Analisi Superiore A www.velichkov.it

Hausdorff measure and surface measure

Definition 1 (Projections and graphs). Let d > 2.
e For every set E C R? we denote by n(E) the projection of E on R, that is

n(E) := {:I:’ eR¥ ¢ (2',x4) € E for some x4 € R}.
e Given a set A C R¥! and a function f: A — R, we denote by T'(f; A) the graph of f over A, that is,
L(f;4) = {(2, /() : w€ A},

PROJECTIONS AND HAUSDORFF MEASURE

Lemma 2. Let d > 2. Then, for every set U C R?, we have
diam(w(U)) < diam(U).
Proof. Suppose that z’,y" € 7(U). Let x4,y4 € R be such that
r:=(2,zq) €U and y:=(y,ya) €U.
Then,

' — | < V]&' =y P+ (2a — ya)? = & — y| < diam(UV).
Taking the supremum over all 2/, y’ € w(U), we get the claim. O
Proposition 3. Let d > 2. Then, for every set E C R%, we have
HTH(m(E) < HTHE).

Proof. Suppose that
HITHE) = supHEH(B) < +oc.
6>0
Fix ¢ > 0.
By the definition of H?~!, for every § > 0, we can find a covering {U;}i>1 of E with sets U; C R4-1 such
that
diam(U;) < § forall i>1,

and it
dlam(Ul) B d—1
5 (BN
The family of projections {m(U;)}i>1 is a covering of m(E) and is such that
diam(7(U;)) <0 forall > 1.
Then, by the definition of Hgil, we have

. d—1
HE (r(E)) < war S (dm(”“]”)

4 2
i>1
diam(U;) -1 de1
o 3 (SO
i>1

Taking the supremum over § > 0 we have
HIH(7(E)) = supHE H(n(E)) < HH(E) +e.
§>0

Since € > 0 is arbitrary, we get the claim. O
More in general, we have the following
Proposition 4. Let d > 1, K C R? be a closed convex set, and wx : R? — K be the projection on K. Then:
diam(r g (U)) < diam(U) ~ for every set U C R%
He (nx(E)) < H(E)  for every set E CRY  and every s € [0,d].
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HAUSDORFF MEASURE AND LIPSCHITZ MAPS

Lemma 5. Let d > 2. Let A C R? and let
d:A— R
be an L-Lipschitz map:
|®(z) — ®(y)| < Lz —y| forall z,y€ A
Then, for all s > 0 we have
HI(P(A)) < L*HP(A).
Proof. Suppose that H*(A) < +oo. Since Fix § > 0 and ¢ > 0. By the definition of H3(A) we can find a
covering of A with sets {U;};>1 such that:
diam(U;) < § forall i>1,
and o
diam(U;) \ °
HiA) < 3w (2) < H3(4) + =
i>1
Consider the family of sets U; := ®(U;), for i > 1. We have that:
e {U;}i>1 is a covering of ®(A);
o diam(U;) < L¢ for all 4 > 1.
Then, we can use the family {ﬁi}i21 to estimate H$ 5(®(A)). Thus,

75(2(4) <) w, (dlm;(ﬁ)> <Ly w, (W) <L (Hg(A) +€).
i>1 i>1

Since
H*(A) = sup H3(A) = lim H5(A),
>0 §—0
we have that

so we get
Taking the limit as 6 — 0, we get

Finally, since € > 0 is arbitrary, we get

LIPSCHITZ GRAPHS AND HAUSDORFF MEASURE.
PART I. A ROUGH ESTIMATE ON THE HAUSDORFF MEASURE OF A LIPSCHITZ GRAPHS.

Lemma 6. Let d > 2 and let f : R*™! — R be an L-Lipschitz function, for some L > 0. Then:
diam(T'(f;U)) < V1412 diam(U)  for all sets U C RI™1.
Proof. Let x = (2/, f(2')) e T(f;U) and y = (v, f(y')) € T(f;U). Then, since
[f (') = f(y)] < Llz" = o],
we get that

e =yl = V]2’ =y P+ (f(2') = f(y)?
< V14 L2 2"~y
<V1+12 diam(U).

