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s & Rubinstein model

o It was first proposed by Cox, Ross and Rubinstein in 1979

(*]

Binomial option pricing model

(*]

Multi-period

Discrete-time version of the Black-Scholes model

©
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on of the problem

o One risky asset with price S,, 0 < n< N
o One riskless asset with return r: S9 = (14 r)"

Assumption: At any point in time, the relative price change for the
risky asset is either a or b,

5n+1 = Sn(]. + a) or Sn+]_ = Sn(l + b)

S (1+a)?
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S / \
\S(1+b} ~
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ion of the problem

Assume that the initial price Sp is known and define

Let
Q={1+a1+b", F=PQ),

Fo =1{0,Q}, Fn=0{S1,...,S} =0{T1,..., Ts}.

P{(Xl,...,XN)} :P(Tl = X1y, TN :XN)
Discounted Price: $, = S,/S?.
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1) S, is a P-martingale <= E[T,41|F,] =1+ r
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2) arbitrage free market <= r €]a, b|

Arbitrage free market = JP* ~ P such that 5,, is a P*-martingale.
Hence
B [Toal|Fal =1+
\
E*[Tht1] =1+r
\
1+a)P" (Thr1=14a)+(1+b)P*(Thy1=1+b)=1+r
\
l+a<1l4+r<1+0b.



3) If r < a there exist arbitrage strategies.



3) If r < a there exist arbitrage strategies.

o At time 0 borrow an amount Sy and purchase 1 share of the
risky asset.

o At time N pay the loan back and sell the asset.



3) If r < a there exist arbitrage strategies.

o At time 0 borrow an amount Sy and purchase 1 share of the
risky asset.

o At time N pay the loan back and sell the asset.
Profit:

Sv—So(L+ )N > So(1+ N~ S(1+ )V =0

The inequality is strict with positive probability.
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4) S, is a P-martingale <= Ti,..., Ty are i.i.d. with
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P(T=1+a)=p:=
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Hence, §n is a P-martingale.
(=)

E[Tot1|Fnl=14r =
E[Tot1l=Q+a)p+(1+b)(1—p)=1+r =

b—r

b—a

p:



(Continued)

E[Thr1|Fn]=1+r
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(Continued)

E[Tn—l—l’]:n]:]-"_r =
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(Continued)

E[Tn—l—l’fn]:l"‘r =
(1+3)E [H{Tn+1:1+a}’fn]+(1+b)E [1{Tn+1:1+b}‘fn:| = ]__l’_r
E [H{Tnuzl—&-a}‘fn] = p-
Thus,
P[Thir=1+aTi=x,..., To=xp] =p=P[Th11 =1+ 3]

and

P[Tp1 =14b|Ti=x1,..., Tp=>p] =P[Tns1=1+b].

=



(Continued)

E[Tht1|Fn] =14r =
(1+3)E [H{Tn+1:1+a}’fn]+(1+b)E [1{Tn+1:1+b}‘fn:| = ]__l’_r

E [1(7,..=14a}|Fn] = p-
Thus,

]P’[T,,H:1+a|T1:xl,...,Tn:x,,]:p:IF’[T,,H:1+a]
and
P[Tn+1:1—|—b|T1:Xl,...,Tn:X,,]:P[T,,Jrl:1+b].

Hence, T1,..., Ty are independent.
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share of stock with strike price K and maturity N.
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5) Pull/Call parity equation

Let C,, P, be the prices at time n of a European call/put on a
share of stock with strike price K and maturity N.

(Sv — K)+ — (K — 5n)+
(14 r)N=n

= (1+r)"N="ME*[Sy — K|F]

=S, — K(1+r)"(N=n),

C,— P, =E"
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6) C, is a function of n and S,,.

Co = (14 r)"W="E* [(Sy — K)4|Fn]

=1+ !(5 IT 7 - K) Fon
i=n+1

=c(n, Sp)

where

c(n,x) = (14 r)~N= {( H T — K)]
i=n+1

Yo" (VM (L= )V (x(1+ aY (14 )N — K)

- (1 i r)(N—n)



6) The replicating strategy H, is a function of n and S,_1.
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6) The replicating strategy H, is a function of n and S,_1.

