SPECTRAL ANALYSIS APPROACH TO THE MAXIMAL REGULARITY
FOR THE STOKES EQUTIONS AND FREE BOUNDARY PROBLEM FOR
THE NAVIER-STOKES EQUATIONS

YOSHIHIRO SHIBATA

ABSTRACT. In this note, spectral analysis of initial boundary value problem with non-homogeneous
boundary data is investigated. By R-boundedness of solution operators for 1 < p < co and real
interpolation methods for p = 1, we shall show a maximal L, regularity for the initial bound-
ary value problem with non-homogeneous boundary data. Especially, for 1 < p < oo, the
transference theorem enable us to make a general framework of unique existence of time peri-
odic solutions. As an application of our approach, the Stokes equations with non-homogeneous
free boundary conditions and the free boundary problem for the Navier-Stokes equtions in the
half-space are discussed.

1. A REVIEW OF MAXIMAL REGULARITY THEOREMS

In this section, we consider a linear evolution equation:
(1) u(t) + Au(t) = f(t) fort >0, wu(0)=0
Here, @ = dyu. For example,
) Ou(x,t) — Agu(z,t) = f(z,t)  for (x,t) € Q x (0,T),
@ ulpo =0, u(x,0)=0 for z € Q.
Here, € is a uniformly C? domain in N-dimensional Eucledian space R and 0 denotes the
boundary of 2. The point here is a homogeneous boundary condition: u|gg = 0. Inhomogeneous
boundary condition is one of main subjects in this note and it will be handled in the next section.

Let X be a Banach space with norm || - || x, and A a closed linear operator from D(A) into X,
where D(A) is a subspace of X. For the example (2), typically we choose A = —A = Z;V:1 8]2-,
0; = 0/0zj, and X = Ly(Q), D(A) = {u € W(IQ(Q) | ulogn = 0}, or X = By .(Q), D(A) = {u €
Bst2(Q) | ulog = 0}. Here, 1 < g <ooand —1+1/¢<s <1/q.

We assume that A is a sectorial operator, that is , there exists an € € (0,7/2) and v > 0 such
that the resolvent set p(A) contains ¥, + v and there exists a constant C' > 0 such that
(3) ML+ A) 7 fllx <C|fllx forevery f € X and X € B + 7.
Here and in the sequel, we denote

Ye={AeCllarg\| <7m—¢€}, Zc+v={A+7]|reX}

Then, the operator A generates a continuous analytic semigroup, is denoted by {e*tA}tZO here.
By using {e7*};>0, a unique solutionu(t) of equations (1) is written as

t
(4) u(t) = / e~ (=34 1(s) ds
0
Refer to Yosida [35] concerning the fundamental theory about continuous analytic semigroups.
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Let 1 < ¢ < oo. If there exists a subspace Y of X such that for any f € Ly((0,7),Y") problem
(1) admits a unique solution u possesses the estimate:

T T
(5) /0 (Bl + [ Au(®)]ly)? dt < C /0 £ dr.

In this case, we say that the opearator A has the maximal L,- Y regularity.

The basical maximal regularity result is the theorem due to Da Prato and Grisvard [11, Theo-
rem 4.7], which can be seen as the first abstract result on maximal regularity in the mathematical
litreture. Let

X e, _ dt\ /e
Da0.0) = o € X | algg o= ([ 10 24e 05 5) " < )

and [|z[|p,, := [|7|x + [z]o,q- The space D4(6,q) becomes a Banach space with norm || - [|g 4.
Then, Da Prato and Grisvard theorem tells us that problem (11) admits a unique solution u
possessing the estimate (5) with Y = D4(6,q). Here, T' > 0 is finite time and C depends on
T > 0. We know that DA(0,q) = (X, D(A))g,q, where (-,-)g 4 denotes real interpolation functor.
For this fact, refer to Lunardi [25, Chapter 1.2] for example.

To prove the global well-posedness for small data, we need the theory for 7' = oco. Namely.
the estimate (5) holds for T' = co. If we assume that 0 € p(A), it may be possible to show that
(5) holds for T" = oo, and so nowardays analysis allows us to prove the global in time unique
existence theorem for small initial data for the corresponding nonlinear problem. But, in the
unbounded domain case, usually p(A) Z 0.

Danchin, Hieber, Much and Tolksdorf [6] treated the case where T' = oo replacing Da(0, q)
with homogeneous space ZjA(H, q). Their theory is so interesting that I quote it here without
fear of being mistaken. Refer to [6, Chapter 2] for detailes.

Assume that p(A) D X, and there exists a constant C' > 0 such that

(6) IAA=A)Mzx) <C (A e o).
In particular, we have
(7) [tAe ™|y < M (t>0).

Here and in the sequel, £(X) denotes the set of all bounded linear operators from X into itself
and [ - || z(x) denotes the norm of this space.

Assumption 1. The operator A is injective and there exists a normed vector space Y (not
necessarily complete) such that D(A) C'Y and there exist two constants Cy, Co > 0 such that

(8) Cif|Az]x < llzlly < Cof|Az]lx  (x € D(A)).

In the case where A stands for the Laplace operator on RY = {x = (21,...,2x5) € RY | 2y >
0}, a prominent example of a couple (X,Y) is X = L,(RY) and YV = WPQ(Rf) for 1 < p < 0.
Here,

WHRY) = {f | 3g € S'(RY)/P(RY) such that glpy = f, Vg € Ly(R™)},
1 iz ) = mE{IV2gll 1, | g € S'(RY)/P(RY) such that glpy = £, V?g € Ly(RY)},
and P denotes the set of all polynomials on RY.

Definition 2. If —A satisfies Assumption 7, then define the domain of the homogeneous version
A of A by

D(A) := {y € Y | there exists a sequence (zx)reny C D(A) with k]im zp=vyin Y}.
— 00
With this definition, define A operating to y € D(A) by
Ay = lim Azy,.
k—o0
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Assume that X and Y are interpolation couple. That is, there exists a Hausdorff topological
vector space Z such that X and Y are subspaces of Z.

Assumption 3. The operator A and the normed vector space Y are such that

9) D(A)n X = D(A).
Let
. . o0 e di\ 1/q
Da0.0) = (o € X+ D) | el o)1= ([ 1A 0l ) < o)

We see that for any 6 € (0,1) and 1 < ¢ < oo, there holds
(X’ D(A))@q = DA(@, Q)'
The homogeneous space version of Da Prato and Grisvard theorem reads as follows.

Theorem 4. Let 0 € (0,1), 1 < g < o0 and 0 < T < oo. Then, ther exists a constant C > 0
such that for all f € Ly((0,T),Da(0,q)) problem (1) admits a unique solution u defined by (4)
such that u(t) € D(A) for almost every t € (0,T) and the homogeneous estimate:

14ullz, 01, 04000 < CUF o017, D20.00
Proof. Refer to [6, Chapter 2]. O

The Da Prato and Grisvard theorem holds for real interpolation space D4(6,¢q). For usual
Sobolev space like L, in space, we know L, in time and L, in space maximal regularity result
for 1 < p,q < co. I will explain the maximal regularity theory for 1 < g < co below.

For this, first we recall a Dore and Venni theory [12]. Assume that p(A) D (0,00) and

t(t + A)~! is bounded in t > 0, Moreover, we assume that the pure imaginary powers A% are
bounded linear operators and their operator norm is estimated by

4% < KePl!l, seRr

with some K > 1 aned 6 satisfying 0 < 67 /2, which is independent of s. If A has a bounded
inverse, then for 1 < p < oo, the maximal L, regularity holds, that is problem (1) admits a
unique solution for given f € L,((0,7),X), 0 <T < 00, 1 < p < oo such that

T T T
(10) AHMW§&+A!MMMQMSCAHﬂW§&

with C = C(T,p, X) provided that X is a UMD space, that is to say such that the Hilbert
transform is bounded on L, (R, X) for some (all) p € (1, 00). Later, Giga and Sohr [17] extended
the Dore-Veni theorey to the case where A may not have a bounded inverse and the constant C'
in (10) is independent of T'. Moreover, Weis [36] proved that the maximal L, regularity holds
if and only if A is an R sectorial operator, that is the set {A\(AI — A)~! | [arg\| < m — €} is
R-bounded for some € > 0. Here, the notion of R boundedness will be given in the next section.
In this sense, for 1 < p < oo, the maximal L, regularity is characterized completely, and it
is applied to many problems in a mathematic fluid mechanics. For example, Giga and Sohr
[17] proved regularity and large time behaviour of solutions to the Navier-Stokes equations with
non-splip condition in exterior domains, which was first prove by Iwashita [21] by extetending
the Fujita-Kato method ([22]) to the exterior domain case.

In (10), to take T' = oo is an important problem for application to the nonlinear problem
appearing in mathematical fluid mechanics. In the bounded domain case, usually we have
0 € p(A), and so the exponential stability of the linearized equations are obtained. But, in the
unbounded domain case, it is not the case that 0 € p(A), one of the typical method is to combine
the local maximal regularity result and some decay properties of semigroup {e*At}tZO for the
semilinear problem case [22, 21]. But, for the quasilinear problem case like free boundary
problem for the Navier-Stokes equations, in general the maximal regularity theorem for the
evolution equations with non-homogeneous boundary conditions which may not be covered in
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the maximal regularity theorem for continuous analytic semigroup theorem stated above. We
treat the nonhomogeneous boundary condition case in the next chapter.

2. ABSTRACT FRAMEWORK FOR THE NONHOMOGENEOUS INITIAL BOUNDARY VALUE
PROBLEM

Let X, Y and Z be three Banach spaces such that X C Z C Y and the inclusions are
continous. Let A: X - Y, B: X — Z,and W : Z — Y be bounded linear operators. In this
section, we consider an evolution equation:

(11) QU -—AU=F, BU=G (t>0), Ulo="Up.

Here, B is corresponding some boundary conditions for applications to PDE.
We consider the conditions to obtain maximal L, regularity for the evolution equations (11),
that is equations (11) admits a unique solution U having the regularity property:

(12) U € Ly((0,T), X)W, ((0,7),Y)
as well as the estimate:
1Ulz,0.1).x) + 19U ||, 0,1),v)
< C{lIUollv,x), -1 T I N0,y + 1Gllwa0,1),v) + WGl L, 0,m)0)}-

Here, (Y, X)p, denotes a real interpolation space, L,(((0,7), X) is a X valued Lebesgue space,
and Wpl((O, T),Y) a'Y valued Sobolev space, and

W3((0,T),Z) = By, ((0,T), Z) = (Lyp((0,T), Z), Wy ((0,T), Z))app for a € (0,1).
The L, norm is defined by

T 1/ 00 1
00 = ([ 1£O1x @) ™o e Ay oo = { [ € IROIX) at}

2.1. L, maximal regularity for 1 < p < oo. In the case where 1 < p < oo, we use R-
boundedness of solution operators S(A). First, we give a definition of the R-boundedness of
operator families.

(13)

/p

Definition 5. Let FE and F be two Banach spaces. We say that an operator family 7 C L(E, F)
is R bounded if there exist constants C' > 0 and ¢ € [1,00) such that for any integer n,
{T;}}—y C T and {f;}}_; C E, the inequality:

1 n 1 n
/0 HZ?‘j(u)ijjH%duSC/o 1Y) £11% du
j=1 j=1

is valid, where the Rademacher functions ri, k € N, are given by r; : [0,1] — {—1,1}; ¢ —
sign(sin 2¥7t).
The smallest such C is called R bound of 7 on £(X,Y’), which is denoted by R, (g T

The detailed explanation of R-boundedness is given in [9, 20].
The reason we introduce the R-boundedness is to use Weis’s operator valued Fourier multiplier
theorem. For m(§) € Loo(R\ {0}, L(E, F)), we set

Tnf = F¢ ' m(E)FfIE)] f SR, E),

where F and ]-'5_ 1 denote respective Fourier transformation and inverse Fourier transformation
defined by

. . _ 1 .
FUNR) = Felflir) = [ €7pe) at P = 70 = 5 [ ) a
To emphasize the Fourier transform and its inverse transform defined on R, we use R as a
subscript. T, is called an operator valued Fourier multiplier.
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To state Weis’ theorem, we introduce an UM D space. A Banach space X is an UMD space
if the Hilbert transform is bounded on L,(R, X) for some p € (1,00) cf. [2, Sec.4.4] and [19,
Chapter 4]. For example, for 1 < ¢ < oo, the Lebesgue spaces L, are UMD spaces. Since the
subspaces of UMD spaces are also UMD spaces, and so for example the Sobolev spaces W™ are
UMD spaces.

Theorem 6 (Weis’s operator valued Fourier multiplier theorem). Let E and F be two UMD
Banach spaces. Let m(&) € C*(R\ {0}, L(E, F)) and assume that

Ree,ry({m(§) [ £ € RA{0}}) <y
Ree,r)({Em/(§) | € e R\{0}}) <
with some constant 1, > 0. Then, for any p € (1,00), Ty, € L(Ly(R, E), Ly(R, F)) and
| T fll L,y < Coroll fll, r,B)
with some constant C, depending solely on p.
Proof. For a proof, refer to L. Weis [36]. O
To obtain L, maximal regularity for equations (11), we use R bounded solution operators of
the corresponding generalized resolvent problem:
(14) Au—Au=f, Bu=yg.
For (14), we introduce the following assumption.
Assumption 7. There exist constants € € (0,7/2) and v > 0 such that for every A =~ + it €
Y+, there exists an operator
S()\)YXYXY—)X (Fl,FQ,Fg)l—)S()\)(Fl,FQ,Fg)

satisfying the following three conditions:

(1) S(A) is an L(Y x Y x Y, X) valued holomorphic function defined on 3¢ + 7.

(2) ForAe X+, feY andge Z, u= SN (f,A\*g,Wg) is a unique solution of (22)

(3) S(N\) satisfies

Reysyxz,x) {(702) SN | X € B} < 1,
Rexyxzy){(T702) AS(N) | A € Se g} < o,
for £ =0,1 with some constant ry.

S(A) is called an R bounded solution operator, or R solver, for problem (14).

Remark 8. For the concrete problem, the exponent « is related to the following requirement:
For f € W,;((0,7),Y) N Ly((0,7), X), f € Wg((0,T),Y) and

1 lweo,m),2) < CULFlwro,m),y) + 1L, 0m),%))-
Since the R boundedness implies the usual boundedness, we have

(15) [Aully + llullx < (I Flly +1X%lly + [[Wglly).

This estimate is corresponding to the Agranovich-Visik type esitmate for the mixed problem
of the parabolic equations [3] and the Sakamoto type estimate for the mixed problem of the
hyperbolic equations [28, 29]

The simple example to catch the situation, that comes to author’s mind, is the generalized
resolvent problem for the heat equation with Neumann boundary condition, which reads

MM—Au=f inQ, v-Vu=g on 0.
Here, Q is a C? domain in the N-dimensional Euclidean space RY (N > 2) and 09 is its

boundary. v denotes the unit outer normal to 92 and V = (0, ...,0n).
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In this case, a prominent choice of solution spaces are
2 1
X=W;(Q), Z=W,(Q), Y = L),
where 1 < ¢ < co. Moreover, A = —A = — Z;VZI 82/690?, B=v-V,and W =V.
We now prove the unique existence of solutions of equations (11) under Assumption 7.

First Step. Forget the initial conditions and consider the following equations:
(16) oV —AV =F, BV =G (teR).

Let v be the constant appearing in Assumption 7. Let F' and G satisfy the conditions: e F €
L,(R,Y) and e "G € WH(R,Y) N Ly(R, Z). Applying the Laplace transform with respect to
time variable ¢ implies that

M —Av=F, Bv=G.

