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First variation of the L? norm

Lemma 1. Let p > 2. Then, the function
F:R—R, F(x)=|z,

is in C?(R) and
F'(z) = pafalP™  and F"(z) = p(p—1)|z["~>.

Moreover, for all x,y € R, we have
£ (Pl 19) = Plo) ~ (@) < plo = Dl (] + )"
Proof. 1t is sufficient to check that
% (F(a+ty) - F(z) — tyF' (@) = y(F'(e + sy) - F'(2)) = slyPF" (@ + op),
where s = s(t,z,y) and 0 = o(t, z,y) are such that 0 < |o| < |s| < |¢|. O
Lemma 2. Let p > 1, Q C R? be a measurable set, and let

a>0, >0 be such that a + 5 = 1.

Then,
lu|*[v|? € LP  for every wu,v € LP(Q).

Proof. By the Young’s inequality we have
[ulP[o]P? < alul’ + Blu.
Thus
Il el = [ fuplep®de <a [ Jup 45 [ oP < +oo
Q Q Q
O]

Proposition 3. Let p > 2 and Q C R? be a measurable set. Then, for every w, ¢ € LP(Q) the function

10 = [ Juw+top.

Q

1s differentiable at t = 0 and its derivative is given by
O =p [ sulop?ds

Q

Proof. By Lemma [2] we get that
plwlP~t € LN Q) and #*|w|P* € L1(Q).

By applying Lemma [1} for every ¢ and every = € 2, we have

(1wt 161 — ol — tpowlul) | < plo — DI6P (6] + ful)" € L(9),

while for every x € ) we have

%(!w(x) + tp(x)|P — |w(z)P — tp¢(m)w(x)|w(:c)|p_2> — 0.

Thus, by the dominated convergence theorem, we have

1
lim [ - (|w + to|P — |wlP — tpd>w|w|p_2) dx =0,
t—=0 Jo t

which concludes the proof. O



