all we note that, by Lemma 5.20, f5 is strictly increasing and
f2(I) C I, in particular fo(A;4) < Aj4. So by Lemma 5.17, the sequence
(an)nen has a finite limit / and it is strictly decreasing. Furthermore, since
by Lemma 5.20, f; is a contraction on I, then [ is the unique fixed point of
f2in I with [ < 0.042. Since Ig = (2,0,0,0), then E; = E} U E{ U E?.

In order to show the statement of the Lemma we will prove by induc-

tion the following property:
|Ei | <ap VYneNVi=12 (5.36)

The case n = 0 is true since ap = A; 4 and by Remark 5.7, by (5.10) of
Corollary 5.10, we have that

, 1
A274 < |E71’ | < A174 < g, Vi=1,2. (537)
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We suppose that (5.36) is true for n and now we prove it for n + 1.
Therefore the following estimates hold (note that a; = fao(A14) < A14 = ag

and the sequence (ay, )nen is strictly decreasing, thus a,, < A; 4 foralln € N)

Apa <|E}|<an,  Vi=1,2. (5.38)

Letaz = | B | fori=1,2, thus | EQ|=(| By |—| B} )= | Ei | > (1— an)—2 >0
where j € {1, 2\{i}. By the minimality of E, by the isoperimetric inequality
and by (5.38), we get that

4
: (P(Eo) + P(E}) + P(EY) + P(E]) + P(Ek)>
k=2

2\/%(2+\/5+\/(1—an)—x+\/A2,4+3).

p=P(E)=

N |

We find the following inequality

Vi+y/(d—an)—z< ﬁ_ﬁ(i’/;r VA24) =, (5.39)

Since fo(I) C I and the sequence (a,)nen is strictly decreasing, therefore
0<Ayy <ap<Ayg<lforalln e N. Since

1< C, ~1.16135 < 1/2(1 — Ay 4) ~ 1.29682,
we get that
V1—an, < C, <2(1—ay).

So if we set D = 1 — a,,, by Lemma 3.1, the solution of (5.39) is

D — ,/C?%2D — C? D+ ./C?%2D — C?
0<x< 22( 2)or + 22( 2)§33<D.

From the expression of f3 in (5.35), it is clear that the solution can be written

as

0 <z < fa(ay) or (1 —ap — fg(an)) <z < (1—ap).
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But by (5.38), we know that A>4 < x < a,. The sequence (an)nen is
strictly decreasing and the function f5 is strictly increasing with f>(I) C I,
therefore As 4 < f2(an) < an. Moreover it follows that 1 — a,, — f2(a,) >
1 —ayn — a, > ay, because f>(I) C I and by Remark 5.7, A; 4 < % Thus the
solution of (5.39) is

A274 <z < f2(an) = An+1-

So (5.36) is true with n + 1 in place of n. This completes the proof.
O

Lemma 5.22. Let E € M3 ,(1,1,1,1). If Ig = (2,0,0,0), then the small com-

ponents of the disconnected region are external with four edges.

Proof. Since Iy = (2,0,0,0), it follows that E; = EY U E} U E?, where EY is
the big component and E{ (j # 0) are the small components. We argue by
contradiction, thus, by Lemma 5.19, there exists E? (i = 1, 2) such that it has
three edges. Without loss of generality we can suppose that E is a small

three-sided component. Therefore, by (5.9) of Corollary 5.10, we have that

9p* 64
|EL| > 1—%. (’/H%Z_l) = Ag 4 ~ 0.0409878.

We summarize the conditions of area of small components of F1; by (5.10)

of Corollary 5.10 and Lemma 5.21 we get that

A3y <|Ej|<1<0.042
(5.40)
Agy < |EF| <1<0.042.

We will show that the area of Ef is smaller than Aj 4; therefore we would
contradict (5.40), so the proof will be completed.

Letx = | Ef |, thus |EY | = (| Ey |- | El|)—| E?| > (1-0.042) —x > O by
(5.40). By the minimality of E, by the isoperimetric inequality and (5.40),
we get that
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4
b2 P() = o (P(By) + P(ED) + P(E) + P(E]) + 3 P(By)
k=2

> \/7?(2+\/;E+ V1 —0.042) —z + \/A3,4+3).

We find the following inequality

b= V(54 Asa)

VT +4/(1-0.042) — 2 < N

(5.41)

_ —Vm(5+/As34)

We set C, = NG and D = 1 — 0.042, then we can see that

0.978775 ~ v/1 — 0.042 < C, = 1.11345 < /2(1 — 0.042) ~ 1.3842.

So by Lemma 3.1, the solution of (5.41) is

D—/C?22D—-C?) D+ .,/C2@2D -2
0<az< 32( D) o Pt 32( 3)§:c<D, (5.42)

where

D —/C2(2D = C?)
5 52~ 0.0211867

D+ ,/C2(2D — C2
+ 32( 2) ~ 0.936813.

But from (5.40), 0.0238853 ~ Az 4 < x < A; 4 =~ 0.159132. This contradicts
the solution (5.42) of (5.41).
L]

Now we are ready to eliminate the case Iy, = (2,0, 0,0) of Remark 5.12.
Theorem 5.23. Let E € M3 ,(1,1,1,1), then Ig # (2,0,0,0).

Proof. We suppose by contradiction that I = (2,0, 0, 0), therefore it follows
that £, = EY| | F{ | | EY where EY is the big component and E! (i = 1,2)

are the small components. By Lemma 5.22, E% (i = 1,2) are external with
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four edges, while, by Lemma 5.19, EY has at least three edges and at most
four edges. We denote by v(C') the number of vertices of a component
C of E and v(E) is the number of the vertices of E. Thus, we have that
(v(EQ),v(E}), v(E?)) canbe (3,4,4) or (4,4,4). Since E and E are disjoint
two by two for any i # j (i,j € {0,1,2}), the vertices of F} and E{ are all

distinct (recall that E is a minimizer). Thus, we get that

2
v(E) > w(E}) > 11,
1=0

but v(E) = 10 by Lemma 5.18. This is a contradiction, so the proof is com-
pleted. O

5.3.2 The case (1,1,0,0)

We analyze the case Ig = (1,1,0,0) of Remark 5.12; first of all as in the
case Ig = (2,0,0,0) of Remark 5.12 we describe a component of a discon-

nected region and a component of a connected region.

Lemma 5.24. Let E € M3 ,(1,1,1,1). If Ir = (1,1,0,0), then a component C

of a disconnected region has
i) at most four edges if it is inner;
ii) at most five edges if it is external.

While a connected region has
iii) at most five edges if it is inner;
iv) at most six edges if it is external.

Proof. By Corollary 1.35 we know that any component C' of E has at least
three edges. Let C' be a component of a disconnected region. Since E is a
minimum, by Proposition 1.33 and Ig, = (1,1, 0,0), then, C has at most four
edges and at most five edges if C is inner and external respectively.

If E; is a connected region, arguing as in the case that C' is a component
of a disconnected region, then E; can have at most five edges and six edges
if it is inner and external respectively.

O
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In the next lemma we determine the new maximum value of the area of

a small component.

Lemma 5.25. Let E € M3 ,(1,1,1,1). If Ig = (1,1,0,0), then the area of a

small component can be at most the limit of the following sequence:

{ a0 = A1 (5.43)
Up4+1 = f(an)a n >0,
where
1= o (2= n(02)
f5($) = 5

rzel:.= [AQA, A174] (544)

g2(x) = (%—4—\/142,4) -V1i—u.

In such case the limit 1 is less than 0.042.

Proof. First of all we consider the function g» of (5.44), then its first and

second derivatives are respectively

, B 1
go(z) = ﬁ’
)= ——
AT

Therefore, since g5 and g/ are positive, we get that
1) g9 isconvexon I;
2) gb is strictly increasing and g5 (Az.4) ~ 0.50608 > 0;
3) g2 is strictly increasing and

1 < 1.17337 ~ ga(Ag4) < g2(A14) ~ 1.24436 < V2.

Thusif weseta = As4,b = A; 4and D = 1, by Lemma 5.13, the function f5

of (5.44) is strictly increasing and its first derivative is positive and strictly
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increasing. Furthermore it holds that f5(1) C I, indeed (424 ~ 0.0238853
and Ay 4 ~ 0.159132)

0.0368513 =~ f5(A274) < f5(A174) ~ 0.0819064.

So by Lemma 5.17, the sequence (ay,,)nen is strictly decreasing with a finite
limit [ which is a fixed point of f5 in I. Moreover f(A;4) ~ 0.445023 < 1,
thus f5 is a contraction on I, then [ is the unique fixed point of f5 on I.
By Remark 5.7 it holds that 4; 4 < £ < 1, hence again by Lemma 5.13, we
obtain that [ is a root of the function Fs(z) = go(z)?- (2 - gg(x)Q) —(1-22)2,
where Fj is strictly increasing on I. Since F(0.042) ~ 0.00214782 > 0, then

1 < 0.042. (5.45)

Since Ig = (1,1,0,0), then F; = EY U E{ and E» = ES U EL.
In order to show the statement of the Lemma we will prove by induc-

tion the following property:

El\<a, VYneN,Vi=1,2. (5.46)
| E;

The case n = 0 is true since ag = A; 4 and by remark 5.7, by (5.10) of
Corollary 5.10, we have that

A2,4 < ‘Ezl | < A1,47 Vi = 172>
(5.47)
|E)|>1— A1y, Vi=1,2.

We suppose that (5.46) is true for n and now we prove it for n + 1.

Therefore the following estimates hold

Ayy < |E}| < ay, Vi=1,2,
(5.48)
|EY | >1—a,,  Vi=1,2

We explicitly note that, since f5(/) C I and by the definition of the sequence
(an)nen, an < A1g < % foralln € N. Letz = | E} | with i = 1,2, thus
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|EY| = | E;|-| E! | > 1—z > 0. By the minimality of E, by the isoperimetric
inequality and (5.48), we get that

4
p>P(E)= %(P(Eo) + P(E}) + P(E?) + P(E}) + P(E}) + > P(Ey))
k=3

2\/7?(2—1—\/:?4—\/1—904—\/A274+\/1—an—|—2).

We find the following inequality

\/§+m§ﬁ_ﬁ(4+‘/fg’4+ﬂ_a">. (5.49)

By definition of the function g view in (5.44), it easy to see that the previous

inequality can be written as

\/54— V1_$§92(an)-

The sequence (ay)nen is strictly decreasing with Ay 4 < a,, < A; 4 for all
n € N,whileby 3) the function gs is strictly increasing with 1 < g2(z) < v/2
forany x € I = [Ag4, A14]. Thus 1 < ga(an) < g2(A14) < V'2; so if we set
D =1and C = gs(ay), by Lemma 3.1, the solution of (5.49) is

0<

_ 2 ()2 2 —_ ()2
LD \/02(21) O)OrDJm/CQ(QD @ oD

From the expression of f5 in (5.44), it is clear that this can be written as

0 <z < f5(ay) or (1 - f5(an)) <z<l

The sequence (ay)nen is strictly decreasing with Ay 4 < a, < A;4 for all
n € N, while the function fs is strictly increasing on I with f5(/) C I. Thus
Ay < fs(ap) < apand 1 — fs(a,) > 1 —ay, > ay,, because Az 4 < an, < A1 4
foralln € N, f5(I) C I and by Remark 5.7, A; 4 < % Furthermore by (5.48),

Asy <z =|E}| < a,, therefore the solution of (5.49) is

A274 <z < f5(an) = Ap+1-
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This solves the case of (5.46) for n + 1.
[

In the following lemma we show that each component with three edges

is a big component.

Lemma 5.26. Let E € M3 ,(1,1,1,1). If Ig = (1,1,0,0), then the small com-
ponents of the disconnected regions are surrounded by four different regions. In
particular any three-sided component is a big component and each small compo-

nent of a disconnected region is external.

Proof. Let S; and B; the small and the big component respectively of a dis-
connected region E; = B; | | S; (i = 1, 2). We divide the proof in three steps.

Step 1. We prove that the small components of the disconnected regions
are surrounded by four different regions.

We argue by contradiction and we suppose that there exists a small
component S; of a disconnected region E; such that it is surrounded by
three different regions (note that S; has at least three edges by Corollary
1.35, and recall that E is a minimizer). Without loss of generality we can
assume that it is S;. Hence, by (5.9) of Corollary 5.10, we have that

9p? 64
1S >1— % : ( 1+ WZZ - 1) = Ag4 ~ 0.0400878. (5.50)

We summarize the conditions on area of small components of E; by (5.10)
of Corollary 5.10, by Lemma 5.25 and by (5.50) we get that

A374 < |S1 ‘ < 1 < 0.042
(5.51)
A2’4 < |SQ ‘ <1<0.042.

We show that the area of S5 is smaller than A 4; therefore by (5.51) the
proof of Step Iis completed.

We call x = | Sz |, thus | Bo| = | E2| — | S2| > 1 — 2. We note that, by
(5.51), | Bi| = |E1| —|S1| > 1 —0.042. By the minimality of E, by the
isoperimetric inequality and by (5.51), we get that
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4
5> P(B) = 3 (P(Eo) + P(S2) + P(B) + P(S1) + P(B1) + Y P(Ey))
k=3

> ﬁ(2+ﬁ+ VI— 2+ \/Ass+ \/(1—0.042)+2>.

We find the following inequality

p— ﬁ<4 +Asa+ /(1 - 0.042))
\/7?

V+vV1l—x< (5.52)

ﬁ—ﬁ<4+\/A3,4+ (1—0.042))

™

Weset C, = and D = 1, then we can see that

1< C, ~1.13467 < V2.