Here,

A~

H:cmu»:fw%Hma:/eﬂmuyu(A:7+w62ﬁwy
R
Thus, by Assumption 7, we have v = S(/\)(F, @G, WG) Let £~ denote the Laplace inverse

transform defined by

1

L7UT(t) = — / eMJ(r) dr = T FLI)(2).
R

T or
Let AT be fractional derivative defined by
ASG = LTI ALIG](N)).
We know that
(17) ||€_7tA$G||Lp(R,Y) < CHG_WGHW;;‘(JR,Y)-
Applying Laplace inverse transformation, we define V' by
t

e”

V= LTS (F, NG, WE) / SN Fle " (F,AG,WG))(7) dT.
R

T
and so
eV = FUS(y + im) Fle " (F, A°G, WG)](7)].

Thus, applying the Weis operator valued Fourier multiplier theorem implies the following theo-
rem

Theorem 9. Let 1 < p < co. Let Assumption 7 hold. Then, for any F' and G satisfying the
conditions:

(18) e "FeLy,RY), e "GelL,R Z)NW}R,Y)

problem (16) admits a solution V' satisfying the regularity condition:
eV € Ly(R, X) N W, (R,Y)

as well as the estimate:

He_’YtalfVHLp(R,Y) + HG_WVHLP(R,X)

(19) _ _ _
< C(|le ’YtFHLp(]R,Y) + [le 7tGHW;(]R,Y) + [le ’YtWG”Lp(R,Yﬂ

for some constant C independent of .



Second Step. Next step is to solve initial value problem:
(20) oW+ AW =0, BW =0 fort >0, W‘t:() =Uy — V‘t:().
Since V € W, (R,Y) N Ly(R, X), by the trace method of the real interpolation we see that

1) ig]g e_wt”V("t)”(Y,X)l_l/p,p < C(||€_7t3tv||Lp(R,Y) + ||€_7tV||Lp(R,X))
21
< C(HeﬂtFHLp(R,Y) + ||677tG||Wg(R,Y) + ||€77tWGHLp(R,Y))-
For simplicity, we set Wy = Uy — V|4=o. We consider the resolvent problem:
(22) 2w+ Aw = f, Bw=0.

By Assumption 7, we know the unique existence of solutions to equations (22), that is for any
A€ X.+vand f €Y, problem (22) admits a unique solution w € X satisfying the estimate:

(23) Awlly + [[wllx < Cllfly-

Let D(A) and A be defined by

(24) D(A)={we X | Bw=0}, Aw=Aw forwe D(A).
By using A, problem (20) is rewriten as

(25) OW + AW =0, W= = W,.

In view of (23), the operator A generates a continuous analytic semigroup on Y such that
(1) ( )Wo € C°([0,00),Y) N C*((0,00),Y) N C°((0, 00), D(A))

(2) W =T(t)Wy is a unique solution of equations (25).

(3) hm | T(t)Wo —Wolly =0 for any Wy e Y.

(4) HT( Wolly < Ce||Wylly, foranyt>0and WyeY.

(5B) ITEOWollx + [|0:.T(#)Wolly < Ce? t=Y|Wy|ly for any t >0 and Wy €Y,
(6) [|T(OWollx + 0T (&) Wolly < Ce||Wylly  for any t > 0 and Wy € X.

Combining estimates (5) and (6) above with real interpolation method implies that

> 1/p
(26) { /0 (W Oy + W) )P ath ™ < ClIWollx,

Let D(A)p = (Y, D(A))1-1/pp- And then, we have the following maximal regularity theorem for
equations (25).

Theorem 10. Let 1 < p < co. Assume that Assumption 7 hold. Then, for any Wy € D,(A)
problem (25) admits a unique solution W satisfying the estimate (26).

If we set U = V + W, then by Theorems 9 and 10 U may be a solution of equations (11)
provided that Wy = Uy — V'];=o € Dp(A). Since BV |;—o = G|=0, the compatibility condition is
BUy — Gli=o € Dp(.A). Summing up, we have proved the following theorem.

Theorem 11. Let 1 < p < oo and assume that Assumption 7 hold. Then for any initial data
Uy € (Y, X)l,l/pyp satisfying the compatibility condition: BUy — Gli=oDp(A) and right hand side
F and G satisfying the conditions:
e "FeLyRY), e"GelLyR Z)NW(R,Y)
problem (11) admits a unique solution U satisfying the regularity condition:
e "'U € Ly((0,00), X) N W, ((0,00),Y)
as well as the estimate:

le™"UllL,((0,00).x) + e 0T L, ((0,00),v) + S(ulio)e ot X110
< C(||U0||(Y,X)1,1/p,p + [le™ Fllr,®ry) +lle” wGHW;(R,Y} + He_’YtWGHLp(]R,Y))'
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2.2. 27 periodic solutions. We next consider 27 time peridic boundary problem
(27) ow—Aw=F, Bw=G forteR.

We assume that F(t) = F(t + 2m) and G(t) = G(t + 2m). Of couse, we can consider a general
time period T > 0, but for the notational simplicity, we only consider the 27 period case.
Let T = R/2nZ and Fr and Fp ! be Fourier transform on T and its inverse transform defined
by

1
S 2r

2T
Frlf1(r) /0 et dt, Fillgl) = S (k).

keZ
To prove the L, maximal regularity for periodic solutions, we shall use the operator valued
de Leevw transference principle ([23]), which is stated as follows. Let

T = Fg ' [m(&) Fr(f1()]

be an operator valued Fourier multiplier on R, where m(¢) € £(X,Y’) for each £ € R\ {0}. We
consider the corresponding multiplier on T defined by

Timenf = Fr IR Frlf](k)] = Y e™m(k)Frlfl(k) (k€ Z).
keZ

Then, we have the following theorem.

Theorem 12. Let X andY be two Banach spaces, and 1 < p < o0o. Let m € Loo(R, L(X,Y)) be
a Fourier multiplier from Ly(R, X) into L,(R,Y). Suppose that for all x € X the point k € Z is
a Lebesgue point of & — m(&)x, and set myx := m(k)x. Then, (my)rez is a Fourier multiplier
from L,(T,X) to Ly(T,Y), and in fact

1T yeez 2o x), Loy < N Tmll2(z, @®.x),L,@v))-
Proof. For a proof, refer to [20, Proposition 5.7.1]. O
We assume that Assuption 7 holds. Let A\g > 0 be a large number such that
{i€ [ 1] = Ao, £ € R} C Ee + 7,

where ¥, + v is the same set as in Assumption 7 (2). Let ¢(t) € C*°(R) which equals 1 for
[t| > Ao+ 1 and 0 for [¢t| < Ao+ 1/2 and set

W1 = T ' [p(€)S(i€) Frl(F, A G, WG)](6),
wy = Fr 'l o(T)S(ir) Fr[(F, A*G, WG] (i7)].
From Assumption 7, we have
10:WA |, ry) + [Will,@x) < CUIFpll,@y) + IAGG L, ®y) + WGl L,®y))-
Here, we have set H, = Fy ' [p(¢)Fr[H](£)], and
AZG = Frlp(&) FrIAGI(E)] = Frl[X*Fr[Fg (¢ Fr[G]] = A*G,.
Then, by Theorem 12 we have
0w, (r,y) + lwillz,r,x) < CUlFllr, v y) + Gl L, ryy + IWGs|lL,ry))-
Here, we have set H, = Fr ' [o(7)Fr[H](i7)], and
G = Fr ' lp(k) FrlA®G)(ik)] = Fp ' X Fr[Fr pFr(Gl]] = A°G,.

Thus, the problem is reduced to show the existence of finite number of solutions v of equa-
tions:

(28) iow + Aw = Fr[F|(ic), Bw = Fr|G](io).
8



And then,
w = wi + Z eiktv;.C
[k[<Xo+1/2
is a solution of (27).
Summing up, we have obtained the following theorem.

Theorem 13. Let X, Y, and Z be UMD spaces and let A € L(X,Y) and B € L(X,Z)NL(Z,Y).
Assume that Assumption 7 holds. Let 3. + v be the set in Assumption 7 and let A\g > 0 be a
number such that {i€ | |£] > Xo,§ € R} C X + ..

Moreover, for k € 7 with |k| < Xo, let Xy, Vi and 2y, be Banach spaces such that (ikI+A)~! €
L(Xk, Vi), B € L(Xk, Z2k), and such that for all (f,g) € Vi x 2 there exists a unique solution
w € Xy, to (28) with o =k such that

[wllx, < Crllfllye + llgllz)
for some constant Cj, > 0.
Then, for any p € (1,00) and (F,G) defined by
ko ko
Fiy= 3 BeM B0, Gl = 3 G+ Glt)

k=—ko k=—ko
with (Fy, Gy) € Vi x 2y for k € Z, [k| < ko, and (F,, Gy) € Ly(T,Y) x (Ly(T, Z) N W(T,Y))
such that (Fr[F,)(k), Fr[G,l(k)) =0 for all |k| < ko, there exists a unique element

(U—gs - -+ Uk Up) € Xy X =+ X Xy X (Lp(T, X) N W, (T,Y))
with Frluy|(k) =0 for |k| < ko, such that

ko
u(t) := Z upe™ + u,
ke=—ko

is a unique solution to time-periodic problem (27), and
urllx, < Cr(1Fxllyy + [1Grll2),
lupll, ) nwr & y) < Cro(llFolln, my) + [1Gellwemy) + IWGollL,ry))
for some constants Cy, and C.

Remark 14. I do not give any concreat example for periodic solutions to Stokes equations
and Navier-Stokes equations in the following sections. I want to mention my joint papers, co-
authored with Thomas Either and Mads Kyed, and co-authored solely with Thomas Either,
about periodic solutions for the initial-boundary problems for the Navier-Stokes equations.

(1) In [13], we proved the unique existence of time periodic solutions of the one-phase and
the two phase problem for the Navier-Stokes equations in bounded domains. We took
the surface tension into account. We used the coordinate system whose center is the
center of gravity. The incompressiblity guarantees that the center of gravity does not
move, and so the free boundary can be writtne as unknown functions in this coordinate
system and the surface tension gives us enough regularity of the functions describing the
free surface. Thus, we can use our R-solver approach to this problem.

A difficult problem for us to solve among time periodic problems is the free boundary
problem without surface tension. In fact, if we represent the unknown surfce by using
some functions, we do not obtain enough regularty of this functions, and so far, we could
not prove the existence of periodic solutions in our R-solver approach.

By the way, in the evolution problem case for the free boundary problem without
surface tension, we use the Lagrange transformation which will be explained later sections
below. In this case, the free surface is transformed to the boundary of the reference
domain, and so we do not have such difficulty. But, so far we find some difficulty to use

9



the Lagrange transformation to treat the free surface problem without surface tension,
which should be solved in the future work.

(2) In [14], we proved the existence of time periodic solutions for the Navier-Stokes equations
with non-slip conditions in bounded domains and exterior domains by using the R solver
approach.

(3) In [15], we proved the unique existence theorem of solutions for the boundary value
problems for the Navier-Stokes equations with non-slip boundary conditions in bounded
or exterior domains, whose boundary is time periodically moving, by using the R solver
approach.

In [14] and [15], our essential contribution was that we treated the exterior domains.
In this case, our R solver approach is quite effective, and we can reduce the difficulty to
analysis of the finite number of spectral problems in exterior domains.

2.3. Li-maximal regularity. In this subsection, we discuss the L; maximal regularity for
equations (11). Unlike the L, case, we can not use the operator valued Fourier multiplier
theorem, and so instead of the operator valued Fourier multiplier with respect to time variable,
we use some combination of complex and real interpolation methods.

To obtain L; maximal regularity for equations (11), we also consider the corresponding gen-
eralized resolvent problem:

(29) A —Au=f, Bu=y.
For (29), we introduce the following assumption.

Assumption 15. There exist constants € € (0,7/2) and v > 0 such that for every A = y+it €
Y + v, there exists an operator

S()\)YXYXY—)X (Fl,FQ,Fg)I—)S()\)(Fl,FQ,Fg)

satisfying the following four conditions:
(1) S(N) is an L(Y x Y x Y, X) valued holomorphic function defined on ¥ + 7.
(2) For N€e X+, feY andge Z, u=S\)(f,\*g, Wg) is a unique solution of (22)
(3) S(N) satisfies the generalized resolvent estimate:

(30) IASMFENly + IS Fllx < ClIFllyxyxy

for every A € X + v with some constant C > 0.
Moreover, there exist two small numbers o; € (0,1) and two triples of Banach sapces
Yo, X Yy, x Yy, (i =1,2) such that

(31) NSO Flly + IS Fllx < CINT IF v, xvoy xvs,  for F €Yy,

o1?
(32) IOAASN)F)ly + [|O6S(A)Flx < CIAN™?|F|ly,, xYo, xY,, for F €Y
with some constant C.

(4) Let 6 € (0,1) be a number satisfying the relation : 1 = (1—0)(1—01)+6(2—02). Then,
we assume that Y = (Y5,,Y5,)0.1-

Here, we write Z°> = Z x Z x Z for Z € {Y,Yy,,Y,,} for the notational simplicity.

If we consider a generalized resolvent problem for the heat equation with Neumann boundary
condition, which reads

AM—Au=f inQ, v-Vu=g on 0,
then we choose Y = B |, and X = B;ff forl <g<ooand —14+1/g < s < 1/q. If Qis a domain
in RN whose boundary is a compact C® hypersurface, a half-space, or a compactly perturbed half-
space, layer, perturbed layer and so on, then we can show the existence of a solver S(\) satisfying
(30). Moreover, for any small positive number o such that —14+1/¢g<s—0o <s+o0 < 1/q, we
have (31) with Y, = B;j“ and o1 = 0/2, and (32) with Y, = B;77 and 03 = 1 — 0/2. Notice
10



that the requirement for the domains comes from the existence of a particion of unity consisting
of finite number of smooth functions.
We now prove the unique existence of solutions of equations (11) under Assumption 15.

First Step. As was seen in the L, case, first we forget the initial conditions and consider the
following equatuions:

(33) OV —AV=F, BV =G (teR).

We assume that F' and G satisfy the conditions: e "F € Li(R,Y) and e "'G € W&(R,Y) N
Li(R, Z). Here, WE(R,Y) = (Ly(R,Y), WH(R,Y))a1 and

Wi ((0,T),Y) ={f | 3g € Wi'(R,Y) such that g|(o,r) = [},
| fllweo,r),y) = nf{llglwewy) | 9 € Wi*(R,Y) such that g| 1) = f}-
We can show that
(34) le™ A fllymy) < Clle™ ™ Fllwe @y
where A®f = L7HAL[f]].
Applying the Laplace transform to (33) in time variable ¢ implies that
(35) M —Av=F, Bv=G.
Here,

H = L[H|(\) = Fle " H|(1) = /R eMH@)dt (A\=7+iT € X +7).

Thus, by Assumption 15, we have v = S(\)(F, \*G, W Q). Let £~ denote the Laplace inverse
transform defined by

1 R
LT = o dim » eMJ(r) dr.
Let
(36) Tt)F = LTS\ F](t) for F = (Fy, Fp, F3) € Y3,
Let I' =T, UT'_ be a contour in the complex plane C defined be
Iy ={z=re®™9 | re(0,00)}.

Employing the same argument as in the holomorphic semigroup theory ([35]), by (2) in the
Assumption 15, we have

1
T(t)F = / eMS(N)F d\ for t > 0,
(37) 2mi I+y

T(t)F =0 fort<D0.
Moreover, by (2) in Assumption 15, we have
(38) IO T @) F|ly + T F|x < Ce?t 1 |[Flys .

Integration by parts gives

1 1
TH)F = ——— MOSNEF AN\, O, THF = ——— MAVAS(AF) dA.
(t) il Fﬂe ZS(A) , 0T(t) il Fﬂe ZNAS(A)F)
Thus, by (3) in Assumtion 15, we have
(39) 10T @) F|ly + |T(t)F|x < Ce’*tt‘“"?HFIIng-

In view of real interpolation theory, by (38), (39) and Y = (Y5, Y, )s,1, we have

(40) /0°° e (0T F ||y +IT(O)F | x) dt < C||F|lys.