Taking the supremum over all z,y € I'(f;U) we get the claim. O



Proposition 7. Let d > 2 and let f : R?™' — R be an L-Lipschitz function, for some L > 0.
Then, for every set A C R¥™! we have

d—1

HIHD(f4) < (L+ L) 7 HOHA),

where T'(f; A) is the graph of f over A. In particular, since H?™! = L3~ on R4~ for every Lebesque measurable
set A C R4, we have

d—1

HETYT(f;A) < L+ L) 2 £971(A).

Proof. Suppose that
HI1(A) = supHI~(4) < +oc.

6>0
Then, for every § > 0, we can find a covering {U; };>1 of A with sets U; C R4~! such that
0
diam(U;) < —— forall i>1,
) V14 L2
and

diam(U;) de1
- —_— < A .
wdl;( : ) < HIT(A) 4 ¢
We notice that T'(f;U;), i > 1, is a covering of T'(f; A) and is such that:
0
diam(T'(f;U;)) < /1 + L2 diam(U;) < /1 + L2 ——— = 4.
By the definition of H§ (T'(f; A)), we have

1 LTT. d—1
HIHO(f4) Swior Y (dm(NfU)))

; 2
i>1
oy 4=1 diam(U;) ) !
<waa(1+L1%) 7 2(2)
i>1

<(1+13)7 (71 (4) + ).
Taking the supremum in ¢ > 0, we get
HELD(f;A) < (1+ L2) 7 (o2 (a) +e).

Since € > 0 is arbitrary, we get the claim. O

Corollary 8. Let d > 2 and let f : R“™1 — R be an L-Lipschitz function, for some L > 0.
Then, for every Lebesgue measurable set A C R, we have

LN A) =0 < HTYT(f;A) =0.

LIPSCHITZ GRAPHS AND HAUSDORFF MEASURE.
ParT II. THE HAUSDORFF MEASURE OF THE GRAPH OF A LINEAR FUNCTION.

Lemma 9. Suppose that d > 2 and s > 0. Then, for every A’ C R¥™1, we have
H(AT) = H (A x {0}),
where:
o H*(A") is computed with the distance in R via coverings with sets in RI~1;

o H3(A' x {0}), is calculated with the distance in RY via coverings with subsets of R?.

Proof. We proceed in two steps.

Step 1. We first prove the inequality H*(A’ x {0}) < H*(A’).

Let § > 0 and let {U/};>1 be a family of subsets of R?~! such that:
e diam(U/) < ¢ for every i > 1.
e A’ is contained in the union of U/, 1> 1.
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Then, the family of sets U; := U/ x {0} is a family of subsets of R? such that:
e diam(U;) < ¢ for every i > 1.
o A’ x {0} is contained in the union of U; = U/ x {0}, 1> 1.

In particular, we have
+oo / S

Taking the infimum on the right, over all coverings {U/}i>1 of A W1th sets of diameter at most d, we get
Hy(A % {0}) < H3(A).

Passing to the limit as § — 0, we get
(AT x {0}) < H(A),

which concludes the proof of the inequality in the first step.

Step 2. We next prove the inequality H®(A’) < H*(A’ x {0}).

Fix § > 0. Let {U;};>1 be a family of subsets of R? such that:

e diam(U;) < ¢ for every ¢ > 1.
e A is contained in the union of U;, 1> 1.
Consider the family of projections U/ := 7(U;) C R%~1, of the sets U; on R¥~! = R4~1 x {0}. Then:
o diam(U/) < diam(U;) < § for every ¢ > 1.
e A’ is contained in the union of U/, 1> 1.

In particular, we have
HI(A') < fms <d1am ) ) < +Zoows (dlam )
i=1

Taking the infimum on the right, over all coverings {U;}i>1 of A with sets of diameter at most §, we get

H3(A) < H5(A" x {0}).
Passing to the limit as § — 0, we get

H(A') < HY (A" x {0}),
which concludes the proof. O
Proposition 10. Let d > 2 and let f : R™1 = R be a function of the form

@) =cta-V,

for some a € R and some fized vector V € R¥=1\ {0}. Then, for every measurable set A C R¥1 we have

HTYD(f;4)) = V1+|V]2 £71(A).