So by Lemma 3.1, the solution of (5.52) is

D — ,/C?%2D — C? D+ ./C?2D — C?
0<z< 42( 4)or + 42( 4)§x<D, (5.53)

where

D — yCi2D - CY) ~ 0.0211071

5
D+ CiRD —CY) | .978893
. . .

But from (5.51), 0.0238853 ~ A24 < x < A; 4 =~ 0.159132. This contradicts
the solution (5.53) of (5.52).

Step II. We prove that any three-sided component is a big component.

Let C be a three-sided component of E; if C' = E3 or C = E4, then
| C'| = 1, therefore, by Definition 1.18, C'is a big component. While if C is a
three-sided component of the disconnected regions F; or Ej, then, since E
is a minimizer, C is surrounded by three different regions. From Step I, we
get that C'is a big component.

Step III. We prove that the small component of the disconnected re-

gions are external. We suppose by contradiction that there exists a inner
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small component S; of a disconnected region E; (i = 1,2). By Lemma 5.24
and Step II S; has four edges. Moreover, since E € M3 ,(1,1,1,1) with
Iy = (1,1,0,0) (i.e S; is disjoint to the big component B; of the discon-
nected region E; and there are four bounded regions £;, i = 1,2,3,4) and
S; is inner (i.e \S; is disjoint from Ej), then S; is surrounded by only three
different regions. This contradicts Step I.
This completes the proof.
O

Corollary 5.27. Let E € M3 4(1,1,1,1). If Ir = (1,1,0,0), then there is at
most one inner component and it is big (eventually also a connected region). In
particular 5 < v(Ep) < 6 and 5 < e(Ey) < 6, where v(Ey) and e(Ey) denote
the number of the vertices which belong to Ey and the number of the edges of Ey

respectively.

Proof. By Lemma 5.26, we know that the small components of the discon-
nected regions F; (i = 1, 2) are external, thus, only the big components can
be inner. By Corollary 5.9 there is at most one big inner component, so
there are at least five external bounded components. Since Ix = (1,1,0,0),
E has six bounded components, therefore, by Proposition 1.33 the proof is

completed. O

Lemma 5.28. Let E € M3 ,(1,1,1,1). If Ir = (1,1,0,0), then the following

estimates for pressure pc of each small component C are valid:

1) pc > 2 = ko ~ 2.89895, if C has four
3 (2;5—2\/%(4+2\/1—0.042+, /A274))
edges;
2) pc > T = %2, if C has five edges.

3 <2ﬁ—2\/7?(4+2\/1—0‘042+ A274)>

Proof. From Lemma 5.24 and Lemma 5.26 any small component C can have
at least four edges and at most five edges. Furthermore by (5.10) of Corol-

lary 5.10 and from Lemma 5.25 we know that

Ary < |C| <0.042. (5.54)
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Since C is a small component and Ig = (1,1,0,0), then C is either a
component of E; or E,. Without loss of generality we can assume that C
is the small component of F, otherwise we repeat the same argument if
C is the small component of Es. Since Ig = (1,1,0,0), then E; = B; U S
and E» = B, LI Sy, where B; and S; are respectively the big and the small
component of £;, i = 1, 2. Therefore C' = S;. We note that, by (5.54),

| Bi| =|Ei| —|8;| = 1-0.042. (5.55)

We start to prove 1); in this case C has four edges therefore its turning
angle is 2F (see Lemma 1.38). Thus the highest turning angle of edges of
C'is positive, namely the pressure pc is bigger than the pressure of at least
one of the components adjacent to C' (note that the signed curvature of an
edge between C' and any other component R is pc — pr). Thus, denoted A,
B, D and F' the components adjacent to C' (4, B, D and F could be of the
same region, for example if C' is inner, since C' has four edges and E is a
minimum, then there must be two components of E») and L4, L, Lp and
L the lengths corresponding sides in common with C' we have (recall that

each pressure is non negative by Proposition 1.49):

27
pc-P(C)= > Lrpc>= Y Lr-(pc —pr) =~
REe{A,B,D,F} RE{A,B,D,F}
then
2 1
> — . .
pc 2 3 ) (5.56)

Moreover, by minimality of E, we obtain that

4
<P(C’) + P(B1) + P(By) + P(S2) + 3 P(Ey) + P(E0)>

p> P(E) > 5 h=3

By (5.54), (5.55) and the isoperimetric inequality, we get the following esti-
mate for P(C)

4
P(C) <25~ (P(B1) + P(B2) + P(S2) + > P(Eg) + P(F))
k=3
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< 25— 2\/%(2\/1 Z0.042+ /Ay +2+ 2)

hence, considering (5.56), we find 1).

The proof is the same for 2), indeed in this case the only change is the
turning angle of C, which is %, because C has five edges (see also Lemma
1.38).

O

Corollary 5.29. Let E € M3 4(1,1,1,1). If Iy = (1,1,0,0), then both the small

components of Ey and Ey have not four edges.

Proof. Let S; and 5S> be the small component of F; and E» respectively.
We suppose by contradiction that S; and S; have four edges, therefore,
from Lemma 5.28, we have that pg, and pg, are least ky. Thus, since the

pressure of each other region of E is non negative (see Proposition 1.49), by
4
Corollary 1.47, we have that P(E) > 2 Z pE, > 4k ~ 11.5958. It leads to

i=1
a contradiction since P(E) < p ~ 11.1946. This concludes the proof. O

Remark 5.30. Let E € M ,(1,1,1,1) with Ig = (1,1,0,0) and let S;, B; be
the small and the big component of the disconnected region E; (i = 1,2)
respectively. By Corollary 5.29, hereafter, we can assume that S, has five

edges.

Lemma 5.31. Let E € M3 ,(1,1,1,1). If Ig = (1,1,0,0), then the big compo-

nent of the disconnected region Es is external and it has at most four edges.

Proof. Since Iy, = (1,1,0,0), then Es = Bsy| | S2, where By and S; are the
big and the small component of E; respectively. We denote by v(C) the
number of the vertices of a subset C of E and v(E) represents the number of
the vertices of E. By Lemma 5.24, B, has at least three edges, so v(B3) > 3.
By Remark 5.30, Sz has five edges and it is external, thus, v(S2) = 5 and
v(S2 N\ Ep) = 3. If By is inner (i.e By is disjoint from E), so its vertices are
not on Ej), then, from the previous considerations, by Lemma 5.18 and by

Corollary 5.27, we get that

10 = U(E) > U(Eo) + U(BQ) + U(SQ ~ E()) >5+3+3=11.
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This is a contradiction, so B is external.
If By has five edges, then v(B2) = 5 and by Lemma 5.24, B, is external,
thus v(B2 \ Ep) = 3. By Lemma 5.18 and by Corollary 5.27, we also get that

10:U(E) ZU(Eo)—i-U(SQ \EO)+U(BQ \Eo) >5+3+3=11.

It is a contradiction, so the proof is concluded.

Figure 5.4: The possible topologies of E € M3 4(1,1,1,1) with Ig = (1,1,0,0).

Lemma 5.32. Let E € M3 ,(1,1,1,1). If Ig = (1,1,0,0), then the possible
topologies of E are represented in Figure 5.4.

Proof. By Remark 5.30 we have assumed that S; has five edges, while, from
Lemma 5.24 and Lemma 5.31, we know that Bs is external with three or
four edges. First of all we explicitly note that the vertices of By and S5 are
all distinct because E is a minimizer. Moreover vertices of a same compo-
nent of E are not connected since there are no two-sided components by
Corollary 1.35, thus all leaving edges from vertices of a same component of
E are all different. Finally we recall that each vertex of E must be a meet-
ing point of exactly three edges (E is a minimizer and see Theorem 1.10),
thus we underline that, at the beginning of the creation of the topologies,

each external vertex of S and Bs is already a meeting point of exactly three
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edges, while a inner vertex of S and B; can be get another edge. We use

the following notations:
1) v(E) is the number of the vertices of E;
2) v(C) represents the number of the vertices of a component C of E;

3) v(E \ C) denotes the number of the vertices which belong to E but

not to the component C of E;

4) v(C; \ C3) denotes the number of the vertices which belong to the
component C; but not to the component (5, where C; and C> are

components of E;

5) v(C1 N Cy) denotes the number of the vertices which belong to the

components C; and C5 of E;
6) e(E) is the number of the edges of E;
7) e(Ep) represents the number of the edges of Ey;
8) ei(C) denotes the number of the inner edges of a component C of E;

9) e1,(C) denotes the number of the leaving edges from a inner vertex

of a component C' of E;
10) e;,i(v) is the number of the leaving inner edges from a vertex v of E;

11) e;;(v N C) is the number of the leaving inner edges from a vertex v

which arrive in a vertex of a component C of E.

From the previous notation, it immediately follows that ¢;;(v) = 1 if the
vertex v is external and ¢; ;(v) = 3 if the vertex v is inner. Furthermore we
also have that 0 < ¢;;(v N C) < 3. We recall that v(E) = 10 and e(E) = 15
by Lemma 5.18, while v(Ep) > 5 and e(Ep) > 5 by Corollary 5.27. Now we
divided the proof in two parts depending on B> has three or four edges.
Part I. B; has four edges, thus v(B3) = 4, v(By \ Ep) = 2, ¢;(B2) = 3,
while v(S2) = 5 with v(S2 \ Ep) = 3, e;(S2) = 4 and ¢;,(S2) = 3. Since
v(E) = 10 and v(S2) + v(B2) = 9, we must add another vertex v;. First of
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all we say that v; has to be external (i.e v; is on Ep). Indeed if v; is inner,

we find that

10 =v(E) > v(Ep) + v(S2 \ Ep) +v(B2 \ Ep) + v(E~\ (S2 U By))
>5434241=11.

This is a contradiction, thus v is on Ej.

Figure 5.5: Sy and By have five and four edges respectively and both are external.
Since v(E) = 10, there is another vertex vy, which must be external and it has
to be connected to only one inner vertex of Se. Since the edges of E can not be

intersect, there is only one way to link vy and the inner vertices of S, and Bs.

Furthermore v, is linked to only one inner vertex of S;, indeed if it was
false then (v is external, thus e;;(v1) = 1 and note that e(E) = 15 and
E(Eo) Z 5)

15 = e(E) > e(Ep) + €;(S2) + €i(B2) + €1,;(S2) + e1,5(v1)
>5+4+3+3+1=16.

This is a contradiction, so v; must be connected with only one inner vertex
of S;. Hence we are in the situation of Figure 5.5 where, since the edges
of E can not intersect (if two arcs intersect, then a vertex would be created

which is a meeting point of four arcs, which contradicts 2. of Theorem 1.10
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since E is a minimizer), we have only one way to link v; and the inner
vertices of Sy and Bs. Thus, we obtain the case A) of Figure 5.4.

Part II. B; has three edges, so v(B2) = 3, v(Ba N\ Ep) = 1, v(B2NEy) = 2,
ei(B2) = 2, while v(S2) = 5 with v(S2 \ Ep) = 3, v(S2 N Ep) = 2, €;(S2) =4
and e;;(S2) = 3. Since v(E) = 10 and v(S2) + v(B2) = 8, we must add
another two vertices v; and v;. Certainly one between v; and v, must be

on Ey, otherwise it follows that

10 = v(E) > v(Ep) + v(S2 \ Ep) +v(Ba2 \ Ep) + v(E \ (S2 U By))
>5434142=11.

This is impossible, so, without loss of generality, we can assume that v; is

always external, therefore ¢; ;(v1) = 1 and we can have two cases; the first

is v1 and vy are external and the second is v; is external and v9 is inner.
Part ITa. We take the case where v, and vy are external, therefore also

e1,i(v2) = 1. Furthermore e(Ey) = 6 because
U(Eo) = U(SQ N Eo) + U(Bg N E()) + ’U(E ~ (SQ U Bg)) =242+ 2.

There are two possibilities, the first is v; and v, are on opposite arcs respect
to Sy and the second is v; and vy are on the same arc respect to S as rep-
resented in Figure 5.6 and in Figure 5.7 respectively. In both we say that v;
and vy are connected each to only one inner vertex of S, indeed if it was
false then one vertex between v, and v would be not related to any inner
vertex of S3. Without loss of generality we can assume that it is vy, so it

would follow that

15 =e(E) > e(Ep) + €i(S2) + ei(B2) + e1,i(S2) + ei(v1)
=6+4+24+3+1=16.

This is a contradiction.

Whether v; and v, are on opposite arcs respect to S, or they are on the
same arc respect to Sy, there is only one way to link vy, v2 and the inner
vertices of By and Sy, since the edges of E can not intersect.

If v1 and v, are external and they are on opposite arcs respect to S» we

are in the situation of Figure 5.6 where we obtain the case B) of Figure 5.4.
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If v; and v are external and they are on the same arc respect to Sy (with
with the convention that v is before of v coming from Sy) we are in the

situation of Figure 5.7 obtaining the case C') of Figure 5.4.

Figure 5.6: Sy and By have five and three edges respectively and both are external.
Since v(E) = 10, there are another two vertex vy and vy one of which must be
external. Here the vertices vy and vy are external and they are on opposite arcs
respect to Sa. The vertices vy and vy must be connected each to only one inner

vertex of S.

Figure 5.7: Sy and By have five and three edges respectively and both are external.
Since v(E) = 10, there are another two vertex vy and vy one of which must be
external. Here the vertices vy and v, are external and they are on the same arc
respect to Sa. The vertices vy and vy must be connected each to only one inner

vertex of Sa.

Part IIb. Finally we consider the case where v; is external and vy is
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inner, thus e;(v2) = 3. We say that v2 must be linked to at least two inner
vertices of Sy because it is false then we have that e; ;(v2NS2) < 1. Therefore
it follows that

15 = e(E) > e(E()) + 61‘(52) + ei(Bg) + (6[71'(52) + elyi(vg) — 6[71'(’1)2 N Sg))
>5+4+44+24+3+3-1)=5+4+2+5=16.

This is a contradiction, therefore there are two possibilities depending on

how many inner vertices of S; are connected with vy, three or two.

