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Part 1. Galois module theory

In this paper, we consider modules over rings not necessarily commutative. These
rings are always algebras over commutative rings; therefore the notion of rank of a
free module is well defined. If nothing is said, the modules we consider are left.

1. AN INTRODUCTION TO GALOIS MODULE STRUCTURE. THE CASE OF TAMELY
RAMIFIED EXTENSIONS

In this section, we mainly follow [FT93, Johl1].
Let G be a finite group.

Definition 1.1. Let R be a ring. The group algebra of G over R is

R[G]:{ZagomgeR}.

oceG

It is an R-algebra, free as R-module with basis G.

Let M be an abelian group. We say that M is a G-module if G acts on M via
endomorphism, that is, if there exists a group homomorphism ¢: G — End(M).
Equivalently, a G-module is just a Z[G]-module.

We say that M is a Galois module if M is a G-module with G = Gal(L/K) for
an extension L/K and the action of G on M is the Galois action.

Notation 1.2. If K is a number field, that is, a finite extension of QQ, then we write
Ok for the ring of integers. If K is a p-adic field, so a finite extension of Q, for a
prime number p, then we write Ok for the valuation ring.

We call primes of O the nonzero prime ideals, that is, the maximal ideals, of
Ok.

Example 1.3. Let L/K be a finite Galois extension with Galois group G.
e L is a K[G]-module.
Suppose that L and K are number fields or p-adic fields.
e Oy is an Ok [G]-module.
e The ideal class group CI(K) of K is an Ok [G]-module.
e O is a Z|G]-module.

Definition 1.4. Let L/K be a finite Galois extension with Galois group G. We
say that L/K admits a normal basis if there exists an element o € L, called a
generator of the normal basis, such that one of the following equivalent conditions
holds:

e L =K[G]:a.

e L is a free K[G]-module of rank one, with basis {a}.

o {o(a)]| o € G} is a K-basis of L.

Every finite Galois extension admits a normal integral basis, as stated by the
following deep result. For a proof, see [Ble07].



GALOIS AND HOPF GALOIS 3

Theorem 1.5 (Normal basis theorem). Let L/K be a finite Galois extension. Then
L/K admits a normal basis.

If L/K is a (finite) Galois extension of number fields or p-adic fields with Galois
group G, then Oy, is a Ok [G]-module. Is O, free over Ok [G]?

Definition 1.6. Let L/K be a finite Galois extension of number fields or p-adic
fields with Galois group G. We say that L/K admits a normal integral basis if
there exists an element a € L, called a generator of the normal integral basis, such
that one of the following equivalent conditions holds:

[ ] OL = OK[G} - Q.

e Oy is a free Ok [G]-module of rank one, with basis {a}.

e {o(a)| o € G} is an Ok-basis of O,.

Remark 1.7. If O, free over Ok [G], then the rank has to be one, since if we tensor
with K over O, we find that this rank equals the rank of L as K[G]-module, which
is one by Theorem 1.5.

Remark 1.8. If L/K is a Galois extension of number fields or p-adic fields with
Galois group G, then Oy, is the integral closure of Og. This means that for all
a € L, there exists an integer 0 # d € Ok such that da = v € Op. If a'is
a generator of a normal basis, then we immediately find that also + generates a
normal basis, that is, we can always assume that the generator of a normal basis
belongs to Of.

Clearly this does not mean that 7 is in general a generator of a normal integral
basis. But the converse is true: if a € O, generates a normal integral basis, then
it also generates a normal basis. Indeed, it is immediate to see that {o(«) | o € G}
is a set of K-generators of L with the right cardinality, so a K-basis.

The same argument shows that the apparently weaker condition O, = Ok[G]-«
is enough to have that Op, is free over Ok |[G] with basis {a}.

Not every finite Galois extension L/K of number fields or p-adic fields admits
a normal integral basis: since Ok [G] is free over Ok, if O, were free over Ok|[G],
then Op would also be free over Ok, but we know that if Ok is not a principal
ideal domain, then this may not be the case. Also if O is a principal ideal domain,
this may be false.

Example 1.9. Suppose K = Q and L = Q(7), so O, = Z[i]. We claim that L/K
does not admit a normal integral basis. We know that G = Gal(L/Q) = {id, o},
where o is the complex conjugation. Suppose that an element o = a + ib generates
a normal integral basis. Then

Z[G]-a={X(a+1ib) + ula —1ib) | A\, u € Z} = Z]].
Since 1 € Z[i] = Z|G] - o, we have either b = 0 or A = u. In the former case,
Z|G] - o = Z. In the latter, we find 2Aa = 1, which has no solutions in Z.

Example 1.10. Suppose K = Q and L = Q(v/5). Then O, = Z {#] and L/Q

admits a normal integral, generated by 1+2—‘/5

1.1. Lattices. Let R be a Noetherian domain with field of fractions K # R, and
let V' be a finite-dimensional K-vector space.
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Definition 1.11. An R-lattice of V is a finitely generated R-submodule M of V'
with the property that KM = spang (M) =V, or equivalently, that M contains a
K-basis of V. An R-lattice M is free if M is free over R.

Remark 1.12. Some authors use the term full lattice to define a lattice in the sense
of Definition 1.11.

Example 1.13. If L/K is an extension of number fields, then O, is an Og-lattice,
not necessarily free.

More generally, if O is a Dedekind domain with field of fractions K, L/K is
a finite separable extension, and Op, is the integral closure of O in L, then all
fractional ideals of O, and so also Oy, are O-lattices.

Remark 1.14. An R-lattice M is always R-torsion-free, since it is contained in the
K-vector space V. If M is also free, then M has rank n, where n is the K-dimension
of V. Every R-basis {x1,...,2,} of M is also a K-basis of V, as we may identify
V = KM with K ® g M. For similar results, see [FT93, Chapter II, section 4].

Lemma 1.15. Let M be an R-module in V. Then M is an R-lattice if and only if
there exist free R-lattices F' and F" such that F' C M C F".

Proof. See [Johll, Lemma 3.5]. O

Notation 1.16. Let O be a Dedekind domain with field of fractions K. If p is a
maximal ideal of O, then we write K, and O, for the completions of K and O,
respectively, with respect to the p-adic topology. We remark that O, is a discrete
valuation ring; see [FT93, Chapter II, section 3|. If M is an O-module, then we
write M, = Op ®o M. If V is a K-vector space, then we write V, = K, ®g V.
Note that this is indeed well defined, since if V' is a K-vector space, then

0, @0V 20,00 (K V)= (0,00 K)ok V=K, @V

as Op-modules, where the composition is given by the natural inclusion O, — K.
Also, if M is finitely generated as O-module, then M, is exactly the completion
lim M/p™M of M with respect to p; see [FT93, Chapter II, 4.6.a].

Note that if M is an O-lattice in V/, then M, is an Op-lattice in V},, since if
F' € M C F" (Lemma 1.15), then Fy C M, C F; by [FT93, Chapter II, 4.7];
moreover, as torsion-free finitely generated modules over principal ideal domains
are free, M, is a free Op-lattice in V.

Lemma 1.17. Let O be a Dedekind domain with field of fractions K, let V be
a finite-dimensional K-vector space, and let M and N be O-lattices in V. Then
M, = N, for almost all mazimal ideals p of O.

Proof. See [FT93, Chapter II, 4.12] a

1.2. Module index and discriminant. We fix a Dedekind domain O with field
of fractions K and a finite-dimensional K-vector space V.

Let M and N be free O-lattices of V, and let p be a maximal ideal of O, so
M, and N, are Op-lattices of V,,. Let {a,...,a,} and {f1,...,5,} be bases for
M, and N,, respectively, as Op-modules, and so also for V,, as K,-vector space.
Consider the K-linear map

a: Vo, =V,
a; = fBi.
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Define [M, : Np| = det(a)O,. This is a well-defined fractional ideal of O,, as the
map a is uniquely defined modulo Aute, (V).
Let now b: V x V — K be a symmetric nondegenerate K-bilinear form, and
define
6(My) = disc(My) = det({bp(cvi, ;) }) Oy,
where by, is the K,-bilinear form on V, induced by b:

by (Z A @i, Y ®yj) =D dimgb(@i,yg)-
i

Then §(M,) fractional ideal of O,.

Finally, since for almost all p, M, = N, by Lemma 1.17 and 6(M,) = O, by
Lemma 1.18(1), we can define §(M) to be the only fractional ideal of O such that
6(M), = 0(My),
and [M : N] to be the only fractional ideal of O such that

[M : N]y = [M : Np].

Here we are using the fact that if I is a fractional ideal of O with factorisation
I = H qvﬂ (I)’
q

then the completion of I with respect to a maximal ideal p is
I, = va(I)Op.
We state some important facts.

Lemma 1.18. In the previous setting, the following hold:

(1) For almost all p, 6(M,) = O,.

(2) If N C M, then [M : N] is an integral ideal; if also [M : N] = O, then
M =N.

(3) 8(N) = 8§(M)[M : NJ>.

(4) Let L be a finite separable extension of K, let Oy, be the integral closure of
Oin L, andletby,: L&xg V X Lk V — L be the form induced by b and
defined by bp,(I1 @ z,I' @ ') = l'b(x,2"). Then

6(0L ®o M) = 6(M)O¢.

Proof.

(1) Let M C F with F free O-lattice (Lemma 1.15). Then for almost all p,
M, = F, (Lemma 1.17). Note that for all p, §(F), = 6(F}). In particular,
if p does not occur in the factorisation of §(F), then 6(F,) = Oy, and so
the assertion follows.

(2) The result is clear after completion, and in the general case it follows from
the fact that for every O-lattice A,

A=Vn (OA,,),

where p ranges over all maximal ideals of O; see [Rei03, Theorem 5.3].
(3) See [FT93, Chapter III, 2.4].
(4) See [FT93, Chapter III, 2.10]. O
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We can apply this machinery to the case when V' = L is a finite separable
extension of K and b = Tr is given by the trace: for all z,y € L,
Tr(x,y) = TrL/K(xy)~

We define 0(L/K) = d1,x(OL) to be the discriminant of the O-lattice Or with
respect to this form, where O, is the integral closure of O in L. Note that 6(L/K)
is an integral ideal of O (the trace of an element in Of is in O), and the following
meaningful result holds.

Theorem 1.19. Let L/K be an extension of number fields or p-adic fields. Then
a prime p of Ok is ramified in L if and only if p divides §(L/K).

Proof. See [FT93, Chapter III, Theorem 22]. O
1.3. Linear and arithmetical disjointness.

Definition 1.20. Let L and F' be finite extensions of a field K contained in a
separable closure K. We say that L and F are linearly disjoint if the F-algebra
homomorphism

L®x F — LF
TRY Y
is bijective.
If we write F' = K(«) & K[z]/(uk(z)), where ug(z) is the minimal polyno-

mial of @ over K, then LF = L(a) & L[z|/(ur(x)), where pur(x) is the minimal
polynomial of « over L, and py, | pi. Since, by extension of scalars,

L&k F = Llx]/(ux ()

as F-algebras, we get that L and F' are linearly disjoint over K if and only if
WL = MK, SO pi remains irreducible in L, if and only if [F': K] = [LF : L], hence

[LF: K]|=[L:K]|[F:K].

Remark 1.21. If L and F are linearly disjoint over K, then L N F = K, but the
converse is not true. The standard example is given by K = Q, L = Q(\S/i), and
F = Q(¢3V/2), or more generally every two distinct, but conjugate, extensions of
prime degree.

Definition 1.22. Let L and F' be finite extensions of a field K contained in a
separable closure K. We say that L and F are arithmetically disjoint if L and F
are linearly disjoint and the discriminants §(L/K) and 6(F/K) are coprime ideals.

Example 1.23. For all n > 1, let (,, be a primitive n-th root of unity. If n,m > 1
are coprime, then Q(¢,) and Q((,,) are arithmetically disjoint over Q.

Theorem 1.24. Let K be a number field or a p-adic field, and let L and F be
arithmetically disjoint extensions of F'. Write

Ofp - Op =spany, ({zy | € Ok,y € OL}).

Then
OLF = OL . OF.
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Proof. The inclusion Oy, - Op C Opp is clear.