11



In fact, we write

/ (BT Flly + | T(0)F|x) dt
0
27+1

=S [ e aar @y + IO FL a

jez ¥

<Y @M -2) sup e (AT Flly + 1T Fx)
ez te(@i 27t)

= E 2] aj,
JET
where we have set

aj=sup e (|aT(t)F|ly + |T()F|x).
te(2d 2+1)

By (38) and (39)
20=Mia; < C||Fllys , 2%7a; < C.
Let £} be the set of all sequences (aj)jez such that
mj p 1/}7 f
1(a;)jezllep = {2(2 a;) } or 1 < p< o0,
JEZ
1(aj)jezllen = sup 2™ a;.
JEZ

We know that €' = (6", €;"%)a, for 1 < p,q,< 00, —00 < mp < m < myg < oo and m =

(1—0)m1+6my cf. [5,5.6.1. Theorem]. Thus, ¢} = (¢1591,02592)4 1, where 6 € (0, 1) is satisfied
a relation: 1 = (1—0)(1 —o01) + 6(2 — 02). From this it follows that

/0 e (o TOF |y + ITOF|x) dt < ClFlly,, v,,)

3 .
6,1

By (4) in Assumption 15, we have (Y5,,Y,,)p1 =Y, we have
oo
(41) / e[0T @) Flly + IT@)F|x) dt < C|[F|lys.
0

We now consider equations (33). Then, by (35) and Assumption 15 (2), problem (16) admits
a solution V' defined by

V = LTS\ (L[F), \L[G], WLIG))] = LS\ (L[F], LIAN*G], LW G])).
Thus, by (36) and T'(t) = 0 for t < 0,
V= £ S\ / e (F,AG,WG) dr]
R

1 R
= /R 5 Jim Re’\(t_T)(F, AYG,WG) dr

:/t T(t — 7)(F,A°G, WG)(-, 7) dr.
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Thus, by (41) and Fubini’s theorem we have

Awa“mwxmxﬁ
< /000 e_vt{/t |\T(t —7)(F,A“G,WG)(-,7)|lx dT} dt

—00

B /Oo {/roo e M Tt —1)(F,A*G,WG)(-,7)||x dt} dr

—0o0

= /Z e—w{/ooo e T ) (F,A“G,WG) (-, 7)|lx dt} dr

:/ e TI(F NG, WG)(,7)ly dr.

—0o0
To estimate the time derivative, using equations (33) and the assumtion that A : X — Y is a
bounded linear operator, that is ||Av|ly < C||v||x for some constant C' > 0, we have

/ e AV (- 1)y dt
0
< / e F()|ly dt + / e AV (-, t)|ly dt
0 0
gC/ MFC )y + IV )llx) dt
0

< c/oo e (F (1), A*G(-, 1), WG () |ly dt.

— 00

Summing up, we have proved the following theorem.

Theorem 16. Assume that Assumption 15 holds. Then, for any F and G satisfying the condi-
tions:

(42) e "FeLi(RY), e¢"GeLi(RZ)NWR,Y)
problem (33) admits a solution V' satisfying the regularity condition:
eV e Li(R,X)NW,(R,Y)
as well as the estimate:
€™ 0V ||y ((0,000,1) + 1€77 VIl ((0,00),3)
< C(le”"Fllr,my) + HeﬂtGHWf*(R,Y) + [l WG, ®,y))

for some constant C independent of .

(43)

Second Step. Next step is to solve initial problem:
(44) oW + AW =0, BW =0 fort>0, W= Uy— V]=o.
Since V € W(R,Y) N L1 (R, X), we see easily that

supe V(- )|y < Cle™ V|, my)
(45) teER
< C(|e " Fllp,my) + ||€_7tG||W;(R,Y) + e WG|, ®,v))-

For simplicity, we set Wy = Uy — V|;—o. We consider the resolvent problem:
(46) 2w+ Aw = f, Bw=0.

By Assumption 15, problem (46) admits a unique solution w = S(A)(f,0,0) for any A € ¥ +
and f € Y, which satisfies the estimate:

(47) Awlly + [[wllx < C[|f[ly-
13



Let D(A) and A be defined by
(48) D(A)={we X | Bw=0}, Aw=Aw forw e D(A).

As is well-known, w = (AI+.A) L f for any A € ¥+, and in reality, (\I+.4) "L f = S(A)(f,0,0).
Let T' be the contour given in (37). From the well-known theory of holomorphic semigroup [35],
the operator A generates a continous analytic semigroup {7 (t)}+>0, which is defined by

Tt f = AL+ A)Hf d

[y

By (37), we have T (t)f = T(t)(f,0,0). In particular, by (41), we have
(19) | Ty + IT@FIx) at < Cl -

Moreover, by the theory of holomorphic semigroup, we know that {7 (¢) };>o satisfies the follow-
ing properties:

(1) T(t)f € C°([0,00),Y) NC((0,00),Y) N C%((0,00), D(A)).
2) OT(t)f+AT(t)f =0foranyt >0and f €Y.

) Jim ([T = fly =0 forany f V.

) IT@) flly < Ce|flly foranyt>0and feY.

) 10T @) fIly + 1T (@) fllx < Cet Y flly foranyt>0and feY.
6) 10T () fly +IT @) fllx < Ce?|[fllx  for any ¢t >0 and f € D(A).

In particular, W = T (¢)(Uy — V|¢=0) satisfies equations (44) as well as estimates:

(
(3
(4
(5

/ e (oW O)lly + W, )llx) dt < CllU = Vie=olly-
0

Set U = V+W. Using (45), (49) and the first step we have the following L; maximal regularity
theorem for equations (11).

Theorem 17. Assume that Assumption 15 holds. Then for any initial data Uy € Y and right
hand side F' and G satisfying the conditions:

e MFeLi(RY), e MGeLi(R,Z)N W) (R,Y)
problem (11) admits a unique solution U satisfying the regularity condition:
e U € Li((0,00),Y) N WL ((0,00),Y)
as well as the estimate:

Hei’YtUHLﬂ(O,oo),X) + HeivtatUHLﬂ(O,oo)»Y) + S(hlp )ei’YtHU(t)HY
te(0,00

< C(|Uolly + e Fllp,@y) + e " Cllwemy) + e " WG| 1, @y))-

3. FREE BOUNDARY PROBLEM FOR THE NAVIER STOKES EQUATIONS IN THE Lj,-L, MAXIMAL
REGULARITY FRAMEWORK

In this section and the next section, we consider free boundary problem for the Navier-Stokes
equations. The mathematical problem for the free boundary problem of the Navier-Stokes
equations is to find a time dependent domain ), ¢ being time variable, in the N-dimensional
Euclidean space RY, the velocity field v(x,t) = (vi(z,t),...,vn(x,t)), and the pressure field
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p(x,t) satisfying the NavierStokes equations in €; with free boundary conditions, which reads

Ov+ (v-V)v=Div(pD(v) —pI) =0 in [ ] Q x{t},
o<t<T
divv=0 in [ @ x{t},
o<t<T
(50) (uD(v) — pDny = cH(Ty)ny —pon on | J Ty x {t},
o<t<T
Vo=v-ng on U Iy x {t},
o<t<T
Vii=o =vo in €, Qli—o =

Here, T'; is the boundary of Q;, n; = (n4,...,nyn) the unit outer normal to I'y, 9y = 9/0k,
vo = (vo1,- - -, voN) a given initial data, Q the reference domain, D(v) = (D;;(v)) = Vv+(Vv)T
the doubled deformation tensor, I the N x N identity matrix, H(I';) the N—1 fold mean curvature
of T'y, which is given by H(I'y)n; = Ap,x with = € T'y, Ar, being the Laplace-Beltrami operator
on I'y, V,, the evolution speed of free surface I'; in the direction ng, pg the outside pressure, and
p and o are positive constants representing respective the viscous coefficient and the coefficient
of the surface tension. Moreover, for any matrix field K = (Kj;;), Div K denotes the N-vector

th

of functions whose i*" component is Z;VZI D;K;j, Dj = 0/0x;. For any N-vector of function

h

v, divv = Z;\le Djv; and v - Vv denotes the N vector of functions whose i** component is

N
Z j=1 ’UijUi.
In particular, the i*® component of equations (50) reads as

/

N N
Owv; + ZUijUi - ZIUDJDU(V) +Dip=0 in U Q X {t},

j=1 j=1 0<t<T
N
g Djv; =0 in U O x {t},
j=1 0<t<T

(51) N
Z puDij(V)ngg — pnyg = o H(I'y)ng — pong  on U Iy x {t},
Jj=1 0<t<T

Vi = Zvjntj =0 on U Iy x {t},
j=1

0<t<T

{ Vilt=o = vo; in Q,  Qfs=0 = Q.

Concerning the outside pressure pg, the equilibrium state is that v = 0 and so from the first
equation it follows that Vp = 0, that is p is constant. Moreover, n; = n and o H(I';) = 0 H(I")
for any t > 0. Here, I' is the boundary of the reference domain €2 and n is the unit outer normal
to I'. Thus,

po=cH(T) +p.

In this note, we consider the simplest problem, that is the ¢ = 0 case, without surface tension
problem. In this case, we set p — po = q, which is the new pressure field. Namely, we consider
15



the following problem:

Ov+ (v-V)v—Div(uD(v) —pI) =0 in [ J Q x{t},
o<t<T
divv=0 in U Q x {t},
0<t<T
(52) (uD(v) —pI)n; =0  on U Iy x {t},
0<t<T
Ve=v-n on U Iy x {t},
0<t<T
Vii=o =vo inQ, Q=0 =9

Since €2 is unknown, the first step to solve (52) is to transform €2; to some known domain.

To this end, we use the Lagrange transform. Let y = (y1,...,yn) be Lagrange coordinates and
let X = X(y,t) be a solution to the ordinary differential equtions:
dX
— =v(X,t) fort>0, X(y,0)=y.
If we define u(y,t), the Lagrange velocity field, by u(y,t) = v(X(y,t),t), then
¢
(53) o= Xalpt) =y + [ uly.s) ds
0
which is called the Lagrange transform and this map gives the correspondence between Euler
coordinate system = = (z1,...,2y) € {; and Lagrange coordinate system y = (y1,...,yn) € .
Since — - n; = v - ng, the kinematic condition: V,, = v - n; is automatically satisfied. And

dt
Qi ={r=X@1)|yeQ), Ti={r=X(yt)|yel}
Let q(y,t) = p((X(y,t),t) and we are going to find u(y, t) and q(y,t). To find equations satisfied
by u and ¢, we consider the inverse map: y — x which should exist under the condition that

t
(54) sup / IVu(y, s)ll 1) ds < co << 1.
o<t<TJo

In fact, if u exists, then u(y1,t) — u(ya,t) = Vu(ye + 0(y1 — y2)) - (y1 — y2) as follows from the
mean value theorem, and so by (54)

T
[ Xu(y1,t) — Xu(y2:t)| > |y1 — y2 —/0 IV (u(yr,s) —uy2; )l Lo > (1 = co)lyr — v,

which, combined with ¢y < 1, implies that the map x = X (y, t) is injective. Thus, the Lagrange
map is bijective from Q onto €; under the assumption (54).

In the sequel, we consider the case where 2 = RJX only, which is a model problem.

Since the Jacobian matrix of the transformation Xy(y,t) is given by

¢
(55) VyXu(y,t) =1 +/ Vyu(y, )dr,
0

the invertibility of Xy (y,t) in (53) is guaranteed for all ¢t € (0,7) if u satisfies

/Vu

which may be achieved by a Neumann-series argument. By virtue of (56), we may write

[e'e} t l
= - — uly,7)dr ) .
(57) Au(y, t) == (VXu(y,1)) —l§0< /OVy (v, )d)

(56) sup

< sup / IVyu(y, )”LOO(Q) ds < ¢y << 1,
te(0,7)

Loo (RN) 0<t<T




With the above notation, for 7 > 0 Problem (52) in Lagrangian coordinates reads as

dyu — Div (uD(u) — q) = F(u) in RY x (0,7),
(58) divu = Ggiy(u) = divG(u)  in RY x (0,7),
(uD(u) — q)n = H(u)ny on 8]1%1 x (0,7,
uli—gp = a in Rf,

where ng = (0,...,0,—1). The right-hand members F(u), Ggiv(u), G(u), and H(u) represent
nonlinear terms given as follows:

F(u) = </0t Vud7'> (0~ prym) +M(I+/O

+ wy((AI ~1): Vyu>,
(59)  Gaiv(u) :=(I—-A}): V,u,
G(u):=(I-Ay)u,
H(u) := p((Vyu+ (Al)il[vyu]TAu)a - AI)

+ p((I— (AI)_l)[vyu]TAu + [Vyu]T(I —Ay)).

t
Vu dT) div,, ((AUAI - I)Vyu>

Here, KT denotes the transposed K for any vector K or matrix K. Recall that for N x N matrices
A = (Ajy) and B = (B;), we write A: B = Z;Vk A; 1 Bj k. For the detailed derivation of (58)
and (59), refer [30, Section 3.3.3]. Notice that all the nonlinear terms in (58) and (59) do not
contain the pressure term q.

Since Lagrange transformation (53) gives a C'! diffeomorphism under the assumption (56) in
our functional space settings in this section and the next section, instead of equations (52), we
consider equations (58) in the sequel.

For the reader’s convenience, we provide here how to derive (59). To this end, we use the
following well-known formulas:

(60) V. =AY, div,(-) = AL: Vyu(-) =div,(Ay-),
Aqng . To 4 T T
(61) n= Alm] Vediv,(-) = AL V,div,(-) + ALV, (AL —1): V,-),

In fact, as it was proved in [33], there holds det A, = 1 as follows from the divergence free
condition, which yields the first formula V, = AIVy. By using these formulas, it is easy to
verify the representations of Ggiy(u) and G(u). Hence, it suffices to derive the representations
of F(u) and H(u).

By a direct calculation, we observe

(62) Div (uD(v) — pI) = pAyv + pVediv v — Vap.

We see that

(63) v + (v - Vg)v = 0O,

(64) Ayv = div,V,v = div, (AyA LV, u) = div, ((AgA, —T)V,u) + Ayu,
(65) Vediv,v = ALV, (AL : V,u) = ALV, (A, —T): V,u) + Al V,div,u,
(66) Vap = Ay V0.
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Since A is invertible and (A])™t =T+ fg Vudr, the first equation in equation (52) is trans-
formed into

ona — pAyu — pVydiv,yu+ Vyq

t t
_ ( / Vu dT> (8tu - /LAyu) + oI+ / Vudr)div, ((AUAI - I)Vyu)
0 0
+ wy((AI ~1): Vyu).
Combined this formula with
(67) Div (uD(u) — qI) = pAyu+ pV,div,u — Vyq,

we have the representation of F(u). Note that F(u) does not contain the pressure .
It remains to deal with H(u). It is easy to find that

(68) uD(u) — pI = (AI V,u+ [Vu]TAu> gL
From the third line of equations (52), it follows that

T T
Au ng Au ng

(69) M(Ajvyu + [Vu]TAu) Ao " TAag =0 o ORY.
Multiplying this equation by |A/ ng|(A)~! yields
(70) M(vyu + (AI)—l[vu]TAu)AInO —qno=0  on dRY.
We consider only the velocity field, and then

(Vyu+ (A [Vyul" Au) Alng

= (Vyu+ (AD TV, AL) (AT - Dno

+ (Vyu+ (A Vyu] T Au g

= (Vyu+ (AD ' [Vyul"Au) (AL~ Dny

+ (Tyu+ (AD ™ = DIV, Ay + [Vyu] (Ay = 1) + [T,u] T )ng

= (Vyu+ (AD ' [Vyul"Au) (AL - Dng

+((AD™ = DIyu A+ V0] (A~ 1)) + (Vyu -+ [V, g

Thus, we have

(D(u) - q)ng

= n((Vyu+ (AN V0] AT AD + (= (AN ™)Vyu)" Au + [V,u] (T - Au) o
Hence, we obtain the representation of H(u).