Proof. Since the (d — 1)-Hausdorff measure in R? and the Lebesgue measure in £¢ are both invariant with
respect to translations and rotations, we can suppose that

c=0 and V =aeq_1,

for some real constant a > 0.
Then, the set I'(f; A) is contained in the plane I'(f;R%~1) and is given by:

L(f;A):= {(z”,x,aas) ER2ZXxRxR : (2", 2) € A}.
Let now R be a rotation sending the plane I'(f; R?~!) in R4~ x {0}. Then,

HTUT(f; 4) = HTHR(D(S; 4))).
On the other hand, for all (z”,z,y) € T'(f; A), we have that

R(x" z,y) = (2", /22 + y2,0).
R(F(f;A)):{(x”,\/1+a2x,0) : (:r”,m)GA}.

Since £471 = H?! on R4, we get the claim by the Fubini’s theorem. O

Thus,



LIPSCHITZ GRAPHS AND HAUSDORFF MEASURE.
PART III. THE HAUSDORFF MEASURE OF THE GRAPH OF A LIPSCHITZ FUNCTION.

In this section we prove the following theorem.

Theorem 11 (Area formula for C' graphs). Let d > 2 and let f : R?™! — R be a C' function with bounded
gradient Vf € L (R~ RI=Y). Then, for every measurable set A C R¥~! we have

1) HINE(i ) = [ VIFIVIP ds,
A
where T'(f; A) is the graph of f over A.

Theorem 12 (A covering theorem). Let A C R? be a set of finite Lebesgue measure.
For every x € A, let F, be a family of balls of the form

Fo = {E,«z,n(x) i n¢ N} with

lim 7y, =0.
n—-+oo

Then, there is a countable set of centers
{zetr=1 C 4,
and radii
Tk = Toypm(zn)s k21,
such that:

o B, (z1) € Fp, for every k > 1;

e the balls B,, (vy) are disjoint;

. L (A\ (U Brk(xk))> —0.

k>1
Proof. The proof follows by iterating the following lemma. O

Lemma 13. Let A C R be a set of finite Lebesgue measure.
Suppose that, for every x € A, there is a family of balls

Fo={Brm(@) : neN such that lim_r(z,m) =0}.

n—-+oo
Then, for every open set Q C R? containing A, there is a finite set of centers
€A k=1,...,m,
and radii
ri = 1(zE,n(xk)), k=1,...,m,
such that:
o B, (wy) € Fy, for everyk=1,...,m;

e the balls B,, (vy) are disjoint and contained in §2;

e there is a dimensional constant €4 € (0,1) such that
m
£? (A\ ( U B, (xk))> < (1 —eq)L4A).
k=1

Proof. We fix a dimensional constant k = k4 € (0, 1), which will be chosen at the end of the proof.
Let U € R? be an open set such that

AcUcQ and LYU\ A) <kLYA).
For every x € A pick a ball
B, (o)) (@) € Fp such that  B,(y ne))(z) C U
Let F be the family of closed balls
F= {Eu,n(x))(w) Pwe A}-
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By the Besicovitch’s covering theorem, there are NV families of balls
Fiyoo s FN,
such that:
e N < Ny, where Ny is a dimensional constant;
e cach family of balls F;, j =1,..., N, is a subset (subfamily) of F;
e the union of the balls in F; U---U Fy covers A;
every subfamily F; consists of (at most) countably many disjoint closed balls {Bj,k} E>1

By construction we have

N
AclJ | UBix| cU

=1 \k>1
Then, we can find j such that

1
ch(A) <t |JBjx | <L4U).
k>1

Since the balls Bj 1, k > 1, are all disjoint, we have

400
d( U B-,k) => LY(Bjx)
k=1

Bj LEF;

Then, we can find a (large) finite number m > 0, such that

m.cd( ) < grell(A) < £ (H Bj,k> =3 £(Byy) < LUV,

Now, using the identity

(U)o (U Bﬂ) S0 (VR

we get that
k=1 k=1 k=1

<LUA)+LLUN\ A) - <UBM>

< pd d L pd

< LY(A)+ LY U\ A) 2Nd£ (A)

1

< rd d __t pd .