For the other, set N = LF. Via the identification L ® i F' <> N, we can identify
OrL®o, O with Or,-Op. In the same way, we view Oy as a Ox-lattice in L&g F
containing Or, ®p, Or. We need to show that [On : O ®o, Orlo, = Ok
(Lemma 1.18(2)), or equivalently, that for all prime p of Ok,

pt[On: O R0, OF|oy-

It is enough to show that pOp is coprime with [Oy : O ®o, OF|o.. Suppose,
without loss of generality, that p is coprime with §(L/K), that is, pOF is coprime
with §(L/K)Op. We know that

[On : O ®oy OF]?QF = 5N/F(0L Kok OF)(SN/F(ON)_l,

where dy/r denotes the discriminant with respect to Try,p. The trace Try,p,
under the identification N <+ L®g F', is Try, /g ®id. This implies (Lemma 1.18(4))
that

dn/p(OL ®oy OF) = 61/ (OL)OF,

and 50 6/ (OL ®o, Op) is coprime with pOp. Therefore, as [On : OL®0, OFl3,.
is integral, it must be coprime with pOp. (]

Remark 1.25. If K is a p-adic field and L and F are finite extensions of K contained
in a separable closure K, then L and F are arithmetically disjoint if and only if L/K
is unramified and [L : K] and [F"™ : K] are coprime, where F"™" is the maximal
unramified subextension of F'/K (or the same holds with L and F' swapped).

Proposition 1.26. Let K be a number field or a p-adic field. If L and F are
arithmetically disjoint over K, L/K is Galois with Galois group G, and Op =
OklG] - a, then Orr = Op|G] - a; moreover, if F/K is Galois with Galois group
H and Op = OK[H] - B, then Opp = OK[G X H] ~af.

Proof. See [Johll, Proposition 6.4] O

Proposition 1.27. Let L/K be a Galois extension of number fields or p-adic fields,
and let F be an intermediate field, with F/K Galois. If o generates a mormal
integral basis for L/ K, then Try p(c) generates a normal integral basis for F//K.

Proof. Write G = Gal(L/K) and H = Gal(L/F); then H is normal in G, and we
may identify Gal(F/K) with G/H. Write Or, = Og[G] - a. If z € Oy, then

x = Z ay,o(a),

oceG

with a, € O for all 0 € G. Suppose & € Op; then 7(z) = x for all 7 € H. We
have

Z a,0(a) =x=171(x) = Z a,7o(a) = Z a;-1,0(a),

oceG ceG ceG
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from which we deduce that a, = a,-1, forallc € G and 7 € H. Fixalift 0 € G
for all @ € G/H. Using that H is normal in G, we find that

x = Z Z a,570 () = Z agz Z 7o ()

geG/H TeEH ceG/H TEH

= Z as Z or'(a) = Z azo (TrL/F(a))
FeG/H T'€eH FeG/H

= Z az7 (Trp/r()) . O
5eG/H

Corollary 1.28. Let L/K be a Galois extension of number fields or p-adic fields. If
L/K admits a normal integral basis, then for all intermediate fields ', Try, ) p(Or) =
Or. In particular, Trp,/x(OL) = Ok

Proof. The inclusion Try,r(Or) C OF is clear.
Ifx =3 .sa,0(a) € OF, then, as before,

T = Z agz Z To(a) = Z az Try/r(0())

5eG/H reH FeG/H
=Tryr | Y, aso(a) | € Trp p(Op). 0
geG/H

1.4. Tamely ramified extensions. Let L/K be a finite extension of number fields
or p-adic fields. If p is a prime of Ok, then we can write a factorisation in Op:

pOL = il .. Cr

)
where for all ¢ = 1,...,7, B; is a prime of Op and e; > 0. For example, if the
extension is Galois, then e; = e for all 7. If L and K are p-adic fields, then r = 1,
since Oy, is a discrete valuation ring in this case. We say that primes 33; lies above
p and p lies under PB; for all i.

Definition 1.29. Let L/K be a finite extension of number fields or p-adic fields.
We say that a prime p of Ok is tamely ramified in L if p 1 e; for all B; lying above p,
where if K is a number field, then p is the prime number lying under p. Otherwise,
we say that p is wildly ramified.

We say that L/K is tamely ramified if every prime p of Ok is tamely ramified
in L. Otherwise, we say that L/K is wildly ramified.

We can characterise the tamely ramified extension as follows.

Theorem 1.30. Let L/K be a finite Galois extension of number fields or p-adic
fields. Then L/K is tamely ramified if and only if Try x (Or) = Ok.

Proof. One can show that a prime p of Ok divides Trz/x(Or) if and only if p is
wildly ramified; from this, the result is clear. For the details, see [Joh11l, Proposition
7.2]. O

Corollary 1.31. Let L/K be a Galois extension of number fields or p-adic fields.
If L/K admits a normal integral basis, then L/K is tamely ramified.

Proof. The assertion follows by Corollary 1.28 and Theorem 1.30. O
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1.5. Hilbert—Speiser theorem. We briefly discuss here tamely ramified exten-
sions of number fields.

Proposition 1.32. Let n be a squarefree positive integer, and let L C Q(¢,). Then
L/Q admits a normal integral basis generated by Troc,y/r(Cn)-

Proof. By Proposition 1.27, it is enough to show that (,, generates a normal integral
basis for Q({,)/Q. We write n = p; - - - p, and work by induction on r. If r = 1,
then n = p is prime. We know that a Z-basis for Z[(,] is {1,(p, . . ,(5_2}. Since ¢,
is a unit, then also {,,(2,...,¢7"} is a Z-basis of Z[(p], and this is exactly the
set of conjugates of (y; thus the assertion follows.

Now let n = mp, with (m,p) = 1. By induction on m, (,, generates a normal
integral basis for Q((,,)/Q. By base case, (, generates a normal integral basis for
Q(¢p)/Q, and since Q((,,) and Q((,) are arithmetically disjoint, we conclude by
Proposition 1.26 that ¢, = (,,(, generates a normal integral basis for Q(¢,)/Q. O

Theorem 1.33 (Hilbert—Speiser theorem). Let L/Q be a tamely ramified abelian
extension. Then L/K admits a normal integral basis.

Proof. By Kronecker—Weber theorem, if L/Q is abelian and tamely ramified, then
L is contained in cyclotomic tamely ramified extension Q(¢,) of Q. Since Q(¢,)/Q
is tamely ramified if and only if n is squarefree, we conclude by Proposition 1.32
that Trg(c,)/(Cn) generates a normal integral basis for L/Q. O

The main result of [GRRS99] tells us that we cannot change the base field or
look for weaker hypotheses in Theorem 1.33. We discuss this in section 8
The next examples are discussed in [Mar69] and [Mar71], respectively.

Example 1.34. There exists a finite Galois extension L/Q with Galois group
isomorphic to the dihedral group Ds4 of order 2¢, with ¢ # 2 a prime number, such
that L/Q admits a normal integral basis.

Example 1.35. Let F' = Q(\/g, \/ﬁ) Consider
5+ VE 21421
T2 2

Define Ly = F(y/m) and Ly = F(v/—3m). Then Gal(L;/Q) = Qs, the quaternion
group, for i = 1,2, and L;/Q admits a normal integral basis, but La/Q does not.

1.6. Tamely ramified extensions of p-adic fields. The goal of this subsection
is to study normal integral bases for tamely ramified extensions of p-adic fields. We
begin with unramified extensions.

Notation 1.36. If K is a p-adic field, we write kg for the residue field O /p, where
p is the prime of O.

Theorem 1.37. Let L/K be an unramified extension of p-adic fields. Then L/K
admits a normal integral basis.

Proof. Let p and P be the primes of Ok and Oy, respectively. Since L/K is
unramified,
pOL =B
and
[L : K] = [kL : kK]



10 F. FERRI AND L. STEFANELLO

In particular, L/K is Galois with Galois group

G = Gal(L/K) = Gal(kr /kx) = G.
We identify G with G. By normal basis theorem (Theorem 1.5), there exists @ € ky,
such that ky, = kx[G] - @. Let a be a lift of @ in O, and define M = Ok|[G] - a.
We claim that M = L. We have

M/BM = k’k[G] ca=k,=0./B=05/pOr;

therefore O, = M + POy, and by Nakayama’s lemma (see [CR81, (30.2)]), O =
M. U

Let us now consider totally and tamely ramified extensions.

Theorem 1.38. Let L/K be a Galois extension of p-adic fields with degree e,
and suppose that L/ K is totally and tamely ramified. Then L/K admits a normal
integral basis. More precisely, given a uniformiser wg for K, let wy, be a uniformiser
for L such that 7§ = wg. Then for all ug,. .., uc—q1 € O,

e—1
o= g u;mY,
i=0

generates a normal integral basis for L/ K.

Proof. This result is proved in [Johll, Proposition 9.4]. Here we give a sketch of
the proof.

Every totally ramified and tamely ramified extension of K with degree e is of
the form L = K(/7k), for a suitable uniformiser 7x of K. In addition, if L/K is
Galois, then K 3 (. and Gal(L/K) is cyclic by Kummer theory. In particular, let
7, = /7. Then 7 € L, v () = 1/e, and O = Og|[rr], with integral basis
{1,7p ..., 71}

To show that {o(a)}see is a normal integral basis, it is enough to prove that
{o(a)}secc is a basis. We have

({o(@)}oeca)ox € {mLlosice-1)0k-
Our claim is that
O : {o()}oec)on] = Ok,
that is, the determinant of the map sending {7% }o<i<c—1 to {o(a)},ec is invertible
in O. This would be enough by Lemma 1.18(2).
The Galois group Gal(L/K) is cyclic, generated by the element o that sends 7,
to (emr; therefore

e—1 e—1
ol (@) =D wiod (r}) = > wi¢n,
1=0 1=0

so we need to prove that A = {u;(%} has invertible determinant in Ox. We have

det(A) = (ef[ uk> - det(B),
k=0

with B = {¢"}. Using that B is a Vandermonde matrix and L/K is tamely
ramified, one can conclude that det(B) € O, and so we derive our assertion. [J

Combining these two cases, with some additional work, one can deduce the result
for tamely ramified extensions.
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Theorem 1.39 (Noether’s theorem). Let L/K be a Galois extension of p-adic
fields. Then L/K admits a normal integral basis if and only if L/K is tamely
ramified.

Proof. One direction is Corollary 1.31. The other is quite technical, and we refer
to [ET92, Lemma 3.2|, [Kaw86], [Johll, Theorem 9.5]. O

2. MORE TAMELY RAMIFIED (GALOIS MODULE STRUCTURE AND AN
INTRODUCTION TO WILD GALOIS MODULE STRUCTURE

2.1. Higher ramification groups. We begin this section with a brief discussion
about higher ramification groups; we refer to [Ser79, Chapter IV, sections 1-2].

Let L/K be a Galois extension of p-adic fields with Galois group G, and let P
be the prime of Op,.

Definition 2.1. For all i > —1, the ith ramification group is
Gi={oceGlo(x)=2 (mod Pt forallzc O}

Note that it is enough to check the condition on a generator a for O as Ok-
algebra, which exists by Hensel’s lemma. This implies that G; is trivial for ¢ suffi-
ciently large, and since every G} is the kernel of the natural action of G on Op /B*1,
we conclude that the subgroups G; form a decreasing filtration of normal subgroup
of G:

G=G_1>2Gy>--->2G, =1
For i = 0, we find the inertia subgroup Go, which has order e, the ramification index
of the extension L/K. In particular, L/K is unramified if and only if G is trivial.

Proposition 2.2. Let i > 0, let o € Gy, and let © be an uniformiser of L. Then
o € G, if and only if o(r)/m =1 (mod P*).

Proof. Consider the fixed field Kq = L of Gy. Since o € Gy, it is enough to show
the result for a generator of Or, over Ok,. As L/K is totally ramified, we can pick
7 as generator; therefore, just dividing o(7) = 7 (mod P*1) by 7, we derive the
assertion. (]

Recall that, if we denote by Uy, the group of units of Ok, then we have a filtration
given by Up; =1+ P ={x €Uy |z =1 (mod P*)} for all i > 0. We call U} the
ith higher unit group.

Proposition 2.3. For all ¢ > 0, there exists an injective group homomorphism
0;: Gi/Git1 — UL,i/UL,i+17

induced by
s(m)

S —.
™

The map 6; is independent of the choice of the uniformiser © for L.

Proof. By Proposition 2.2, if s € G, then s(r)/m € U. The map is well defined,
since if 7’ = 7u, with u € Uy, is another uniformiser, then
s(n’) _ s(m) s(u)

;T ’
s ™ u

and s(u)/u € Uy
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The map G; — U}/ Ui‘“ is actually a homomorphism, as

(st)(m) _ s(t(m)) t(m)

™ t(m) T’
and t(m) is again an uniformiser.

Finally, note that the kernel of this map is precisely G;t1, by Proposition 2.2
applied to 7 + 1. O

Corollary 2.4. The group Go/G1 is cyclic of order coprime with p, and Gy is a
p-group.

Proof. Recall that there are group isomorphisms U, /UL 1 = kLX and U, ; /UL i1 =
kg for all i > 1, by [Ser79, Chapter IV, Proposition 6]. We derive that Gy/G,
is isomorphic to a subgroup of kr, so it is cyclic with order coprime with p, and
G;/Gi+1 is a p-group; since the filtration eventually stops, we conclude that Gy is
a p-group. O

Corollary 2.5. The extension L/K is tamely ramified if and only if Gy is trivial.