Figure 5.8: Sy and By have five and three edges respectively and both are external.
Since v(E) = 10, there are another two vertex vy and vy one of which must be
external. Here the vertex vy is external while the vertex vy is inner connected to
all inner vertices of Sa. Since the edges of E can not be intersect, there is only one

way to link the vertices v1, vo and the inner vertices of Sy and Bs.

If v5 is related to all inner vertices of S5, then v is connected to the inner
vertex of Bs. It is shown in Figure 5.8 from which we obtain the case D) of
Figure 5.4.

While if v5 is connect to only two inner vertices of Sy, since the edges
of E can not be intersect, there are two ways to link v;, v and the inner
vertices of By and S3. They are represented in Figure 5.9 from which we
obtain the case £) and F') of Figure 5.4.
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Figure 5.9: Sy and By have five and three edges respectively and both are external.
Since v(E) = 10, there are another two vertex vy and vo one of which must be
external. Here the vertex vy is external while the vertex vy is inner connected to
two inner vertices of Sa. Since the edges of E can not be intersect, there are two

ways to link the vertices vy, vo and the inner vertices of S and Bo.

O]

Lemma 5.33. Let E € M3 ,(1,1,1,1) with Ig = (1,1,0,0), then the big com-
ponents of disconnected regions are adjacent (i.e the big components of the discon-

nected regions have a common edge).

Proof. Let B; and S; the big and the small component of the disconnected
region E; (i = 1, 2) respectively. By Lemma 5.25 we know that | S; | < 0.042
for any ¢ = 1, 2, therefore it holds that

|Bi| = |Ei| —|S;| >1-0.042, Vi=1,2. (5.57)

We suppose by contradiction that By and B are disjoint. By Corollary 5.9
we know that there is at most one big inner component, while, by Lemma
5.31, By is external. So we have two possibilities depending on B; is exter-
nal or inner. We prove that the two situations are impossible.

Case L. Bs is external and B is external disjoint from Bs. Let L. and L?
be the lengths of the external edges of By and B; respectively, then, by the

minimality of E, we have that

p > P(E) > P(By) + P(B2) + P(Ep) — (L! + LY).



Planar four bubbles conjecture with equal area 137

So by the isoperimetric inequality and by (5.57), we obtain the following

estimate for the sum of the lengths of the external edges of B; and B>

LI+ 12> 2\/7?(2\/1 —0.042 + 2) —p: =4, (5.58)
therefore there exists an index i = 1, 2 such that
L. > % (5.59)

A small component S; can have four edges or five edges by Lemma 5.24
and Lemma 5.26. Moreover, again by Lemma 5.26, .S; is always surrounded
by four different regions. Therefore, applying Lemma 3.12 to the region E;

(¢ =1, 2) removing S; for B;, we get this estimate for the its pressure

10007T
— — = k3 =~ 2.91316 5.60
PE_2\/|S LZ_2\/ 3~ (5.60)

The region E; is the highest pressure region, in fact if there was other region
E; (7 # i) with pg, > pg, then, by Corollary 1.47 and Proposition 1.49,
4

the perimeter of £ would be P(E) > 2 ZpEk > 4k3 ~ 11.6526. Itis a

contradiction because P(E) < p ~ 11.194k(5:. 1Now we take B;; by Corollary
1.35 and Lemma 5.24, B, has at least three edges and at most five edges, so
its turning angle is at most 7 (see Lemma 1.38). Furthermore, since E; is the
higest pressure region, the turning angle of all edges of B; is non negative,
thus, by Lemma 1.38, we get that pg, - %1 < pE, - Lt <, finding, by (5.60),
that

2m
2.91316 =~ k3 < pg; < A ~ 2.21668.
1

This is a contradiction.

Case II. B, is external and B; is inner disjoint from By. Also this case is
impossible and the proof is the same of the Case I, where the estimate (5.58)
will be the estimate for the length of the external edge L? of Bs (note that in
this case only Bs is external). The considerations, done in the Case I for .S;
are true for Sy with the same argument, namely S; will be surrounded by
four different regions (see Lemma 5.26). Therefore, applying Lemma 3.12

to the region By removing Sy for By, we get this estimate for the its pressure

1 10007
[ - — — =ks+ — ~ 3.61875. 5.61
pEQ jall 2 ’SQ L1 = 2 \/7 3 + ( )




Planar four bubbles conjecture with equal area 138

Since k3 + % is greater than k3 by (5.60) and by (5.61), it is clear that E»
is the highest pressure region (you can reason as in the Case I). Again as
in the Case I the property for B; are true for By with the same argument,
namely the turning angle of B; is at most 7. Therefore, the contradiction is
the following

P
3.61875 ~ kg + — < pp, < — ~ 1.10834.
0 0

This completes the proof. O

Lemma 5.34. Let E € M3 ,(1,1,1,1) with Ig = (1,1,0,0,). If a connected

region is inner, then it is adjacent to each big component of a disconnected region.

Proof. Let E5 be the inner connected region. We argue by contradiction and
we suppose that there exists a big component B; (i = 1, 2) of a disconnected
region disjoint to E3. By Corollary 5.9, B; is external. This situation is im-
possible and the proof is the same to the Case II of Lemma 5.33, replacing
B; with By and F5 with B (note that | E53 | > 1). O

Lemma 5.35. Let E € M3 ,(1,1,1,1). If I = (1,1,0,0) then the possible
topologies are only the cases A) and C') of Figure 5.4. Moreover E can be the three
clusters of Figure 5.10 (up to the curvature of the edges of E), where the unlabeled

components are the connected regions.

G) H) ]

(Le) 0 CLelen

QQQ QQQ Q8C

Figure 5.10: E can be these three possible clusters.

Proof. We divide the proof in two parts.
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Part I. By Lemma 5.32 we know that E can have the topologies repre-
sented in Figure 5.4, thus we must exclude the cases B), D) E) and F) of
Figure 5.4.

Figure 5.11: The cases B), D), E) and F') of Figure 5.4.

In the possibilities B), D) and E) there are certainly two unlabeled
three-sided component disjoint from Bj; by Lemma 5.26 and by Lemma
5.33 they are the connected regions Es3 and Ej. Thus, we have that, in these
configurations, By and S are adjacent, but it is impossible since E is a min-
imum.

While in the case F') there is an unlabeled three-sided component dis-
joint from By which must be a connected region by Lemma 5.26 and by

Lemma 5.33. But this is impossible by Lemma 5.34.

Figure 5.12: The topologies A) and C') of Figure 5.4. .
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Part II. We prove that E can be the three clusters represented in Figure
5.10. The topologies A) and C') are recalled in Figure 5.12. At the beginning
we consider the topology A) of Figure 5.4. The unlabeled three-sided com-
ponent must be a connected region by Lemma 5.26 and by Lemma 5.33. So
we can find the possibilities G) and H), which differ only for the change
between S; and B;. This change is significant because in G), S; has four
edges, while in the case H), S has five edges. Now we take the topology
C) of Figure 5.4. Again from Lemma 5.26 and by Lemma 5.33 the unla-
beled three-sided component is a connected region. So we determine the
case I). O

Lemma 5.36. Let E € M3 ,(1,1,1,1). If Ig = (1,1,0,0), then the following

considerations apply:
i) if S; has four edges, then E; is the highest pressure region;
ii) if S; has five edges, then E; is not the lowest pressure region,
where i = 1,2 and S, is the small component of E;.

Proof. We show 1); since S; has four edges, then the pressure of E; is at least
k2 by Lemma 5.28. So if E; was not the highest pressure region, there would
be at least one other region with pressure at least k». Thus the perimeter of
E would be at least 4k; ~ 11.5958 by Corollary 1.47 and by Proposition
1.49. This is a contradiction since P(E) < p ~ 11.1946.

We prove ii); here S; has five edges, therefore the pressure of E; is at
least %2 by Lemma 5.28. So if E; was the lowest pressure region, then each
pressure of any region would be at least ’“2—2 By Corollary 1.47, we would
have that the perimeter of E would be again at least 4k; ~ 11.5958, but this
is a contradiction since P(E) < p ~ 11.1946.

O

Lemma 5.37. Let E € M;A(l, 1,1,1). If Ig = (1,1,0,0) where the small com-
ponents Sy and Sy have four edges and five edges respectively, then the pressure of

the connected regions is less than %2.

Proof. From Remark 5.30 we have assumed that .S has five edges. We pro-

ceed by contradiction and we suppose that there is at least one connected
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region with its pressure bigger or equal to %2, the lower limit for the pres-
sure of the disconnected region E (note that its small component S; has
five edges). Without loss of generality let E3 which has a pressure that is
bigger or equal to %2 Moreover, by Lemma 5.28, we know that pg, > ks
and pg, > %2 Thus, by Corollary 1.47, we have the following estimate for
the perimeter of E (note the each pressure is non negative by Proposition
1.49),

4
k
P(E)>2) pp, > 2k + 4<22> ~ 11.5958.
=1

This contradicts the minimality of E, which gives that P(E) < p ~ 11.1946.
O

Proposition 5.38. Let E € M3 ,(1,1,1,1). If Ig = (1,1,0,0), then E can be
the clusters H) and I) of Figure 5.10.

Proof. By Lemma 5.35, we know that E can be the three clusters of Fig-
ure 5.10, therefore, in order to prove the statement of the lemma, we just

exclude the cluster (), which is recalled in Figure 5.13.

NOO
e

Figure 5.13: The cluster G) of Figure 5.10. .

In this case S and S2 have four and five edges respectively. Thus, by
Lemma 5.37, E is the highest pressure region and E» is the second region

with higher pressure. Furthermore the inner four-sided connected region
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E; (i = 3,4) is surrounded only by components of E; and Ej, thus the
signed curvature of all its edges are non positive. This contradicts that
the turning angle of E; is %” (note that E; has four edges and see Lemma
1.38). O

Theorem 5.39. Let E € M5 4(1,1,1,1), then Ig # (1,1,0,0).

Proof. We suppose by contradiction that Ig = (1,1,0,0), then, by Propo-
sition 5.38, E can be the clusters H) and I) of Figure 5.10. We prove that

these two possibilities are impossible.

Figure 5.14: The cases H) and I) of Figure 5.10.

Part 1. First of all, we exclude the case H). Let S; and B; be the small
and the big component respectively of the disconnected region F; (i = 1, 2).
Here S; and S; have both five edges and there is a inner connected region
surrounded only by components of the disconnected regions F; and E,.
Without loss of generality we can assume that the inner connected region
is E3 and the remaining unlabeled three-sided component is the connected
region E,. By Corollary 5.16, E € My 4(1,1,1,1), thus m(E) = (1,1,1,1).
From Lemma 5.25 we know that | S;| < 0.042, therefore, it follows that
| B;| = | E;i| —|Si| =1—0.042. Let L! and L2 be the lengths of the external
edges of By and B, respectively, by the minimality of E, we have that

p> P(E) > P(B,UByUEj3) + P(Ey) — (L + L?).

So by the isoperimetric inequality, we obtain the following estimate for the
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sum of the lengths of external edges of B; and B;

LI+ 12> 2\/7?<\/2(1 —0.042) + 1 + 2) —p: = ly = 1.94856.

Hence there exists an index ¢ = 1, 2 such that

Thus, applying Lemma 3.12 to the region E; removing S; for B; (note that
S; is surrounded by four different regions by Lemma 5.26), we get this es-

timate for its pressure

1 [w 2 1 [1000m
N — = kg ~ 2.27155.
o\ Ts ] T2 \/7 e

Thus we have that max (pg,, pr,) > k4, while, by Lemma 5.28, we get that

min (pg,,pE,) > k—Q (notice that S; has five edges independently from ¢ = 1
or i = 2). From Lemma 1.38, E; has turning angle 27, so the highest turning
angle of edges of Ej3 is positive, namely the pressure pg, is bigger than the
pressure of at least one of the components adjacent to E3 (note that the
signed curvature of an edge between E3 and any other component C' is
pEs — pc). Thus, by Ej3 is inner and it is surrounded by only components
of £y and Ej, it follows that pg, > min (pg,,pE,) > %2 Furthermore we
claim that pgp, < min (pg,,pE,), because if pg, > min (pg,,pE,), then, by

Corollary 1.47, the perimeter of E would be at least

ko

P(E) =2pg, + 2pE, + 2pp, + 2pE, > 2ks + 6( 5

) ~ 13.2400;

this contradicts the minimality of E, in fact P(E) < p ~ 11.1946. Thus,
denote by Ly, L41 and L4 o the edges of £, in common with Ey, S1 and Sy
respectively, by Lemma 1.38, we have that (note that the turning angle of
Eyism)

L4pE4 Z L4pE4 + L4,1 (pE4 - pE1) + L472 (pE4 _pEz) =T

Hence we obtain, by Lemma 3.14, the following estimate for the pressure
pE, (note that | B4 | = 1):
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v ﬁ
> — >
PE =70 = "9

Then, by Corollary 1.47, we can estimate the perimeter of E, obtaining

P(E) = 2pg, + 2pg, + 2pg, + 2pE, > 2k + 4(122) + /7~ 12.1135.
But for the minimality of E, P(E) < p ~ 11.1946, thus we get a contradic-
tion.

Part II. Finally we eliminate the case I). We note again that, by Corol-
lary 5.16, E € M34(1,1,1,1), thus m(E) = (1,1, 1, 1). In this configuration
S1 has four edges and S5 has five edges, thus, by Lemma 5.36 and Lemma
5.37 we know that F; is the highest pressure region and FEj is the second
region of higher pressure with pg, > ko and pg, > %2 We can assume
that the unlabeled region with three edges is E'3 and the other is Ej; from
Lemma 1.38, the turning angle of F3 and Ej are m and % respectively. We
set L3, I31 and I3 the lengths of the edges of 3 in common respectively
with Ey, S1 and S5, thus we have that

L3pg, > L3pe, +131 (PE; — PEy) + 132 (PE, — PE,) = 7.