< LY(A) + kLY (A) 2Nd£ (A)
Choosing

1
= 47]\7,1 Ed,

we get that

! (A\ <£JlB‘,k>) < L4(A) + ﬁﬁd (4) - ﬁﬁd (4) = (1 —ea)L? (4),

which concludes the proof.



Lemma 14 (Control on the projections on tangent planes). Let L : RY™1 — R be a function of the form
Lx')y=c+a' -V,

for some c € R and some V € R4, Let Py, be the plane Pp = L(L; Rdil) and 7, - R — R? be the projection
on Pr. Let Bl.(z}) CRY and let f : Bl.(z}) — R be a continuous function such that

1f = LllLoe (Br(ap)) < €T
Then,

P (L Bly_oy,(6)) © 70 (D(f3 Bi(ab)) ) © T(E; By, (a0)-
Proof. Up to translations (in R?) and rotations (in R9~!), we can assume that:
z0=0, ¢=0 and V =aeq_1,
for some a > 0. Then, for every 2’ = (2, 24_1) € R¥"2 x R, we have
L(x" xq_1) = axrq_1,

and
P = {(x’ﬂmd,l,a:rd,l) s €eRY? x4 € R}'

For every (z”,5,t) € R9"2 x R x R, the map 7, is given by
(2, s,t) = (z

Thus, for every (z”,z4—1) € B]. we have

, S+ta a(s+ta))
"1+a2” 1+a?

" " o n Td—1+ af(x”, xdfl) a(xdfl + af(m”7xd*1))
mr (2", za—1, f(2", wa-1)) = (x ) 1+ a2 ) 11 a2 )

and so

|7TL (xll,xd—hf(x"wdq)) - (x/’wdq,airdq)‘

_(FeatafGea) N (a(zae taf@ean) o\
1+ a2 a1 1+ a2 -

|(xd_1 +af(z”,a-1)) — (1 + aQ)xd_ly

1
T Vita?
= = 1" wa1) — aza
< |f(@” a-1) — azg—1] = | f(2", 24-1) = L(2",2a-1)| < 7.
Let 7 be the projection on R?~1. It is sufficient to show that
(2) Bl Cm (o (2", w1, f(2",a-1))) C Bl 4oy
We first notice that, thanks to the inequality

|7 (2" wa—1, f(a",24-1)) — (:Jc”,xd,l,a:cd,l){ <er,

we have
|7T (TFL(I”,LEd_l, f(x”,xd_l))) — W(m",xd_l,axd_1)| <er.
Now, since
m(a" x4-1,02q-1) = (2", xq-1) € By,
we get that

m (w2 (2" a1, (2", 2a-1))) € Blageyrs

which proves the second inclusion in (2). In order to prove the other inclusion, we fix some x” € R?~2 with
|#”| < r and we consider the segment

L= (— VAR ET),

Suppose next that

l2"| < ry/1—g2.



8

Then,

Vr2—lz"|]? > er,

so we have the following inclusion:
(—er,er) C Ipn.
Now, by the continuity of f we know that, for each fixed " € (—r,r), the set

{W (WL(CU”wTdfl,f(x//vxdfl))) P Tg-1 € Iw”}

contains the set
{2} X Ty,
where J,» = [a(z”), 3(z")] is the interval with endpoints

_ 7n271,//2+a x”— 7427‘%//2
a@) i Y P Fal (@, ")

and B(w//) = 7'2 _ ‘x”|2 + af(x//’ TQ _ |IH|2) .