Proof. The extension L/K is tamely ramified if and only if p is coprime with e, the
order of Gy. As G; < Gy is a p-group and Gy/G1 has order coprime with p, we
immediately deduce the result. O

Definition 2.6. The extension L/K is weakly ramified if G5 is trivial.

2.2. Orders. We refer again to [Johl1].
Let R be a Noetherian domain with field of fractions K. Suppose R # K. Let
A be a finite-dimensional K-algebra.

Definition 2.7. An R-order in A is a subring A of A, with the same unity, such
that A is an R-lattice.

In particular, an R-order is also an R-algebra.

Example 2.8.
(1) If R = O is a Dedekind domain, L/K is a finite separable extension, and
Oy is the integral closure of O in L, then Of, is an O-order in L.
(2) For all n > 1, the R-module of n x n matrices Mat,, x,(R) is an R-order in
Maty, xn (K).
(3) Let G be a finite group. Then group ring R[G] is an R-order in K[G].
Let now L/K be a finite Galois extension of number fields or p-adic fields with
Galois group G.

Definition 2.9. The associated order of L/K is
Ak ={r € K[G] |z-Or COL}.
Note that 2 /i always contains O [G], but they may differ, as we see below.
Proposition 2.10. Ak is an Ok-order in K[G].

Proof. It is immediate to see that 2, /i is an Og-subalgebra of K[G]. As it contains
Ok [G], for which K - Ok [G] = K[G], we deduce that K -, /x = K[G].

We just need to check that 2l /i is finitely generated as Ox-module. Let a € O
be a generator of a normal basis for L/K, and write M = {z € K[G] | z-« € O},
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so M -a = Op. Note that M = Op as Og-modules; therefore M is a finitely
generated Ox-module. Since U7,/ x € M and Ok is Noetherian, we conclude that
also Ry, is a finitely generated Ox-module. (]

By definition, Of is an 1,/ g-module. Is O free over Ay, /x?

Remark 2.11. 1f Oy, is free over 2y, then it needs to have rank one, since if
we tensor with K over Ok, we find that this rank equals the rank of L as K[G]-
module, which is one by Theorem 1.5. In particular, if Oy, is free with basis {a},
then L = K-Op = K- () -a) = K[G]-, that is, o generates a normal basis. As
in Remark 1.8, this shows also that the apparently weaker condition O = R/ k-«
is enough to obtain that O is free over 2,k with basis {a}.

The following meaningful result explains how the associated order is the right
ring to study, in relation with Op.

Proposition 2.12. Let L/K be a Galois extension of number fields or p-adic fields
with Galois group G. If O is free over an Og-order I' in K[G], then I' = Ay, k.

Proof. Suppose O, =T'-a. If v € /Ay /k, then x-a € Op =T - a, hence we can
find y € T with x - @ = y - a. As « is a generator of a normal basis by (a slight
variation of) Remark 2.11, we conclude that z =y € T.

Conversely, if v € T, then v- O =7 (') =T - a C T - a = Op; thus
FcAp k. O

Example 2.13. Consider the extension Q(z)/Q, which is wild at the prime 2,
with Galois group G = {id, o}, where o is the complex conjugation. Consider
e = HT‘T and e_; = 1—70 It is straightforward to show that e; and e_; map
the ring of integers Z[i] to itself, so they belong to g(;)/q, which is then strictly
larger than Z[i]. Moreover, if « = 1+ 14 € Z[i], then Z[e1,e_1] - o = Z[i], that is,
gy q = Zle1, e_1] by Proposition 2.12.

Corollary 2.14. Let L/K be a Galois extension of p-adic fields with Galois group
G. Then Ay, x = Ok|G] if and only if L/K is tamely ramified.

Proof. If L/K is tamely ramified, then L/K admits a normal integral basis (Corol-
lary 1.31), hence 27,k = Ok[G] by Proposition 2.12.

Conversely, if L/K is wildly ramified, then, by Theorem 1.30, Try,x(Or) C
g Ok, where mg is an uniformiser of Ok . In particular,

1 1
Ty =—0Y 0
o Troyx ”Kc;;

belongs to Az, but not to Ok [G]. O

2.3. Locally free class group. Here we follow [Johll] and [Rei03].
We begin with some useful definitions.

Definition 2.15. Let K be a field, and let A be a K-algebra.

o A is semisimple if A is the direct sum of a finite number of minimal left
ideals.

e A is separable if for all field extensions K C L, L ®k A is a semisimple
L-algebra.
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Remark 2.16. Note that we do not need the algebra structure in Definition 2.15,
just the ring structure.

Remark 2.17. It is clear that a separable algebra is semisimple.

Example 2.18.

(1) If K is a field, then every separable K-algebra is semisimple.

(2) If L/K is a finite field extension, then L is a separable K-algebra if and
only if L/K is a separable field extension; see [CR81, Proposition 7.4].

(3) If G is a finite group, then the group algebra K[G] is separable, as immediate
consequence of Maschke’s theorem; see [CR81, Theorem 3.14].

Let O be a Dedekind domain with field of fractions K, and let A be an O-order
in a finite-dimensional separable K-algebra. (For example, we can take K[G]).

Definition 2.19. A A-lattice is a A-module which is an O-lattice.

Definition 2.20. Two A-lattices M and N are locally isomorphic if M, = N, as
Ap-modules for all maximal ideals p of O; in this case, we write M V N. We say
that M is locally free of rank n over A if M v A™.

If M is locally free of rank one, then we say that M is a locally free ideal.

Remark 2.21. Note that for a finitely generated O-module M and a maximal ideal
p of O, also the localisation of M with respect to p may be denoted by M,. In par-
ticular, some authors give Definition 2.20 with localisations instead of completions;
this ambiguity is justified by [CR81, Proposition 30.17].

Example 2.22.

(1) If M is free of rank n, then M is locally free of rank n.

(2) Let L/K be a Galois extension of number fields with Galois group G. For
all primes p of O, write Or , = Ok, ®o, Or. Then O is locally free of
rank one over Ok [G] if and only if Of , is a free Ok, [G]-module of rank
one for all primes p of Ok.

We prove the following result in section 5.

Theorem 2.23. Let L/K be a Galois extension of number fields with Galois group
G. If p is a prime of Ox which is tamely ramified in L/K, then Or, is a free
Ok, [G]-module of rank one. In particular, if L/K is tamely ramified, then Oy is
locally free of rank one over Ok[G].

We introduce an equivalence relation on the set of locally free A-lattices: we
write M ~ N if there exist 7, s € N such that M @ A" 2 N @ A% as A-modules. We
write the class of M as [M], and lattices in [A] are called stably free.

Theorem 2.24. Let M and M’ be locally free A-lattices. Then there exist a locally
free ideal M" and t € N such that

M @ M/ g At @ M//
as A-modules.

Proof. See |[Rei03, Theorem 26.4]. O
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Theorem 2.24 implies that every class is represented by a locally free ideal. In
addition, if M, M’ are locally free A-lattices and M" is a locally free ideal as in
Theorem 2.24, then we set

[M] + [M'] = [M"].
This defines a group structure on the set of classes with respect to the equivalent

relation introduced above, where the identity element is [A]. The group we get is
called locally free class group and is denoted by CIl(A).

Example 2.25. Clearly O is an QO-order in the K-algebra K. In this case, C1(O) is
just the usual ideal class group, a finite group consisting of O-isomorphism classes of
fractional O-ideals in K, where the group operation is determined by multiplication
of fractional ideals.

The following result implies that if O is the ring of integers Ok of a number field
K, then CI(A) is finite.

Theorem 2.26 (Jordan—Zassenhaus theorem). If K is a number field, then for all
t € N, there are only finitely many isomorphism classes of A-lattices of O-rank at
most t.

Proof. See [Rei03, Theorem 26.4]. O

Remark 2.27. Let L/K be a tamely ramified Galois extension of number fields.
Then Oy, is locally free of rank one over Ok [G] (Theorem 2.23). In particular, we
can consider the class [Or] € Cl(Ok[G]). Note that if this class is trivial, then it is
not necessarily true that Op, is free over Ok [G]. Rather, if Oy, is stably free, then
there exists r € N such that

Or @ (Ok[G])" = (Ok[G))"

as Ok [G]-modules. It can be shown that this holds also for 7 = 1, but in [Cou94]
there is an example of a tamely Galois extension L/Q with Galois group @32, the
generalised quaternion group of order 32, where Op is stable free but not free over

Z[Q32].

Let K be a number field, and let A be an Og-order in a finite-dimensional
separable K-algebra A. We say that A has locally free cancellation if for all locally
free finitely generated A-modules X and Y,

XoA® 2y o A® for some ke N = X Y,

where the isomorphisms are as A-modules. In this case, stably free is equivalent to
free, that is, [X] trivial in CI(A) implies that X is a free A-module.

Example 2.28.

(1) If A is Eichler/Og, then every O-order in A has locally free cancellation.
This is Jacobinski cancellation theorem; see [CR87, Theorem 51.24].

(2) If G is a finite group and A = K|G], then an Og-order in K[G] has lo-
cally free cancellation if K is totally complex or if G is abelian, dihedral,
symmetric, alternating, or of odd order.

We conclude with a statement of a special case of Frohlich’s conjecture, proved
by Taylor in [Tay81].
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Theorem 2.29 (Frohlich’s conjecture, special case). Let L/K be a tamely ramified
Galois extension of number fields with Galois group G. Then [Or]? is trivial in
CIZI[G]); moreover, if G has no irreducible symplectic characters, then Oy, is free
of rank [K : Q] over Z[G].

The condition on G of Theorem 2.29 holds, for example, if G is abelian, dihedral,
symmetric, alternating, or of odd order.

2.4. Structural results for generalised normal integral bases. We briefly
summarise the behaviour of the associated order in towers and compositum of
fields, referring to [BL96], [Johll, section 11].

Lemma 2.30. Let L and F' be arithmetically disjoint Galois extensions of a number
field or p-adic field K, and let N = LF. Then the following hold:
(1) An/p = ALk ®ox OF Op-algebras, and Ay x = Ak Qo Ap/x as
Ok -algebras.
(2) If there exists a € Of such that O = Ak -, then On = ™Ap/p - a;
moreover, if there erists B € Op such that Op = ™Up/i - B, then On =

mN/K . O[ﬁ.
Proof. This is [BL96, Lemma 5], and it makes use of the isomorphism Oj =
Or, ®oy O, given by Theorem 1.24, and [CR81, Section 24, Exercise 2|. O

Lemma 2.31. Let K C L C N be a tower of Galois extensions of number fields,
and suppose that N/L is tame. If On = Ay i -, then Op = Ay /i - Try/p ().

Proof. See [Johll, Lemma 11.2]. O

2.5. Leopoldt’s theorem. Following [Johll, section 12|, we explicitly prove a
particular case of Leopoldt’s theorem. We begin with the cyclotomic case.

For every k € N, choose a primitive kth root of unity (; in such a way that for
all k, € € N with k | £, we have ¢//* = ¢;.
Lemma 2.32. Let p be a prime, let n,m > 1 (withn > 2 if p = 2), and let
0<k<n+m. Then

C kpm ka < n,
TrQ(Canrm)/Q(CP”)(Cpk) = {Op Othe'f'wfise-

Proof. See [Johll, Lemma 12.2]. O
Proposition 2.33. Let p be a prime number, let n € N (n > 2 if p = 2),

let G = Gal(Q((p)/Q), and let o« = Y ) (. For 1 < k < n, define e, =
5w Trg(,m)/a(c,.) - Then

Z[Cpn] = Ag(cpn)/0 -
where
Agc,n)/a = ZIG){ex} 1)

Proof. We assume that p odd (the case p = 2 is done similarly) and define B =
Z[G][{er}rZ ). We want to show that B -« = Z[(,=]. We know that every element
in Z[(pn] is a combination of p-power roots of unity with coefficients in Z.
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By Lemma 2.32,

¢ Ge f0<L<E,
ek - =
kot 0 otherwise,

and since all the primitive p’-roots of unity are G-conjugate and for all o € G we
have ey, - (0((pe)) = oex, - (e, we derive that e, € 2Ag(¢,»)/q> and so

B = Z[G][{er}}21] € Ag(c,n)/0-

By definition of associated order, B - o C Z[(pn].

Conversely, it is immediate to see that oe;-a = 0((,) and o(ex—ep—1)-a = a((pr)
for all g € G and 2 < k < n; hence B - a D Z[(pn].

By Proposition 2.12, we conclude that B = g, .)/0- ([

If n € N, write r(n) for the product of all prime numbers dividing n.

Proposition 2.34. Letn € N withn # 2 (mod 4), and let oo =3 )4, Ca- Then
Z[Gn] = Ag(¢ay/@ - -

Proof. This follows from Proposition 2.33 and Lemma 2.30. (|

Remark 2.35. The condition n # 2 (mod 4) in Proposition 2.34 is due to the fact
that if n = 2m with m odd, then Q({n) = Q((pm).