Then, by Lemma 3.14, we obtain the following estimate for pg, (recall that
| B3| =1)

™
pe, > YT =, (5.62)

We repeat the same steps for £y (note that the turning angle of Ej is § and

| E4 | = 1) and so we have

™
PECZ g
Thus we get that
min (pg,, pE,) > \{f ~ 0.295409 := p/ ;.. (5.63)

Now we find a new estimate for pg, and pg,, using (5.63) and Lemma
5.10. We show in detail only the case for pg,; the case for pg, is the same
except that S; has five edges and so its turning angle is 5. From (5.10) of
Corollary 5.10 and Lemma 5.25 we know that Az 4 < | S;| < 0.042, where



Planar four bubbles conjecture with equal area 145

S; is the small component of E; with ¢ = 1,2. Therefore, for any big com-
ponent B; of a disconnecter region it follows that | B;| = | E;| — | Si| =
1 —0.042 (¢ = 1,2). Furthermore, by (5.8) of Corollary 5.10 we know that
the length of each edge of S; is less than

42
2000(1 — 0.042)

b= L. (5.64)

We denote by [y, [; 4, 11 2 and [; 3 the lengths of the the edges of S; in com-

mon respectively with Ey, E4, F5 and E3, thus we know that

2T
Lpe, +la(pe, —PE) + U2 (PE, — PE,) + i3 (PE, — PES) = 3
so we find that
2
pE, P(S1) = 5 +liape, +li2pE, + 11 3PE;
27 .
> 5t (lia+ 2+l 3) min (pg,, PE,, PE,)
27 N3
=TS — 1)V
7t (P(S1) —h) 5
Hence we obtain that
2w 1 ll \/77'
> 1— — | —. 5.65
e =g Plsy ( P(Sl)> 6 569

Now, since | S1| > Az 4 and by the isoperimetric inequality, it applies that
P(S1) > 2\/m A 4. Furthermore, by the minimality of E and by the isoperi-

metric inequality we have that

P($1) < 2P(E) — (P(B1) + P(B) + P(S2) + P(Es) + P(Ex) + P(Ey) )

< 25— 27 (2T = 0082 + \/Agg +14142) i= by,

So, by (5.64) and by (5.65), we obtain the following estimate for pg;, :

2 1 63 \/77'
> — —+ (1 - ————— | — = k5 = 3.06204. 5.66
B, < 2@) 6 (560

While, repeating the same argument for S, we get that

1
4 T A4
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Then, by Corollary 1.47, by (5.62) , (5.63), (5.66) and (5.67) we have

4
P(E) =2 pp, > 2ks + 2ke + /7 + ‘{f ~ 11.7125.
=1

This contradicts the minimality of E (indeed P(E) < p ~ 11.1946), so the
proof is completed. O

Furthermore we have the following corollary.

Corollary 5.40. Let E € M3 4(1,1,1,1), then E has at least three connected re-
gions. Moreover E has at most five bounded components, thus E € Ma 4(1,1,1,1).

Proof. 1f E is standard, then any region is connected therefore there are four
bounded components.

If E is not standard, then by Remark 5.12, Theorem 5.15, Theorem 5.23
and Theorem 5.39, its connection type can be only Ig = (1,0,0,0). There-
fore E can have at most five bounded components. Thus, by Theorem 1.50,
E € M24(1,1,1,1).

O

5.4 The case (1,0,0,0)

In this last section, we will exclude the case (1,0, 0,0); so we will com-
plete the proof of Theorem 5.1. Initially we present a simple lemma, that
describes a component of the disconnected region and a component of con-

nected region.

Lemma 541. Let E € M3 ,(1,1,1,1). If Ir = (1,0,0,0), then a component C

of a disconnected region has
i) three edges if it is inner;
ii) at most four edges if it is external.
While a connected region has
iii) at most four edges if it is inner;

iv) at most five edges if it is external.
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Proof. By Corollary 1.35 we know that any component C' of E has at least
three edges. Let C be a component of E;. Since E is a minimum, by Propo-
sition 1.33 and Ig = (1,0,0,0), then, if C is inner it has three edges, while
if C is external it can have at most four edges.

If E; is a connected region, arguing as in the case that C' is a component
of Ej, then E; can have at most four edges and five edges if it is inner and
external respectively.

O

Lemma 5.42. Let E € M3 ,(1,1,1,1). If Iz = (1,0,0,0), then E has eight

vertices and twelve edges.

Proof. Let v, e and c be the numbers of the vertices, of the edges and of the
connected components of E respectively, then, by the Euler’s formula, it
applies that v — e + ¢ = 2. Since E is a minimum, each vertex of E is is a
meeting point of exactly three edges (see Theorem 1.10), thus 3v = 2e (note
that each edge has two vertices). Since Ig = (1,0,0,0), it follows ¢ = 6.

Solving the following linear system

v—e=—4
3v = 2e,

we find the claim. O

Lemma 543. Let E € M3 ,(1,1,1,1). If Iy = (1,0,0,0), then 3 < v(Ep) < 5
and 3 < e(Ep) < b, where v(Ey) and e(Ey) denote the number of the vertices
which belong to Ey and the number of the edges of Ey respectively.

Proof. By Corollary 5.9 we know that there is at most one inner big com-
ponent, thus, since Iy = (1,0,0,0) (i.e there is only one small component),
there are at most two inner components, so there are at least three external
bounded components. Since Ig = (1,0,0,0), E has five bounded compo-

nents, therefore, by Proposition 1.33 the proof is completed. O

Lemma 5.44. Let E € M5 ,(1,1,1,1). If Ig = (1,0,0,0), then E can be the

clusters of the Figure 5.15, up to rigid motion and curvature of the edges.
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A) % ? B) ©) % D)
E) E F) G) E E H) ? 1 ;
Figure 5.15: The possible clusters for E € M3 4(1,1,1,1) with Ig = (1,1,0,0).

We label with 1 the components of the disconnected region Ey, while the unlabeled

components represent the connected regions.

Proof. By Lemma 5.41 we know that the components of the disconnected
region E; can have three or four edges and if someone has four edges then
it is external. We denote by S; and B; the components of E; where the
names 51, B; have not a link with the area quantity which own. First of
all we explicitly note that the vertices of By and S are all distinct because
E is a minimizer. Moreover vertices of a same component of E are not
connected since there are no two-sided components by Corollary 1.35, thus
all leaving edges from vertices of a same component of E are all different.
Finally we recall that each vertex of E must be a meeting point of exactly
three edges (E is a minimizer and see Theorem 1.10), thus we underline
that, at the beginning of the creation of the clusters, each external vertex
of S; and B is already a meeting point of exactly three edges, while a
inner vertex of S; and B; can be get another edge. We use the following

notations:
1) v(E) is the number of the vertices of E;
2) v(C) represents the number of the vertices of a component C of E;

3) v(E \ C) denotes the number of the vertices which belong to E but
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not to the component C of E;

4) v(C; \ C3) denotes the number of the vertices which belong to the
component C; but not to the component Cy, where C; and C; are

components of E;

5) v(Cy N C3) denotes the number of the vertices which belong to the

components C; and C5 of E;
6) e(E) is the number of the edges of E;
7) e(Ep) represents the number of the edges of Ey;
8) e(C) represents the number of the edges of a component C of E;
9) ei(C) denotes the number of the inner edges of a component C of E;

10) e;,;(C) denotes the number of the leaving edges from a inner vertex

of a component C of E;
11) e;i(v) is the number of the leaving inner edges from a vertex v of E;

12) e;;(v N C) is the number of the leaving inner edges from a vertex v

which arrive in a vertex of a component C of E.

From the previous notation, it immediately follows that, less than to ex-
change S; and Bj, (e(S1),e(B1)) can be (4,4), (4,3) and (3,3). Further-
more, e;;(v) = 1 if the vertex v is external and ¢; ;(v) = 3 if the vertex v is
inner. Finally we also have that 0 < ¢;;(v N C) < 3. We recall that v(E) = 8
and e(E) = 12 by Lemma 5.42, while 3 < v(Ep) < 5and 3 < e(Ep) < 5
by Lemma 5.43. Now we divided the proof in three parts depending on
(e(S1),e(By)) is (4,4), (4,3) and (3, 3).

PartI. Let (e(S1),e(B1)) = (4,4), then By and S are external; moreover
v(By) = v(S1) = 4, thus, since v(E) = 8§, there are all the vertices of E.
Hence we are in the situation of Figure 5.16 where, since the edges of E can
not intersect (if two arcs intersected, then a vertex would be created which
is a meeting point of four arcs, which contradicts 2. of Theorem 1.10 since
E is a minimizer), we have only one way to link the inner vertices of S; and

By . So, we obtain the case A) of Figure 5.15.
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Figure 5.16: Sy and By have four edges and they are external. Since v(E) = 8,
there are all vertices of E, thus, since the edges of E can not be intersect, there is

only one way to link the inner vertices of Sy and B;.

Part II. Let (e(S1),e(B1)) = (4,3), then S; is external while By can be
inner or external. Furthermore we have that v(S;) = 4 and v(B;) = 3, thus,
since v(E) = 8, we must add another vertex v;.

Part ITa. We consider the case where Bj is inner. We know that e;(.S1) =
3, ei(B1) = 3, e;i(B1) = 3. First of all the vertex v; is external because
v(S1 N Ep) = 2and v(Ep) > 3, thus e ;(v1) = 1. Furthermore v; is linked to

only one inner vertex of B, indeed if it was false we would get that

12 = e(E) > e(E()) + ei(Sl) + ei(Bl) + elﬂ-(Bl) + €l’i<v1)
>34+3+3+3+1=13.

This is a contradiction, so, we are in the situation of Figure 5.17 where, since
the edges of E can not intersect and up to rotation of the inner component
B;, we have only one way to link v; and the inner vertices of S; and B;.

So, we obtain the case B) of Figure 5.15.
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& 1

V1 V1

Figure 5.17: Sy and By have four and three edges respectively and Sy is certainly
external. Since v(E) = 8, there is another vertex vi. Here By is inner, thus vy
must be external and it has to be connected to only one inner vertex of By. Since
the edges of E can not be intersect and up to rotate B, there is only one way to

link vy and the inner vertices of S1 and B;.

Part ITb. We consider the case where B; is external, therefore e;(B;1) = 2
and v(B; \ Ep) = 1. In this situation it can happen that the vertex v; can be
inner or external.

If vy is inner, then e(Ey) = 4 because v(Ey) = 4, since S; and Bj are
external. We say that v; must be related to the inner vertices of S, indeed
if it was false then ¢; ;(v1 N S1) < 1, thus

12 = S(E) > G(Eo) + €i(51) + ei(Bl) + (el’i(Sl) + 6[71'(’[)1) — 8[71‘(7)1) N Sl)
>443+24(2+43-1) =13

It is an absurd. Furthermore v; is connected with the inner vertex of By,

too, indeed it is false then

12 = e(E) > e(Eo) + €:(51) + ei(B1) + ei(B1) + ei(v1)
>44+3+2+14+3=13.
This is a contradiction, so we are in the situation of Figure 5.18 where we

have only one way to link v; and the inner vertices of S; and B;. So, we
obtain the case C') of Figure 5.15.
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Vie V1¥

A A

Figure 5.18: S| and By have four and three edges respectively and both are ex-
ternal. Since v(E) = 8, there is another vertex vy. If vy is inner, then it must be

connected to the inner vertices of S1 and to the inner vertex of B;.

If v; is external, then e; ;(v1) = 1 and e(Ey) = 5 because v(Ey) = 5, since
S1 and By are external (i.e v(Ep \ S1) = v(Ep \ By) = 2). We say that v;
must be related to one inner vertex of S;, indeed if it was false then
12 = e(E) > e(Ep) + €;(S1) + ei(B1) + e1:(S1) + e i(v1)
>5434+24+2+1=13.
It is a contradiction, so we are in the situation of Figure 5.19 where, since

the edges of E can not intersect, we have only one way to link v; and the

inner vertices of S and B;. So, we obtain the case D) of Figure 5.15.

] ]

vid

/N /N

Figure 5.19: S; and By have four and three edges respectively and both are exter-
nal. Since v(E) = 8, there is another vertex vy. If vy is external, then it must be

connected to one inner vertex of S;.
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Part II1. Let (e(S1),e(B1)) = (3,3), thus v(S1) = v(B1) = 3, so, since
v(E) = 8, we must add another two vertices v; and ve. Moreover one
between S; and B; must be external, otherwise v(Ep) = 2, since v(S7 ~
Ep) = v(S1 \ Ep) = 3 and v(E) = 8, while we know that v(Ep) > 3 by
Lemma 5.43. Without loss of generality we can assume that S is always
external, while B; can be external or inner.

Part IIIa. S; and B are external, thus v(S1 N Ep) = v(B; N Ey) = 2 and
e(Ep) = 4. So, since v(Ep) < 5, only one vertex between v; and v, can be
external.

Actually one vertex between v; and v, must be external, indeed if it was
false then v; and v, would be inner. In this situation we say that v; and v
must be connected with two edges; if we prove it, we come a contradiction
because there is two-sided component, which is impossible by Corollary
1.35.

Again we argue by contradiction, thus if v; and v were inner, they
would be linked with at most one edge, namely e; ;(v1 N v2) < 1, therefore

we would obtain that

12 =¢e(E) > e(Ep) + €;(51) + €i(B1) + (6171'(111) + 6172'(1)2) — el’i(vl Nwvy))
>4+4+24+24+(3+3-1)=13.

It is a contradiction, thus one vertex between v, and v9 must be external
and the other is inner.