3.1. Stokes equations with free boundary conditions. In this section, we shall discuss the
Stokes equations with free boundary conditions which reads as

dpu—Div (uD(u) —ql) =F  in RY x (0,00),
divu= Ggiy =divG  in RY x (0,00),
(uUD(u) —g)n =Hny  on IRY x (0,00),

u—o=a inRY,

(71)
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Here, F, Gqiv, G and H are given functions, and
ORY = {x = (z1,...,2n) ERY | zy =0}
The corresponding generalized resolvent problem reads as
Av —Div(uD(v) —pI) =f  inRY,
(72) divv = gaiy = divg  in RY,
(uD(v) —pI)n = hng on ORY.

First of all, we shall state the existence of R bounded solution operators for equations (72). To
this end, we introduce variables F = (Fy, Fy, F3, Fy, F5, Fs), where Fy € Ly(RY)N | By € L (RY),
Fy € LyRVN, Fy € LyRY)N, F5 € LyRY)N and Fs € Ly(RY)N’, and Fy, Fy, F3, Fy, Fy
and Fg are corresponding variables to £, A\Y2ggiy , Vadiv, AG, A/2h and Vh, respectively. Set
My = 4N + 1+ N2, namely, F € Ly(RY)M~. Let Wlo(RN) denote a homogeneous space
defined by

W;,O(Rf) ={ue Lq,loc(Rﬁ) | Vu e Lq(Rf)a Ulgy=0 = 0},
and 1 < g<ooand ¢ =¢q/(qg—1).
We have the following theorem concerning the R bounded solution operators for equations
(72)
Theorem 18. Let 1 < ¢ < oo and € € (0,7/2). Then, there exist oprators S(\) and P(\) with
S(A) € Hol (Se, L(Lg(R)MY, W2(RIHN)),
P(X) € Hol (S, L(Ly(RY)MN, WHRY) + W2 (RY)))

such that the following two assertions hold:

(1) For any A € ¥¢ and f € Lq(RN) Jdiv € WI(R ), g €L (]RN) , and h € WI(RN)N
problem (72) admits unique solutions u € WqQ( MY andp € qu (RY) + Wlo(RN) such
that u = S(A)F and Vp = P(\)F, where

F = (f,\2gaiv , Vgaiv ; Ag, A/?h, Vh).

(2) There hold

Re(r, @ £,@Y)M) {(70:) (AS(N) [ X € Be}) <
R (L@ yMn L, w w2 (1(707) FAPVS(V) [ A exd) <
R p(Ly®yyrin, L)) (170 D(VESN) [Ae X)) <

R (Ly®) M L&)~y ({(T0 A(VPA) [ A€ B)) <

for £ =0,1 with some constant r, depending solely on € and q.

In the sequel, we give the sketch of a proof of Theorem 18. One of basical tools to solve
equations (71) is the unique solvablity of the weak Dirichlet problem which reads as

(73) (Vu, Vo) = (f,Vy) forany ¢ € W;,O(Rf).
We know the following result cf [31].

Lemma 19. Let 1 < q < oo. Then, for any £ € Ly(RY)N, problem (73) admits a unique
solutoin u € Wlo(RN) satisfying the estimate:
||VU”Lq(R§) < CHfHLqURﬁ)‘

Let K be an operator defined by u = Kf.
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Later, we introduce Stokes semigroup, and to this end at this point the Helmholtz decompo-
sition is introduced. Let Jy(R%Y) be Solenoidal space defined by

(74) J(RY) = {g € Ly(RY) | (g, Vip) =0 for every p € W, o(RY)}.

According to Lemma 19, for any f € Ly(RY), there exists a unique u € W;}O(Rf ) such that
equation (73) holds. Thus, setting g = f — Vu, we see that g € J,(RY), and setting G,(RY) =
{Vulue W;O(Rf)}? we have

(75) LyRY = J,(RY) @ G,(RY) (@ means the direct sum).

This called the second Helmholtz decomposition. We have the following lemma.

Lemma 20. Let 1 < g < co. Then, for u € Ly(RY), what divu = 0 in the distribusion sense
is equivalent to what u € Jy(RY).

Now, we shall discuss solution formulas of problem (72). Let € € (0,7/2) and recall that
Ye={ e C\{0}||arg\| <7 —€}.

3.2. Solution formulas. We shall give solution formulas of equations (72)

Step 1: Reductions. Let 0 < ¢ < 7/2, v > 0 and A € S + 7. Let f, g € Ly(RY)V,
Jdiv € qu (Rf ), and hy € W;(Rf ). Assume that there holds gq;y = divg. According to
Corollary 19, the weak Dirichlet problem,

76) {(Vql, Vo) = (f — Mg + 2uVgaw, Vo) for all p € W) o(RY),
q1|3R§ = (~hn + 2H9div)|aR{§a
admits a unique solution q; € qu RY) + WJO(Rf ). In fact, q; is defined by
q1 = —hn + 2ugaiv + K(f — g+ Vhy).

In addition, by Lemma 20 q; satisfies the estimate

(77) 19, my) < C (1) Ly @y) + 19 a2l iy + 1€ @) )

Let u; = (u1,1,...,u1,n) € W(IQ(Rf)N be a solution to the following elliptic system:
(A—pA)uy =f — Var + pVga,  inRY,

(78) u1,jlory =0, j=1,...,N—1,
Onu1 N oy = Gaivlory -

Notice that the solution u; € VVq2 (RY)N to equations (78) necessarily satisfies the divergence
conditions:

(79) divuy = gaiy = divg  in RY.

In fact, for any ¢ € W(;’,O(R{i\-])’ we may write

(80) (Aar — pAuy, V) = (f — Vai + pVgaiv, Vo) = (A8 — 1V gdiv, Vo).
In addition, there holds

(81) (Auy, V) = (Vdivuy, V) for all p € W o(RY).
Combining (80) and (81) gives

(82) (Mur — ), Vo) — u(V(divuy — gaiw), V) =0 for all p € W) o(RY).
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Noting that Wq1,70 RY) C qufo (RY) and that divg = gaiy , we may show that
(83) A(divug — gaiv, ) + p(V(divuy — gaiv), Vo) =0 for all Wy, o(RY).

Moreover, it holds divu; — ggiv = 0 on 8R_]¥ due to the boundary conditions (78)2 3. Thus, from
the uniqueness of solutions to the resolvent problem for the weak Dirichlet problem we deduce
that divu; = ggiy = divg. Thus, we arrive at (79).

Since q1 = —hy + 2494y On ORJX, we have (2u0nui,ny —q1) = hy on ORJX. Therefore, uy
and q; necessarily satisfy the following Stokes system:

Au; — Div (uD(uy) — qiI) = f in RY,
divu; = ggiy = divg in Rf,
84
(84) uy; =0, on GRf,

QMBNULN —q1 = hN’BRf on 6]1%1

where j runs from 1 through N — 1.

We now set up :=u—u; and g := q — q; with ug = (u21,...,u2 n). Then (ug, q2) solves
Aug — Div (uD(ug2) — q2I) =0 in RY,
) divug =0 in RY,
85
wOnuz,j + Qjuz.n) = (hj — w(Onur; + jurn)) gy on ORY
(2/1/8]\[’1//27]\[ — C|2) =0 on 8Rf

for j=1,...,N — 1. Clearly, u = u; + uz and q = q; + g2 are solutions to (72).

Step 2: Solution formulas. We next derive the boundary symbol for the systems (78) and
(85). To this end, in the sequel, let ¢ € (0,7/2). For each & = (&,...,6n-1) € RV7! we
define A = [¢'| = (Z;V:? 532-)1/2. In addition, for each & € RV~! we define complex functions
B = B(\,¢) and M, = M(\, &, zy) in the following way. Let B = B(\,¢’) be the principal
branch of the square root of u= A+ |¢/|?, i.e., B = \/u=1A + |¢|? for A € B¢ with Re B > 0; and
for zny > 0 let My, = M(\, €&, zn) be defined by

—BZ‘N _ e—A$N

e
(86) M, =M\ 2N) = 5 A ,
which is called a Stokes kernel. We also define

(87) Dap = B*+ AB* +3A°B — A,

which is the determinant of the Lopatinskii matrix.
To derive the boundary symbol for Systems (78) and (85), it suffices to consider the following
systems:
Awy — pAwy =f  in RY,
(88) wij =0 on 8R]4Y,

Onwi,n =0 on 8Rf,

Awy — iAwy =0 in RY,
(89) wgj =0 on ORY,
ONwa N = gdivlaﬂw on 6Rf ,
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Awsz — div (uD(ws) — Q3I) =0 in RY,

divws =0 in RY,

%0) u(Onws,j + Ojws N) = hjlogy  on ORY,
2uoNws N — Q3 =0 on GRJ_X .

Here, j runs from 1 through N — 1. Indeed, by replacing h; by h; — u(Onui,; + Ojui ) for
every j = 1,...,N — 1, we see that w; + wy and (w3, Q3) are solutions to (78) and (85),

respectively, i.e., w1 = w1 + wg, uz = w3, and q2 = Q3. The functions wi = (wi1,..., w1 N)
and wo = (wa,1,...,ws N) given by
FL1(6) FLf%IE)
91 ’wlj':]:_l I:] } , wlN:}"_l[ N :| ,
(81) 1= N e gy NI N el Ly
—Bxn
(92) wZ,j = O, w2,N = —fgl |: B .F/[gdjv](é./)]

solve (88) and (89), respectively. Here, j runs from 1 through N — 1, and f¢ and f° denote
respective the even extension of f to xy < 0 and the odd extension of f to xx < 0, which are
defined by setting

flx xy > 0), flx xy > 0),

rowy = {1@ (>0, [10) (e > 0)

To derive the formulas for w3 and ()3, we apply the Fourier transform in the tangential direction

2’ with covariable & and solve the transformed problem (i.e., a boundary value problem for an

ordinary differential equation on R, ). Following the computations in [31, Subsec. 3.5.3], we

observe that (ws, Q3) is given by

[eBxdﬁ' B ijMxN
pB 7 pDap

AMy o e~ Ban

2Bi& - k') +
MDA7B( &) HA,B
(A4 B)e=4zn

Dap

’ij G_BIN
uBDa B

(B - A)(i€ -ﬁ’ﬂ (@),

ws j(x) = Fot (2Bi¢" 1) +

; (3B — A)(i€ -ﬁ’>] (@),

(93) wa N (z) = .7'"5_,1 [

Qs(x) = —]-"E_,l{ 2Bi¢ W (2,

where j = 1,..., N — 1 and we have set i¢’ - b/ = Zjvz_ll iﬁjﬁj(f',O).
3.3. Estimate of multipliers. In the sequel, € € (0,7/2) and 1 < g < o0.
The whole space case

Proposition 21. Let m(\, &) be a function defined on ¥ x (RV\ {0}) such that for any A € ¥,
and for any multi-inder o € N (Ng = NU {0}) there exists a constant C,, depending on o and
€ such that

(94) 98 m(X, )| < Calg]
for any (N, &) € T x (RN \ {0}). And, for any &€ € RN\ {0}, m()\,€) is a holomorphic function
with respect to A € 3. Let Ky be an operator defined by

Kaf = F im0 OFUAIE = [ e SmOFI©) d.

RN
Then, the set {Ky | X € ¥} is R-bounded on L(L,(RY)) and
(95) R,y {Ex [ A€ Xe}) < Cgn \ag?\f}iQ Ca

with some constant Cy y which depends solely on q and N.
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Proof. For a proof, refer to [16, Section 3]. O

Since R boundedness implies the boundedness, we have

(96) [EAflln, vy < (Con or2ax Co) 11l 2, @™y

which directly follows from the Mikhlin-Holmander Fourier multiplier theorem.

Lemma 22. Let e € (0,7/2). Then, there holds

L€
A+ p|¢?] > sin 5 (1A + plE).

Half-space case.

Let m(\, ¢&') be a function defined on ¥, x (RV~1\ {0}), which is holomorphic with respect
to A = v + i1 € X, for any fixed ¢ € RV~1\ {0} and C*° with respect to ¢ € RV~1\ {0} for
any fixed A € .. We say that m()\, &) is an M, 1 symbol if for any o/ € NJY™!, there hold

08 ((70-)'m(\, €))] < Car (A2 + €11 (£ =0,1).
And also, we say that m(),€’) is an M, o symbol if for any o’ € N)'™!, there hold
[0 ((r0:) m (X, €))| < Car (IAIV2 + [€')™EI7T (€= 0,1).
Let

Il = maxe Cor

Lemma 23. Let B = \/A+ [¢/|2 and Dap = B® + AB? + 2A%B — A3. Then, for any v € R,
BY is a M, 1 symbol and DZ&,B a M, 2 symbol.

Proof. The proposition follows from [31, Lemma 3.5.9]. O

Proposition 24. Let 0 < € < 7/2 and 1 < ¢ < oo. Given multipliers ny € M_o;1 and
ng € M_1 9, let operators T;(\) (i = 1,2) acting on h = h(z',zn) € W;(Rf) be defined by

Ty (A f = Fo' [Be PV ny (X, &) FIR](E,0))(2),
To(A)f = F ' [AMyna (A, €)F[R](E,0))(2).

Then, there ezist operator families T;(\) € Hol(Z¢, L(Lq(RY )N, WqQ(Rf))) such that for any
A€ X and h € W;(Rf), T;(Mh = Ti(A)(AY2h,Vh), and there exists a constant r§ > 0
depending on ||n;|ly_,, such that

Rﬁ(Lq(M)NH,Lq(M))({(Taf)é(Aﬁ(A)) | A€} <,
RL(LQ(M)NH,LQ(M)N)({(Tar)Z(AI/QVﬁ()\)) [ AeX}) <rf
R @y Ly@yyye) {FO) (VT(N) | A € B} <7,

fort=0,1andi=1,2.

)

Proof. For a proof, see Lemma 3.5.13 in [31]. O

Proposition 25. Let 0 < e < /2 and 1 < ¢ < co. Given multiplier ng € M_q 1, let operator
T5(X\) acting on h = h(2',xy) € W;(Rf) be defined by

T3(Mh = Fg ' [Ae™ 4Ny (A, €) FIR](€, 0)) ().
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Then, there exists an operator family Ts(X) € Hol(Se, L(Lg(RY)N T WEHRY))) such that for
any A € ¥ and h € qu(]Rf), T5(Mh = T3(\)(A\Y2h, VL), and there exists a constant r§ > 0
depending on ||n;|lm_, , such that
RL(Lq(Rﬁ)J\”l,Lq(Rf))({(7-67)675()‘) [AeX D) <
Rﬁ(Lq(M)NH,Lq(M)N)({(Taf)e(vfi()\)) [AeX D) <
fort=0,1andi=1,2.
3.4. Existence of R-solvers, A proof of Theorem 18. Before starting with the proof of

Theorem 18, we give a lemma which tells us that the R norm has the same property as the
usual norm has.