Definition 2.36. Let L be a finite abelian extension of Q. The conductor of L
is the smallest natural number n such that L C Q({,). (The natural number n
always exists by Kronecker—Weber theorem.)

Lemma 2.37. Let L be a finite abelian extension of Q of conductor n. Then
Q(¢n)/L is tamely ramified at all primes lying above odd prime numbers. In par-
ticular, if n is odd or i € L, then Q((,)/L is tamely ramified.

Proof. See [Johll, Lemmas 12.6 and 12.7]. O

Theorem 2.38 (Leopoldt’s theorem, special case). Let L be a finite abelian exten-
sion of Q of conductor n. Suppose that n is odd or i € L. Let

a="Trgeye | Y, G
r(n)|d|n

Then O =Ap)q - .

Proof. By Proposition 2.34, we have Z[(,] = g(c,)/q . By Lemma 2.37, Q(¢,)/L
is tamely ramified. The result now follows from Lemma 2.31. O

Remark 2.39. Leopoldt’s original proof is presented in [Leo59]. One can prove
Leopoldt’s theorem for all finite abelian extensions of @Q in almost the same way
as this section, by using the adjusted trace map, as defined in [Joh06]. Finally, a
different and simplified approach can be found in [Let90].
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3. RESULTS ON GALOIS MODULE STRUCTURE OF WILDLY RAMIFIED EXTENSIONS
AND LOCAL FREENESS OVER THE ASSOCIATED ORDER

Let L/K be a Galois extension of number fields, let p be a prime of Ok, and
let P be a prime of O, lying above p. Write 1k , = Ok, @0, 2 k- There are
three questions that one can ask.

(1) Is O free over A k?
(2) Is O, free over A/, 7
(3) Is OLy, free over Ay, /k,?

Clearly, if (1) is satisfied, then also (2) is satisfied. The goal of this section is to
summarise the main results known about these problems and to understand the
relations between them.

Remark 3.1. In all of the previous cases, if we have freeness, then the rank is
necessarily one, as taking the tensor product with K over Ok immediately shows.

Notation 3.2. For all n > 1, write S,, and A,, for the symmetric group and the
alternating group, respectively, of degree n.

3.1. Brief recall on the tamely ramified case. If L/K is a tamely ramified
Galois extension of number fields with Galois group G, then Of, defines a class in
Cl(Ok|[G]). In particular, if C1(Ok[G]) = 0 and K[G] has locally free cancellation,
then L/K automatically admits a normal integral basis. If K = Q, the CI(Z[G]) =0
is only true if G is among certain abelian groups, certain dihedral groups, A4, Sy,
As; see [RU74, EH79]. In such cases we automatically have locally free cancellation.
However, we have already seen the following consequence of Frohlich’s conjecture,
which was proved by Taylor in [Tay81| and tells us much more without assuming
that the locally free class group is trivial.

Theorem 3.3. Let L/Q be a finite tamely ramified Galois extension of Q with
Galois group G. Suppose that G is abelian, dihedral, of odd order, alternating, or
symmetric. Then L/Q has a normal integral basis.

Indeed, in the hypotheses of Theorem 3.3, G has no irreducible symplectic char-
acter, which means that the class of O in Cl(Z[G]) is trivial, and that there is
locally free cancellation, which implies that O is free over Z[G]. Note that this in
particular generalises Hilbert—Speiser theorem, and it permits us to conclude that a
sufficiently nice (that is, whose Galois group does not have to do with quaternions)
tamely ramified nonabelian extension of Q admits a normal integral basis.

3.2. Clean orders. One reference for these kind of orders is [Rog70, Chapter IX,
section 1].

Definition 3.4. Let O be a Dedekind domain with field of fractions K, let G be
a finite group, and let A be a Q-order in K[G]. We say that the order A is clean if
A satisfies the following property: if M is a projective A-lattice which spans over
K a free K[G]-module, then M is a free A-lattice.

Example 3.5.

(1) If O is a discrete valuation ring, then O[G] is a clean order. This is Swan’s
theorem; see [CR81, Theorem 32.1].
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(2) If G is abelian and O is a discrete valuation ring with characteristic zero
and finite residue field, then every O-order in K[G] is clean. This is due to
Hattori [Hat65]; see also [Rog70, Chapter IX, Corollary 1.5].

(3) As we see in section 5, if O is a discrete valuation ring, then every maximal
O-order is clean. More precisely, in Definition 3.4, we do not even need to
assume that M is projective.

From Swan’s theorem, we deduce in Section 5 an important relation between
tameness and projectivity.

3.3. Freeness results for Galois extensions of p-adic fields. Let p be a prime
number. We begin with a consequence of Leopoldt’s theorem.

Theorem 3.6 (Leopoldt). Let L/Q, be a finite abelian extension. Then O is free
over Ar g, -

Lettl further generalised the result in [Let98].

Theorem 3.7 (Lettl). Let L/K be an extension of p-adic fields such that L/Q,, is
abelian. Then Oy is free over U /.

Now we shall consider the nonabelian setting. In this framework, the first impor-
tant contributions are due to Bergé [Ber72|, Martinet [Mar72], and Jaulent [Jau81].

Theorem 3.8 (Bergé). Let L/Q, be a Galois extension with Gal(K/Q) = Ds,.
Then Oy, s free over A q, -

Theorem 3.9 (Martinet). Let L/Q, be a Galois extension with Gal(L/Q) = Qs.
Then Oy, is free over A q, -

Theorem 3.10 (Jaulent). Assume that p is odd, and let n and r be positive integers
such that n divides p — 1 and r is a primitive nth root modulo p. Let G be the
metacyclic group with the following structure:

(3.1) G=(z,y|a?=19y"=lLyry ' =2") = C, x C,.
Let L/Qy, be a Galois extension with Gal(L/Q,) = G. Then Oy, is free over A q, -

Remark 3.11. In the special case n = 2, the group G of Theorem 3.10 is dihedral
group of order 2p.

Notation 3.12. If L/K is a finite Galois extension with Galois group G and H is a
subgroup of G, then we write Try = >, .y h € K[G] and ey = ﬁ Try € K[G].
Note that ey is an idempotent.

Considering a generic base field, Johnston [Joh15] obtained the following result.

Theorem 3.13 (Johnston). Let L/K be a weakly ramified Galois extension of p-
adic fields with Galois group G. Then Of is free over 2y, i ; moreover, if L/K is
wildly and weakly ramified, then Ay x = Ok [G] [71’1_(1 Trg,], where Gy is the inertia
subgroup.

One may suspect that it is always the case that, in a Galois extension of p-adic
fields, the ring of integers is free over the associated order, as happens if we further
assume tame ramification. We see below that this is not true.
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Definition 3.14. Let L/K be a Galois extension of p-adic fields with Galois group
G. We say that L/K is almost maximally ramified if ey € 2, /i for all subgroups
H of G such that G;+1 < H < G; for some i > 1.

Remark 3.15. We can give a version of Definition 3.14 also for Galois extensions of
number fields: if L/K is such an extension, p is a prime of Ok, and ‘P is a prime
of Or, lying above p, then p is almost mazximally ramified in L if Ly /K, is almost
maximally ramified. Note that indeed this property does not depend on the prime
B lying above p.
The following result is due to Bergé [Ber79a, Proposition 7].

Theorem 3.16 (Bergé). Let L/K be a dihedral extension of p-adic fields with
Galois group G such that K/Qy, is unramified. Then Of is projective over 2,
if and only if Or is free over Ay, if and only if one of the following conditions
holds:

(1) L/K s almost mazimally ramified; in this case

AUk = Ok[Gll{ea, bzl
(2) L/K is not almost mazimally ramified, and the inertia subgroup Go 1is di-
hedral of order 2p; in this case
A1k = Ok|[G][2eq,]-

We discuss further results concerning cyclic extensions of prime orders and ex-
tensions with cyclic inertia group in section 5.

3.4. Freeness results for Galois extensions of number fields. We begin by
recalling Leopoldt’s theorem [Leo59], which generalises Hilbert—Speiser theorem to
wildly ramified abelian extensions of Q.

Theorem 3.17 (Leopoldt’s theorem). Let L/Q be a finite abelian extension. Then
Oy is free over Ap q.

In section 3 we have seen a partial proof in the case K has odd conductor or is
imaginary.

Remark 3.18. Leopoldt also specified a generator and the associated order; Lettl
in [Let90] gave a simplified and more explicit proof of the same result.

We also have the following result of Bergé [Ber72].

Theorem 3.19 (Bergé). Let p be a prime number, and let L/Q be a dihedral
extension of degree 2p. Then Op is free over Ur,/q.

Now let L/Q be a Galois extension with Gal(L/Q) = Qg, the quaternion group
of order 8. Suppose that L/Q is tamely ramified. Martinet gave examples of such
extensions with and without a normal integral basis (see Examples 1.34 and 1.35);
moreover, Frohlich showed in [Fro72] that both possibilities occur infinitely often.
By contrast, in the case that L/Q is wildly ramified, we have the following result
of Martinet [Mar72].

Theorem 3.20 (Martinet). Let L/Q be a wildly ramified Galois extension with
Gal(L/Q) = Qs. Then O, is free over A q.

For other global freeness results, the first author recently obtained the following
results.
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Theorem 3.21. Letn be a positive integer, and let p > 5 be a regular prime number
such that the class number of Q((pn)™ is 1. Let L/Q be a dihedral extension of degree
2p". Then Oy is free over Ay, q if and only if the ramification index of p in L/Q
is a power of p.

Corollary 3.22. Let K/Q be a dihedral extension of degree 2p™, where (p,n) is

(5,2), (5,3), (7,2), or (11,2). Then Oy, is free over Ay, q if and only if the ramifi-
cation indez of p in L/Q is a power of p.

Similar but more complicated results hold when p =2 or p = 3.

Definition 3.23. A prime number p has full decomposition group in a finite Galois
extension L/Q if there is just one prime of Oy, lying above p; this means that the
decomposition group of p in L/Q is the whole group.

Theorem 3.24. Let L/Q be a Galois extension with Gal(L/Q) = Ay. Then Oy, is
free over Uy q if and only if 2 is tamely ramified or has full decomposition group.

Theorem 3.25. Let L/Q be a Galois extension with Galois group G = Sy. Then
Oy is free over Ay, q if and only if one of the following conditions on L/Q holds:
(1) 2 is tamely ramified.
(2) 2 is weakly ramified and has full decomposition group.
(3) 2 has decomposition group equal to the unique subgroup of G of order 12.
(4) 2 is weakly ramified, it has decomposition group of order 8 in G, and it has
inertia subgroup equal to the unique normal subgroup of order 4 in G.

Here a prime number p is weakly ramified in L if the extension Ly /Q, is weakly
ramified, where 3 is a prime of Oy, lying above p.

Theorem 3.26. Let L/Q be a Galois extension with Gal(L/Q) = As. Then Oy, is
free over Ay g if and only if all of the following conditions on L/Q hold:

(1) 2 is tamely ramified.
(2) 3 is tamely ramified or not almost maximally ramified.
(3) 5 is tamely ramified or not almost mazximally ramified.

3.5. Local freeness results for Galois extensions of number fields. Let L/K
be a Galois extension of number fields, and let p be a prime of Og. Recall that
Op is locally free at p over Ry /i if Of , is free over 2y /i ,, and Op is locally free
over Ay, /g if this holds for all p.

The following results are taken by [Let98, Jau81, Ber79a|, respectively.

Theorem 3.27 (Lettl). Let L/K be an extension of number fields such that L/Q
is an abelian extension. Then Of, is locally free over Ay i .

Theorem 3.28 (Jaulent). Let L/Q be a Galois extension such that Gal(L/Q) is
metacyclic of type (3.1). Then Oy is locally free over 2y, q.

Theorem 3.29 (Bergé). Let L/Q be a dihedral extension with Galois group G, let
p be an odd prime number which is wildly ramified in L, and let N be the unique
cyclic subgroup of G of index 2. Then O, is projective over 2y, g, if and only if
OLp s free over A g, if and only if one of the following conditions holds:

(1) p is almost maximally ramified in L/Q and G1 < N; in this case
Ar/Qp = ZP[G][{QGt}tzﬂ-
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(2) p is not almost mazimally ramified, |Go| = 2p, and [G : G| divides 2; in
this case

Ar/0.p = Zp[Gllec,]-

Remark 3.30. In fact, Theorem 3.29 is [Ber79a, Théoréme]| specialised to the case
where p is odd and the base field is Q; the more general statement is somewhat
more complicated.

3.6. Interlude: modules over noncommutative rings. Until now, we have
only considered tensor products of modules over commutative rings. In this case,
there is no difference in right and left modules. However, in what follows, we need
to consider tensor products over rings which are not necessarily commutative. We
summarise some of the facts that we implicitly use.

