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DEF : The P- Adil VALUATIOU onQ is

up : a→ ZU } io }
0 1-' co

off =P%,

1- ' v whee (c , p ) = (d. P / = 1 .

Lemma : NP is a Discreti VALUATLON

1) Up /e) = a E- > a = o

2) Up ( a b) = Up (a) top (b)

3) Vp ( at b) 2 Min hop (al
, Vp ( b) }

FACT : Np inducas atopalogyonol

DEF : the FISCD of Radic nunBons

QpnbthecausrleTienafQWRTthisTopalguy.tuo@p-.SIan P
"

I due } a. P- a } }
in = i

RK : icon be negative



DEF : il P-ADIL fisio Kris e finte extension of Qp

FACTS : 1) K i> complete wrt the Topelagy given by
a discrete velineTien NK : K - i> auto }

For :@p : Nap ( Ian F) = nin Intento } .

2) 2ha VALUAT ieri RING of K io
OK = I xekl Nel ✗170 }

Ok ☐ DOOÙKIND demain t Local Ring ( DVR ⇒ PID )

fa drp : Oap : Zp = } E. oenp
" } RWG Of P-ADK Introito

3) the Prins of K is the unique maximal ideale

PK -
- { xek I Vuh ) > o }

PK -_ ITKOK
,
Whore Nuttal -- 1 ( uniformiSSR)

fa Ap : Iap =P , Pap = FZP

4) the Rosi DUEFIOLD of Ki , OK/Ph = fare
.

=) ILKI io e paura afp .

Faap :

È,
± %; "=P .



2.RAMIFICATIai THEORY
RECALL : K P-adil -field , ok : K - > > ZU } cs}

. Ok = { ✗ c-KIVKKI zo }
. PK = { ✗ c-K I Nick) > o } = ITKÒK

,
Whore VK (TK ) = 1.

' lrk = OK /PK

Let LIK be an extension of P-adicfields .

si kvif-I.co#ihL , [& : KK] -_ tua
insula ☐sorse →

2) PKO, = PI
""

I panificatori INDSX

( link = NLIITK ) )

FACT : [ L : K] -- ll/K ' fl /K

DEF : HK is

• MiraniFist) if ll /K = 1 ⇐) fla = [L: NK]
.

• Totally Rall IFISD if lla = [ L : K] ⇐ ' f- ↳a = 1 .

• Tandy Lanifici it Pt link ( dhn.se , WKDUY )
Rau IFIED



nlawfixalfeloi> extension

4kafp-edicfieldzg-gel.tl/K)DeF:V-iz
-1

,
the ith - ramificatiao Group is

G. = { regioni -✗ E PÌ
"

her}

FACTS : - 6--6.2=60262 ? . . .
? Gm = { 1}

,
Gia G .

. G; { oegl ok ) -✗ C- Pc ttxeol} incerta sorgonoUP.

/ Gol : luce =D LIK Urhan ' FIODC» Go = 31}

• Gai> a Sylow P- snbrgapaf Go . Impartirle
,

LIKTAMOLY ramifica PT luke ] Ga = 31 }

DEF : UK is Weakly Ramifica if Gz = } 1 }

DEF :O Ramificata jvnp io te Z at
. Gt # Getz



DEF : The Difformi of L /K is the Ideal ofa :

- 1
" E.è

" YI

DUK = } ✗ c-K I Treni lxy ) c- Ok V-y.ca }

FACT ? Duk containers Important arithmetic Information

PROP ( HILBERT 'S FORMULA ) : Dyn =

tu

N = [ (Gil - 1)
i :O

Exa : assume that L/K i>

^ Totally saniFIOD ( ll /a = [L : K] ⇐ Go = G)
' P- extension ( Gn = Go = G)
- Weasley ranfied ( G , = 1)

214 -2
=) DUK = PL



3. LOCAL Gants MODULE THEORY
LETR bearing ,

and let A be e finite group .

DEF : the GROUP ALGO Bra i]

RIH] = { Euro 1 no c- R }
TEH

1) RIH ) io a free ( lett) R - modulo wth boia H .

