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What is a numéraire?

A numéraire (or numeraire) is a chosen standard by which value is computed.
Example (currencies ar numeraires)
We may compute values w.r.t to USD 1% or EUR 1 € or JPY (1 ¥).
Of course, others might prefer use commodities:
1 OZ of gold could be a numeraire.

Clearly, once we choose a numeraire e.g. 1 USD, we determine the value of

other assets:
USD per 1 EUR

USD per 1 XAU
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EURIUSD close:1.11570 low:1.04954 high:1.41734 XAUIUSD close:1354.22760 low:1052.04874 high: 1902.18244
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The change of numeraire problem

Problem
In theory, does it really matter which numeraire we choose?

Of course, in practice there are reasons to prefer gold to other commodities
e.g. corn, live cattle, or one currency with respect to another (political
reasons). ..

But intuitively there should be no theoretical reason (at least at the scale of
investors)

to measure value in gold or USD (there used to be also the “gold standard”)

= Can we deduce/exploit this fact in our financial models?

The strong underlying principle will be always

absence of arbitrage opportunities.



Back to the Arrow-Debreu model

Recall (from Tuesday) the simple model with N > 1 securities (i.e. bonds,
stocks or derivatives)
5: (a17a27"'7aN)

can be held long or short by any investor.

Two times: t = 0 and a fixed future t = 1.
At t = 0 we have the observed spot prices of the N securities

B=(pip2,...,on) = (P)iLy € R
At t = 1, the market attains one state among M possible “scenarios

se{l,...,M}.

If s is attained = “dividends” (prices) of the securities at t = 1

D* = (D§,D3,...,Dy) e RY



No arbitrage = existence of positive weights (ms)s=1,... m such that

M M
p= Z Déns, ie.pi= Z Dinsforeveryie {1,...,N}.

s=1 s=1
Next we assume that there is a risk-free security a; (e.g. a bond) such that in
any scenario s we have D{ = 1 < ay is our numeraire

Define R and # (the interest rate and risk-neutral probability) by the relation
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Change of numeraire

What happens if instead of a; we fix another asset, e.g. a» as numeraire?
Assume D3 > 0 for every state of the market.

= the value of the asset a;, measured in units of a,, at t = 1 is
S

S . i

Vi = DS if the market is in the state s.
2

We rewrite the value at t = 0 of a; as
M M D§
pi=)_ Dims =) 7 (Dims)
s=1 s=1 2

hence if we measure the value in units of a», since

M
p2=_ (Dem)
r=1

we have
M

Pi s (Dims) s
Py e g e
p2 sz:; Zya (Dgrr)

where E; is a different probability measure than E;.



Change of numeraire < change of probability

We found an instance of the general “mechanisms”:

Passing from the numeraire a to b corresponds to a change of probability,

from
g — __\FaTs) (Daﬂ'S)
S, (Dirr)
to
wf _ (Dyms)
Zr 1 ( bﬂ-’)

The value of the asset a; (w.r.t. the numeraire b) at { = 0 is given by the
expectation w.r.t. 7° of the values at time t = 1

M
pi b[Df] > P b
—:E — | = Tg.
Po Dg ~ Dy °



Continuous-time (It6) models

Let us model the market with
= a probability space (2, «7, P),
= a filtration (Fi)scpo,7
w Ito processes S; = (S)i—1...n

A portfolio A; = (H;, ..., HY) has value

=i S = ZH,St

A numeraire is a strictly positive It process D;.
The prices actualized with respect to D become

St
D’



Change of numeraire and self-financing strategies

Proposition
The self-financing condition is invariant with respect to any chosen
numeraire, i.e.
N
aV,=>_HidS;, te(0,T)
i=1

if and only if

N .
Vi\ (S
d(—Dt> =S Hd <—Dt), te(0,7)



We use It6 formula for product

d(VG) = GdV + VdG + dGdV

with G = 1/D.
Since
d(Fl»é) - Fld(§)
we have
d(VG) = GHdS + (A é) dG + dGd (H- §)

+(
— GHdS + (H. é) dG + dGHdS
S+

SdG + de§)



Change of probability

Theorem
Let P° be a probability (equivalent to P) such that every
S
— 1,...,N
S?’ I e { ) ) }
is a martingale, and also
e
S
Consider the new probability
1 Dr
PP=_.ZIp
Dy S(}
Then each .
S .
D, ie{l,....,N}

is a PP-martingale (as also % =1).