Let R be a ring, let M be a right R-module, and let N be a left R-module.

(1) We can define M ®g N is the usual way. It is an abelian group, but not
necessarily a module over R.

(2) If M is an R-bimodule, then M ®p N is a left R-module.

(3) If R is a subring of a ring S, then S is an R-bimodule. In particular, S®@ g N
is a left S-module.

3.7. More on local freeness. We begin by mentioning a slightly more general
definition of associated order; see [Joh1l, section 3.

Let O be a Dedekind domain with field of fractions K, let G be a finite group,
and let M be an O-lattice in K[G]. The associated order of M in K[G] is

AK[G], M) = {\ e K[G] | \- M C M}.

So, with the previous notation, 2,k = A(K|[G],OL) (after the identification L <+
K|[G] given by Theorem 1.5, under which Oy, is identified with an O-order in K[G]),
and it is immediate to generalise the properties of ™, /x:

(1) A(K[G], M) is an O-order in K[G].

(2) A(K[G], M) is the largest order over which M has a structure of module.

(3) A(K[G], M) is the only O-order over which M can possibly be free, neces-
sarily of rank one.

(4) If M is also an O[G]-module, that is, an O[G]-lattice, then A(K[G], M)
contains O[G], and in particular A(K[G], M) is an O[G]-module.

Remark 3.31. In the previous setting, by [CR81, section 24, Exercise 2|, if p is a
maximal ideal of O, then

A(K[G], M)y = A0y ®o K[G], Oy ®0 M) = A(K,[G], My).

In particular, we may identify A(K[G], M), with 2A(K,[G], M,), to easily switch
from one to the other.

Also, let L/K be a Galois extension of number fields with Galois group G, and
let p be a prime of Ok. Since A(K,[G],OL,p) = A /K p, if Opp is free over some
Ok, -order in K,[G], then this order is precisely 2z /x .

Finally, if A is an Og-order in K[G] such that Oy, is locally free over A, then A
has to be 2,/ ; see [Rei03, Theorem 5.3].
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Now let L/K be a Galois extension of number fields with Galois group G, and
let p be a prime of O. We have decompositions

Ly=Kyox L= [] Ly
P'lp
and
OLyp = Ok, ®o, O = [] OL,,.
B'lp

where {3’ | p} consists of the primes of O, above p; see [FT93, page 109|. Fix a
prime P above p and, let D be its decomposition group in G. Then, since G acts
transitively on {9’ | p}, we have

Ly = H o(Lyp)
ceG/D
and
Oy [[ o(Ory)
ceG/D

where the products run over a complete system of representatives of the left cosets
G/D. Now define

G
IndD OL‘B = OKF [G] ®0Ku D] OL‘I!‘
We deduce that
Orp = Indf Op,,
and
Ar/rp = AK[G],0L)p = A(K,[G], Ind§ OLy)-
This means that in the context of number fields, local freeness of Op at a prime
p over Ay, k is equivalent to saying that the induction from D to G of the ring
of integers of any completion above p is free over its associated order. This opens
interesting questions:

e Since we are interested in finding the conditions under which the implication
“if OL,, is free over Ay, /k,, then O is locally free at p over 2y, x” holds,
we can just analyse when Indg OL,, is free over its associated order.
o As Ry, /k, is an O, [D]-module, we can consider Indg Apy /K, When is
“OL,, is free over A, /k,” enough to deduce that “Indg OLy, is free over
Ind% 2A Ly/K, » and so also necessarily over its associated order 21( K [G], md% O Ly)?

We try to deal with these questions in a more general setting.

Let O be a Dedekind domain with field of fractions K, let G be a finite group,
let H be a subgroup of G, and let N be an O[H]-lattice in K[H|. We define the
induced module of N to be

Ind§ N = O[G] ®o(m N.
Lemma 3.32. Ind$ N is an O[G]-lattice in K[G].

Proof. Since O[H] is a subring of O[G], we get that Ind% N is a O[G] module.

Since O[G] is a free O[H]-module, the inclusion N C O[H] yields an embedding
md$ N — O[G] ®ora) K[H], and we may identify O[G] ® oy K[H] with K[G] to
find an embedding Ind§; N < K[G].
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Finally, as N is finitely generated over O and spans K[H] over K, we immediately

derive that It is immediate to see that Indg N is finitely generated over O and spans
K|[G] over K. O

Remark 3.33. In our previous discussion, we have considered O = O,, K = K,,
H=D,and N =0y,

Our goal is to understand when we can deduce, assuming that N is free over
A(K[H], N), that Ind$ N is free over 2(K[G], Ind% N), and more generally the re-
lation between A(K[G], Ind§ N) and Ind$, A(K[H], N) (the latter expression makes
sense since, as before, A(K[H|, N) is an O[H]-module). First of all, if N is free
over A(K[H], N), then the rank of course must be one, since this is true after we
tensor with K. In particular, N and A(K[H], N) are isomorphic as O[H|-modules,
and this easily implies that Ind$; N and Ind$; 2(K[H], N) are isomorphic as O[G]-
modules.

However, Indg A(K[H],N) is not a ring in general, and so it does not always
make sense to conclude that Ind$ N is free over Ind% A(K[H], N). We begin by
stating the main result of [Ber79a, section 1.3], which gives an explicit description
of A(K[G],Ind% N) in terms of Ind$ A(K[H], N).

Lemma 3.34. We have
(3.2) A(K[G],Indf; N) = (1) gIndF A(K[H],N)g~".
geG
In particular, Ind$ A(K[H],N) is a ring if and only if
nd% A(K[H], N) = A(K[G],Ind$ N).
Remark 3.35. Lemma 3.34 implies that A(K[G],Ind§ N) C Ind$ A(K[H], N);
therefore Ind$ A(K[H], N) has a structure of A(K[G],Ind$; N)-module.

We recall the following lemma.

Lemma 3.36. Let O be a Dedekind domain with field of fractions K, and let A C T
be two O-orders in a K-algebra A. Let M and N be I'-lattices, and let f : M — N
be a A-lattice map. Then f is a I'-lattice map.

Proof. We just need to show that f(a-m) =a- f(m) forall a € I' and m € M. Let
r € O be such that rI' C A. Then
rfla-m) = f(r(a-m)) = f((ra)-m) = (ra) - f(m).

Being N an O-torsion-free module by definition, we derive our assertion. O
As a consequence of Lemmas 3.34 and 3.36, one can prove what follows.

Proposition 3.37. Suppose that N is free over A(K[H], N). If Ind% A(K[H], N)
is a ring, then Ind$ N is free over A(K|[G],Ind$ N).

Remark 3.38. By (3.2), Ind$, A(K[H], N) is a ring if one of the following holds:
(1) There exists a subgroup K < G such that G =2 H x K.
(2) H is contained in the center of G.
(3) A(K[H],N) = O[H].
In particular, in all of these cases, Proposition 3.37 allows us to conclude that
Ind$ N is free over A(K|[G],Ind§ N) if N is free over A(K[H], N).
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Remark 3.39. Note that Remark 3.38(3), Proposition 3.37, and Theorem 1.39 give
us a proof of Theorem 2.23.

We have already mentioned that we have an isomorphism
Ind$; N = Ind$ A(K[H], N)

of O[G]-modules. With Lemma 3.36 we can show the following general result, which
also gives a converse to Proposition 3.37.

Proposition 3.40. Suppose that N is a free A(K[H], N)-module. Then
md$ N = Ind§ A(K[H],N)
as A(K[G], Ind$ N)-modules.

Remark 3.41. Proposition 3.40, or more direct considerations, tells us that in fact,
just assuming that N is a free A(K[H], N)-module, we have the compatibility

A(F[G], Ind$; A(K[H], N)) = A(K[G], Ind$ N).

Corollary 3.42. Suppose that N is a free A(K[H], N)-module. Then IndgN 18
free over A(K[G],Ind$; N) if and only if Ind$ A(K[H], N) is free over A(K[G], Ind§ N).

Remark 3.43. It is not necessarily true that, if N is a free 2(K[H]|, N)-module
and Ind$ N a free A(K[G], Ind$; N)-module, then Ind$ A(K[H],N) is a ring, or
equivalently, that Tnd$ A(K[H], N) = A(K[G], Ind§ N).

Most of the above results are about deducing that Ind$ N is free over 2(F[G], Ind$ N)
if N is free over A(F[H],N). A partial converse is given by [Ber79a, Proposition
2], as follows.

Proposition 3.44. If Ind$ N is projective over A(K[G],Ind$ N), then N is pro-
jective over A(K[H|,N).

3.8. Induction when H is normal in G. Bergé noted that we can restate some
conditions if H is normal in G. In this case we can in fact define the order

AN)" = (] UK[H],N)g~™' C K[H].
geG

Then, using (3.2), one can verify that Ind§ A(N)* = 2A(K[G],Ind% N) and the
following lemma.

Lemma 3.45. Suppose H is normal in G. Then Ind$ A(F[H], N) is a ring if and
only if A(F[H],N) =2A(N)*.

The following result, which is [Ber79a, Proposition 3], tells us something more
specific than Proposition 3.44.

Proposition 3.46. Suppose that H is normal in G. Then IndgN 18 projective
over A(K[G),Ind$, N) if and only if N is projective over A(N)*.
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3.9. Induction when H is abelian and normal in G. We continue to assume
the hypotheses and notation of this section. Recall that, if H is abelian and O is a
discrete valuation ring with characteristic zero and finite residue field, then every
O-order A in K[H] is clean; this implies that in this setting N is projective over
2A(N)* if and only if it is free. We obtain [Ber79a, Corollaire to Proposition 3] as a
consequence, as follows.

Proposition 3.47. Suppose that O is a discrete valuation ring with characteristic
zero and finite residue field, H is normal in G, and H is abelian. Then the following
are equivalent:

(1) Ind$, N is projective over A(K[G], Ind$ N).

(2) Ind$ N is free over A(K[G], Ind$, N).

(3) Ind§ A(K[H],N) is a ring, and Ind$, N is free over Ind$, A(K[H], N).

(4) N is free over A(K[H|,N), and A* = A(K[H],N).

Proof. From Proposition 3.46, if (1) holds, then N is projective over 2A(N)*. But
the latter is a clean order and so we have freeness. We conclude that (1) implies
(4), since A(N)* now has to be the associated order.

By Lemma 3.45 and Proposition 3.37, (4) implies (3).

We derive that (3) implies (2), for instance, from the last sentence of Lemma 3.34.

Finally, it is clear that (2) implies (1). O

Let us write an application of what we have done above. With the notation and
results we have introduced, we are now able to have a quite good understanding of
local freeness in weakly ramified extensions.

Proposition 3.48. Let L/K be a finite Galois extension of number fields with
Galois group G, and let P and p be primes of O and Ok, respectively, such that
B lies above p and Ly /K, is wildly and weakly ramified. If the inertia subgroup
Go = Go(*B|p) is normal in G, then Or y is free over Ay i . If the decomposition
subgroup D = D(*B|p) is abelian and normal in G, then Gg is normal in G if and
only if O, p is free over Ak -

Proof. By Theorem 3.13, we know that

1 1
Q[L%/Kp :OKp [D] |:7T TrGO:| :OKp [D]+—0Kp [D]~TI‘G0;
p p

hence we can show that

1
G
IndD Qqug/Kp = OKP [G] + Tr—OKp [G} . TI‘GO .

p
It is not difficult to see that Ind% ALy /K, is a ring if and only if Go is normal in
G. The first statement now follows from Theorem 3.13 and Proposition 3.37, the
second one from Proposition 3.47. a

4. EXpLICIT GALOIS MODULE STRUCTURE OF WEAKLY RAMIFIED EXTENSIONS
OF p-ADIC FIELDS

The main reference for this section is Johnston’s paper [Joh15]. We fix a Galois
extension L/K of p-adic fields with Galois group G. Denote by p and B the primes
of Ok and Oy, respectively. Write vx and vy for the valuations of Ok and Oy,
respectively.
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Remark 4.1. All the results of this section work also when L and K are local fields,
that is, locally compact topological fields with respect to a nondiscrete topology,
with the additional hypothesis that the residue fields are finite.

We are interested in the following objects:

(1) for all n € Z, P™ as Ok [G]-module;
(2) O as Ay k-module.

Remark 4.2. For all n € Z, " is an Og-lattice in L, and since Ok is a discrete
valuation ring, we deduce that P" is a free Ox-module of rank [L : K]. In par-
ticular, if P" is a free Ok |[G]-module, then it has rank one, and with the usual
argument (see Remark 1.8), the condition P" = Ok[G] - a, for some o € P, is
enough to ensure that P" is free over Ok [G] with generator a.

