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About the dual space of L>(12)

A SPECIAL CLASS OF BOUNDED LINEAR FUNCTIONALS ON L>°(2)

Proposizione 1. Let Q C R? be a Lebesgue measurable set. Fized a function g € L' (), consider the
linear functional
Ty : L>®(Q) = R

defined as
Ty(f) :/Qf(ﬂs)g(x) dx  for all f € L>(9).

Then, Ty is a bounded operator and its norm

Tyl == sup {Ty(f) = f € L2, Il <1}

s given by
1Tl = llgll 1 (-

Proof. The boundedness of Tj follows from the inequality

To()] = ‘/Qf(x)g(fﬂ) d| <|[flle@llgllrg forall feL>(Q),

which also gives that
1Tl < llgllr10)-
In order to prove that we have an equality, we consider an increasing sequence of sets

Wi Cwy C -+ Cwp C---CQ

such that
wp, CQ and |wy| < oo forall n>1.

Fix n > 1 and consider as a test function

fu() := sign (g(2)) Lu, (2),

where the sign function is defined as

1 if g>0,
sign: R - R, signg := ¢ 0 if g=0,
-1 if ¢g<0.

Then,
T,(f) = /Q fu(@)g(e) de = / sign (9(z))g(z) dz = / l9(c)| de,

which implies that

sup {Ty() + 1€ L), Wl <1} 2 (6 = [ lo@)]da.

Wn

Now, by, the dominated convergence theorem, we have that
Lo, lgl = 19| in LY(Q).

Thus, taking the limit as n — 400, we get

1T, > lim / 9(@)| dz = |gllz .

n—-+o0o

which concludes the proof. O



THE DUAL SPACE OF L*(Q) 18 NOoT L!(Q)

Let 2 = R. Consider the space

Co(R)={f€C(R) : lim f(&)= lm_f(z)=0}.
Then Cp(R) is a closed subspace of the Banach space L*°(R). Moreover, the functional
do: Co(R) = Rz, do(f) = f(0),

is a bounded linear functional on Cy(R) with norm
{o(5) + Feo®), Iflie<1f=1.
By the Hahn-Banach’s theorem, dg can be extended to a bounded linear functional
T:L*R)—=R

with norm 1. On the other hand, it is immediate to check that there is no function g € L!(R) such that

/Rg(z)qb(x) dx = ¢(0) forall ¢ € Cp(R).