Without loss of generality we can assume that v; is external while v
is inner, thus e;;(vi1) = 1, e;(v2) = 3 and e(Ey) = 5. We say that v, is

connected to vy, indeed if it was false then

12 =¢(E) > e(Ey) + €;(S1) + €i(B1) + eri(v1) + eg,i(v2)
>5+2+2+1+3=13.

This is a contradiction.
We recall that each vertex of E must be a meeting point of exactly three
edges, therefore vy must be linked to the inner vertices of S; and B;. So, we

are in the situation of Figure 5.20, obtaining the case E) of Figure 5.15.
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Figure 5.20: Sy and By have three edges and they are external. Since v(E) = 8,
there are another two vertices vy and vo. Only one vertex between vy and vy is
external. Here vy is external and vy is inner and they must be linked. Thus, there

is only one way to link vy, vo and the inner vertices of S1 and B;.

Part IIIb. S; is external and B is inner, thus v(S1 N Ey) = 2, v(By) = 3.
So, since v(Ey) > 3, one vertex between v; and v2 must be external. Without
loss of generality we can assume that v; is external while v, can be external
or inner.

If vy is external, therefore e(Ey) = 4. Furthermore we say that v; and v
are linked each to one inner vertex of Bj.

In fact if was false, then at least one vertex between v; and v5 would be
not connected to any inner vertex of S; obtaining that (let v; be not related

to any inner vertex of 57)

12 = G(E) Z G(E()) + ei(Sl) + ei(Bl) + Cl,i(sl) + 6[71'(111)
>44+2+3+143=13.

This is a contradiction, so, up to rotate the inner component By, we are in

the situation of Figure 5.21, obtaining the case F’) of Figure 5.15.
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vy <1 o

Figure 5.21: Sy and By have three edges where Sy is external and B, is inner.
Since v(E) = 8, there are another two vertices vy and vy of which one must be
external. Here vy and vy are external and they have to linked each to one inner

vertex of Bj.

If vy is inner, therefore e(Ey) = 3 and ¢;;(v2) = 3. Furthermore we say
that vy is linked at least two inner vertices of By, otherwise e; ;(v2oNB1) < 1,

thus we would have that

12 = e(E) > e(EQ) + ei(S1) + ei(Bl) + (elﬂ'(vg) + el,i(Bl) — elﬂ-(vg N Bl)—)
23+2+3+(3+3—1):13.

This is a contradiction, so, vy can related with three or two inner vertices of
Bj. If vy is linked to all vertices of By we have the situation represented in
Figure 5.22.

Vi

Figure 5.22: S| and By have three edges where Sy is external and By is inner.
Since v(E) = 8, there are another two vertices vy and vy of which one must be
external. Here vy is external and ve is inner where vy is connected to all inner

vertices of Bj.
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This possibility is not a cluster because there are two components such
that the area of their intersection is not zero (see Definition 1.1). If v, is
connected to two inner vertices of B; we have two possibility given if vy is
related or not related with v;. So, since the edges of E can not intersect, we
are in the situation of Figure 5.23, obtaining the cases G) and H ) of Figure
5.15.

Figure 5.23: Sy and By have three edges where Sy is external and By is inner.
Since v(E) = 8, there are another two vertices vy and vy of which one must be
external. Here vy is external and vy is inner where vy is connected to two inner

vertices of By. So, there are two possibility given if v is linked or not linked to vy.

O]

Remark 5.45. We explicitly note that in the cases B), G) and H) of Figure
5.15, there are two inner bounded components of which one is a connected
region. Thus, by Corollary 5.9, the inner component of the disconnected

region is a small component.

Proposition 5.46. Let E € M3 ,(1,1,1,1). If Ig = (1,0,0,0), then E can not
be the clusters G') and H') of Figure 5.15.

Proof. The proof immediately comes from Lemma 5.41 because in these

configurations there is a six-sided connected region. ]
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We show some important estimates for the pressure of the disconnected
region before excluding the cases A), B), C), D), E), F) of Figure 5.15.

Lemma 5.47. Let E € M5 4(1,1,1,1). If Ig = (1,0,0,0), then the pressure pg,

15

1) pg, > + min pg, if Sy is inner;
jeJ =

s
25—2/7(5++/1—| S11)

Tr 5 s o
2) pg, = R 1—|51|)+<1 17 T8 |)> I]IIGI?])E].,Zfsl is external

with three edges;

3) PE, >

(2525t yTT51) ) i<
external with four edges;

where Sy is the small component of Ey and
Ji= {j > 1‘7—[1(8*51 NO"Ey) > o}.

In particular, since | Sy | < A; 4 and denoting by k7 =

s
2p—2y/7(5++/1— A1)’

4) pg, > kr + minpg,, if S is inner;
jeJ =

5) pg, > k7 + (1 - % . O%) : minEj, if S1 is external with three
) j€

edges;

5 VAL . , . .
6) pr, > %’“7 + (1 — # . (1—14111)> - minpg,, if Sy is external with four

edges;

Proof. First of all, by assumption E € M3 ,(1,1,1,1), therefore, by Corol-
lary 540, E € M324(1,1,1,1) and in particular m(E) = (1,1,1,1). We re-
mind that, by Remark 5.7 and (5.10) of Corollary 5.10,

1
A < |51 <A1a< 3
thus | By | =|E1|—|S1| >1— A14 > 0, where B; denotes the big compo-

(5.68)

nent of F;. The regions surrounding S; are E; with j € J. We denote by
l1,j the lengths of the edges of S1 with j € J.
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First we prove 1). In this case S; is inner, therefore, by Lemma 5.41, S;
has three edges. From Lemma 1.38, the turning angle of S; is 7. Therefore

we obtain that

m= (pp —pE)hg =pE - Y ly— Y pely

JjeJ jeJ jeJ

It follows that

pE, - P(S1) > 7+ P(S1) - (rjnei?pEj),

namely

5.69
PE, = P(Sl) —i—%lj PE;- ( )

Now, by the minimality of E, (5.68) and the isoperimetric inequality it fol-

lows that
4
P(S1) = 2P(B) - (P(B1) + P(Eo) + 3 P(E) )
k=2

<2p—2vm(+/1—1]S1|+2+3).
So, by (5.69), we get

> T + min

P gy aym (T S 4e) g

thatis 1).

Now we prove 2) and 3). In these cases S is external, therefore, by
Lemma 5.41, S; can have three or four edges. We show only 2), because in
the case 3) the only difference is the turning angle of S;, which is 7 in 2),

while in 3) it is %’T Since S; is external, we obtain that (note that pg, = 0)

= Z (e, — pPE;)l1j = PE, - P(S1) — ZpElej-

jeJu{0} jeJ

We find that
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pE, - P(S1) =7+ > peli; =7+ minpp, - (P(Sl) - 11,0);
jeJ

therefore it follows that

T l10 )
> —— 1-— : . - .7
PE; = PS) + ( P(Sl)> min P, (5.70)

From (5.8) of Corollary 5.10, we know that

|51 | .
lhoL ————— - p. 5.71
Furthermore by the minimality of E and the isoperimetric inequality we
get the following estimates for P(.S;) (note that P(S;) = 2P(E) — P(B1) —
4
P(Eg) — > P(Ey)and |By|=|Ey|—|Si|=1-]S):
k=2

2\/m|S1| < P(S1) <2p—2v7w(\/1—|S1|+2+3). (5.72)

We recall that the each pressure is non negative by Proposition 1.49, thus,
by (5.70), (5.71) and (5.72) we obtain that

T D Vi .
> +(1— . minpg.. (5.73
ST RN ROV e 1) < r T-[s) ) Jepn 67
This is 2).
From (5.68) we know that Ay 4 < | S| < A4, therefore, denoting by
,by 1), 2) and 3) we find 4), 5) and 6) respectively.

O

hr = 2p—2/7(5++/1—A1,)

Remark 5.48. We explicitly note that the quantity (1 — % 1[1211’1 ), view in

Aray
2L & 0250023 > 0.

Lemma 5.47, is positive, in fact (1

We eliminate the case A) of Figure 5.15. It depends by Corollary 2.16,

Lemma 2.17, Lemma 2.18, Lemma 2.19.

Proposition 5.49. Let E € M3 ,(1,1,1,1), then E is not as in the case A) of
Figure 5.15.
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Proof. We suppose by contradiction that E is as in the case A). By Corollary
540 E € M34(1,1,1,1) and in particular m(E) = (1,1,1,1). We respec-
tively denote by S; and B, the small and the big component of ;. Without
loss of generality we can assume that we are in the situation described in
Figure 5.24.

Figure 5.24: The case A).

By Remark 5.7, it follows that | S1 | < A4, thus |By| = |Ey| —|S1| >
1 — Ay 4. Furthermore, the connected region Ej3 is not the lowest pressure
region, because it is inner and it has four edges, then its turning angle is %’T
(recall that the lowest pressure inner region has all concave edges, namely
each edge has non positive signed curvature). Moreover, since S is exter-
nal with four edges, by Proposition 1.49, by 6) of Lemma 5.47 and Remark
5.48 it follows that pg, > %’“7 Therefore E; is not the lowest pressure re-
gion, because otherwise, by Corollary 1.47, the perimeter of E would be at
least (each other region would have a pressure at least 2—57)

4
16k
P(E)=2) pg, > T7 ~ 11.8485,
=1

and this is a contradiction, since P(E) < p ~ 11.1946.
Hence the lowest pressure region is either F> or E,. Furthermore B

must have at least one strictly convex inner side (i.e. the edge has positive
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signed curvature). Then we can have the following cases, given by the

relations between pressures of the regions adjacent to B;:

1 PE, > PEy, PE; > PEs,PE; > PE,;

\)

DE, > PE>,DEy > PEs,PEy < PE4;

-~ W

Ey
PE, > PE5>;PE; < PEs3,PE, > PE,;
£y

> DE,, PE; < PEs; PE, < PE4;

ot

PE; S PEs PE, > pE37pE1 > PE4;

(=)

PE, S PE5, PE; > pEg,apEl S PE4»

)
)
)
)p
)
)
)

TpE, < PEyPE, < PEs,PE, > PE,-

(5.74)

We immediately can eliminate the sixth case, because E3 would be the
lowest pressure region which is a contradiction. Furthermore we can see
that the cases 2) and 5) are the same, it is sufficient to exchange the role of
E5 and FE4, and also the case 4) and 7) are the same for the same reason.
Therefore we just need to exclude the cases 1), 3), 5) and 7) of (5.74). The

idea is to prove that E is vertically symmetric, as illustrated in Figure 5.25.

Figure 5.25: The cluster E is vertically symmetric respect to the axes a.

We start with the case 1) of (5.74). In this situation the disconnected re-

gion F is the highest pressure region. The situation is illustrated in Figure
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5.26 (the dashed sides are edges, of which we do not know exactly signed

curvature).

Figure 5.26: The case 1) of (5.74).

First we claim that pg, > pg, and pg, > pg,, since otherwise pg, > pg, or

DE, > PEs, therefore either the region E» or E4 would be as in Figure 5.27.

Figure 5.27: If pg, > pE, 0r pE, > DE,, then one between Ey and E, would have
the bottom edge straight of strictly convex.

By Lemma 2.17, either E5 or £, will not have cocircular lateral edges,
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therefore by Lemma 2.18, all other lateral edges of the connected region
would be not cocircular. Thus, by Corollary 2.16 E», E3 and E, are ver-
tically symmetric. Since E,, E3 and Ej are in sequence and the axes of a

segment is unique, E is vertically symmetric. So it follows that
0.159132 =~ A1’4 > |Sl ‘ = ’Bl ’ > 1-— A1,4 ~ 0.840868.

This is an absurd, hence pg, > pg, and pg, > pg, as claimed. Hence we are

in this situation represented in Figure 5.28

g%

Figure 5.28: pg, > pr, > pr, and pg, > pE, > pE, are the relations between

the pressures in the case 1).

We consider the inner region E3: by Lemma 2.17 its lateral edges are not
cocircular, hence by Lemma 2.18 each other lateral edge of £ and E4 is not
cocircular. Thus, by Corollary 2.16, E», E3 and E, are vertically symmetric.
Since E», E3 and Ej are in sequence and the axes of a segment is unique, E

is vertically symmetric. Then
0.159132 ~ A1’4 > |Sl | = ’Bl ’ > 1-— A1,4 ~ 0.840868.

This is a contradiction, then the case 1) is excluded.
We consider the case 3) of (5.74). The situation is represented in Figure
5.29 (the dashed sides are edges, of which we do not know exactly signed

curvature).
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Figure 5.29: The case 3) of (5.74).

We note that E3 is the highest pressure region, since pg, > pg, >
max (pg,,pr,). We consider the external region E,, as shown in Figure
5.30 and we suppose that the lateral edges (the sides adjacent to E) of E»
are cocircular. The radius of the circle containing the lateral edges of E» is
R = e ipEQ . Since the lateral edges of E» are cocircular and concave, then,

by Lemma 2.17, the shape of E5 is unique and it is represent in Figure 5.31.

Figure 5.30: The external region Es of case 3).
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Figure 5.31: The unique shape of E if its lateral edges belong to the circle C.

We denote by L the bottom edge of E». We call P and ) the meeting points
of the bottom edge of E» with the circle C and we respectively denote by «
and 6, the angle between L and the chord line for its vertices P and @ and

the angle determined by P on the circle (see Figure 5.32).

Figure 5.32: The bottom edge L of Ey when the opposite and concave adjacent

edges to E are cocircular.