Recall that, for all : > —1, we can define the ramification groups as follows:
G; = {O’ eqG | (0’ — 1)(OL) - &Bi—i-l}.
The following holds
(1) L/K is unramified if and only if Gy = 1.
(2) L/K is tamely ramified if and only if G; =1 (Corollary 2.5).
(3) L/K is weakly ramified if and only if G2 =1 (Definition 2.6).

Definition 4.3. The different Dy, /i of L/K is the integral ideal of O, defined as
follows:

/D—l

LK = {,7: cL | TI‘L/K(xy) € Ok forall y € OL}.

Proposition 4.4 (Hilbert’s formula). The following equality holds:

vL(Dr/k) = Z(|Gz| —1).
i=0
Proof. See [Ser79, Chapter IV, Proposition 4] a

Remark 4.5. The infinite sum in Proposition 4.4 makes sense, since |G;| = 1 for 4
sufficiently large.

Theorem 4.6. Suppose that L/K is tamely ramified. Then for all n € Z, P™ is
free over Ok[G].

For n = 0, Theorem 4.6 coincides with Theorem 1.39, and it is usually attributed
to Noether, even if she only stated and proved in [Noe32] the result in the case that
the residue characteristic of K does not divide |G/, as pointed out in [Cha96, section
1]. The general case is proved in [UIl70].

We briefly review part of the proof for n = 0.

Unramified case: if L/K is unramified, then there is a natural identification
of G with the Galois group of the residue fields extension G = Gal(kr/kx).
By Normal basis Theorem (Theorem 1.5), there exists f € ky such that
k;, = kg|[G] - B. Using Nakayama’s Lemma, for any lift 3 € O of 3,
Or = Ok|G]-B. (This actually can be made in an if and only if statement.)

Totally and tamely ramified case: if L/K is totally and tamely ramified
with e = [L : K], then we can find uniformisers 7, € O and 7 € Ok
such that 7§ = mx and O, = Og|[rr]. If @ € Of, then

-1
a=up+uimp 4 -+ Ue1T]



28 F. FERRI AND L. STEFANELLO

for some u; € Ok. Then Of, = Ok|[G] - « if and only if u; € O for every
1. This part uses that n; is a Kummer generator and some determinant
calculations.

Tamely ramified case: if L/K is tamely ramified, then we can “glue” the
two previous cases together, with an idea of Kawamoro; see [Kaw86].

4.1. Weakly ramified extensions. We consider now the weakly ramified case.
Two main results are given by Ullom [Ull70] and Kéck [K6c04].

Theorem 4.7 (Ullom).

o [f there exists n € Z such that B™ is free over Ok |G|, then L/K is weakly
ramified.
o If L/K is totally and weakly ramified, then B is free over Ok|[G].

Theorem 4.8 (Kock). The fractional ideal B™ is free over Ok|[G] if and only if
L/K is weakly ramified and n =1 (mod |Gq]).

The proof of Theorem 4.8 uses cohomological triviality argument; Erez’s work
in [Ere91] on square root of inverse different uses similar ideas.

Theorem 4.9 (Johnston). Suppose that L/K is weakly ramified. Let n € Z such
thatn =1 (mod |G1|). Then we can explicitly construct € such that P = Ok|G]-€.

Proof. We just give an idea of this proof.
We can explicitly construct generators in the following cases:

(1) unramified (Theorem 1.37);
(2) totally and tamely ramified (Theorem 1.38);
(3) totally and weakly ramified p-extensions.

Then we can use a “splitting lemma” (see [Joh15, Section 3|), and “glue” generators
together. Finally, we can take the trace to find the element we are looking for.
This is a generalisation of Kawamoto’s approach. O

Theorem 4.10 (Johnston). Suppose that L/K is wildly and weakly ramified, and
let Tk be any uniformiser of K. Then A x = Ok[Gllrg Trg,] and if P =
OK[G] - g, then OL = fZlL/K - E.

Proof. Again, we just sketch an idea of the proof.
First, we can show that

Ok [G[m; ' Trg,) € Ap k.
Let € be a free generator of P over Ok |[G] (for example, as in Theorem 4.9). Then
(4.1) Ok[G][r}, ' Trg,) e C ALk € C O

We have P = Ok[G] - e C Ox[G][r;, " Trg,] and P C Or. We can prove that the
indices [Ok[G][m; ! Trg,] : Ok[G] - €lo, and [Of : Plo, are equal, and this forces
equality in (4.1). O

Now we see more in details the proof of Theorem 4.9.
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4.2. Totally and weakly ramified p-extensions. We begin with [Joh15, Theo-
rem 5.2]

Theorem 4.11. Suppose that L/K is a totally and weakly ramified p-extension.

(1) G is an elementary abelian p-group.

(2) B™ is free over Ok |G| if and only if n =1 (mod |G]).

(3) Suppose n =1 (mod |G|). Then an element 6 € L is a free generator of
P over Ok[G] if and only if vy (§) = n.

Proof.

(1) This is a standard fact.

(2) It follows immediately from Theorem 4.8.

(3) This was already shown by others: Vostokov [Vos81|, Vinaties (in [Vin05],
as consequence of Byott’s paper [Byo99]), and Byott-Elder [BE14]. We
give the idea of the proof in [Joh15], which does not use cohomology:

(a) Use Hilbert’s formula to compute the different of L/K.

(b) Obtain a formula for Try, /g (B").

(¢) “Mod out” by p, working over kx[G].

(d) Use a minor variant of a result of Childs.

(e) Lift using Nakayama’s lemma. (I

Example 4.12. Let K/Q, be an unramified extension, and consider K ((,2)/K. If
L is the intermediate field such that L/K has degree p, then L/K is a totally and
weakly ramified extension.

4.3. Totally and tamely ramified extensions of arbitrary degree. If L/K
is totally and tamely ramified, then the Galois group G coincides with the inertia
subgroup Gy = I. Write G; = W, the wild inertia, an elementary abelian p-group.
By Schur—Zassenhaus theorem, we can write I = W x C, where C'is a cyclic group.
We have the following situation:

L
2N
E I F
> 7
K
where L/FE and F/K are totally and weakly ramified p-extensions, while L/F and
E/K are totally and tamely ramified extensions.
Define r by [W| = p", and let ¢ = |C|. By Bézout’s theorem, there exist a,b € Z
such that ap” 4+ bc = 1. Choose uniformisers 7r and 7x such that 7% = 7x, and

any uniformiser 7 of F. Finally, let « =1+ 7p + 7% + -+ + WcEfl.

Proposition 4.13. The element nh-n%a is a free generator of P over Ok [I].

Proof. This is a special case of [Joh15, Proposition 6.1]. We just give a sketch of
the proof.
The following facts hold:
(1) Since vp(rprg) =1, P = Op[W] - (rpr).
(2) 508 = Ok|[C] - (nfa).
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With explicit calculation, using semidirect product and that 7z € F = L¢ and
g, a € E =LY, we can derive our assertion. O

Remark 4.14. If L/K is abelian, totally and wildly ramified, and not a p-extension,
then L/K cannot be weakly ramified.

Example 4.15.

(1) Suppose that p is odd. Consider the extension Q,((,2)/Q,, and let L be an
intermediate field such that Q,({p2)/K has degree p—1 and L/Q, has degree
p. Then L/Q, is weakly ramified, Q,((,2)/L is tame, but Q,((,2)/Q, is not
weakly ramified (see [Ser79, Chapter IV, Proposition 18]). This is [Joh15,
Remark 6.2, where we remark there is a typo.

(2) The extension Q3((3,V/2)/Qs has Galois group isomorphic to Sz and is
totally and weakly ramified.

5. ALMOST MAXIMAL RAMIFICATION, DIHEDRAL EXTENSIONS, A4-, S4-,
A5-EXTENSIONS

In this section, we focus again the problems introduced in Section 3. We begin
with some clarifications.

5.1. Local versions of global results. We have seen how Leopoldt’s, Bergé’s,
and Martinet’s works imply that if L/Q is abelian or dihedral of degree 2p or Qg-
extension (wild in the last case), then O is free over /. Can we immediately
derive the corresponding result for local fields, so for an extension K/Q, with the
same Galois group?

(1) The local result about dihedral extensions of degree 2p is already contained
in [Ber72].

(2) As concerns abelian and Qg-extensions of Q, it seems natural (and folklore)
that the proofs for the global case work as they are in the local case. For
example, this is immediate for QQg-extensions.

(3) By a (nontrivial) result of G. Henniart [HenO1|, if p # 2, then given a
finite Galois extension K/Q,, there exists a Galois extension L/Q with the
same Galois group, such that Ly = K, where B is the unique prime of L
above p. In particular, if Of, is free over g, then O, = Ok is free
over Ar/9p = Ak /g, Note that we know this is false for p = 2. In our
specific cases, we can verify through databases the global realisability of
Qs-extensions of Qz, and we can find a cyclotomic extension M (which is
easily globally realisable) containing K such that M/K is tamely ramified
if K/Q, is abelian; compare with [Johll, subsection 12.3].

(4) In a simpler way, the work in [Let98] immediately implies the p-adic version
of Leopoldt’s theorem.

5.2. Back to our scheme. Let L/K be a Galois extension of number fields with
Galois group G. Fix a prime p of Ox and a prime B of O lying above p. If
D = D(*B|p) is the decomposition group, then Ly /K, is a Galois extension with
Galois group D. We identify O, = Ind$, Opy and Ak, = A(K,[G], md$ OLg)-
We know the following facts.
(1) If Or is free over Ay, then Op  is free over Ay /k .
(2) If O q is free over Ak 4 for all primes q of Ox and Cl(4;,x) = 0, then
Oy is free over Ay, /.
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(3) If Or, is projective over Ak, then Or,, is projective over 2Ar, /k,
(Proposition 3.44). In particular, if projective implies free over 7, /x,,
then we deduce that if Of is free over 2y x ,, then OL, is free over
Q[L‘JB /Ky -

(4) If Op,, is free over A, /x, and Ind¢ 21y, /k, 18 a ring (Proposition 3.37)
or more generally Ind% Ary /L, is free over A(K, [G], Ind$ OLy) (Corol-
lary 3.42), then Op , is free over Ay /k ,.

We call implication (x) the implication “if Or,, is free over 2z, /x, then Of, is
free over 21,/ ,”, and implication (x*) the implication “if Of 4 is free over ™A/ q
for all primes q of Ok, then Oy, is free over /.

We have a more general result. Note that we have a natural inclusion K,[D] C
K,[G].

Proposition 5.1. Let A be an O, -order in Kp[D], let N be a A-lattice, and let T
be an O, -order in Ky|G] such that A CT C D,y g At If Ind$, N is projective
over I', then N is projective over A.

We can apply immediately Proposition 5.1 with A = Ok, [D] and T' = Ok, [G],
as Ind§, O, [D] = Ok, [G].

Theorem 5.2. Let L/K be a Galois extension of number fields with Galois group
G. Then the following are equivalent:

(1) L/K is tamely ramified.

(2) O is projective over Ok|[G].
(3) O is locally free over Ok|G].
(1) Ok(G) = Ap xc.

Proof. We already know that (1) implies (3). For a proof, see Remark 3.39.

For (1) implies (4), note that tameness implies that 2, /x, = Ok, [D(%B(p)] for
every primes B|p in L/K with decomposition group D(*B|p); therefore, Ay x , =
Ok, [G]. From the local equality of Ok [G] and 2,k at every prime p we deduce
global equality; see [Rei03, Theorem 5.3].

Now we show the equivalence between (1) and (2). If L/K is tamely ramified,
by Theorem 2.23, O, is locally free over Or[G], and so Oy, is projective over O,
for every prime p of Og. Since locally projective for every maximal ideal implies
projective (see [CR81, Proposition 8.19]), we conclude that Of, is projective over
Ok|[G]. Conversely, if Oy, is projective over O [G], then Oy, is projective over
Ok, [G] for every prime p of O . If B is any prime of O, above p, and D = D(*B|p)
is the decomposition group, then by Proposition 5.1, Or,, is projective over O, [D],
which is clean, and so Or,, is free over Ok, [D], that is, L/K is tamely ramified at
p for all primes p of Ok.

It is clear that (3) implies (2) from the already used fact that locally projective
implies projective.

It is now sufficient to show that (4) implies(3). If we assume (4), in particular
for all primes p of O we know that Az k., = Ok, [G]. Let us fix a prime B of Of,
lying above p and let D be the corresponding decomposition group. Then by the
results in Section 3 we have that 2, /x , = A(K,[G], O p) and

Ay, € AK[G, OLp) N Ky[D] = Ok, [G] N Ky[D] = Ok, [D].
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We deduce that .,/ x, = Ok, [D], and hence Ly /K, is tamely ramified by The-
orem 1.39 and Proposition 2.12.
([

5.3. More on (x). In the previous setting, take K = Q, and suppose that both
G = Gal(L/Q) and D = Gal(Lyg/Q,) are dihedral. Suppose also that Ly/Q), is
almost maximally ramified. Then, by Theorem 3.16, OL,, is free over A, /r, =
Ok[D][{ep, }i>1], where the {D;};>1 are (some of) the higher ramification sub-
groups of D. If Indg 27, /0, 18 a ring, then, by Proposition 3.37, O is free
over 2y /g - This is the case, for example, if D; is normal in G for all 4, that is,
G = N x Cy with D; € N. We deduce the following result.