1+ a? 1+a?
Now, since
xg—1 +af(z’ xq_1) a ,, er
11 a2 — Td-1 :WV(QE s Td—1) — aTq-1] SE,
we get that J,~ contains the interval
Kp= (- PP+ T PP - D),
which is non-empty when |2”| < /1 — £2. Moreover, thanks to the inequality
/2 |2 — % > /21 —e)? - 2],
which easily follows from the following
2Y,.2
\/ /|2 — \/7, 1—e)?2— |22 = (1-(1—¢))r
\/7“2 _ Ix//|2 + \/7"2(1 _ 5)2 _ ‘CL‘”|2
2¢er? er?
> > > er,
\/Tz _ |x//|2 + r2(1 _ s ‘x//|2 \/r2 |m”|2

we get that

(_ \/T2(1 — 5)2 — “’E//|2 s \/7"2(]. — 5)2 — |$/I|2) C Kx” C J:L’”7

for all |2”| < r(1 —¢). Taking the union of all these segments, for all 2" € BE’l_E)T C R%2 we get the inclusion

B;.(l_e) cr (7TL (x",xd_l, f", $d—1))) ,
which concludes the proof of (2). O
Proof of the area formula for C' graphs. Let A be a Lebesgue measurable set in R4,
If £L971(A) = 400, then also H? 1(A) = +oo. Since A is the projection of T'(f; A) on RI~1,
m(T(f;4)) = 4,
we get that
HEH(A) <HTHD(S; ).
Thus, when £471(A) = 400, we have:
HIHD(f; 4) 2 HTH(A) = £77H(A) = +oo,
and at the same time
/ VITIVIE de > £471(4) = 400,
A
0 (3) holds trivially as both sides are +oc.

In what follows, we will assume that £971(A) < 4o0.



We proceed in two steps.

Step 1. / V14 |Vf2de < HTHD(f; A)).
A

Fix ¢ > 0. Fix an open set 2 containing A and such that £I71(Q\ A) < eLd1(A). For every z € A we select
a family of closed balls F, with center x such that:

e B.(x) C Qfor all B,.(x) € Fy; - -

o [f(y)— f(z) —(y—=) Vf(z)| <ely— x| <erforalyée B.(r) and all balls B, (z) € Fy;

e for every ball B, (x), we have

1
L+ V@) = / V14 |Vf2deit <e.
L (BT‘) ANBy.(x)

Thanks to Theorem 12, we can find a countable family of disjoint closed balls {B,,(z;)}i>1 such that the
following holds

e v; € Aand B,,(z;) C Q for all i > 1;
o setting

we have that
LTNA\NU)=0 and LYTYHU\A) <eL¥H(A);
o setting Li(y) == f(z;) + (y — ;) - Vf(x;), we have
||f — LiHLO"(B,-i(a:i)) S Er; for all 1 Z 1;

e for all i > 1, we have

1
L+ [V f(z:)]* - ?/ L+ [VfPact
L (Bn) ANBy, ()

<e.

Then, thanks to Lemma 14, we have

HEL(D(f: Bru(w))) = O (mi(D(F Bru(e) ) ) = MO (D(Lis Bryaooy ()
Now, thanks to Proposition 10, we have that

HO (T (Lis Bry—o) (@0))) = VI+ VL2 LY (Bra—ey (@) = (1= &)1+ VL2 L (B,,).

By the choice of L;, we have that VL; = V f(x;), so we have
HN(T(Li; Brya—o) (7)) = (1 — &) 1+ [V ()2 L4 (B,,),
which finally gives the inequality
HEH(T(f3 By (20)) = (1= ) W1+ |V (i) 2L (B,,).

Now, since x; is a Lebesgue point for both A and /1 + |V f|?, we have

1
L+ [Vf (@) —f/ L+ [VIPaL™ <e,
L (Br,) ANB, ()

SO
1
?/ L+ VP AL < e+ T+ V@) < (1+e)y/T+ V@),
L (Bm) ANBy, (i)
which finally gives

I (D(f3 Br (@) = (1= )" / VI+VfRdct

AﬁBri (wl)
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Now, summing up over all + > 1, we obtain

er 1 ZHd 1 f Bn(gjz)))

i>1
gy [ iR

i>1 ANB ri (i)

—(-ot? [ IR NIRac
ANU

(o [ VIFRac
A

Now, we only need to observe that, thanks to Proposition 7, we have
HTL(D(f;U0)) =HTHT(FAND)) +HET(D(FU )\ A))
=H"H(T )+ HTH(D(fU N\ A))
)+ (1+13)F LU 4)
)+e(l+ 1:2‘)T L£971(A)
)

+e( 1+L2 /\/1+\Vf|2d£d L

S Hd*l T

(

(r(f;
<HTHT(f
(T(f;

(T(f;

- - ==

S Hd—l T
Putting together all these estimates, we get

(i) = (-2 -1+ 297 ) [ VIF IR,

Since € > 0 is arbitrary, the proof of Step 1 is concluded.