HO(1 4 r)" + H,S, = c(n, S,)

HO(L+ r)" + HpSn—1(1 + a) = c(n, Sp—1(1 + a))
HO(1+ )" + HySp_1(1 + b) = ¢ (n, Sp_1(1 + b))

n,Sp—1(1+ b)) — c(n, Sp—1(1 + a))
Sn—1(b—a)

Hy = <L



7) Pricing of a put option as the length of time steps goes to 0.
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N
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where

T.
Yy = X; Xi=1 d
N Z 0g1+r
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E*[X]] = E* {m LI .
g = plog +(1—p)|og1+b
1+r

11 '
r 1+r T HN

Var*(X;) = (IO — — — =
] g ] ]
r log > p(l—p) :=op.




T; 1+a 1+b
E*[X] = E* |I | — plog — 1—p)] .
[Xi] {OglJrJ p0g1+r+( p)0g1+r N
1+ a 1+ b 2
Var(X:) = (| —log —— —p) =03
ar*(X;) (og1+r og1+r> p(l—p) :=op

N
i Xi— N
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) ) T; 1+a 1+b
E*[X] =E %@ : }Zpbg+(P—mbgl+r

1+r 1+r T HN

. 1+a 1+b)\?
Var*(X;) = (Iog1+r — log l—i—r> p(l—p):=o3.

N
i Xi— N
CLT (for triangular arrays): i=1 al BN N(0,1)

VNoy

If Nuy — p and VNoy — o, then

N
Y=Y X% Y~ N, o?).
i=1



Let R (instantaneous rate) be such that r = RT/N, i.e.

eRT —

- N
w1
Let ¢(y) := (Ke RT — Spe¥)..

P —E (]| < K

RT\ N
(1 + N) o efRT

Hence, since 1) is a continuous bounded function, it holds

N—oo

0.

lim P
N—oo

= lim B [i(Yn)] = E* [4(Y)]

«O>» «F>r «=)>»

«E=

o™
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Let R (instantaneous rate) be such that r = RT/N, i.e.

e = lim (1+r)V.
N—o0

Let ¢(y) := (Ke RT — Spe¥)..

RT\ N
<1 + N> — efRT

Hence, since 1 is a continuous bounded function, it holds

N—oo
—

P — B (]| < K 0.

lim S = Jim B [u(Ya)] = E* [1(Y)]

N—oo



Assume

log

1+b
1+r

v

log

1+a

1+r



Assume

Then

1+b o
og— = ——
ST+r VN

2

NMN—>—O

?7

1+a

log =—

1+r

\/NO’N — 0.



Assume

| 1+b o | 1+ a o
og— = —, og— = ———
81 v r T UN STy r T T UN
Then
o2
NMN—>—?7 vVNon — 0.
Hence,
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We just need to calculate E {(Ke‘RT — Soe_”2/2+”y> } for
+
Y ~ N(0,1).

Define

d = 1Io 5—+RT+ o d>r=dp —
1= pu gK 5 2 =04 — 0.

Then
2

Ke RT > So exp <—02 + 0Y> &Y < —ds.



E [(Ke—RT _ 506—02/2+ay> }
i



E:[<Ké—RT__5be—aW2+aY> }
i

1 2 RT 2
_ — —a2 /240 -5
m/_oo |Ke T — Spe=" 207 | e ay



E [(Ke_RT — 506_02/2+UY>+:|

]. —d2 RT 2 2 }/2
= 277/ [Ke_ — Spe™? / +"y} e 2 dy
\% —00

_ Ke—RTF(_d ) _s 1 —d2 _()’*2‘7)2 d

where F is the cdf of the standard normal distribution.



E [(Ke_RT — 506_02/2+UY>+:|

I A —o?240y] 2
:\/ﬂ/—oo [Ke — Soe }e 2 dy
—RT ]_ —d2 _(y*"’)2
= Ke F(—dz) — SOE e 2 dy

= Ke_RTF(—dQ) — SoF(—dl),

where F is the cdf of the standard normal distribution.



E [(Ke_RT — 506_02/2+UY>+:|

1 [ RT 2/2+ z
= — Ke ™' — Sge™? Y9e 2z d
V 27 /—oo |: 0 i| Y
— KeRTF(—db) — Sp—z / =
= 2 0 o . y
= Ke_RTF(—dQ) — SoF(—dl),
where F is the cdf of the standard normal distribution.
Call/Put parity equation:

Co = SoF(d1) — Ke RTF(db).



—_

Limitations of the model

o In the real-world markets, the prices can take any positive
value;

o Trading takes place almost continuously;
Advantages

o Relatively simple;

o Gives results comparable to the Black-Scholes model;
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