Theorem 5.3. If both G = Gal(L/Q) and D = Gal(Ly/Q,) are dihedral, Ly /Q,
is almost mazimally ramified, and G = N x Cy with D1 C N, then Oy, is locally
free at p over ™A -

Recall that the more general Theorem 3.16 yields a complete classification on
when we have local freeness in dihedral extensions of Q.

Let now L/Q be an Ay-extension. Consider prime P of Oy lying above the
prime number 2. By Theorem 3.24, O is free over 2, /g if and only if 2 is tamely
ramified or has full decomposition group in L. Let us study what happens in the
negative case.

If 2 is not tamely ramified and its decomposition group D is not the whole Galois
group G, then either D = Vj, the Klein subgroup normal in A4, or D is isomorphic
to Cy. In particular, there are three possibilities for the couple (D, Dy) modulo
isomorphism class:

b (V47 ‘/4)a
° (V47 C?)a
o (Cy,(Cs).

Assume that (D, Do) = (V4,C2). Our claim is that Op » is not free over Az /g2,

and so Oy, is not free over 2}, /- It is not hard to show that

1
AL /@y = La2[Va] + 522 V4] - Trp,,

hence )
Ind"‘}: ALy /0, = Lo[Ad] + 522 [A4] - Trp, -

Now Dy = C5 is not normal in A4, and this implies that Indé{;1 ALy /0, is not a
ring. This in general is not enough to get our claim, but since Vj is abelian and
normal in A4, we can derive our assertion from the equivalence between (2) and (3)
in Proposition 3.47.

Remark 5.4. Let K be a p-adic field, let G be a finite group, let H be a subgroup
of G, and let N be an Og[H]-lattice in K[H]. Assume that
1
A(K[H],N) = —Okl[H] - Trr,
(KIH].N) = 32 O] To,
where 7 is an uniformiser of Ok and T; is a subgroup of H for all ¢, with 1 =T C
T, C---CT.and 0 =ng <nj <---<n,. Then we have
1
Indf A(K[H],N) = —
i=0

OK [G] . TI‘Ti,
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and this is a ring if and only if 7; is normal in G for every i. (This means that
if also N is free over its associated order, then Indg N is free over its associated
order.)
Also, we have
~ 1
A(K[H],Indf N) = > — OG- Ty,
i=0

where, for all i, U; is the normal closure of T;. Assume also that H is abelian and
normal in G. If Ind$ N is projective over 2A(K[G],Ind$ N), then B; is normal in
G for all i, N is free over A(K[H], N), and Ind$ N is free over A(K[G],Ind$ N).

5.4. More on (xx). Recall that if L/Q is a finite Galois extension with Galois
group G and Cl(Z[G]) = 0, then we automatically have locally free cancellation,
and L/Q admits a normal integral basis.

Theorem 5.5. Let L/Q a finite Galois extension with Galois group G such that
CUZ[G]) = 0. If Or, is locally free over A q, then O is free over Ay q.

Proof. Clearly, if CI(,,g) = 0, then we immediately derive our assertion. The
result follows from a surjection CI(Z[G]) — CI(2/q) induced by the injection
Z[G] = A, /q; see [CR87, Theorem 50.29]. O

Corollary 5.6. Let L/Q be a finite Galois extension with Galois group G isomor-
phic to Doy, (and in this case assume also Cl(Z[Day]) = 0), A4, Ss, or As. Then
Oy is free over Ay q if and only if Oy is locally free over A q.

Note that Theorem 3.21 is a corollary of Theorem 5.5.

5.5. Maximal orders. Let K be a field with characteristic 0, and let G be a finite
group. Since K|[G] is separable, by Wedderburn’s decomposition theorem, we can
write

K[G] = [ [ Mat,, (D),

where for all i, D; is a skew-algebra; see [CR81, section 3B]. If we also assume that
(G is abelian, we find that

KG =[] K0,

yeP

where @ is a certain class of characters v: G — K™ from the group G to the nonzero
elements of the algebraic closure of K.

If K is a number field or a p-adic field, we would like to have the isomorphism
between Ok[G] and [] g O (). However, this is false in general: on the right-
hand side we have a maximal order, while usually Ok [G] is not maximal.

Definition 5.7. Let K be a number field or a p-adic field, and G let be a finite
group. An Og-order T is mazimal in K[G] if T' maximal with respect to the
inclusion.

The following meaningful result requires some work to be proved.
Proposition 5.8. Fvery Og-order is contained in a maximal order.

Proof. See [CR81, section 26| O
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Remark 5.9. If G is abelian, then there exists a unique maximal order, which is the
integral closure of Ok in K|[G], that is, [] g4 Ox(y)-

Proposition 5.10. The Ok -order Ok[G] is mazimal if and only if |G| is invertible
m OK.

Proof. See [CR81, Proposition 27.1]. O

Corollary 5.11.

o If K is a number field and G # 1, then Ok|[G] is not a maximal order.
o If K is a p-adic field, then Ok[G] is a mazimal order if and only if pt|G|.

Theorem 5.12. Let K be a p-adic field, and let G be a finite group. Let M be
a mazimal Ok -order, and let M be an M-lattice such that K ®o, M 1is free over
K[G]. Then M is free over M.

Proof. See |[Rei03, Theorem 18.10]. O

Corollary 5.13. Let K be a p-adic field, and let G be a finite group. Then a
mazimal Ok -order in K[G] is clean.

Corollary 5.14. Let L/K be a Galois extension of p-adic fields. If 2y, is max-
imal, then Oy, is free over Ry .

Corollary 5.15. Let L/K Galois extension of number fields, and let p be a prime
of Ok. If %y K p is mazimal, then OL y is free over Ap k-

Combining Corollaries 5.11 and 5.15, we deduce that if L/K is a Galois extension
of number fields with Galois group G, and p is a prime of Ok such that the prime
number p under p does not divide |G|, then OF,[G] is maximal and contained in
Ar/kp = OF,[G], hence Ay, is maximal and Of p is free over Ay ,. Indeed,
the extension is tamely ramified at p.

The following result is given in [Let98].

Proposition 5.16 (Lettl). Let p be an odd prime number, let L/Q, be a finite
abelian extension, and let K an intermediate field such that L/K is totally ramified.
Then A/ is mazimal. In particular, Or 1is free over 2y /.

The maximal orders are linked with almost-maximal ramification.

Remark 5.17. Let L/K is a Galois extension of p-adic field with Galois group G,
let B be the prime of Op, and let H is a subgroup of G. If M is the fixed field of
H, then we have the following equivalences, where we employ [Ser79, Proposition
II1.7] and Proposition 4.4):

1 1
— T — T C
|H| I"HEQ[L/K — |H| I“H(OL) COum
<= TI"H(OL) - |H|OM +— O C |H|OMDZ/1M
< DC|H|Op <= vp(Dr/m) = e(L/Qy) - vp(|HI)

= S(H] = 1) > e(L/Qy) - vy(|H]).
i=1
This gives us an explicit way to check if the idempotent corresponding to a subgroup
of GG is in the associated order.
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Following [Ber78], we introduce the ramification jumps and see their relation
with maximal orders.

Definition 5.18. Let L/K be a Galois extension of p-adic fields with Galois group
G. An integer t > 1 is a ramification jump if Gy 2 Gyy1. Write

1<ti<to< - <ty
for the ramification jumps of L/K.

We can find explicit information about the ramification jumps in appropriate
settings; for example, the next result is [Ber78, Proposition 3 and Corollaire]

Proposition 5.19 (Bergé). Let L/K be a Galois extension of p-adic fields with
Galois group G, and assume thta Gy is cyclic of order p™ and K/Q, is unramified.
Write r = [Go : G1]. Then

and for alli=2,...,n,

rp

ti = - t.

p—1 p—1 + 1

In particular, L/ K is almost mazimally ramified if and only if there exists G; # 1

such that eq, € Ak, if and only if t; > perl —

One might aim to prove that in an almost maximally ramified extension of p-adic
fields, given we have a certain number of idempotents in the associated order by def-
inition, the associated order has to be maximal. We state now [Ber78, Proposition
5], which implies that under some conditions this is the case.

Proposition 5.20. Let L/K be a Galois extension of p-adic fields with Galois
group G. Assume that G is cyclic of order rp™ and K/Q, is unramified. Consider,

for all i, a subgroup H; of G such that |H;| = p*. Then the maximal Ok -order in
K[G] is Or|[G][{en, }i=ol-

Corollary 5.21. Let L/K be a totally ramified cyclic extension of p-adic fields
such that K/Q, is unramified. If L/K is almost mazimally ramified, then 2,/ is
mazimal.

We complete the subsection giving the main result proved in [Ber78].

Theorem 5.22 (Bergé). Let L/K be a totally ramified cyclic extension of p-adic
fields such that K/Q,, is unramified. Then O, is free over Ay i if and only if

n

p p

t > ~ :
Fp-1 pri-d

Remark 5.23. If the extension is not totally ramified and Gg is cyclic, there are
some sufficient conditions to get the statement of Theorem 5.22; see [Ber78, section
2.3].

5.6. Return to local freeness: hybrid orders. Let L/Q be a finite Galois ex-
tension with Galois group G, and let p be a prime number. Our goal is to determine
criteria so that Or , is free over 4y, /g, without the latter being a maximal order.
The idea is to write 2, /g, in the form 2yz/q , x M, where M/Q is an intermediate
Galois extension and M is a maximal order.
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Let N be a normal subgroup of G such that p t |[N|. Then ey is a central
idempotent in Z,[G] and we have the following decomposition of rings:

Zp|G] = enZp[G] X (1 = en)Zy|G] = Zp[G/N] x (1 = en)Zp[G].
The next definition was first introduced in [JN16].

Definition 5.24. Let p be a rational prime, let G be a finite group, and let N be
a normal subgroup of G such that p { |[N|. We say that Z,[G] is N-hybrid if the
component (1 —en)Z,[G] of Zy|G] is a maximal Zy,-order in (1 — en)Q,[G].

The following result is easy to prove; the key is Theorem 5.12.

Proposition 5.25. Let L/Q be a finite Galois extension with Galois group G, and
let p be a prime number. Let N be a normal subgroup of G such that p 1 |N|, and
let M the subfield of L fized by N. Suppose that Z,[G] is N-hybrid. Then

A/ = Anrjgp X (1 —en)Zy[G]

and Orp = Onp® (1 —en)OL,p is free over Ay jq,, if and only if Oy, is free over
™Ani/Q,p-

Example 5.26. Let G be either A4 or S;. Note that we can write G as Vy x H,
where H is C3 or S3, respectively, and V} is the normal subgroup of order 4, which
is isomorphic to the Kein group. By [JN16, section 2|, Z3[G] is V4-hybrid in both
cases. Now let L/Q be a Galois extension with Galois group G, and let M = L4,
Since M/Q is either a Cs-extension or an S3-extension, we know by Theorem 3.17
or Theorem 3.19 that Oy is free over %Ay /q, so that in particular Oy 3 is free over
2y /0,3- By Proposition 5.25, we deduce that Op 3 is free over U, g 3.

From Example 5.26 and Corollary 5.6 we can deduce the following fact.

Corollary 5.27. Let L/Q be an A4- or Sy-extension. Then Oy is free over QlL/Q
if and only if Op 2 is free over A g 2.

The conclusion of Corollary 5.27 holds if 2 is tamely ramified or for any prime
B of O, above 2 the decomposition group D(|2) is equal to G = Gal(L/Q) and
Ly /Qy is weakly ramified, by Theorem 3.13 and Proposition 3.37 (here we are
trivially inducing from G to G). Note also that there is only one Ay-extension of
Q2, which is weakly ramified, so that if G is isomorphic to A4, then we automatically
have weak ramification assuming full decomposition group; see Theorem 3.24. We
can deduce (3) and (4) of Theorem 3.25 using Proposition 3.48.

6. GALOIS MODULE STRUCTURE OF ABSOLUTELY ABELIAN EXTENSIONS OF
p-ADIC FIELDS

The goal of this section is to discuss the following meaningful result of Lett] [Let98,
Theorem 1]. Recall that a finite Galois extension of p-adic fields (resp., number
fields) L/K is said absolutely abelian if L/Q, (resp., L/Q) is abelian. By local
Kronecker—Weber theorem, all absolutely abelian extensions of a p-adic field lie in
a cyclotomic extensions of Q,,.