Step 2. HIHT(f;A)) < / V1+|Vf2de.
A

The construction is similar, yet different with respect to the one from the previous step.
Fix € > 0. Fix an open set {2 containing A and such that

/ \/1+|Vf|2d$§€/ V1+|Vf]2da.
Q\A A

For every x € A we select a family of closed balls F, with center « such that:
e B.(z) C Qfor all B,.(x) € F;
o |[Vf(y)—Vf(z)| <eforall y € B.(x) and all balls B,(z) € F.

By Theorem 12, there is a countable family of disjoint closed balls {B,, (z;)};>1 such that the following holds:
e 7, € Aand B,,(z;) C Q for all i > 1;

e setting U := U B,,(x;), we have that LI"1(A\ U) = 0;
i>1
o setting L;(y) := f(:) + (y — @i) - Vf(;), we have

IVf = VLillLe(B,, @) <€ foral i>1.

For each ¢ > 1 we define the map
@ :T(Lis By, (2:)) = T(f: By, ()
as follows:
@i((x’7Li(x’))) = (2/, f(2)) forall 2'€ B, (z;).
We will next prove that ®; is Lipschitz. Indeed, for all 2’,y" € B, (z;), we have
(@, 1) ~ 6| = VI d P 7@ TP
= Vo' —y P+ —y) - VEta' + (1= )y,
for some t =t/ ,» € (0,1). Now, since tz’ + (1 —t)y’ € B,,(x;), we have that
IV f(z:) = VIt + (1= t)y)| <e,
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so we get
2" =y P+ [(@ — o) - Vit + 1=ty <|o' =o' + (2" —y') - VLi|?
+2(( —y)- VL) (@ = y) - (VL= Vfta' + (1= t)y)))
2
@ =) (VL= Ve + 1= 0y)|
<l —y'P+|(" —y) - VL|?
+2|(z" =) - VL[ |2' —y'|e
+ ‘I, _ y/|2€2
<|o' —y'P+ " —y) - VL|?
+ 5<|(w/ —y') - VL[> + |’ — y’l2)
+ ‘l‘/ _ y/|252
<@+ (2 /P + 1@ —y) - VL),
so that

‘(x',f( ) — (¥ fly ‘< (I+e)/]z —y' 2+ (2 —y') - VL;|?
= | L) = (0 Litw)

which proves that ®; is (1 + €)-Lipschitz continuous. Thus,
-1 (F(f;gm (%))) < i1 (‘I)z' (I‘(Li;ﬁn. (%))))
< (L+e) it (F(Lisﬁn (m))
s +5)d—1/B . I+ VL dz.
v (@
Now, since

V2 - W
1+ V2= 1+ W] =
‘\/ VP Vi |‘ ‘\/1+|V|2+\/1+|I/V|2

/ VITNLPde < 1+£/ VIF VP,
By, (z4)

7‘7 (z4)

’§|V—W| for all V,W € R41,

we have that

so we finally obtain
W (DB @) <0ve) [ VITNIPd

Now, summing over all i > 1, we get

(1) <5 (1B )
<Zl+6 / . V14 |Vf]? de
(14¢) /de
(1+4¢) /de'F (14¢)? /Q\A\/de
1+€d+l/de

which concludes the proof since € > 0 is arbitrary. O
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LIPSCHITZ GRAPHS AND HAUSDORFF MEASURE.
PART IV. THE HAUSDORFF MEASURE OF THE GRAPH OF A LIPSCHITZ FUNCTION.