Lemma 26. (1) Let X and Y be Banach spaces, and let T and S be R bounded families in
L(X,Y). Then, T+S={T+S|TeT, SeS8} is also an R-bounded family in L(X,Y) and
Rexy) (T +8) < Rex vy (T) + Rex,y) (S)-

(2) Let X, Y, and Z be Banach spaces, and let T and S be R-bounded families in L(X,Y") and
L(Y,Z), respectively. Then, ST ={ST |S €S, T € T} also an R-bounded family in L(X,Z)
and

3
'I"b,
3
Tb,

Rex,z)(ST) < Rex,y)(S)Re(y,z)(T).
Proof. For a proof, refer to [9, p.28, Proposition 3.4]. O
We start a proof of Theorem 18. Let q; be defined by
41 = —hn + 2ugaiv + K(f — Ag + Vhy),

then q; satisfies equations (76) as well as the estimate:

(97) a1l ey < Coll(E Ve - Ags Vi)l 1 -

for some constant Cyp > 0. Thus, we define P1(\) by P1(N\)F = —Fgn+2uF3+VK(F1—Fy+Fgn),
where Fs = (F¢1,...,Fsn) and Fg; € Lq(Rf)N are the corresponding variables to Vh; for
h = (h1,...,hy). Obvisouly,

(98) P1(AF = Vaqu, Rﬁ(Lq(Ry)MN,Lq(Ry)N)({(Taf)epl()\) | A€ X)) < Co

for £ =0,1. Here, F = (f,\'2g4iy , Vgaiv , AG, \/?h, Vh).
In view of Proposition 21, Lemma 22, and (91), there exists an operator Wj () with

Wi(X) € Hol (Se, Le(RY)Y, W2 (RT)™Y)))

such that for any A € X, and f € Ly(RY)Y, w; = Wi(M)f is a solution of equations (88) and
there hold

Rz:(Lq(Rf)N,Lq(M)N)({(Tﬁr)z(Awl(A)) | A€ X)) <,
(99) Rﬁ(Lq(Rf)N,Lq(Rg)N%({(TOT)K()\l/?VWl()\)) | A€ Xe}) < mp,
Rc(Lq(M)N,Lq(M)N?’)({(Tar)z(VZV\’l(/\)) [AEX}) <1

for £ = 0,1 with some constant r, depending on ¢ and q. By Proposition 24, Lemma 23, and
(92), there exists an operator Wa(A) € Hol (S, L(Lg(RYV)N L W2(RY)N)) such that for any

A € Y and gqiy € W;(Rf ), Wo = Wg()\)()\l/ 2gdiv , Vgaiv ) is a unique solution of equations
(89), and there holds

Rﬁ(Lq(M)2,Lq(M)N)({(Tar)g()\wﬂ)\)) |A€X}) <,
(100) RL(Lq(Rf)%Lq(Rf)N?)({(TaT)g()‘l/ZVWﬂ)‘)) | A€ X)) <,

Rc(Lq(Rﬁ)an(Rf)N%({(TaT)Z(V2W2()\)) IAEX}) <7y
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for £ = 0,1 with some constant 1, depending on € and ¢. Thus, if we set q1 = —hy + 2ug4iv +
K(f — A\g + Vhy), and up = Wi(A)(f — Va1 + uVaaiv ) + Wa(N) (A2 g4iv , Vgaiv ), then u; and
q1 are solutions of (84). Thus, we define an R bounded solution operator U (\) with

U ()‘) € Hol (26’ ‘C(LQ(RJ-&Y)MNv WqQ(R]-iY)N))

by Ui (A F = Wi(A)(F1 —P1(A)F+ pF3)+Wa(X)(Fa, F3). From the definition of 4 (\) obviously
it follows that u; = U (A\)F with F = (£, \2g4iv , Vgaiv » Ag, A/2h, Vh), and by (99), (100) and
Lemma 26, we have

RE(Lq(Rf)Q,Lq(Rf)N)({(TaT)Z(Aul(A)) | A€ X)) <,
(101) Rﬁ(Lq(Rf){Lq(Ri\_’)NQ)({(Tar)g()‘l/Qvul(A)) | A€ Ze}) < b,
RL(L,,(M)2,LQ(M)N3)({(Tar)z(vzul()\)) [AEX}) <

Likewise, by Propositions 24 and 25, Lemma 23, and (93), there exists an operator Ws(\) €
Hol, (Se, £(Lg(RY)N* =1, W2(RY)V)) and Q5()\) € Hol (S, L(Lg(RY)N* 1, Ly(RY)N)) such that
for any A € S and b = (hy,...,hn_1) € Wr(RIDNTL ws = Ws(A\)(AY2, b’ Vh') and
VQ3 = Q3(\) (A2, 1/, VI') satisfy equations (90) and there hold

Rﬁ(Lq(Rf)NQ*LLq(Rf)N)({(TOT)ZO‘V\%( ) [ AeXD) <
(102) R (Ly@yyv—1 L,y ({(707) (Al/szs( ) AeXD) <
RL(LQ(R%NLI,L(I(R%N)({( ) Q3(N) [ A€ B <
for ¢ = 0,1 with some constant 7, depending on € and ¢. Thus, setting u; = (u11,...,u1n) and
H' = p(Onu11 + O1uin, . .., ONuin—1 + On—1uin) = p(D(ur)ng — (D(u1)ng, ng)ng, we define v
and Vp by

v =u; + Ws(A\)(A\/?1', Vh') — Wy(\)(A\/2H', VH),
Vp = PL(VF + Q3(A\)(AY20, Vh') — Qs(\)(A\V/2H!, VH).
Then, v and Vp satisfy equations (72). Thus, we define S(\) and P(\) by

S(NF = Uy (\)F + Ws(\)(FL, F§) — Wa(A) (A (DU (M) F)ng — (DU (A F)ng, ng)no),
V(DU (A F)ng — (DU (A) F)ng, ng)ny)),
P(A) = Pr(AN)F + Qs(N)(FY, Ff) — Qs(\(A2(D(Uh (A F)ng — (DU (A)F)ng, ng)ny),
V(DU (M) F)ng — (D(U(A) F)ng, no)ng)).

Obviously, S(A\)F = v and P(A\)F = Vp.
Moreover, by Lemma 26, (98), (101) and (102), S(A\) and P(\) satisfy (2) of Theorem 18.
This completes the proof of Theorem 18. O
To estimate lower order derivatives of solutions to equations (72), we shall use the following
lemma.

Lemma 27. (1) Let 1 < p,q < oo and let D be a domain in RY. Let m = m()\) be a bounded

function defined on a subset of C and let My, (\) be an operator defined by My, (N)f = m(\)f

for any f € Ly(D). Then, RL(Lq(D))({Mm()\) | AeU}) < Cnygpllmli.w)-

(2) Let n = n(7) be a Ct function defined on R\ {0} that satisfies the conditions: |n(7)| < v

and |tn/(7)| <~ with some constant v for any 7 € R\ {0}. Let T,, be an operator-valued Fourier

multiplier defined by T, f = F1[nF[f]] for every f with F[f] € D(R,Ly(D)). Then, T, is
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extended to a bounded linear operator from L,(R, Lq(D)) into itself. Moreover, denoting this
extension also by T, we have

1Tl 2L, R,Lq(D)) < Cpag,DY-
Proof. For a proof, refer [9, p.27, Remark 3.2]. O

Combining Theorem 18 and Lemma 27 (1), we have the following corollary.

Corollary 28. Let1 < ¢ < 0o and e € (0,7/2). Let S(\) € Hol (S, L(Lq(RY )M W2(RY)N))
be an solution operators for problem (72) given in Theorem 18. Then, for any v > 0 there hold

Rﬁ(Lq(Rf)M(N),Lq(]Rf)N)({(TaT)ES(A) | AETc+7}) <77,

1oy R 2 ({(10) (VS\) | A € Se +9}) < 4~ V2r
£(Lo(®Y)MN) Ly (YN (T O e+ <Py

for £ =0,1 with some constant r, depending on € and q.

3.5. L,-L, maximal regularity theorem for Stokes equations (71). According to Theorem
18 and Corollary 28, we know the existence of R-bounded solution operators for problem (71).
First, we consider the following evolution equations for whole time interval:

Ou—Div (uD(u) —qI) =F  in RY xR,
(104) divu = Ggiy = divG  in RY x R,
(uD(u) —g)n =Hny,  on ORY x R.

According to the argument as in the First Step of subsection 2.1, we have the following propo-
sition.

Proposition 29. Let 1 < p,q < oco. Let v > 0 be any number. Assume that F, Ggiv, G and
H, the right member of equations (104), satisfy the conditions:

e 'F € Ly(R, LyRY)Y), e MGaiy € Ly(R,WHRY)) nW/2(R, Ly(RY)),
G e WR LRY)Y), e H € LR W RY)N) N WIAR, LRY)Y).
Then problem (104) admits a solution u and q such that
e Mue Ly(R, qu(Rf)N) N W;} (R, Lq(Rf)N)a e 'Vq e LP(R7Lq(Rﬁ)N)7
as well as
||€_7tu||L,,(R,W;(M)) +lle™ 0l L, @) + ||€_7tVCIHLp(R,Lq(M))
< C(le™(F,0,G)ll, (R,Ly(RY)) T le™"'V (Gaiv ) 2, (YY)
+ ‘|6_7t(Gdiv, )H 1/2 ]RN)))'
Moreover, if ¥, Ggiv , G and H satisfy the conditions:
F e L(R Ly(RY)Y), Gay € L(RWHRY)) N W2 (R, Ly(RY)
G € Wh(R,Ly(RY)N), He LR, WHRY)N) nW2(R, Ly(RY

~—
2\_/
NP2

then
du € Ly(R, L,RY)N), V2u e Ly(R, LyRYVN), Vg€ Ly(R, Ly(RY)Y)

as well as

”V2u||L,,(R,Lq(R$)) +l0wallp, @ L@y + 1Vl L,@y)

< C(I(F, 0G| .1y mYy) + IV(Gaiv, Bl 1, )y + ”(GdivaH)||W;/2(R7Lq(Rﬁ)))'
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To prove the existence of Cjy analytic semigroup associated with problem (71), we consider
the following equations:

dpu—Div (uD(u) —qI) =0  in RY x (0,00),

(105) divu=0 in RY x (0,00),

(uD(u) —gI)n =0  on 8RJ4\_/ x (0, 00),
uli—p=a in Rf,

Since q does not have time evolution, we have to eliminate g.
We consider the corresponding resolvent problem to equations (105) which reads as

. . N
Av —Div(uD(v) —pI) =f  in R},
(106) divv=0 inRY,
N
(uD(v) —=pI)n=0  on JRZ.
Noting that Div (uD(v)—p) = uDiv D(v)—Vp, we consider the second Helmholtz decomposition

of pDivD(v). Namely, for v.e W2(RY)N, let u = K(v) € Wé,()(Rﬁ) be a solution to the weak
Dirichlet problem:

(Vu, Vo) = (uDivD(v), V) for every ¢ € Wédﬂ%ﬁ)
subject to u = (uD(v)n,n) on IRY. We see that v € J,(RY) is equivalent to divv = 0. If
f € Jy(RY), then p = K(v). In fact, for any ¢ € W;,7O(Rf), we have
0=(f,Vp) = (A, V) = (uDivD(v), Vi) + (Vp, Vo) = (V(p — ), Vo).

Moreover, on the boundary, p = (uD(v)n,n) = K(v), and so by the uniqueness of solutions
implies that p = u.
Thus, from (106) it follows that for £ € J,(RY), v.e WZ(RY)V satisfies equations:

Av —Div(uD(v) - K(v)I) =f  in RY,
(107) divv=0 in RY x (0,00),
(uD(v) = K(v))n=0  on dRY.

Since (uD(v) — K(v))n,n) = (uD(v)n,n) — K(v) = 0 is automatically satisfied, the actual
boundary conditions are uD(v)n — (uD(v)n,n)n = 0, that is the tangential component of

pD(v)n vanishes on the boundary.
Let the domain D(A) and an operator A be defined by

D(A) ={f e Jq(Rf) N W(IQ(Rf) | pD(v)n — (uD(v)n,n)n =0 on aRf},
Av = —Div (uD(v) — K(v)I) for v e D(A).
We can write (107) as

(108)

A+ Av=Ff forfeJ,(RY)andveDWA).

From Theorem 18 and Corollary 28, v = S(\)(f,0,---,0) and VK (v) = Vp = P(N)(f,0,--- ,0)
and

(109) MWl L@y + V2V L@y < ClElL, @)
for any A € ¥.. Thus, (A\I + A)~! exists and satisfies
[AAL +«4)_1f||Lq(M) < ClIfllL, @y

for any f € J'q(Rf ) and A € X.. From this it follows the generation of Cj analytic semigroup
{T'(t) }+>0, called a Stokes semigroup, associated with problem (105). Especially, for any initial
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data a € Jy(RY), u = T(t)a is a unique solution of equations (105) with q = K(T(t)a).
Moreover, from (109) we have HT(t)aHLq(Rf) < CHfHLq(Rf) as well as
AT ®)all, gy < CEIEN L, @y, AT Gl @y < CIAFL, @)
Since we have the estimate:
V2|, iy < CIAVIL gy
for any v € D(.A), we have
HVQT(t)fHLq(M) < Ct_lﬂfHLq(M)a HVQT(t)fHLq(M) < C|fllpa)-

Thus, by real interpolation method and the fact that 9,7 (¢t)f = —AT'(¢)f, we have
| 10T ) < ClEl g a1 0000,

Let Dy g(RY) = (Ly(RY), D(A))1_1/pp- Note that Dy 4(RY) € J,(RY) N Bely/P/(RY). More-
over, if v € J,(RY) N Bi(lfl/p)(]Rf) and the trace D(V)n|aRf exists, then v € D, ,(RY). If

v e J(RY)N Bg’(p}_l/p) (RY) but the trace D(")“‘aRf does not exist, then v € D, ,(RY).
Summing up, we have obtained

Theorem 30. Let 1 < p,q < . Let F, Gaiv , G and H satisfy the conditions:
F S LP(R’ Lq(Rf)N)a CTYdiv € LP(Ra qu (R—sj\—[)) N Wpl/Q(Rv LQ(R—&A—[) )
G € W, (R, Ly(RY)N), H € LR, Wy (RY)N) n W, /2(R, Ly(RY)Y).

2

Moreover, initial data a € Bq%_l/p) (Rf) satisfies the compatibility conditions:

a—Gli—o € Jy(RY), (D(a)n — (D(a)n,n)n — (H|= — (H|;=0, n)n))|pey = 0.

Here, the second condition should not be satisfied if the trace does not exist. Then, problem (71)
admits unique solutions u and q such that

dpa, 0;0ku € Lp((0,00), Lq(Rf)N)a Va € Ly((0, 00), Lq(Rf)N)
for j,k=1,...,N as well as

1000, 90 9Dl 0o raen + om0 10Dl

< Clllall gza-1m gy + 1 (F, 0 G, VGaiy, VR 1y + (Gaiv s Bl 1 y)y)-
Theorem 31. Let1 < p,q <oo andy > 0. Let F, Ggiv , G and H satisfy the conditions:
e 'F € L(R, LRY)Y), e MGai € Lp(R, WERY)) nW/2(R, Ly(RY)),
e G e Wp(R,Ly(RY)Y), "H € LR, WHRY)N) n WYA(R, Ly (RY)N).

2

Moreover, initial data a € Bq,(,}_l/p) (RY) satisfies the compatibility conditions:

a— Glio € J,(RY), (D(a)n— (D(a)n,n)n — (Hli—o — (H|i—o, m)n) yzy = 0.