2) RIH ) is an R- algebra (moduli t Rino t con PABKITY) :

fro ) . Init ) = YEH t ? µ
RECALL : UK is a Galois extension of Radic fields, G- Gol (UK!

Exa : KIG]
,

Ok [G) are example .

Lisa KTGJ modulo , Q is on OUIG]
-Module

.

[Kot) - X = [Kork )



THM /NORMAL BASIS ) : Lisa free UIG] -Module (afrauuane )
2ha meous that ( equivalente ) :

1) LE KIG] es KTG] -moules ( le KEU] . a)

2) L /Kohut> a Normal Basis :

{ ha ) IREG } io e K- basi> of L

Question : Is also Ol afro auto] - Module ?

Equivalente , dai Llkodinit a Normal intiortl

Basis ( NIB) ?

} oca ) / c- G } On - basis of OL

ANSWER : mattina in general !



THM (NOETHER , ULLOM , Kawamoto) : the following de equivalent :
a) Oh if free her onto) ( of annona ) ⇐ ' 4K la NIB

b) 4K is tamen ranfied ( pteyr.es fa = 41 } I

PROF :(⇒ )
"

easy
"

(=) mare difficile .

We show just are part : if L/Kis UN panificio
,
then

Q is free over On [G) .

Puoi = PL
umani = ' ftp.i.qjg :[ ii. K] f- Gol ILIK ) ± Goethe /by

By NBT : IL = ha [o ] . 2-
,

2- =L tpl , a c- al

$ È IÌ
.

0L = di [o] . 2 + PL = auto ].at PKOL
NAKAYAMA

È> OL -- OUTG] - d
,
0L is free overOnto]



QUESTION : what it l / K is Wilden ramfieo ?

DEF / LEOPOLD-1) : the Associated ORDOR of 9L in KTG] i,

Ahn = } a c- Kto] I 19 E al }

Facts : 1) Anni ) di 0K _ rzubelgebra of K[o] .

Oh[G) E -14k
,

"

=

"

⇐ i LIK Tandy sacrificò

2) OL is aAlik -mobile

3) Of 9L i > free of annona ora M
,
vheo Mi>

au ou . snbalgebne of UIG], Then M =AUK

QUESTION : Is Q free ( of romane) ora -14k ?

STRATEGIES : dannptieeyan
• the group Structure of G

- nauificatan of UK



GROUP STRUCTURE :

0L is freeover AL/K = { a c- KIG] I 79 Ed} it

1)Gia drhedrelefader ZP ( Berge '

,
1972 )

2) Gia ± To a suiteble (pt Cm ( Joubert
, 1981 )

3) Gel IL /ap) i> abeliani (⇒ Gobelins) ( fette
,
1998)

and more . . .



RAMIFICATI0N :

0L is freeover AL/K = { a c- KIG] 179 EOL} it

1) LIK is Tandy romfied (Ana =auto ) Lucian , 1970)

2) / G /=p ,
t -- top + a / ac- ha :P-a } ) Unique unificata jnnp

,

e il = o mo' P

- a t < 1 ero
'

a IP-1

( BERTRAND la - FSRTON , 1972)
✓ ✓ \

3) LIK i> woakly rari IFIED (G , = 1) ( JOHN Shai 295)
↳ Key Fact : Kfc/V. i> Totally and heavy nautico peter .

Due = pi
" " "
⇒ Tua (E) = PÙ ⇒ Pi -- auto] -II⇒ .

.
.

and more .
. .
Thomas 's survey of 2010 has

/ 62 bibliography entries !



QUESTION : What if Q is not free over -14k ?

Wecan Thy Tense HOPF - GALOIS THEORY

"

""" """" """""

(
""" """ """""

VK
,
G--Gallia ) L /K ,

G =Gel (HK)

K[ G] H (K - HODF ALGEBRA)

KTGJ alberi L Hassan L ( es KID

Ahn = } aereo] la -oca} AH = } beh 1h -Olea}

a :b Oakman Alai? Q :3 a free over AH ?

FACT / BYOTT ) : Thee are extensions HK at .

a) 0L is not free over ALIK

b) Ol is free ah AH .