E°[|F] = the conditional expectation w.r.t. P° and
EP[.| 7] = the conditional expectation w.r.t. PP.

i . S
% is a P° martingale = ;’, =E° [ s IJ-"r]
t

We have a formula for conditional expectation w.r.t. different probabilities:

E°[Xfla] E°[Xf|A] . 1 D
D _ Al _ 1 br
E-[X|A = B[] ~ E[A with f = Dy SO
Theorem
For any (PP integrable) random variable X,
EO [Xf|F] dPD 1 Dr
D A - = 2L
E-[X|F] = B[AA] with f = o = Dy %
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Pricing via change of numeraire

A consequence of the previous theorem is the possibility to compute prices
w.r.t. PP instead of P°.

Corollary

The value at time t € [0, T] of a asset X can be computed as

X X
Vi = S{E° {—f] :DED{—]-‘].
t t S(7,_|t t DT|t

Also the self-financing hedging strategy can be computed w.r.t. D;.

If D; = S! for some i, this has the advantage of reducing the number of
parameters by one.

Let us consider some examples of applications.



Assume that an It6 process S; > 0 is in the form
(dS)t = St(pedt + ardWh),
hence the quadratic variation is

d[S]: = “dSdS" = SPo?dt.

The process S; ' is an Ité process, with and by 1t6 formula with

1 , 1 1 1
)= F0=— F(x)=+2,

we have

dS™' = f'(S)dS + %f”(S)d[S]

1 1

Si(pedt + o1 dWi)) + S; ol dt

S2o2dt
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Siegel paradox on exchange rates

Assume that we have
= two different currencies, 1 and 2,
= and corresponding (determistic) bonds
B; _ el"t B[2 _ el'2f

with interest rates r', r?.
= B'is expressed in currency i € {1,2}
= a stochastic exchange rate R:

dR: = Ri(pdt + cdW;)

so that a unit of currency 2 equals R; units of currency 1
In currency 1, the market is given by two assets:

(B; ) BIZRI)
In currency 2, the market is given by two assets:

(BIR ', BY).



In the equivalent martingale measure P° (risk neutral measure) we have

Btzﬁt _ e(rz—r

1)IR
B! !

must be a martingale. By lto formula (with respect to the measure P°)
(B, Rt/B,) — "R, ((r2 —r')dt + dH) ~ dR=R ((r‘ —P)dt+ odWP) .
Also with respect to P°, the equation for the inverse exchange rate is
d (R‘1) =R ((—(ﬂ )+ 02) ot — adW,O)
there is an exira term ¢ which gives no symmetry.

= The choice of one numeraire “transfers” all the risk to the others assets.

Choose currency 2 as a numeraire, i.e. D; = B2R;. Then in the probability
PP, we have that

B}
B2R;

this leads to the “natural” equation

is a PP-martingale.

d (R‘1)t =R (=(r" = P)at - oan?)



Consider a market with three assets S°, S, S,
ds? = Srt, ds) = S (m dt + o dw,‘) . dS?= &2 (ugdH— azdw,z)
with W', W? independent.

We want to price the swap option that gives the possibility to the holder to
exchange S2 with S} without additional costs. Its value at time T is

1 +
(st-sh7 = (S -1) st
T

Idea: swap option is a call option with strike price 1, if numeraire is S2.



1 1
d (%) - % (.- ot — oW + rawy)

S1 0'1th Udet
=2 ) dt + /02
S ( ,/J1+02
1
= % ((...)dl‘—!—\/a1 + o5dW” )

Where W* is a Brownian motion w.r.t. P.
If we use the risk-neutral probability P2, corresponding to the numeraire S,

1 1
o(£) - (ot s otar)
where B* is a P>-Brownian motion and
St B
(&) 'ff]

1 Q2\+
Vi = STE? {7(37 stT) \f,} = S7E?
T

S}
=8ic (t T, 8’2,1,0 ,/a$+a§>

where C (t, T, x, K, r, o) Black-Scholes formula for price of call option.
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