Here, the second condition should not be satisfied if the trace does not exist. Then, problem (71)
admits unique solutions u and q such that

e Mu € Ly((0, 00), WHREY)Y) N W, ((0,00), Ly(RY)Y), e Vg € Ly((0,00), Le(RY)™Y),
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as well as

le™" Dy, VQ)HLP ((0,00),Lq(RY)) +le” VUHLP ((0,00), W2([RN))+ sup e u(- ¢ )||Bz(1—1/p)(RN)
te(0,00) P +

< C(||a||B§§;_1/p> + leT(F, 8:G, VGaiy , VH)| L, & L,&Y))

+ e (Gaiv

(RY)
)H UQ(RL RN)))

3.6. Global well-posedness of equations (52). In this subsection, we shall prove the global
well-posedness of equations (52) with small initial data. Since Lagrange transformation (53) gives
a C! diffeomorphism under the assumption (54) as a solution u exists, instead of equations (52)
we shall prove the global well-posedness of equations (58) for small initial data. In fact, we have
the following theorem

Theorem 32. Let N > 3. Let qy, g1 and g2 be exponents such that

N 51 _5 1+1+0 1

where 0 is a small positive number. Then, there exist an exponent p > 2 and a small constant
o > 0 such that if initial data a € ﬂ?: Bq7(,1p 1/p) (RN) satisfying the compatibility conditions:

diva=0 inRY, uD(a)ny— (uD(a)ng,ng)ng =0 on RY,

then problem (58) admits unique solutions u and q such that

uc m (RN) ) N WI}((O’ OO), Lqi(Rf)N))7

Va e ﬂ Lp((0,00), Lg, (RY)™),
1=0

as well as

HatuHL,,((o,oo),LqO(Rf)) + ”VQUHL,,((O,OQ),L%(R%)
2
+> I+ 100l 1, ((0,00),L4, (22)) T 11+ OVl L (0,001, 23 < Co
i=1
for some constant C independent of o > 0.

Remark 33. In the exterior domain case, the global well-posdeness was proved in Shiata’s
lecture note [30].

The free boundary problem in the half-space was proved by Oishi and Shibata [24] when
N > 3. The proof of theorem presented here is slightly modified thanks to discussion with
Piotr Mucha and Tomasz Piasecki, Warsaw University [26]. The essential point is to use the
homogeneous spaces unlike Oishi and Shibata [24].

As is well-known, one of important points to prove the global well-posedness for small initial
data is to show some suitable decay estimate for the linearized equations. Namely, for some
large exponent r for the time variable, we can show that

H(l + t)atuHLr((l,OO)qug(Rﬁ)) -+ H(l + t)vzu”L%((l,oo),L@ (Rf))
< O+ )(F, G, VGaiv s VE) 1, & 1, (e, @) T 1+ DGl g £, AL, @)
I+ )Gaiv Bl g 1, ~r,, @)
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11+ 0l L, (1,00, L w30 + 1A+ OV L, (1,000, 2,, @Y))
< O+ )(F, G, VGaiv s VE) 1, % L1, @) T 1+ DGl g £, 0L, @)

+ 11+ t)(Gaiv , H)|| 1/2(R,Lq0nqu(M>>)'

To obtain these estimates, we consider the equations satisfying tu which reads as
9y (tu) — Div (uD(tu) — (tq)I) = u+tF  in RY x R,
(110) div (tu) = tGgiy = div (tG)  in RY xR,
(uD(tu) — (tq)I)n = tHny on ORY x R
By using Theorem 18 and Weis’s operator valued Fourier multiplier theorem, we have
2
”tatu”LT(R,Lq(Rf)) + [tV u||LT(R,Lq(R§))
< Crb(Hu”LT(]R Lq(RY)) + It(F, VGaiv VH)HLT R,Lq(RY))
110G 1, (L mY)) + 1E(Gaiv s H)[[ 5, LR Ly ®Y))"
Thus, the point is to estimate HuHLT(RLq(R%).
A known idea to estimate this term is to use the homogeneous parabolic type embeddings. In
the inhomogeneous case, such embeddings have been used in many cases, for example Solonnikov

[33]. But, here we give a different method based on our spectral analysis given in Theorem 18.
To this end, we use the following Sobolev’s imbedding theorem.

Lemma 34. Let 1 <p<g<oo ands=N(1/p—1/q) <1. Then,
£l L,y < CIUAL e VAL, @2y

Proof. Inthe RY case, this lemma is known as Gagliardo-Nirenberg’s inequality, cf. [34, Theorem
3.3]. For the proof in the s = 1, refer to [34, Lemma 3.7]. When 0 < s < 1, we shall give a proof
based on the L,-L, estimates of heat kernel.

Let H(t)f = f]RN — ) f(y) dy, where E(t) = (4mt)N/2e~121>/(4) " This gives a solution
of the heat equation:

(111) (O —Au=0 inRY, wulig=7F
for u = H(t)f. As we know well, there hold

(112) I H @) fll L, @y < Ct—3<5_5> I £1l L, r~)s

IVH® @ < 02 67D f1l, @,
We write

t

f=Hf - / 0, H(r)f dr

0

Since 0;H(7)f = AH(7)f = VH(7)(Vf), by (112) and (??) we have
t
11l ) < I o, + / IVH @) (V) @ dr
N(1_1 t 1 N(1_1

(113) <o Gl am /0 o 1 a7 TR

<ot G| fll @ + 26 T G 9 ).
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1 1_1

_N(1_1 N
We choose t > 0 in such a way that ¢ 2 (P ‘1>HfHLp(RN) = tat 2 (P ‘1)||VfHLp(RN), and so
t= (HfHLp(RB)/HVfHLp(RN)>2. Inserting this relation into (113) gives

N(1

(=N (L1_1
1l < CU @ NIV Fll @)™ F 68 £l @y

V(i)

1—
= [I71, Rz(vp Q)HVfHL gV -
a(RY) p(RY)

1 1

When f is define on Rf , then applying Lemma 34 to the even extension of f implies the required
estimate. This completes the proof of Lemma 34. Il

Let S(\) and P(A) be solution operators given in Theorem 18, and set
u=LSNLIF], a= L7 [P(N)LIF]]

with F = (F,AY2Gq, , VGaiy ,0:G, AY?H, VH), where AY2f = £71[A\/2£[f]]. Then, u and
p are unique solutions of equations (71). Let F' = L[F]. Let I" be a contour in C defined by
=T, UT_and Ty = {\=7re™9) | 0 <r < o0} (A € %,). First, we consider the case where
F' is independent of A, and set U(¢t)F = L[S(\)F](t). Since ||5()‘)F||Lq(Rﬂ) < Tb|)‘|_1HF”Lq(Rf)
for any A € ¥, as follows from Theorem 18, we have

1

Ut F=—
WF=5 |

MS(NF A\ fort>0, U@)F=0 (t<D0).
Write A = re*(™=9) and then Re A = v — rcose and || > sin(e/2)(y + 7). By Lemma 34 and
Theorem 18,

ISVF N L,y < CISNEIL Gem ISP gy < Cry A 72| Fl| ey,

for s=N(1/p—1/q) <1 with 1 <p < g < co. Thus,

1 > —cosert (; -
TPl ey < 2O [~ e sinle2) -+ 1) drll Pl ey

e'yt " [e%e] ’ /2
< —143 —cosel p—s
< Crp—t o /0 e 5 AU F | g ey

for ¢ > 1. Since this inequality holds for any v > 0, we have
_%G_;)
IUCOF L@y < Crot 232 O |[FllL gy

When 0 < t < 1, using the estimate: HS()‘)FHL‘Z(Rf) < Tb|/\|_1||FHLq(Rf) and the well-known
argument in the theory of analytic semigroup theory, we have

IUCOF L@y < CIF L, @y)-

Therefore, for t > 0 we have

1

_N(1_1
(114) IUOF ey < 1+ G R gy + 11, @)

Since U(t)F = 0 for t < 0, we have (114) for all ¢t € R\ {0}.
Now, we consider F' = L[F], and then

ul- 1) = /R Ut — 0)F(0) d = / - 0 F@ L.

—0o0
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Thus, choosing r in such a way that 7“% (% — %) > 1, by Minkowski’s integral inequality

HUHLT(O,oo),Lq(Rﬁ))

[ 0= 07O oy ae} )"

o0 o0 , 1/r
g/ {/g JUE = OF @O gy, dt} e

1

- oo 00 —ﬂ<l—7>r , 1/r
<o [ {[ arn FE AR Ol my + 1IFC O ) at) e
<C [ (1Ol + 17Ol ey de

! 1/7J
<[ a+07" a) " U0+ 0 mp, )+ 10+ O 20,220
with F = (F, A2G g, VGaiv , 0:G, AV/2H, VH). In this way, we can show that

11+ ), V2)ull 1, 0,00, Ly (22))
< Clllall 2a-1m gy + 11+ OF, VGaiv, VH| 1, g, 1, (@302, RY))

A+ DGl @ L, @y)nz,@yy + 10+ O Gaw, Dy g 1 @yynz,@y)
with large r with #(N/2)(1/p—1/q) > 1 for 1 < p < ¢ < 0.

4. FREE BOUNDARY PROBLEM FOR THE NAVIER-STOKES EQUATIONS IN THE L; - BESOV
SPACES MAXIMAL REGULARITY FRAMEWORK

4.1. L; - Besov spaces maximal regularity for the Stokes equations with free bound-
ary conditions. In this subsection, we discuss free boundary problem (58) in the L; in time

and B‘q"’,l(Rf ) in space framework. Here and in the sequel, B; . stands for the inhomogeneous

Besov space By, or the homogeneous Besov space BS,T- To obtain the maximal L in space and
Besov in space regularity, there is no difference in technical issues between the homogeneous
Besov space case and the inhomogeneous Besov space case, and so we write B . to denote both
of B;, and Bg}r at the same time. The discussion in this section deeply depends on my joint
work with Keiichi Watanabe, [32]. Let

Byt (RY) = {f € B ,(RY) | Vf € B, (RY)N},
Bi2RY) = {f € By (RY) | Vf € B (RN, V2f e BS, (RY)N'},

BHL(RY) = {f|3ge Bt (RY) such that Vg € 8271(RN), suppg C @, g|R$ =f}

q7T70 q,T,lOC

Remark 35. When —1+1/g < s < 1/q, then s+1 > 1/q. Thus, for f € E;;})(Rf), f|aR_1§ =0.

To prove the L; - By ; maximal regularity of linear problem (71), in view of Theorem 16, it is
sufficient to prove some estimates, given in Theorem 36 below, for the corresponding generalized
resolvent problem (72). Namely, the main point of our proof of L;1-B; | maximal regularity is to
prove the following theorem.

Theorem 36. Let 1 < g < oo, —14+1/¢g<s<1/q and~y > 0. Let v = 0 when BS;@W) =
Bg}l(Rf) and let v, = v when B;’I(Rf) = B;l(Rf). Then, there exist operator families S(\)
and P(X) with

S(A) € Hol (Y + v, L(Bg1 (RY)M™, B (RT)Y)),

P(A) € Hol (Zc + v, L(B5 1 (RI)MY, B2 (RY)M))
32
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such that for any A\ € Y+ v and f € Bg(Rﬁ)N, Jaiv € BZjI(RJX), g € BZJ(Rf)N, and
l} € ngl(Rf)N, problem (72) admits unique solutions u € BSIQ(Rf)N and p € ngl(Rf) +
B (RY) with u = S(A)F and Vp = P(VF, where F = (£, \2g4y , Vgaiv , Ag, A1/*h, Vh), as
well as

II(A, )‘1/2V7Vg)S(A)FHBS,1(Rf) < Cb”FHBfLI(Rf)?

(116)
VP Fllgs |y < Coll Fllss , mryy

for any \ € X+ v,. Here and in the sequel, we write V% = V? when By, = B;’l and Vg = V?
when By, = By 1, and Cy, denotes general constants which is independent of v when B ; = 32,1
and depends on v > 0 when B;;’l(Rf) = B§71(Rf).

Moreover, let o > 0 be a small positive number such that —14+1/¢ < s—o <s<s+o<1/q.
Then, for any A € X¢ + Y3, there hold

[N2, V2SO Flgy ey < ColM ™2 1F sy )

(117) .
IVPN)El s ) = Col A2 [l gsto vy

provided F € BZjo(Rf) NB;,(RY), as well as

I(A2v, VOASNFllgs @) < Cb’/\\_(l_f)HFHB;;’(M)v

(118) —(1-2)
||V8)\77()\)FHB;’1(R$) < GylA| 2 HFHBZ;U(Rf)

provided F € B;E”(Rf) NBs (RY).
Following the argument in Subsection 2.3 and using Theorem 36, we have the following L1-5;

maximal regularity theorem for equations (71).

Theorem 37. Let 1 < ¢ < o0 and —1+ 1/q < s < 1/q. Then, we have the following two
mazimal regularity theorem as follows:

(1) (Inhomogeneous Besov space case) Lety > 0. Let F, Gaiy , G, H and a be data for equations
(71) such that

e € Li(R, By, (RY)Y), ¢ "Gaw € Li(R, BT (RY) n W, (R, B, (RY)),

e "G e WH(R, By, (RV)N), e "H € Ly(R, BITH(RY)) n qu’/f(R, B (RN,
as well as a € B(‘;J(Rf)N satisfies the compatibility conditions: div (a — Gli=9) = 0 in Rﬂy.
Then, problem (71) admits unique solutions u and q such that

e € L((0,50), BEE2®Y)N) 1 W (0, 00), By, (RY)Y),
eV € L (0, 50), By (RY)Y)

as well as

—t —t —yt

le™ll 1, (0,000, B2 42 @A) + €7 eutll 1, (0,00, B3, @) + €™Vl (0,00, B3, @Y)™))
< C(llallps , my) + le”"(F,0,G, VGaiy , VB[, @5, ®Y))

it
+ |le™” (GdivaH)HW11/2(R,B;1(Rf)))'

(2) (Homogeneous Besov space case ) Let F, Gaiy , G, H and a be data for equations (71) such
that

s s - 1/9 s
Fe Ll(R7 Bq,l(Rﬁ)N% Gaiv € Ll(R7 qul(Rf)) N Wq,/l (R’ Bq,l(Rf))v
. s s - 1/9 s
Ge Wll(]R7 Bq,l(Rf)N)v He Ll(Rv qul(Rf)N) N Wq,{ (R, Bq,l(RJi)N%
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as well as a € Bg’l(Rf)N satisfies the compatibility conditions: div(a — Gli—) = 0 in RY.
Then, problem (71) admits unique solutions u and q such that
u, 9500, Vg € Li((0,00), By 1 (RY)Y),  we BO([0,00), By (RY)™Y),
1290 € Loo((0,00), B (RY)Y)
for 3,k =,...,N, as well as there holds
I|(Opu, V2u Vaq)|l < mvy + osup [u( )l @iy - osup E2Vul, 6] g gy
L1((0,00),B5 1 (RY)) te(0,00) By 1 (RY)) re(0.00) B (RY)

< C(HaHBgJ(Rf) + ||(F?8tG7 vGdiv ) VH)HLl(R,B;J(Rf)) + H(Gdiv ’H)HWE/Q(R,B;J(R%))'

Idea of my proof of Theorem 36. Since my proof is based on interpolation theorems and
since my method seems to be applicable to prove the L; - 5; ; maximal regularity in many initial
boudary value problems for the system of parabolic or hyperbolic-parabolic equations appearing
in mathematical physics, I will focus on how to use the interpolation results.

We assume that 1 < ¢ <ooand —1+1/¢g<s<1/q. B ; is taken as a basic space, and the

reason is only that C§°(€) is dense in By ,(Q2) for Q € {RY,RY}. In the sequel, T(A) denotes

one of AS(A), A/2VS()\). Analytic evaluation of operators is only initial evaluation in H, RY).
In the sequel, we write

Hy(RY) = {f € S'®Y) | If | gy = IF A+ [P 2FUUON 1, ey < 00},
H(RY) = {f € S®Y)/PRY) | |l g vy = IIF I FUUON £y @) < 00}
Here, P(R") denotes the set of all polynomials on R". Note that H}(RY) = W, (R") and
H(}(RN) = {f € Lyoc®RY) | Vf € Ly(RM)N}/{constants}. Here, {-}/{constants} means
that if Vf =0, then f = 0 as a member of {-}. Note that HJ(RY) = (Ly(RY), H}(R))q) for
€ (0,1), where (-, )[4 stands for complex interpolation functors.
Let
Hy(RY) = {f | 3g € Hg(RY) such that glpy = f},
1F Il vy = nf{llgllg ) | 9 € Hg (RY) such that glgy = f}.