Since the bottom edge of E; is external to the circle, by Lemma 2.19, its
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curvature is given by the following function (see (2.16))

sin(%ﬂ— )7 ;

cosf

m™ T

ki(0) = (pp, — PEy) - €l -5 5l

Moreover since the inner angles between E» and the circumference are 2
(see Figure 5.32), then the external angles are 47, thus there is the following
relation between o and 6:

om

=20 (5.75)

Hence, by (5.79), @ > %. The bottom edge of F is the top edge of Ej,
which is the highest pressure region and its turning angle is 27 (in the case
A), each component has four edges and the turning angle of L is 2, hence
a < 5. Thus a = %. Therefore the other sides of E3 should be straight, then
PEs = PE,, but pp, > pp, > pg,. This is a contradiction. Hence the lateral
edges of E» are not cocircular, so, by Lemma 2.18 the other lateral sides of
E3 and E4 are not cocircular. Thus, by Corollary 2.16 E,, E3 and E, are
vertically symmetric. Since E», E3 and Ej are in sequence and the axes of a

segment is unique, then E is vertically symmetric. So
0.159132 =~ A174 2 |Sl ‘ = ’Bl ’ > 1-— A174 ~ (0.840868.

This is a contradiction, so the case 3) of (5.74) is excluded.

Figure 5.33: The case 5) of (5.74).
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We consider the case 5) of (5.74). Since Ej3 is not the lowest pressure
region, we are in this situation pg, > pg, > pr, > pE, and it is represented
in Figure 5.33 (the dashed sides are edges, of which we do not know exactly
the signed curvature). We consider the inner region E3, as shown in Figure
5.34 and we suppose that the lateral edges (the sides adjacent to E) of E3

are cocircular.

Figure 5.34: The inner region E3 of case 5).

Figure 5.35: The unique shape of Es if its lateral edges belong to the circle C.
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1
PE,—PE3 "’
Since the lateral edges of E3 are cocircular and concave, then, by Lemma

The radius of the circle containing the lateral edges of E3is R =

2.17, the shape of E3 is unique and it is represent in Figure 5.35. We denote
by L the bottom edge of E3. We call P and @ the meeting points of the
bottom edge of E'3 with the circle C and we respectively denote by « and 6,
the angle between L and the chord line for its vertices P and () and the an-
gle determined by P on the circle (see Figure 5.36). Since the bottom edge
of Ej3 is external to the circle, by Lemma 2.19, its curvature is given by the

following function (see (2.16))

sin(%’r— ) ; Ef[

ki(g):(pEl_pEs)' cos 0 6]_ 979l

Figure 5.36: The bottom edge L of E3 when the opposite and concave adjacent

edges to E are cocircular.

Moreover since the inner angles between E3 and the circumference are
%’T (see Figure 5.36), then the external angles are %”, thus there is the fol-

lowing relation between o and 6:

a= %” —0. (5.76)

Hence, by (5.79), a > g The bottom edge of Es is the top edge of E»,

which is the highest pressure region and its turning angle is 27 (in the case
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A), each component has four edges and the turning angle of L is 2«), then
a< 3. Thus o = 3 Therefore the other sides of E should be straight, then
pe, =0, but pg, > pg, > 23ﬁ > 0. This is a contradiction. Hence the lateral
edges of E3 are not cocircular, then, by Lemma 2.18 the other lateral sides
of F» and Ej are not cocircular. Thus, by Corollary 2.16 E,, E3 and Ey are
vertically symmetric. Since E3, F5 and E4 are in sequence and the axes of a

segment is unique, then E is vertically symmetric. So
0.159132 ~ Ay 4 > | S1| = | B1| > 1 — A1 4 ~ 0.840868.

This is a contradiction, so the case 5) of (5.74) is excluded.
Finally we consider the case 7) of (5.74). We are in the situation de-
scribed in Figure 5.37 (the dashed sides are edges, of which we do not know

exactly signed curvature).

Figure 5.37: The case 7) of (5.74).

We first claim that pg, > pg,, otherwise pg, > pg,, therefore we have the
following relations between the pressures pg, > pr, > pr, > pg,. We note
that E3 is the highest pressure region. We consider the external region Ey,
as shown in Figure 5.38 and we suppose that the lateral edges (the sides

adjacent to E;) of E, are cocircular. The radius of the circle containing

the lateral edges of FE; is R = L__ Since the lateral edges of E4 are

PE{ —PE4
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cocircular and concave, by Lemma 2.17, the shape of E4 is unique and it is

represented in Figure 5.39.

Figure 5.38: The external region E, of case 7).

Figure 5.39: The unique shape of E, if its lateral edges belong to the circle C.

We denote by L the bottom edge of E;. We call P and ) the meeting
points of the bottom edge of E; with the circle C and we respectively denote
by a and 6§, the angle between L and the chord line of its vertices P and @
and the angle determined by P on the circle (see Figure 5.40).
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Figure 5.40: The bottom edge L of E4 when the opposite and concave adjacent

edges to E are cocircular.

Since the bottom edge of E; is external to the circle, by Lemma 2.19, its

curvature is given by the following function (see (2.16))

sin (%ﬂ - ) T
k7(0) = (pE, — PE,) - T eosd €] — bx §[> (5.77)

where the function

o (5m
) S (E0) -
Hg()_ COS& 9 ( )

is strictly increasing with g(%) = 1. Moreover since the inner angles be-
tween Ej and the circumference are %' (see Figure 5.40), then the external

angles are %’T, thus there is the following relation between « and 6:

5m
= — —0. 5.79
o= (5.79)

Hence, by (5.79), @ > %. The bottom edge of Fj is the top edge of Ej,
which is the highest pressure region and its turning angle is %’T (in the case
A), each component has four edges and the turning angle of L is 2«), then
a < §. Thus a = §. Therefore the other sides of E3 should be straight,
hence pg, = pg, = pg,. From (5.77) and (5.78), we find that § = %, thus,
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by (6.79), a = %” This is a contradiction, because E3 has four edges (then,

note that its turning angle is 2F) and it is the highest pressure region (so
each its edges is convex, thus 2a < %ﬂ).

Hence the lateral edges of E4 are not cocircular, then, by Lemma 2.18
the other lateral sides of E» and Ej3 are not cocircular. Thus, by Corollary
2.16 E5, E3 and E4 are vertically symmetric. Since E>, F3 and Ej are in
sequence and the axes of a segment is unique, E is vertically symmetric.
Then

0.159132 ~ A1 4 > | S1| =|B1| > 1 — Ay 4 =~ 0.840868.

This is a contradiction, so pg, > pp, as claimed.
Thus the relations between the pressures are pg, > pr, > pE, > DE,-

The situation is described in Figure 5.41.

Figure 5.41: pg, > pr, > pPE, > pE, are the relations between the pressures in
the case 7).

We consider the external region £ and we suppose that its lateral edges
(the sides adjacent to E) are cocircular. We prove that we do not have

enough circle length to make E>. The radius of the circle containing the

1
PEy—PEq
the circle inside; their curvature are respectively given by the following

lateral edges of Fris R = . The top and the bottom edge of E» meet

functions (we respectively denote with 7" and B, the top and the bottom
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edge of E»):

sin (% — 91)

cos 01

sin (% - 92>

cos 05

k%(el) = (pEz _pEl) ’

(5.80)

keB(92) = (pE2 _pE1) ’

sin (179)
where 01,0, €] — 5, 5[ Let g(0) := %. Now the curvature of the top
edge is
pEQ > pEz - pE17

while the curvature of the bottom edge is

PE, — PEs < D2 — PE; -

Then we respectively get that g(61) > 1 and g(62) < 1 for the top and the
bottom edge. The function g, by Lemma 2.19 and Remark 2.20, is strictly
decreasing and g( — %) = 1, thus we obtain that

Toow
No el F T
(5.81)
T
i) 0y € [——, <[
Therefore, by in order to draw the top edge, we must cut a center angle of
at least
i) 4m
™ — 201 > g,

while to draw the bottom edge, we must cut a center angle at most of

i) 4
T — 209 < ?ﬂ

So we do not have enough circle length to make E> with the lateral edges
cocircular. Thus the lateral sides of E» are not cocircular, then, by Lemma
2.18 the other lateral sides of E3 and E4 are not cocircular. Thus, by Corol-

lary 2.16 E», E5 and E, are vertically symmetric. Since E», E3 and Ey are
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in sequence and the axes of a segment is unique, E is vertically symmetric

too. So
0.159132 =~ A174 > |S1 | = ’Bl ’ >1- A174 ~ (0.840868.

This is a contradiction, so also the case 7) is excluded.
Hence the case A) of Figure 5.15 is excluded, so the proof is concluded.
U

Proposition 5.50. Let E € M ,(1,1,1,1), then E is not as in the case B) of
Figure 5.15.

Proof. We suppose by contradiction that E is as in the case B). By Corollary
540 E € My4(1,1,1,1), in particular m(E) = (1,1,1,1). We respectively
call S; and B; the small and the big component of E;. In this configuration
the inner three-sided component of F; is its small component, because, by
Corollary 5.9, there can be at most one big inner component. Without loss
of generality we label the inner connected region with E. Furthermore
immediately we have that E; and E; are not the lower pressure regions,
because E; and S; are inner and their turning angle are respectively 2
and 7 (see Lemma 1.38). Therefore the lower pressure region is E3 or Ej.
We take the lower pressure region; it has five edges (so its turning angle is
%) and each inner side is concave or straight (i.e the signed curvature of the

edge is non positive), therefore by Lemma 1.38 one concludes that
Le,min * Pmin = ga

where we denote by L. min and pmin the length of the external edge and the
pressure of the lower pressure region. So by Lemma 3.14 we establish the

following estimate for the lower pressure

P > \{f ~ 0.295409. (5.82)

Since S is inner, by 4) of Lemma 5.47 and by (5.82), we get that

pe, > iy + \{f ~ 2.51701. (5.83)
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So E is the highest pressure region; indeed if it was false then we would
have another region E; (j # 1), such that pg;, > k7 and then, by Corollary
1.47 and by (5.82), the perimeter of E would be at least

3 Vi
P(E) =2 ;pEi > 4k + 4 <6> ~ 11.2497.
This is a contradiction, since P(E) < p ~ 11.1946, by the minimality of E.
Now we reduce E by applying Lemma 2.22 until we come to a standard
double bubble, which, by Lemma 3.16, will allow us to determine an up-
per limit for the highest pressure, that will be smaller than k7. We proceed
with the reduction method (reduction of three-sided component), seen in
Lemma 2.22 and described in Figure 5.42. The different steps of the reduc-
tion in Figure 5.42 are given by the arrows. At the beginning we reduce 5,

then we obtain that

E,C E}. (5.84)

Figure 5.42: Through the reduction of three-sided component of E, we come to a
standard double bubble, that allow us to determine an upper limit for the highest

pressure.

In the second step we reduce Ej, so we have that

Ej C EY,
(5.85)
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By C B].
In the last step we reduce E%, having that

E!' CEV
(5.86)
B, C B

At the end of these steps we have a standard double bubble of areas
| B | and | EY" |. We note explicitly that this method of reduction does not
change the curvatures, because each side is only extended following its
curvature and primarily, as shown in Lemma 2.22, the extended edges meet
in an inner point satisfying the cocycle condition; therefore, at each step
we create a planar regular cluster. Hence, since pg, > pg,, we have that
| EY"| > | B} |. From (5.84), (5.85) and (5.86), we determine that (recall that
| S1] < Aj4byRemark 5.7, thus | By | = | E1|—|S1| > 1— A14)

|BY | >|By| >|Bi|>1— A4

By estimate (3.35) in Lemma 3.16, we have that

2m 4 V3

= +
<yl 34 /3 4 17337,
PRENTTB S % — Avg

This contradicts (5.83), so the proof is concluded.

2r | V3

O

Proposition 5.51. Let E € M ,(1,1,1,1), then E is not as in the case C') of
Figure 5.15.

Proof. We suppose by contradiction that E is as in the case C). By Corollary
540 E € My 4(1,1,1,1), in particular m(E) = (1,1,1,1). Let S; and B; be
the small and the big component of F; respectively. By Remark 5.7 and
(5.10) of Corollary 5.10, we know that

1
0< A274 <5< A174 < 3 (5.87)

Thus | By | = |E1| —|S1| > 1 — A; 4. Certainly in this configuration, the
connected inner region is not the lowest pressure region, because it has

three edges (so its turning angle, by Lemma 1.38 is 7) and it is inner.
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First we suppose that S; has three edges and without loss of generality

we can assume that E is as in Figure 5.43.

(e

o2

Figure 5.43: The case C') when Sy has three edges.

Since S; is external, by Proposition 1.49, by 5) of Lemma 5.47 and Re-
mark 5.48, it follows that

pE, > k7 ~ 2.22160. (5.88)

Now we will determine an upper limit for the max;— 4 pg,; we will
find that it is less than k7, thus we will get a contradiction. In order to do
this, we reduce E through the reduction method of three-sided component,
described in Lemma 2.22. The reduction is represented in Figure 5.44. The

different steps of the reduction in Figure 5.44 are given by the arrows.

OWwe
OO DS

Figure 5.44: This reduction determines an upper limit for the highest pressure

between pg; with j =1, 4.
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At the beginning we reduce S| and E» then we obtain that

E4 g Ezlla
(5.89)
By C Bj.

In the second step we reduce EY, so we have that
Ey C EY,

(5.90)
B} C Bf.
At the end of these steps we have a standard double bubble of areas
| Bf | and | EY |. By (5.89) and (5.90), it follows that
a) if pg, > pp,, then | BY | > | EY[ > | Ey| > [Ey| = 1;
b) if pi, > piy, then | EY | > | BY | > | B)| > | Bi| = 1— Ay,

Zn V3 o
Therefore, by Lemma 3.16, max (pg,, pg,) < o ~ 1.7337. This is in

contradiction with (5.88), thus S; has four edges and B; three edges.
Now we do a reduction of E until we come to a standard double bub-
ble, that will allow us to determine a lower limit for ming—s3 4 pg,. It is

illustrated in Figure 5.45.

O
—)_> ' %

Figure 5.45: This reduction determines a lower limit for the lowest pressure be-

tween pg; with j = 3, 4.