In this section we prove the following theorem.

Theorem 15 (Area formula for Lipschitz graphs). Let d > 2 and let f : R~ — R be an L-Lipschitz function,
for some L > 0. Then, for every measurable set A C R*~1 we have

3) HINE(fi ) = [ VIFIVIP ds,
A
where T'(f; A) is the graph of f over A.

The key for the proof of the area formula is the following lemma.

Lemma 16. Let f : R — R be a Lipschitz function and let A C R¥~! be a Borel set of points at which f
is differentiable. Then, for every e € (0,1/2), there is a countable collection of disjoint Borel sets {Ey}r>1 in
R4 and vectors {Vi}k>1 in R such that:

(i) diam(Ey) <2 for all k > 1;
(ii) By C A for all k > 1;
(i) A =Upgs1 Ex;
(iv) Vi — VF(a)| < ¢ for all ' € Ey;
(v) for all /.y € Ey, it holds

(1 =20)V]e" — g2 + (Vi - (@' —¢/))?
(4) < \/Ix -y |2 +(f(@) = f(y)?

< (1420 —y'[P + (Vi - (@ —y))2

Proof. Let C be a dense subset of A. For each (p/,V,n) € C x Q%! x N, define the set

E@',V,n) C A,

as follows. We say that o’ € E(p’,V,n), if:

e 7' € Bl/n(p’);
o [V-Vf@)l<e
e for all y € B2/ (2') it holds:
f@) = f(@) = V@) (v =) <ely —2|.
Step 1. We claim that, if (p’,V,n) € C x Q4= x N, then
forall 2z’ € E(p/,V,n) andall ¢ € B2/n( 7'),
we have
(5) Vg =y P+ (f(@) = fy))? < L+ 22)V]e/ —y' P+ (V- (& —y))>2
Indeed,

Vie =y P+ (f@) = )7 < \/ o =y P+ (@~ y) V) el — )

<l =P+ (@ =)V + @ =) (V) =)+l =)



Now, since
(@~ ) Vs +el’ —y1) < (@ —0) V + @ o) (TS~ V) el )
< ((x’ -y V)2
+2((@ =) V) (@ =) (V16 = V) +ela’ —y/1)
(@ =) (Vi) - V) el )

<|@ —y)-V[
+4e|(a =) V]]a' =y

+ 42|z’ — |
<|@'—y) V[
+ 26(’(1‘/ —y')- V|2 + |2’ — y’|2)
+4e?f2’ —y'|%,

we get precisely (5).
Step 2. We claim that, if (p’,V,n) € C x Q4! x N, then
for all 2’ € E(p',V,n) andall y' € By, (z"),
we have
(6) ViIe g2+ (f@) = fy))? 2 (1= 2e) V|2 =y P+ (V- (&' —y'))2.

Indeed, since

Iy — ') V@) - (@) = F) = (¢ — ') - V()
(y — ') Vf(@)| —ely -2

Iy — ) V] = (¢ — ') (V = V()| — ely — 2]

I — ') V| - 2ely’ — o,

=
—~
)
\_>
|
=
@\

AV VARV

we get

Vi =2+ (f(@) = f(y)?

2
>\l e+ ( |(y/,x,).v|,25|y/,x/|)
= VI =y P — @) VP~ &elly — ) Ve — o] + 477 — /P

> \/|x' —y R4y — ) V=262 —y P+ Iy - a) V) 4+ 4%l — P

> W —yYR I = o) VP = de (o =y P = ) VIZ) e (e - 2+ Iy -2 V)

= (1 -2/ =P+ =) VP,

where in the last inequality we used that

2o — 1P+ 1 — @) V) + 422y — ) VIE <0,

which is true since € < 1/2. This concludes the proof of (6).
Step 3. We claim that, if (p’,V,n) € C x Q4= x N, then for all 2/,3’ € E(p’,V,n) it holds

(7) Vg —y'P+ (f(@) = f(y)? < (L+2e)V[e =y + (V- (¢ — )2,
and xxx
(8) VIg' =y P+ (@) = f(y))? = (1= 22)]a/ =y P+ (V- (& —y))2