We see that HZ(RY) = (Lg(RY), Hi(RY))q) for o € (0,1). Moreover, H} (RY) = W (RY) and
HIRY) ={f € Lgioc(RY) | Vf € Ly(RY)N} /{constants}.

We denote that HS(Q) = H(Q) when B (Q) = B (Q) and HS(Q) = HX(Q) when

a1(Q) = B;)l(Q), where Q € {RV RY}. Let Hgﬁo(Rf) denotes the closure of C§°(RY) in
Hi(EY).

We use the following results concerning the real and complex interpolations.

Proposition 38. Let 1 < ¢ < oo and ¢ = q/(q—1). Let Q € {]RN,Rf}. Then, the following
assertions are valid.

(1) For1<r <oo and —o0 < s < 00, it follows that (H;(RN))’ _S(RN) (Hyo(R M)y =
iy ) o |

(2) Eor —d/qd < s < d/q, it follows that (H;(Rf))’ = Hq_,i](Rf) and (H;O(Rf))’ =
i (BY).

(3) Let 1 < qo,q1,70,71,7 < 00, —00 < 80,81 < 00, Sg # 81, and 0 < @ < 1. Let s and q be
defined by s = (1 —6)sg 4+ 0s1 and 1/qg= (1 —0)/qo +0/q1. Then, there hold

(119) (Hg* (), Hg' (2))o,r = By (),
(120) (Bgire (1); Bgir, (2))o.r = By (1),
(121) [Hgo (2), Hgt (2)]g = Hg(?)
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If so, s1, and s satisfy additionally s; > —1+1/q;, j € {0,1}, and s < d/q ( or
s<d/q ifr=1), then there hold

(122) (H(Q), H3 (Q))g, = B, (),
(123) (B3, (), B ()g.r = Bj (),
(124) [H0(Q), HE ()] = HE ().

with s := (1 —0)so+0s1 and 1/g=(1—10)/q0 + 0/q1.
(4) For 1 < q1 < qo < o0 and1l <r <rg<oo, and s € R, it follows that BS

stHd(L—1)

B(h,ﬁql “ (Q)

Q) «

q0, 7"0(

Roughly speaking, the idea of my proof of Theorem 36 is the following: Below, we assume
that 1 <g¢<ooand —1+4+1/¢<s<1/q.
(1) When 0 < s < 1/q, the starting evaluation is done in . Then, using the complex
interpolation to obtain the estimates in HY (0 < p < 1/g). Finally, by real interpolation, we
arrive at the estimates in B ;.
(2) When —1 + 1/g < s < 0. First, we consider the dual operator and we evaluate it in Hcll,.
Secondly, we use the complex interpolation to obtain the estimates of dual operators in ”Hg,
(0 <p<1/¢=1-1/q). Thirdly, by the duality argument, we obtain the estimates in H,".
Finally, by real interpolation, we arrive at the estimates in By ;
(3) The esitmates in 82,1 follows from the real interpolations between By | and B, 7

First, we consider the case 0 < s < 1/q. We assume that
Assumption 4.1. Let 1 < ¢ < co and v > 0. We assume that the starting evaluations hold as
follows:

For any f € C’(‘)’O(Rf ) and A € X, + 7, the following estimates hold:

(125) ITO) gy < Coll sy

(126) ITON gy mx) < Collf ey
(127) ITOV ey < CoA 2 g
(128) IONT () gy < ColAI g ey
(129)

(130)

129 HaAT()\)fHLq(Rf) < Go|A[™ 1”fHLq(Rf)7

130 IOXT (N F gy vy < ColAI 21 F L, ).

Here and in the sequel, v = 0 when Hy = Ha and 7, = 7 > 0 when Hg = HZ, and Cj, is a
condtant independent of v when Hy = H 7 and depending on v when Hg = HZ'. Then, we have

Proposition 39. We assume that Assumption 4.1 above holds. Let q and v be the same as
in Assumption 1. Let 1 < r < oo. Let 0 < s < 1/q and let o > 0 be numbers such that
0<s—o<s<s+o<1l/q. Then, for any A\ € X+ and f € CSO(R“QY), there hold

(131) HT(A)JC”B;T(RI) < CbeHBgﬁT(Rf)’
(132) 1T flls;, @3y < ColA™2 1l gt vy
(133) 13T (N Iy, ) < CoIA™ 2 Fll g -

Here and in the sequel, v, = 0 when By | = 35,1 and v, = v > 0 when By = By | and Gy is a
condtant independent of v when 8571 = B;,l and depending on v when Bq’l = qu

Proof. Below, we always assume that f € Cgo(Rf ) and A € B¢ + 9. Choose p and 1/ in such
a way that 0 < s < s+ 0 < p/ < pu < 1/q. Estimates (125), (126), ande (127) are interpolated
35



with complex interpolation method to obtain

(134) TN L@y < Coll fllz, @y,

(135) 1Tl rryy < Coll fllagee gy

(136) HT(A)JC”HQ‘/(Rf) < CbeHHg'(Ry)’
(137) TN f Ly vy < Cb’)\’_“/sz”Hg‘(Rf)

By interpolating (134) and (135) with real interpolation method,

(138) TN fllss, ) < Collfllss, my)-

Choosing 0 = s/u' and setting A = p(1 — s/u’), by (136) and (137) wtih real interpolation
method,

_A
(139) 1T Ny, myy < ColA™2 1 fllggea gy

Now, we choose p and p/ in such a way that s < s + 0 < s+ A, that is, we choose p and p’ in
such a way that o/u+s/p/ <1 and s+ 0 < ¢/ < p < 1/q. Thus, choosing 6 € (0,1) in such a
way that s + 0 = (1 —6)s+ 0(s + A), that is, § = 0 /A, by (138) and (139) we have

(140) ITO) sy ) < ColA 5 s

Therefore, we have (131) and (132)
Now, we shall prove (133). Let p be a number such that 0 < s < s+0 < u < 1/q. Combining

(128) and (129), and (128) and (130) with complex interpolation method, implies that
(141) INTOVS Ly < CoA I ey

(142) 1ONT (M) f [l vy < Cb’)\’_1||f||9{g‘(R$),

(143) 1Tl iy < CoA™O B[ £, -

Combining (141) and (142) with real interpolation method yields
(144) 1ONT (M) fll 55, (mivy < Cb’)‘rleHBgyr(Rf)'

Now, choosing p’ and 6 in such a way that 0 < ¢/ < pand 0 = ¢//p € (0,1) and combining
(142) and (143) with complex interpolation, we have

—(1=(1/2)(u=p")
(145) JONT () gy < ColA=O=CGD g
as follows from 0 + (1 — p/2)(1 —0) =1 — (u/2)(1 = 0) =1 - §5(1 = £5) =1 — (1/2)(n — 1').
Next, we will combine (141) and (145) with real interpolation method for s = 6u, Namely,
we choose 0 = s/p € (0,1) and so O’ = (' /p)s,

0 s
(1= (/2= + (A =0) =1-S(p—p)=(1- @(M — 1))
Thus, we have
(146) AT F s, =y < ColA™ 2D g
’ B (RY)

Finally, we will combine (144) and (146) with real interpolation method. We choose 0 < p/ <
in such a way that (u//p)s < s—o < s, thatis 0 < p/ < (1 — g),u. And, we choose 6 € (0,1)
s
in such a way that s —o = (1 —0)s + 0(¢/'/p)s, that is § = 0 /A with A = s(1 — p//p). In this
case, we have

(=) +0(1— S —p)) = 1= 50 =0 =137 =1 -



Thus, by (144) and (146), we have
(147) 1ONT (M) fllss vy < Cb’)\r(l*%)HfHB;;;U(M)'

Therefore, we have proved Proposition 39. [l

Next, we consider the case where =1+ 1/¢ < s < 0, thatis 0 < |s| <1 —-1/¢ =1/¢". We
assume the existence of dual operators T'(A)* and 9 T'(A)* such that
Assumption 4.2. Let 1 < ¢ < o0, ¢ = ¢q/(¢—1) and v > 0. For any ¢ € Cgo(Rf) and
A € ¥¢ + 7, there hold

(143) 1T el @) < Collelr, @y,

(149) HT(/\)*QOH’H}],(]Rﬁ) < CbH‘P”H;,(Rﬁ),

(150) TN ¢l @y < Cb|)‘|_1/2|‘90||7{}1/(]1§f)7
(151) AT A ellr, myy < Cb|)\|_1||<ﬂ||Lq,(M),
(152) ||5AT()\)*<P”H;,(M) = Cb|)\|_1||<P||H;,(M),
(153) 13T @l @y < ColAI 210l ey

Here, the dual operators means that for any f, ¢ € C5° and A € ¥, 4 v, there hold

(TNl = 1(LTN) ) (O NS, 0l = [(f, 0T (A) )]
where (a,b) = fRﬁ a(x)b(x) dz. Note that we do not take the complex conjugate to define the
dual operator in order not to consider the operator for parameter .

We shall prove the following proposition.

Proposition 40. We assume that Assumption 4.2 above holds. Let q and ~ be the same as in
Assumption 2. Let 1 < r < oco. Let =1+ 1/q < s < 0 and let 0 > 0 be a number such that
~1+1/g<s—o<s<s+o<0. Then, for any A € X+ and f € C(RY), there hold

(154) 1T Nl ey < Coll sy,
(155) ITO) Sl ey < CoA™E 1 sy oy
(156) [05T ) £l vy < CoA™ O DIl g

Proof. Since —1+1/q < s <0, we have 0 < [s|] <1—1/g =1/q¢. Let u, i/ and o be positive
number such that

(157) O<pu <l|s|—o<|s|<pu<1/q.

In the same manner as in the proof of Proposition 39, using the complex interpolation method,
by (148), (149), and (150), we have

HT()‘)*QDHL(]/(Rf) < Cb”SDHLq,(Rﬁ)a
HT()\)*SOHH;‘,(Rf) < Cb”SOHHZ,(Rﬁ)a
T g, < Ol ey

TN ¢llL, @y < Cb\/\!_“/ZIISOIIHZ,(M)-
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By the duality argument, we have

(158) TN Ly < Coll Fllz, @),
(159) IIT( )fIIH nEY) < CbIIfIIH BN
(161) IIT(A)fIIH;u(M) < cbw“/?nfqu(Rg)

In fact, note that Hy " (RY) = (’Hf;, o(RY))*. For any f and ¢ € Cg°(RY), by the dual argument
we have

(TN o)l = (/TN )l
< Mg ey 1T A llger, ey
< Mg ey Coll el iy
which implies (159). Likewise, we have (160) and (158). And also,
(TN o)l = (LT )l
<l @ ITOY ¢l oy
< HfHLq(Rf)Cb\)\’_WQHSOHH:,(RN)

which imples (161).
Now, we shall prove (154) and (155) in Proposition 40. Combining (158) and (159) with real
interpolation method, we have

(162) ||T(A)fHB;»|,—S|(RiY) S CbeHB;LS‘(Rf)’

which shows (154).
Next, recall that 0 < ¢/ < |s| — o < |s| < u < 1/¢’ as follows from (157). Choose 6 € (0,1) in

= |s| g, '
—. Combining (160) and (161) with

such a way that —|s| = —u(1 — 6) — 16, that is § =

real interpolation method implies that
_KE1—
||T()\)f”B;LS|(]R$) < Cb|>\| 2(1 G)HfHB((L—T#/)@’

Therefore, we have

(163) 1Tl o1 gy < A ERT ||f|\ _ulamlsh) -
qu p—p!
Since 0 < ¢/ < |s| —o and 0 < p — |s| < u — p/, we have
/ J—
—|s] < —|s|+0 < —M.
—p
Choose 6 € (0,1) in such a way that
(e —1sl)
sl + 0 = (1= )(Jsl) + oL D,

p—
Combining (162) and (163) with real interpolation method implies that
\—;'
HT( )fHB*‘ \ RN < Cb‘)\‘ HfHB s |+U(RN)'
(u—p)o
plls) = ')

Inserting 6 = , we have

||T( )fHB Bl RN) Cb||)\| 2 ||f||B [s|+o RN)
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which shows(155).
Now, we shall show (156). Combining (151), (152) and (153) with complex interpolation
method for |s| < p,p/ <1—1/q=1/¢, we have

(164) 15T @l @y < CoN el .
(165) IONT(A) @ llger, ) < Cb‘)‘rlHSOHHZ,(Rf)’
(166) 1Tl gy < ColA ™ el gy
(167) IONT ()" @llag, iy < ClINT el -
Thus, by the dual argument we have

(168) 1ONT (M) fll . mivy < Cb‘)\’_l”fHLq(Rf)a

(169) IONT ) oy < CoN 1 gy
(170) 1O\ )l vy < ColA Ml
(171) [T ) 1|,y < ColA™ 1 1l -

Noting that —1 +1/¢ < —pu < —|s| < 0 and combining (168) and (169) with real interpolation
method implies

—1

Choosing 6 € (0,1) in such a way that |s| = p/'0 and combining (170) and (171) with real
interpolation method, we have

HaAT()‘)fHB;LS‘(M) < CIAT N A s, vy

Here,
f [ ||
= 60-(1-01-S)=-1+2a0-2
a=—0-(1-01-5 = -1+50-2)
|s| |s| |s| |s|

= =0 = 1= 0) = =5} = (1= ) = s = 1 =5 = ~(Is|+ 1= 2)

Thus, we have obtained
(-l
(173) ||8AT(>\)f||B;|TS|(R$) < Cb’)\| (1-5( w ))HfH _(|S|+M(1_Li))) i
By, (REY)
Now, we choose y/ € (0,1) in such a way that
5]
—[s] > —[s[ —o > —[s] — p(1 - ?),
that is
(174) Ml 11y,
w—0o

Since o > 0 may be chosen so small that u/(u — o) is very close to 1, we can choose p/ in such
a way that |s| < ¢/ and (174) holds.
We choose 6 € (0,1) in such a way that

—|s] —o = —|s]0 — (|s —S—| -
5] 516 = (ls + (1 = Z) (1 = 6).

/
Combining (172) and (173) with real interpolation method implies that

—d
||6>\T()\)f”8(;|7‘5|(R$) S C’|)\| ||f||B;LS‘_U(R$)’
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where "
I s
d=20 1-001-=1--—-)=1-
ra-oa-fa- ")

o] 9

Thus, we have
”8)\T<)\)f||8;‘f‘(R$) < Cb‘)‘yi(lii)HfHB;LSFU(Rf)'

Namely, we have (156), which completes the proof of Proposition 40. O

When s = 0, we have the results for s = +w with very small w > 0. Thus, by real interpolation
method, we have

TN F s, vy < Coll Fllsg, ey
1T fllsg, 2y < ColAI ™21 fllgy )
1ONT (M) fllgo, (myy < Cb|)\\7(175)\|f||3;g(]&$)

provided that Assumption 1 and Assumption 2 hold.
Summing up, we have obtained the following theorem.

Theorem 41. Let 1 < g<oo,1<r<oo, —-1+1/g<s<1/q, and e € (0,7/2). Let 0 > 0 be
a small number such that —1+1/qg < s—0 < s < s+o0 < 1/q. Assume that Assumption 4.1
and Assumption 4.2 hold. Let §) € {RN,Rf}. Then, we have the following two assertions:

(1) For any f € C§°(2) and X € X, there hold

ITNfll s @) < Clflls: @)
1Tl ss @) < CINT 21l 3240 ()
. _1_2 >
1NN fll g @) < CINT 21 527 @)

for some constant C.
(2) Let v > 0. For any f € C3°(Q2) and X € ¥¢ + ~, there hold

HT()‘)fHB;l(Q) < C’ny”B;l(Q),
||T()\)f||33,1(9) =< C’Y|/\|_%||f||B;jU(Q)a
Ha}‘T()\>f”B§,1(Q) < CW’/\rli%HfHBgEU(Q)

for some constant C, depending on -.