Planar four bubbles conjecture with equal area 179

The different steps of the reduction in Figure 5.45 are given by the ar-

rows; at the beginning we reduce E» and By, then we obtain that

EéUSigEP,USlUBlUEQ,

(5.91)
E,uUS| CE,US UB;UE;.
In the second step we reduce S/, so we have that
By C E5U Sy,
(5.92)
Ej C EjUSY.

At the end of these steps we have a standard double bubble of areas
| E5 | and | EY |. By (5.91) and (5.92), it follows that

¢) if pg, > pE,, then
|EY| < |Eg|<|B3|+|S1| <[Es|+[S1]+[B1]+|E2]
<|Es|+|E1|+]|E2| <3;
d) if pg, > pg,, then
| B3| < |EY| < |Ej|+|S1| < |Ea|l+]S1]+]Bi|+|Ez|

S|Es|+[Er][+|E2| <3

Therefore, by Lemma 3.16, we can say that

2T V3
=N + A4
IE}.}QPEk >\ % = kg ~ 0.917861 (5.93)

Now S is external, therefore, by 6) of Lemma 5.47, by Remark 5.48 and
(5.93) (recall that the inner connected region can not be the lowest pressure

region because it is inner and its turning angle is ),

2/€7 ]5 \/A14
> 1-— . ’ kg := kg ~1.71138. 5.94
PE, = 3 +< Wa (1- AL ] 9 ( )

We claim that
max pg, > PE,- (5.95)
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Indeed if we suppose that the contrary holds; since B is disjoint from
E,, by the minimality of E, by (5.87) and the isoperimetric inequality, we
would get that

B> P(E) 2 P(By)+P(B2)+ P(Bo) ~ L1 22V (VI = Apa+1+42) - L.

where L . is the length of the external edge of B;. Therefore we have the

following estimate for L .:

Li.> 2\/7?(,/1 Sy 3) — pi=l5 ~ 2.69072. (5.96)

Since pg, > maxj—34pEg,, then the edges of B, are convex (namely the
signed curvature of its edges is non negative). By Lemma 1.38, the turning

angle of B; is 7, thus we have that
PE, U5 < ppy - Lie < 3

therefore, by (5.94), 1.71138 ~ kg < pg, < % ~ 1.16757. It is a contradic-
tion, hence (5.95) holds.

Finally we determine an estimate for the pressure of the inner connected
region E». It has three edges and it is inner, therefore it is not the lowest
pressure region, so at least one of its edges is convex (i.e the signed cur-
vature of the edge is non negative). Hence, if L2 3, Lo4 and Lo are the
lengths of the sides of E» in common with Es, E4 and S; respectively, we

have that

(b — min pp, ) P(Ez) > max (pe, - pr, ) P(Ey)

k=134 k=134
> Z Lo (pE2 —PEk) =T.
k=1,3,4
Thus it follows that
PEZ g+ i pE (5.97)

By (5.87), by the isoperimetric inequality and the minimality of E, we know
that

P(Ey) = 2P(E) — P(By) — P(S1) — P(Es) — P(Ey) — P(E)
< 25— 2V (V1= Arg 4/ Agg + 1+ 142) = g ~ 441116,
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By (5.93) and (5.94), we have that min;_; 3 4 pg, > ks. So, by (5.97), we get
that
pE, > eﬁ 1 kg := k1o ~ 1.63005. (5.98)
6

Therefore the perimeter of E is at least, by (5.93), (5.94), (5.95) (5.98) and
Corollary 1.47,

4
P(E)= 2; pE, >2(pE, P, +Wax P, +I§£$pEk) > dkg+2k10+2kg ~11.9413.
1=
Itis a contradiction, because P(E) < p ~ 11.1946, so the proof is concluded.

O]

Proposition 5.52. Let E € M3 4(1,1,1,1), then E is not as in the case D) of
Figure 5.15.

Proof. We suppose by contradiction that E is as in the case D). By Corollary
540 E € My4(1,1,1,1), thus m(E) = (1,1,1,1). We respectively denote
with S; and B the small and the big component of F;. By Remark 5.7 and
by (5.10) of Corollary 5.10, we know that

1
A274 < |Sl‘ < A174 < g (599)
ThUS|Bl|:‘E1‘—’51| > 1—A174.

First we suppose that S; has three edges and without loss of generality

we can assume that E is as in Figure 5.46.

()
066

Figure 5.46: The case D).

Since S is external with three edges, then, by Proposition 1.49, by 5) of
Lemma 5.47 and Remark 5.48, we have that
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pE, > k7~ 2.22160. (5.100)

Now we reduce E by applying the reduction method of three-sided
components described in Lemma 2.22. We reduce E until we come to a
standard double bubble, which, by Lemma 3.16, will allow us to determine
an upper limit for maX pig that will be smaller than k7. We proceed with

the reduction, represented in Figure 5.47.
G‘ /

Figure 5.47: This reduction determines an upper limit for max pp,.

PGP

At the beginning we reduce only S, then we obtain that
E3 C Ej. (5.101)
In the second step we reduce E4, so we have that
By C B]. (5.102)
In the last step we reduce E4 having that
B C BY,

(5.103)
E, C E.
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At the end of these steps we have a standard double bubble of areas
| Bf | and | E¥ |. By (5.101), (5.102) and (5.103) it follows that

a) if ppy > ppy, then [ BY [ > | E5 | > | B3| > [ B3| = 1;

b) if pp, = pe,, then | E5 | > | B | 2 [ By | = | Bi| =1— A4

2m V3
Therefore, by Lemma 3.16, max (pg,, pgr,) < 13_;144 ~ 1.7337. This is in

contradiction with (5.100), thus S; has four edges and B, three edges.

Initially we determine an estimate for ming—s 4 pg, . In order to do this,
we reduce E as showed in Figure 5.48, through the reduction method of

three-sided component, seen in Lemma 2.22.

Figure 5.48: This reduction determines an estimate for ming—o 4 pg, .

The different steps of the reduction in Figure 5.48 are given by the ar-

rows; at the beginning we reduce only B, then we obtain that

Eé C E>y U By,
Eé C F3U By (5.104)
EéUEégEQUE:gUBl.

In the second step we reduce E, so we have that

E! C E,UE,
(5.105)
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Si CcC Siu Eé
In the last step we reduce S| having that
Ey' C Ey U Sy,
(5.106)
Ey CE/US].

At the end of these steps we have a standard double bubble of areas
| EY' | and | E)} |. By (5.104), (5.105) and (5.106) it follows that

¢) if pg, > pg,, then

|25 | < | B4 < | x| +1S1 < Bl +] 81+ | B
<|Ey|+|S1|+|B1|+|EBs|
<|Ey4|+|E1]|+|Es| <3

d) ipr4 > DEy, then

| By <|EY | <|EY|+|81| <|Ey|+|Es|+]S1]
<|Eg|+|Es|+|B1]+|S51]
S|E|+[Es|[+|Er| <3

Therefore, by Lemma 3.16, we can say that

27 \/§
7_1_7
min pp, > \/414§4é7:::kgﬁu(L917861. (5.107)

Now we do two reductions of E through the reduction method of three-
sided component, seen in Lemma 2.22; in the first we reduce E until we
come to a standard double bubble, that, by Lemma 3.16, will allow us to de-
termine an upper limit for the highest pressure between pg, with j = 1,2,3.
Later we do the second reduction of E until we come to a standard double
bubble, that will allow us to determine a lower limit for ming—s 3 pg,. We
begin with the first reduction; it is described in Figure 5.49. The different
steps of the reduction in Figure 5.49 are given by the arrows; at the begin-

ning we reduce only £, then we obtain that

E, C By,
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(5.108)
S, C S,

(E-E
%@a

B
@

Figure 5.49: This reduction determines an upper limit for the highest pressure

between pp; with j = 1,2,3.

In the second step we reduce 57, so we have that
Ey C EY,
(5.109)
E3 C Ej.
In the last step we reduce EY or Ej, so we reduce EY we have that
Bl g Biv
(5.110)
Ey C EY.
while if we reduce EY, we find that
Ey C EY
(5.111)
By C B,

If in the last step we reduce EY, at the end, we have a standard double
bubble of areas | B | and | E¥ |. By (5.108), (5.109) and (5.110) it follows that
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c) if pg, > pg,, then

| B3| = [Bi| = [Bi[=1—|8;

d) ipr3 2 PE;:, then

|B1| = |E5| > | B3| > | Es| = 1.

Therefore, by Lemma 3.16, we can say that

max pg, < H (5.112)
k=13""% — 1—‘Sl|' ’

If in the last step we instead reduce Ej, at the end of these steps we get
a standard double bubble of areas | B} | and | EY)’ |. By (5.108), (5.109) and
(5.111) it follows that

) if pg, > pE,, then

|E5' [ 2| Bi| 2 [Bi] 21— [S1];

d) if pg, > pE,, then

|Bi| = | By | > | E5| > | Ey| = | Bz | = 1.

Therefore, by Lemma 3.16, we can say that

<y 22— A1
e Yy G113
So, by (5.112) and (5.113) we have that
<Y 22— 114
pmrasl B =\ | S| G114

We call

2m | V3
Ja(@):= ﬁ> z € [A2,4, A1,4], (5.115)

then, by (5.114), 11211?53 pE, < f7(|51]). The function f is strictly increasing,

_VQ?“r?' 1

indeed its first derivative is f7(z) = 3 of
1—x)2
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We present the second reduction; it is illustrated in Figure 5.50.

oy

—

Figure 5.50: This reduction determines a lower limit for the lowest pressure be-

tween pg; with j = 2, 3.

The different steps of the reduction in Figure 5.50 are given by the ar-

rows; at the beginning we reduce E, and By, then we obtain that

EQUS{§E2U51U31UE4,
EQQEQUE4UBl,

(5.116)
FEy C E3U By,
Si C S1 U Ey.
In the second step we reduce S’, so we have that
Ey C E3U Sy,
(5.117)

E! CE,US,.

At the end of these steps we have a standard double bubble of areas
| EY | and | EY |. By (5.116) and (5.117), it follows that

) if pg, > pE,, then

| By | < | B3| < | B3|+ |S1 | <|E3|+|Si|+|Bi|+|Ex4]
<|Es|+|Ei|+|Es] <3;
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d) if pg, > pE,, then

| By | < |Ey | <|E|+|S1| <[ Ea|+[S1]+[Bi]+|E2]
S|Eg|+[Er][+|E2| <3

Therefore, by Lemma 3.16, we can say that

i > = kg = 0.917861. 11
kH:llgngk > 3 kg =~ 0.91786 (5.118)
Therefore, from (5.107), we have that
min pg, > ks. (5.119)

2<k<4
Now S is external with four edges, then, by 3) of Lemma 5.47, the

pressure of £ satisfies

5 (157 s

PE, =
(2 -2vm (5 VT TS))) Vo (1-[5
(5.120)
because the function
fs(z):=1-— —4\% : 1{1, z € [Az.4, A1 4]

is positive. Indeed its first derivative is

8V Va(l—x)

therefore f; is strictly decreasing, thus fs(z) > fs(A14) ~ 0.250923 > 0. We

set

f(x) =

fo(x):= 2

= + f3(x) - ks, x € [Azq, A1l
3. <2ﬁ—2ﬁ-(5+\/1—x)>

(5.121)
It is clear, by (5.120), that pg, > fo(| S1|). Furthermore fy is strictly decreas-

ing, because its first derivative is

fé(x)=—< 2(#)% +]5-k‘g. 1+ )
3vI—z- <2ﬁ—2\/77(5+\/1—x)>2 sVm Vo (1-2)?
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We note that, by (5.114), (5.115), (5.120) and (5.121),

fo(IS1]) <pe, < f2(IS11), |S1] € [A24, A1), (5.122)

where f7 and fy are strictly increasing and strictly decreasing respectively.
Furthermore, by (5.122), we have that

| S| > 0.15, (5.123)
otherwise
1.75724 ~ fo(0.15) < pg, < f7(0.15) ~ 1.72436

We derive an important upper limit for the sum of the lengths of inner
edges of S;. We have called with [y o, l1 2, {13, and [; 4 the lengths of the
edges of S; in common with Ey, E,, E3, and E, respectively, therefore,

since the turning angle of Sy is 2, we get that

2T
pE, P(S1) — liopm, — liape, — lape, = Y hilpe, —pE) = 5
k=0,2,3,4
It follows that
2
li2pE, + U 3pEs + liapE, = PR, P(S1) — 5 (5.124)

We respectively note that, by (5.122), by the fact that f7 is strictly increasing
and (5.119), pg, < f7(A14) and 21<n]31<14 pE, > ks. Furthermore by the mini-
mality of E and the isoperimetric inequality, we get the following estimate
for P(S1) (note that P(S1) = 2P(E) — P(B,) — P(E») — P(E3) — P(E4) —
P(Ep)and | By | > 1 — Aj 4, by (5.99)):

P(S1) < 25— 2V/T(5 + /T — A1)
Thus, by (5.124), we have that

Jr(A14) - (2]5 —2y7(5 + \/m)) o
ks

Lo+l a+la < .= 07 ~ 0.389221.
(5.125)

So, recalling that |.S;| > 0.15 by (5.123) and using the isoperimetric in-

equality we can obtain an estimate for the length of the external edge of

Si

1170 = P(Sl) — (l172 + l1’3 + l1’4) > 2V -0.15 — f7 := fg = 0.983716. (5126)
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The configuration and the minimality of E, we allow to say that (note that
|B1| >1— A;14by (5.99),and | 51 | > 0.15 by (5.123))

4
p>P(E) > > P(Ey)+ P(B1)+ P(S1) - I(E)
=2

k
> 2\/%(3 /T A+ \/0.15) _ I(E),

where I(E) denotes the sum of the lengths of the inner edges of E. So we
get the following estimate for the sum of the lengths of the inner edges of
E:

I(E) > 2V/7(3+ /T— Aiy +V0.15) = = by ~ 4.06365.  (5127)

Therefore, the sum of the lengths of the inner sides of E minus the inner
edges of S; (we denote them with I(E \ S7)) must be at least, by (5.125)
and (5.127)

I(E ~ Sl) = I(E) — (1172 + l173 + 1174) >y — U7 := {19 ~ 3.67443. (5.128)

Finally we can conclude, because we able to give an estimate for P(E);

considering the configuration of E, we get that

11.1946 =~ p > P(E) > P(BlUEgUE4UE2)+I(E\S1)+lLO

(5.126),(5.128)
= 2w (1 Avg) +3) + a0 + b ~ 11,6055,

It is a contradiction, so the proof is completed.
O

Proposition 5.53. Let E € M ,(1,1,1,1), then E is not as in the case E) of
Figure 5.15.