This follows from the previous steps. Indeed, since 2/, y’ € E(p’,V,n), we have that 2,y € Bl/n( ).
But then, y’ € By, ("), so (7) follows from Step 1, while (8) is a consequence of Step 2.
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Step 4. We claim that every ' € A at which f is differentiable lies in some set F(p’,V,n). Indeed, since
) = @) = —a") - V@) = o(j2’ —y]),
we can find some n € N large enough such that
f) = f@) =y —a") - Vf@)| <ela’ —y| forall y € By, (a").
Now, simply pick some p’ € C'N Bi/n (2') and some V € Q%! sufficiently close to V f(z').

Step 5. Since the family of sets
{EW@,V,n)} o vinyeexgi-1 xn;
is countable we can order it in a sequence {Ek}k217 with
Ey, = E(p},, Vi, i),
for some p), € C, Vj, € Q4! ny € N.
We define the family {FEy}r>1 as follows. We set Ey = E, and
k—1
Byi= B\ (U B) foral k=2,
j=1
By construction, we know that each of the sets E, is contained in some ball B/ Jny (D) s0 clearly diam(Ej) < 2.

The estimate in (iv) follows from the definition of the sets E(p},, Vi, nx), while the last estimate (4) follows from
(5) and (6). This concludes the proof of Lemma 16. O

Proof of the area formula for Lipschitz graphs (Theorem 15).
Let A be a Lebesgue measurable set in R?~1.
If £471(A) = 400, then also H?"1(A) = +oo. Since A is the projection of T'(f; A) on R4~
m(T(f:4)) = A,
we get that
HITHA) < HETHT(F; A)).
Thus, when £971(A) = +o0, we have:
HITUD(f;4)) =2 HTH(A) = L771(A) = +oo,

and at the same time

/ V14 |Vf2de > £L97YA) = 400,
0 (3) holds trivially as both sides areI:—oo.

In what follows, we will assume that £71(A4) < +oo.

Let A C A be a Borel set in R~ such that £471(A\ A) =0 and

f is differentiable at all points z € A.
Fix € > 0. Thanks to Lemma 16, there are countable families of Borel sets Ej C A and linear functions

Ly R SR, Li(z') =V -2/ with V, e RIL,
such that:
o diam(Ey) <2 for all k > 1;

e Ej are disjoint and A = Urs1 £
o VL, —Vf(z)| <eforall a2’ € Ey;
e for all /.y’ € F, it holds

(1=2e)\/|a’ =y + (Le(2/ — ¢))?
<Vl —y |2 (f") = ()
< (14 20)/|2" — y'|2 + (Li(2' — y))2.




Then, since £L971(A\ g) =0, we have

HEHT ZHdl (f;Ey))  and /\/1+|Vf\2da:— /\/1+|Vf\2da:
k>1

k>1

Now, thanks to Lemma 5, we have that for each k
(1= 2e)" 1N T (Ly; Ey)) < HOHT(S; Br)) < (14 20)7  HAH T (La; By)).
On the other hand, Proposition 10 gives that

'Hd_l(F(Lk;Ek)) = / V14 |VLg|? dx,
Ey

while since

V(f+ L) V(f— L)

1+ VL2 — 1+ |Vf]2= ,

we get that
[V1+ VL2 = V1+ V2| <|Vf—VLi| <e on E,
so that
HTHT(f5A)) = > HTHT(S; B))
k>1
< (1+20)7 Y HTN T (Lk; Ex))

k>1

= (1+2¢)% 12/ V1+ VL2 dx

k>1
< (1+2¢)% 12 1+5/ 1+ |Vf2de < (14 2¢) / 1+ |Vf[?dr,
K>1

and conversely

HIUD(f; A)) = Z?—ld’l(r(f;Ek))

E>1
> (1= 20)"1 Y " H (D (L Ex))
k>1
—(1-20)11 Y / V1T VIR da
k>1
)13 175/ 1+|Vf|2dx2(1*2€)d/ L+ [V da.
k>1 A

Sending € — 0, we get the claim.