Applying Theorem 41 to (A, A\1/2V, V2)S()\) and VP()), we have Theorem 36 when B; () =
B;I(Q) and 4, = 0. And, applying Theorem 41 to (A, A/2V,V?)S()\) and VP()), we have
Theorem 36 when B ;(©2) = B, ,(Q) and v =7 >0
4.2. Free boundary problems in the Ll—BgJ(Rf ) maximal regularity framework. In
this subsection, first I consider equations (58), and I will state the global well-posedness for
small initial data and the local well-posedness for large initial data. In the small data case, the
proof relies on the linear theory, namely the unique existence theory follows from the Banach
fixed point theore in the framework of the L;- ;71(Rf ) maximal regularity theory for the Stokes
equations with free boundary conditions (71). But, for large initial data, even for the local
well-posedness we need some idea to treat the nonlinear terms H(u) because we have to use the
non-local norm ”H(u)HWf/Q(R,B;J(JRf))‘

First, I would like to mention our theorem obtained in [32].

Theorem 42 (Local well-posedness). Let N —1 < ¢ < N and -1+ N/q < s < 1/q. Let

ac B;J(Rf) be initial data which satisfies the compatibility condition: diva = 0 in Rf. Then,
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there exists time T > 0 depending on a such that problem fbp.2 admits unique solutions u and
q with
uc Ll((07 T)a B;#lQ(Rf)N) N Wll((oa T)v ;,1(RJ—Q\—7)N)

satisfying the estimate:

lallz, o0.1), 82 2@y + 10l om),5;, @Y = Cllallsg  wy)-
Theorem 43 (Global well-posedness). Let N — 1 < ¢ < 2N and s = -1+ N/q. Then,
there exists a small constant co > 0 such that for any initial data a € Bg,l(Rf ) satisfying the
compatibility condition diva = 0 in ]Rf and the smallness condition: ”aHle(Rﬁ) < ¢, then

q,
problem (58) admits unique solutions u and q with
Ou, 9;0ku, Vq € Li((0,00), By (RY))Y)

for j,k=1,..., N satisfying the estimate:

100, 72, V), 0.0 5, + 500 10D, e, < Ceo

where C' is some constant independent of cg.

We now consider problem (52). Let T, = T' < oo when B, = B, ; and T}, = co when B ; =
B;;,l. We know existence of solutions u and q for equations (58) with Lagrange coordinates and
uc Ll((O>Tb)aB;,—i1—2(R£)N) oru c BC((OaTb)a 2,1(R+]Y)N) and Vu € Ll((ova)a Z,l(R]—i\j)N?’)?

thus the Lagrange map:
t
z=Xu(y,t) = y+/ u(y, ) d¢
0

is C! diffeomorphism from RY onto Q, where @ = {z = Xyu(y,t) | y € RY}. Moreover, we
know the smallness condition (56) holds, and so there exists an inverse map: y = X, !(x,t) for
each t € (0,T). For any function F € Bgyl(Rf), 1<qg<oo,s€ (—min(N/q, N/q"),N/q), it
follows from the chain rulde that
170 X5 15z @ < ClIElLs: @)
with some constant C' > 0. Setting v(x,t) = u(Xu(z,t),t), we see that v € BC in time
with value in B, (€) and 8;0,v € L1((0,T3), B (). In fact, setting Ay = (V,Xy) " and
Al = (A1), we have
N

Or,00v = > (4300, (A By, 0)) 0 X3, Gk =10, N,
00=1

Moreover, for the time derivative of v, we have
o = (Om) 0 X5 = ((u- X - Vv,

From these observations and Theorems 42 and 43, we have the theorems for problem (52) as
follows.

Theorem 44 (Local well-posedness). Let N —1 < ¢ < N and -1+ N/q < s < 1/q. Let
ac Bg’l(Rf) be initial data which satisfies the compatibility condition: diva =0 in ]Rﬂy. Then,
there exists time T > 0 depending on a such that problem 52 admits unique solutions v and p
with

ve BN, ove B ()Y, Vpe B ()Y
for each t € (0,T) which satisfy the estimate:

T
/O 1(V2v, 00v, VD) (1)l 3 , () At < Cllallgy | er)-
41



Theorem 45 (Global well-posedness). Let N —1 < g < 2N and s = —1 + N/q. Then,
there exists a small constant co > 0 such that for any initial data a € B;’l(Rf) satisfying the
compatibility condition diva = 0 in RY and the smallness condition: ||a||le(Rf) < ¢q, then
q,
problem (58) admits unique solutions v and p with
8tv, ajﬁkv, Vp S B;’I(Qt))N
forj,k=1,...,N and t € (0,00) which satisfy the estimate:
[ee]
2
| 10w, 72 900 e st s VDl 0 < Co
where C' is some constant independent of cq.

Concerning the proof, one of the points is the following propositions concerning the products
estimate in the Besov spaces, which was proved in [1] and [18].

Proposition 46. Let 1 < ¢ < ¢ < 0. If s € R satisfies

d d ) 1 1
—— <5< — if —4+— <1,
(175) q1 q1 q q
d d ) 1 1
—— <5< — if —+—>1,
q q1 q q

then for every u € B;I(Rf) and v € Bgl/yqoé(]l%f) N Loo(RY), there holds
(176) HUUHB;I(RQ) < C”uHBg,l(R-‘A—’)HvHBgl/?olo(Rf)ﬁLoo(Rf)'
We introduce propositions to estimate our nonlinear terms expressed by (59).

Proposition 47. Let 1 < q¢ < co. If s € R satisfies

—1+é§s<§ if 1<q<2d,

(177) fl g
—— <5< = if 2d <gq < oo.

q q

then for every u € Bg’l(Rf) and v € Bjﬁq(Rf), there holds

(178) ||UUHB;1(R$) < CHUHB;J(RQ)HUHB;i,/lq(RQY

Proof. First, we consider the case that ¢ < 2. In this case, setting ¢ = ¢ in the second case of
Proposition 46, for s € (—d/q’,d/q), we have

(179) ol @) < Cllullsg a3y 1ol s vy ey

Here, notice that there holds —d/q¢’ < —1+d/q. Since we have Bg,/o% (RY)NLoo (RY) = Bi/lq(Rf)

as follows from Proposition 38, we obtain (178) for the case ¢ < 2. On the other hand, if ¢ > 2,
we choose g1 = ¢ in the first case of Proposition 46. Then for s € (—d/q,d/q) we see that

(180) luvllgy , ®y) < Cllulls; 10l o/ @y @)
When ¢ < 2d, it holds —d/q < —1+ d/q. Thus, noting that Byas(RY) N Loo(RY) <= BYY(RY),

we have (178) provided that 2 < ¢ < 2d. On the other hand, when 2d < ¢ < oo, it holds
—1+4+d/q < —d/q, and hence (178) holds for —d/q < s < 1/q. The proof is complete. O

Proposition 48. Let d —1 < ¢ <d and -1+ d/q < s < 1/q. For every u € B;EI(RJX) and
v e Bjﬁq(Rf) there holds

(181) HUU|’B;31(R§) < CHUHB;’QI(RQ)HvH]ngﬂ(ﬂgf)'
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Proof. We first consider the case ¢ < 2. From the proof of Proposition 47, we have (181) provided
that d — 1 < ¢ < 2 and —d/q¢' < s — 1 < d/q. In addition, we see that 1 —d/q < —1+ d/q
due to d > 2, and hence (181) holds provided that —1 + d/q < s and ¢ < 2. Concerning the
remaining case ¢ > 2, we infer from the proof of Proposition 47 that (181) is valid provided that
—d/q < s—1 < d/q. Since ¢ < d is equivalent to 1 — d/q < —1 + d/q, we obtain the desired
estimate assuming that 2 < ¢ < d and —1+d/q < s. [l

Proposition 49. Let 1 < g < oo. For every u, v € B;{/lq(Rf), there holds

(182> HuvHBi/lq(RﬂY) S CHUHBZG](R_’A_I) HU”B:,/{I(Rﬁ)'

Namely, Bi/lq(]Rf) is a Banach algebra.

Proof. According to [18, Prop. 2.3], there holds

(183) HMHBZT(M) < C(’\u\\B;i/lq(Rf)HU||LO<,(M) + ‘|u||Loo(Rf)"v|’BZﬁq(Rf)

provided that 1 < ¢ < co. By Bi/lq(Rﬂ\rf ) = Loo(RY), we have the desired estimate. O

The following result on composite functions is stated in [18, Prop. 2.4] (cf. [4, Thm. 2.87]).

Proposition 50. Let I C R be open. Let s > 0 and o be the smallest integer such that o > s.
Let F: I — R satisfy F(0) = 0 and F' € WZ,(I). Assume that v € B, (RY) has values in J € I.

Then it holds F(v) € B;T(RJI) and there exists a constant C depending only on s, I, J, and d
such that

(184) IF@)I g, @y < C(1+ 0l @y)) IF lwegmllvlls,, @)
q, + + q, +

To prove Theorems 42 and 43, we use the Banach fixed point argument. Namely, given w,
let u and q be solutions to the linear system of equations:

du — Div (uD(u) — q) = F(w) in RY x (0,7),
(185) divu = Ggiy(u) = divG(w)  in RY x (0,7),
(uD(u) — q)n = H(w)ny on ORY x (0,7),
uli—p = a in Rf,

Noting that F(w), G(w) and H(w) vanish at ¢ = 0, we extend them suitable to R. When initial
data are small, using Theorem 37, we prove the map w — u is a contractive on some underlying
space ‘H when the initial data are small enough. The proof is quite standard.

On the other hand, to prove the local well-posedness, we have to treat the largeness of the
initial data, and so we need some idea. As far as I understand, to prove the local well-posedness
for the large initial data gives us some difficulty usually. At this time, such difficulty of the

proof is due to the fact that we have to estimate HH(W)HW]-l/Q(R,B;l(Rf)), which is non-local.

Thus, instead of using the norm || - HWf”(R,BSI(Rﬁ))’ we use || - ||W11((0’T)’B;_11(R£). Namely, we

use the properties: W} ((0,T), BS1'(RY)) N Li((0,T), B:HRY)) € W/2((0.T), B3, (RY)) =
(L1((0,T), Bs 1 (RY)), W((0,T), Bi 1 (RY))1/9- Then, we have to pay the price to product
estimates (cf. Proposition 48). Namely, the range of s is only —1 + d/q < s < 1/q and
d—1< q<d. Especially, 0 < s < 1/gq. We can not consider problems in non-positive order
spaces unlike the small data case.

The key argument is the following. H(w) has the following form:

H(w) = VWF</(;tVWdT>
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with some nonlinear function F with F(0) = 0. It follows from Propositions 48, 49, and 50 that

¢
o (s [ o))
0 By1 (RY)
t t
< H(@ti)F</ VWdT) + HVWVWF'(/ VWdT)
0 BN (RY) 0
t
F(/ VWdT)
0
t
Vw F’</ de7'>
0

< C(HatWHBg,l(Rf)HVW”LI((O’T)’B‘JJV{q(Rf)) + ||WHB2,1(R$)|’W||Bé\j{q+l(R§))~

B1 (RY)

< c{l0wls @)

N
BN{1®Y)

+ ||VW||B;—11(R§)

B;Y{‘%Rﬁ)}

Essential assumption is that —1+N/q < s, that is N/g+1 < s+2. Thus, we may choose 6 € (0, 1)
such that N/qg+1 = s(1—6)+(s +2)(1 6), and hence we infer from the interpolation inequality

d/q+1
@y < Clwll, RN)||W||BS+2(RN) Thus, by the embedding B (RY) «
B;jl(Rf ) and the Young mequahty, there holds

that [[wl| 500+

1915 ) 91 s ey < CIWIE:? oy 915
(186)

—0

< Co(elwlag @y + T IWILD o))

for every € > 0. Thus, we have

__0_ 2=6
1), 02y, 1) < C (Wl o) s 20y + € =Wl oy ms @y T

(187

10, (017,85 = IW oy 2w )

Thus, the first term of the right hand side can be controlled by first choosing ¢ > 0 small as
much as we want and second choosing 7' > 0 small enough according to ¢ /(=% The second
term is a normal squre term. This is an idea to control the boundary term when the initial data
are arbitrary large.

5. NOTATION

Let N, Z, R and C denote the set of natural numbers, integers, real numbers and complex
numbers, respectively. Set Ng = N U {0}. Let 9, = §/0t and 9% = dl*l /928" - - 0gN for any
multi-index a = (a1,...,ay) € NY, where |a| = a1 + -+ + ay. Let Vf = {02f | |a| = 1},
Vi={02fllal <1}, V2f ={02f | la| =2}, and V2 f = {07f | |a| < 2}.

Let X be a Banach space with norm || - [[x. Let Ly (Q,X), W/ (Q, X), By, (Q,X) and
' (Q X)) denote the standard X-valued Lebesgue spaces, Sobolev spaces, inhomogeneus Besov
spacse and homogeneous Besov spaces while || - ||, «.x), | - lwm@x), |- 55, .x), and || -
I B3 (Q.X) denote their norms. When X =R or C, we omit X, namely for example, L,(2) and

Nz,

W(Q) = {f € Lgioe(Q) | VS € L)}, Wyo(RY) = {f € Wy (RY) | flory =0}
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Let
Wi (RY) = {f € Wioo®Y) | 9°f € Ly(RY) (Ja] = m)},
Wi (RY) = (Ly(RY), Wi RY) = {f | IF M IEPFIA @) < oo},
Wm(Q) = {f | 3g € W™(RY) such that glo = f},
HfHW;w(Q) = inf{HgHWL;n(RN) | 3g € W(RY) such that glg = f},
Wi (Q) ={f|3g € W;(R") such that glo = f},
||f||wm(g) inf{”.gHW;n(RN) |dg € W;(RN) such that g|o = f},
Jo(RY) = {f € LyRY)Y | (£, V) =0 for every ¢ € /Wé,,O(RJI)}’
W, (R, X) = {f € Ly(R,X) | :f € Lp(R, X)},
W, (R, X) = {f € W,10c(R,X) | 0:f € Ly(R, X)},
Wi (R, X) = (Ly(R, X)qu (R, X))q W;(]R,X) = (Lq(R,X),Wpl(R, X))

where m > 2,0 < s<land 1< g < o0. (-,-)[9] denote complex interpolation functors and
(+,-)o,p denote real interpolation functors for § € (0,1) and 1 < p < co. For v > 0 we write

—t _ —~t q 1/q
le™ Fllzqr.x) {/I(e 1£(8)llx) dt} .

For Banach spaces X and Y, £(X,Y) denotes the set of all bounded linear operator from X
into Y, and we write £(X,X) = £(X). Let U be a domain in C and let Hol (U, X) be the set
of all X-valued holomorphic functions defined in U.

Let F and ]-"g ! be respective the Fourier transform with respect to z € R and its inversion
formula defined by

FUNS = [ ) de Fllw) = g [ el de

RN

Let £ and Egl be respective the Laplace transform with respect to ¢ € R and its inversion
formula defined by
1

Clf(E) = / e dt = Fle () £7Vgl(t) = = /R eNg(r) dr = M FL[g)(t)

R 27
where A = v + it € C. Let
Le={AeC\{0} [argA| <7 —€}, Ee+y={y+A[reX}.

For any two N vectors a = (ai,...,ay) and b = (b1,...,byn), (a,b) =a-b = Zjvzl ajb;. The
character C' denotes general constants and C(a,b,---) = C,p... denotes that the constant C

depends on a, b, ---. C and C(a,b,---), Cyp... may change from line to line.
For = (z1,...,zN), we write 2’ = (z1,...,2Nn_1).
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