Proof. We suppose by contradiction that E is as in the case F). By Corollary
540, E € My4(1,1,1,1) thus m(E) = (1,1,1,1). Certainly in this configu-
ration, the small component has three edges and without loss of generality

we can assume that E is as in Figure 5.51.
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<

R0

Figure 5.51: The case E).

Since S is external, by Proposition 1.49, by 5) of Lemma 5.47, and Re-
mark 5.48 we have that
PE; = k. (5.129)

S

Figure 5.52: This reduction determines an upper limit for maxy—1 2 pg, -

Now we do a reduction of E until we come to a standard double bubble,
that will allow us to determine an upper limit for maxy—; 2 pg, , that will be
smaller than k7. The different steps of the reduction in Figure 5.52 are given

by the arrows. First we reduce only S, then we obtain that
Ey C Eb. (5.130)
In the second step we reduce E), so we have that

E, C EY. (5.131)
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In the last step we reduce E}, having that

Bl g Biv
(5.132)

By C BY.

At the end of these steps we have a standard double bubble of areas
| B] | and | EY|. By (5.130), (5.131) and (5.132) it follows that

i) if pp, > pp,, then | By’ [ > [B1| > |B1| > 1 - A4
ii) if pp, > pr,, then | By | > | EY' | > | Ey | > | Ey| > | B2 | = 1.

Therefore, by Lemma 3.16,

2r | V3
max (pg,, pp,) < || >—2 ~ 1.7337. (5.133)
1—Aig
By (5.129) and (5.133) we obtain that
2r | V3
2.2216 ~ k7 < pp, < <4\ [E2—1 ~ 1.7337.
6~k <pg, < igfl%épEk S\ i1Z4. 7337
It is a contradiction, so the proof is completed. O

Proposition 5.54. Let E € M3 ,(1,1,1,1), then E is not as in the case I') of
Figure 5.15.

Proof. We suppose by contradiction that E is as in the case F'). By Corollary
540, E € My4(1,1,1,1), thus m(E) = (1,1,1,1). We respectively call S;
and B the small and the big component of £;. We remind that, by Remark
5.7 and (5.10) of Corollary 5.10,

1
Arg <[S1] < A1a < 3 (5.134)

First we determine the lower limit for the lowest pressure between pg,, pg,
and pg,. In order to do this, we use the reduction method of three sided-
component, described in Lemma 2.22. We proceed with the reduction, rep-
resented in Figure 5.53. The different steps of the reduction in Figure 5.53

are given by the arrows.
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L&
5 4

Figure 5.53: This reduction determines a lower limit for the lowest pressure be-

tween pg; with j = 2,3, 4.

At the beginning we reduce the two components of £, S and By, then

we obtain that

EéUEégEQUE3U51UBl,
EAILUEé CFE4UE3U 51U By, (5.135)
EQUEQQEQUEZ;US&UBL

In the second step we reduce E}, or E}, so if we reduce E’ we have that

EY C E,UE,

(5.136)
Ej C By UES.
while if we reduce E) we find that
Ey € By U B,
(5.137)

EY C E,UE,.
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If in the second step we reduce Ef, at the end of these steps we have a
standard double bubble of areas | EY | and | EY |. By (5.135) and (5.136), it
follows that

) if pg, > pE,, then
|E{| <|Ey| <|Ej|+|E5| <|E2|+|Es|+|S1|+]|Bi|
<|Ex [+ | B3|+ | Er] <3;
d) if pg, > pg,, then
| By | < |E{| < |E}|+|E3| < |Es|l+|Es|+|S1|+|B|

S|Ey|+ | B3|+ | Er] <3,

Therefore, by Lemma 3.16, we can say that

= kg ~ 0.917861. (5.138)

min pg, >

2 3
3T
k=24 3

If in the second step we instead reduce E), at the end of these steps
we get a standard double bubble of areas | EY | and | EY |. By (5.135) and
(5.137), it follows that

¢) if pp, > pE,, then
| B3| < |Ey| < |Ey|+|Ey| < | B2 |+ Ea| +]S1|+| By
<|Ey|+|Es|+E1] <3;
d) if pp, > pg,, then
| By | < | B3| < |Es|+|Ey| < |Es|+|Es|+|S1|+|B|

S|Es|+[Es|+|E| <3

Therefore, by Lemma 3.16, we can say that

iy
w |+
B

S 4 ke~ 0.917861. (5.139)
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So, by (5.138) and (5.139) we have that

1711215174 PE, > ks. (5.140)

)

Now we will find an estimate for the pressure of E;. If S; is inner, then
from 4) of Lemma 5.47 and by (5.140), we get that

pE, > kr + ks ~ 3.13946. (5.141)

Therefore, by Corollary 1.47, we have that the perimeter of E is at least

4
P(E) = zszk > 2(ky + kg) + 6kg ~ 11.7861.
k=1

This is a contradiction, since P(E) < p ~ 11.1946.
Therefore S; is external and B, is inner. Thus, by 5) of Lemma 5.47, by
Remark 5.48 and (5.140), we have the following estimate for pg,

D At4
>k 1-— . ’ ks := k11 ~ 2.45191. 142
PE, > 7+( NG (1—A1,4)) 8 11 519 (5.142)

We find an estimate for 1;13{& PE,; in order to do this we use the fact that £;
has two three-sided components (so note that their turning angle is 7), one
small and the other big. Therefore, denoted by L2, L13, L14 the lengths
of the edges of By in common with E», F3 and Ey respectively and let [; o,
l1,3 and [y o be the lengths of the edges of S; respectively in common with
Fs, F3 and Ej, we have that

> lhnlpe,—pe)=7= ) Lik(pe, —pp,) 2 (PE, —maxpp, ) P(By).
£=0,2,3 k=234

Thus we obtain that (by Proposition 1.49 each pressure is non negative)
P P(51) 2 (pp, — maxpp, ) P(B1) + li2pp, + lispe,
2 (pp, — maxpg, ) P(B1).

Dividing by pg, and P(B;) (recall that pg, is positive by (5.142)), we obtain
that

P(S1)
> — . .
MAX P, 2 PE, <1 P(B )> (5.143)
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By (5.134), by the isoperimetric inequality and by the minimality of E we
get that (remind that P(S;) < 2P(E) — (P(B1) + P(E2) + P(Es3) + P(Es) +
P(Ep))and 1 — A4 > 0by (5.134)) P(S1) < 2p—2/7- (5+ /1 — A1 4) and
P(By) > 2y/7(1 — Ay 4). Thus by (5.143), we find that

- 213—2\/7?-(5%/1—141,4))_

2 7'('(1 — A174)

> 1
r]?;iii PE, Z PE, (

2p—2/7(5+/1—A1.4)
2¢/m(1-A1.4)

The quantity 1 — ~ 0.564974 is positive, therefore, since

PE, = k1

29 — 2 - (5 + 1-A
22 Jﬁ));:klww%ﬂ

max > k1 -
k>1 PE, = 1l ( 2 7('(1 — A174)

(5.144)
So, by (5.140), (5.142) and (5.144) and Corollary 1.47, we have the following
estimate for P(E):

4
P(E) = szEi > 2(pg, +max pp, +2 r’g{lpEk) > 2k +2k1o+4ks ~ 11.3458.
=1

This contradicts the minimality of E, since P(E) < p ~ 11.1946.

Theorem 5.55. Let E € M3 ,(1,1,1,1), then Iy is not (1,0,0,0).

Proof. We proceed by contradiction and we suppose that Ig = (1,0,0,0),
then by Propositions 5.46, 5.49, 5.50, 5.51, 5.52, 5.53 and 5.54 we come a

contradiction, so the statement is true. ]

Theorem 5.56. Let E € M3 (1,1,1,1). Then E is standard. In particular if
E € My4(1,1,1,1), then E is standard.

Proof. The proof is immediate. Let E € M3 ,(1,1,1,1); we suppose by
contradiction that E is not standard. Its possible connection types Ig are
illustrated in Remark 5.12. By Theorems 5.15, 5.23, 5.39 and 5.55 we come
to contradict that E € M5 4(1,1,1,1), thus E is standard.

By Remark Remark 5.2, we have that if E € My 4(1,1,1,1), then E is
standard. O
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Remark 5.57. E € M3 ,(1,1,1,1) if and only if E € M24(1,1,1,1), indeed
if Ee M3,(1,1,1,1), then E € M24(1,1,1,1), by Corollary 5.16.

IfE € Mgy(1,1,1,1), then E € M3 ,(1,1,1,1) by Remark 1.8 and by
Corollary 5.16 (recall that M3 4(1,1,1,1) # () by Corollary 1.13).

Remark 5.58. We explicitly note that the exterior region Ey of E € My 4(1,1,1,1)
is connected by Proposition 1.49 and by Remark 5.57.

Now let us investigate the possible topologies of E € M3 4(1,1,1,1).
Lemma 5.59. Let E € Mg 4(1,1,1,1), then a region E; (i = 1,...,4) has:
i) three edges if it is inner;
ii) at most four edges if it is external.

Proof. First of all, we know that any region E; (i = 1,...,4) of E has at
least three edges and it is connected by Corollary 1.35 and by Theorem 5.56
respectively. Since E is a minimum, by Proposition 1.33 and E is standard
(see Theorem 5.56), then, C' has three edges and at most four edges if F; is

inner and external respectively. O
Lemma 5.60. Let E € My 4(1,1,1,1), then E has six vertices and nine edges.

Proof. Let v, e and c be the numbers of the vertices, of the edges and of the
connected components of E respectively, then, by the Euler’s formula, one
has that v —e+c = 2. Since E is a minimum, each vertex of E is is a meeting
point of exactly three edges (see Theorem 1.10), thus 3v = 2e (note that
each edge has two vertices). Furthermore, by Theorem 5.56 E is standard

(i.e each region is connected), therefore ¢ = 5. Solving the following linear

v—e=—3
3v = 2e,

we find the statement. O

system

Lemma 5.61. Let E € M3 4(1,1,1,1), then 3 < v(Ep) < 4and3 < e(Ep) <4,
where v(Ey) and e(Ey) denote the number of the vertices which belong to Ey and

the number of the edges of Ey respectively.
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Proof. By Corollary 5.9 and Remark 5.57 we know that there is at most one
inner big component. Moreover, by Theorem 5.56, I, = (0,0, 0, 0), so there
are at least three external bounded components. Since E is a minimum, by

Proposition 1.33, the result follows. O

Theorem 5.62. Let E € My 4(1,1,1,1), then the topology E is one of the two
topologies represented in Figure 5.54.

A) B)

Figure 5.54: The possible topologies for E € M 4(1,1,1,1).

Proof. By Corollary 5.9, Theorem 5.56 and by Remark 5.57, there is at most
one inner connected region E;, thus, we divide the proof in two parts: in
the first there is a inner connected region £; and in the second all connected
regions are external.

Part I. There is a inner connected region F;, therefore, by Lemma 5.59,
E; has three internal vertices. Denoting by v(E) and v(Ep) the number of
the vertices of E and of Ej respectively, since v(E) = 6 and v(Ep) > 3 (see
Lemma 5.60 and Lemma 5.43 respectively), there are other three external
vertices v, v9 and v3 and there are no other internal vertices. So, we are in
the situation of Figure 5.55. Since an edge leaving the internal region can

not go to another vertex of the internal region, each internal vertex must be
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linked to one external vertex v;, v2 and vs. So, we obtain the topology A)
of Figure 5.54.

e e

Figure 5.55: E has one inner connected region Ej;, thus E; has three edges. So,
since v(E) = 6 and v(Ey) > 3, there are only other three external vertices vq, va
and vs. Since an edge leaving the internal region can not go to another vertex of
the internal region, each internal vertex must be linked to one external vertex vy,

(] and V3.

Part II. Here all the connected regions E; are external, therefore, v(Ey) >
4. So, since v(E) = 6 and v(Ey) < 4, there are other two inner vertices v;
and vy. Furthermore e(Ey) = 4 because, by Lemma 5.61 e(Ep) < 4 and,
since each connected region E; is external, e(Ey) > 4.

First of all we say that v; and v; are linked, otherwise we would have at
least 3 + 3 = 6 internal edges (they are the leaving edges from the vertices
vy and v, respectively) and 4 external edges (they are the edges of Ey). But
we know that the number of the edges of E is 9 by Lemma 5.60, thus, we
obtain a contraction.

So, we are in the situation of Figure 5.56 where, since the edges of E can
not intersect and up to rotate the edge which links the vertices v; and v»,

we have only one way to link the inner vertices v; and vy with the external
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vertices. Therefore, we obtain the topology B) of Figure 5.54.

v 2 —

Figure 5.56: Each connected region E; is external, then e(Ey) = v(Ep) = 4.
So, since v(E) = 6, there are another two inner vertices vy and vy, which must
be connected. Since the edges of E can not be intersect and up to rotate the edge

which links the inner vertices vy and vo, there is only one way to link the vertices

v1 and vy with the external vertices.
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