Theorem 6.1 (Lettl). Let L/K be an absolutely abelian extension of p-adic fields
with Galois group G. Then the following facts hold:

o Oy is free over Ay /.
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o Suppose p > 3, and let Gy be the inertia subgroup. Then
AUr/x = Ok|[G] ®oyia, Mo = Indgo Mo,
where My is the unique mazimal O -order contained in K[Gy].

We wish to thank F. Campagna, who provided examples and slight generalisa-
tions of Lettl’s statements and proofs. We begin with some comments.

e In general, the element a € Of such that Op = 2k - a is not explicit.
However, there are cases in which it can be explicitly computed; for exam-
ple, when N C Q,((pn) for some n € N.

e One can give an explicit description of 2l /g also in the case p = 2, by
looking at the proof.

e If L/K is an absolutely abelian extension of number fields, then Theo-
rem 6.1 implies that Op is locally free over 27,/ x. Indeed, let p be a prime
of Ok, and let P a prime of Oy, lying above p. Write D = D(*B|p) for
the decomposition group. Then Or,, is free over A, /x, (Theorem 6.1),
Indg 1y /k, = Ok[G] ®oy D) ALy /K, 18 a ring (it is the tensor product
of two algebras over a commutative ring), and so by Proposition 3.37, Or, ,
is free over A/ p.

e The same result does not hold for absolutely abelian extension of number
fields, as we should see in a moment.

We state a deep result of Brinkhuis [Bri92]. In the statement, “unramified” means
“unramified at all finite primes”, so we allow ramification at infinite places.

Theorem 6.2. Let K be a totally ramified number field such that K # Q, and let
L/K be a finite unramified abelian extension. If L/K is not multiquadratic, then
L/K does not admit a normal integral basis.

We construct now an absolutely abelian extension of number fields L/K where
Oy is not free over its associated order.

Example 6.3 (Campagna). Let M = Q(¢z+¢ ) C Q(¢r) and N = Q(Co+¢y 1) C
Q(¢g). Then M/Q and N/Q are arithmetically disjoint cyclic extensions of degree
3. In particular, Gal(MN/Q) = C5 x C5. If H < Gal(MN/Q) corresponds to
the diagonal subgroup of C3 x C3, then K = L¥ is such that Gal(K/Q) = C3
and K # M,N. Clearly K is totally real, as it lies inside the compositum of
two totally real fields. The only possible (finite) ramification in K is at 3 and 7,
and it is immediate to get that K is totally ramified at both primes. By genus
theory (see [Fro83|), the narrow genus field L = K of K is an absolutely abelian
unramified extension of K of degree 3. By Theorem 6.2, L/K does not admit
an integral normal basis, and since L/K is tameky ramified, A, x = Ok[G] by
Theorem 5.2. We conclude that Oy, is not free over its associated order.

6.1. Reduction step. The first step is to show that it is enough to deduce our
main result for an absolutely abelian extension L/K with

Qp S K S LCQuGr),

for some n > 1. We know that by local class field theory (for example, see [Mil20]),
if K is a p-adic field and 7 is an uniformiser, then the maximal abelian extension
of K can be written as

Kab — uor KT”
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where K" is the maximal unramified extension of K, and K is a totally ramified
extension depending on the uniformiser 7.

We would like to have a similar decomposition for an abelian extension of a
p-adic field K. Unfortunately, this claim is false.

Example 6.4. Consider the following diagram:
MN = Q5(s, Co24)

M = Qs(¢s N = Q5(C624)

>/
\ N /

The extension Q5((5)/Qs is a totally ramified cyclic extension of order 4, while since
624 = 5% — 1, extension Qs({s24)/Q5 is unramified and cyclic of order 4. Let o be
the generator of Gal(Q5((5)/Qs), and let 7 be the generator of Gal(Qs5(s24)/Q5)-
As M and N are arithmetically disjoint, Gal(M N/Q) = (o) x (7). Let H be the
subgroup generated by o72, and L be its fixed field. The maximal unramified
subfield L"™ of L is L N Qs5((p24), and it has degree 2 over Q,. If there existed a
field L; with L = L"™" - L;, then we we would write Gal(L/Qs) as product of cyclic
groups of order 2. This is a contradiction, since Gal(L/Q5) is cyclic of order 4.

However, we can reach the following result, which is [Let98, Lemma 1]

Lemma 6.5. Let L/K be an abelian extension of p-adic fields with Galois group

G and degree d. Let d' € N such that d | d', and let K/K be the unique unramified
extension of K of degree d'. _Then there exists an abelian and totally ramified
extension L' /L such that, for L = L' K, the following properties hold:

(1) Z/st abelian.
(2) LCL.
(3) L/L is unramified.

Proof. The diagram we want is the following:

I\
N7

K

K

Recall that K /K is cyclic, and denote by o its generator. We set L = LK. Since
L/K and IN(/K are abelian, also E/K is abelian. Clearly L C L and Z/L is
unramified. We only need to find L’ as in the statement.

Consider the exact sequence

1 — Gal(L/K) — Gal(L/K) & Gal(K/K) — 1.
Let 7 € Gal(L/K) such that 7(r) = 0. We claim that the order of 7 is d. Since ¢

is the identity on K, we find that d’ divides the order of 7. Conversely, as Gal(Z/ K)
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is embedded into Gal(L/K) x Gal(K /K), we immediately deduce that the order of
T is precisely d’. Therefore ¢: Gal(K/K) — Gal(L/L), defined by ¢(c) =7, is a
splitting homomorphism for the above sequence. In particular, we can write

Gal(L/K) = Gal(L/K) x G',

where G’ is the subgroup of Gal(L/K) generated by 7. Define L' = LE". Then the
other claims immediately follow. O

We prove now [Let98, Proposition 1(b)], a new version of Lemma 2.30.

Proposition 6.6. Let K be a p-adic field, and suppose that L1 and F are Galois
extensions of K such that L/K is totally ramified and F/K is unramified. Write
N = LF. Then Oy is free over Uy, if and only if O is free over A, /.

Proof. One implication follows immediately from Lemma 2.30, since in this case L
and F' are arithmetically disjoint over K.

Conversely, suppose that Oy is free over 2, r. We need to use abstract commu-
tative algebra, and this implies that we lose information about the generator. We
have an isomorphism On = Uy, as Ay, p-modules. Recall that On = Op®0, OF
(Theorem 1.24). We can endow both with a structure of 2,/ x-module, identifying
Ry inAyp = A/ g Qo Op. In this way, Oy and Of ®o,. OF are isomor-
phic as 7 /g-modules. Similarly, the isomorphism 2y/p = 2, x @0, OF can be
seen as Ay, /g-module isomorphism. Summarising, we have found an 4,/ x-module
isomorphism

OL ®o,x O 2 AL/ Qo OF.

Since Op is free of rank d = [F' : K] over Ok, we derive an 24 /x-module isomor-
phism

Of =AU} -

As O is a complete commutative local ring, we can apply Krull-Schmidt—Azumaya
theorem (see [CR81, Theorem 6.12]) to conclude that Op = Ay /x as Ay k-
modules, that is, Op is free over Ay, k. O

We may now apply our reduction strategy. Suppose that we know that for all
extensions

Qp g F g N g Qp(Cp")7

On is free over 2y p. We want to show that for all absolutely abelian extension
L/K of p-adic fields, O, is free over 2/ k.

So let L/K be an absolutely abelian extension of p-adic fields with degree d. Let
f=1[L:Q,] = ex fxd, where ek is the absolute ramification index of K and fx is
the absolute inertia degree of K. It is quite simple to show that the unique unram-
ified extension of K of degree exd is K = KQp(¢pr—1); therefore, by Lemma 6.5,
L= LQy(Cpr—1) is the compositum of K= KQ,(¢pr—1), which is unramified over
K, and L', which is totally ramified over K. After some degree considerations, and
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the observation that K" = K N Q,((,r_1), we find the following diagram:

L
L / L \ K
o
K Qp(Cpf—l)
A
unr
fi
Qp

Lemma 6.7. There ezists n € N such that L C Qp(Cpny Cpr—1)-

Proof. By local class field theory, |Q; : Np/q,(L*)| = [L : Qp] = f, that is,
(Q;)f C Nrjg,(L*) (here Np/q, is the norm map). This implies that pf €
Npq,(L*), and since Ny, q,(L*) is open, Np g, (L*) contains 1 + p"Z, for some
n € N. We deduce that (pf) x (1+p"Zy,) € Ny, /g, (L*), so, again by local class field
theory, L C Qp((pn,(pr—1). Since L= LQy(Cpr—1), we derive our assertion. O

Now assume that n € N is minimal such that L C Qp(Cpns Cpr—1)- Let L =
LN Qp(¢pn), and let K=Kn Q,(Cpn). We find the following diagram:

Qp(Cp"7 Cpf71)

~ \

L Qp(Gr)
)

/

NN

K QP(Cpffl

o 7

Qp

By assumption, Of is free over Qli/;%' Note that I?Qp((pf_l) = I?, by a simple

degree reasoning. Hence K / K is unramified, and since Z/ K is totally ramified, we
can apply Proposition 6.6 to derive that O5 is free over IR Since L'/ K is totally

ramified, again by Proposition 6.6 we find that Of is free over 21,/ (here we lose
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sight of the generator). As O is free over Az /K (the extension in unramified),

07 is free over A5 K by Lemma 2.30(2). Finally, since f// L is unramified, we can
apply Lemma 2.31 to conclude that Oy, is free over 2y /x.

6.2. The pth power cyclotomic case. We restrict ourselves to p > 3. Let L/K
be a Galois extension of p-adic fields with Galois group G. Suppose that

Qp g K g L g Qp(Cp"))
with n € N minimal. Let 1 < m < n be the minimal integer such that K C Q,({pm).
For all t € N, let

R: C Gal(Q,/Qp)

denote a set of automorphisms representing Gal(K,;/Q,) in the absolute Galois
group of Q,, where for all p-adic fields F', we write Fy = F N Q,((pt). The crucial
result is [Let98, Proposition 3], as follows..
Proposition 6.8 (Lettl).

o Ak is the maximal Ok -order in K[G].
o We have Or =2k - a, with

a=3 > Tpr(c,,nfj)/Lm_ja(C;’i).

Jj=0 0€ERn—m—j

Proof. The proof of this proposition is rather long and technical; we just give a
brief hint.

Since n is minimal and Q,((pn)/L is tamely ramified, we can assume L =
Qp(Cpn). Write G = Gal(Qp(¢pn)/K). The idea is to directly verify that if
M C K|[G] is the maximal Og-order, then

ZylGon] = M-

Indeed, if this happens, then M = %4q (¢,.)/x and « is a generating element. The
key observation is that in the abelian case, the structure of M is well understood:

M =P M- ex(x),

where all e (x) are idempotent associated to certain characters x. O

7. CYCLIC EXTENSIONS OF DEGREE p

In this section, we are interested in studying cyclic extensions of p-adic fields of
prime degree.

Remark 7.1.

(1) If L/K is a cyclic extension of p-adic fields with prime degree ¢ # p and
Galois group G, then L/K is tamely ramified, so Of is free over 2 /=
Ok|[G] by Theorem 1.39.

(2) If L/K is an unramified cyclic extension of p-adic fields with degree p and
Galois group G, then Oy is free over A,/ x = Ok[G] by Theorem 1.37.

This means that we can focus our attention on (totally) ramified cyclic extensions
of p-adic fields of degree p.
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7.1. Notation and statement of the result. We fix the notation, which works
for all this section. Let L/K be a totally and wildly ramified cyclic extension of
p-adic fields with Galois G = Z/pZ, generated by an element 0. We fix uniformisers
i and 77, of K and L respectively, and we normalise the valuations by vx (rx) =1
and vy (7)) = 1. We also use the following symbols:

(1) e = ex = vk (p) denotes the absolute inertia degree of K.

(2) t is the ramification jump of the extension, that is, the unique integer such

that

G=G_1=Gy="-=0Gy, Gt+1:"':{1};
note that t is equivalently defined by the condition

t = mi “z) -1
Irg(lgnLvL((o )x) — 1,

where, by convention, vy, (0) = +00 can never be the minimum.
(3) For all i > 0, Uy ; = 1+ 7Ok is ith higher unit group.
(4) t = pto+ a, where 0 < a <p—1.
(5) |x| denotes the greatest integer less than or equal to x, where = € R.
In this section, we describe necessary and sufficient conditions for Op to be
free over the associated order %47 /x. In particular, we prove part of the following
theorem, combining the main results of [Fer74, BBF72, BF72].

Theorem 7.2.
(1) Ift =0 (mod p), then Ay is the mazimal order of K[G]. In particular,

Oy is free over Ay k.
(2) If0 <t < 25 —1, then O is free over Ak if and only if a |p— 1.

P
3) If 2= —1 <t < -P% then Of is free over Ar, /i if and only if the continued
p—1 p—1 /
fraction expansion of% has length at most 4, that is, % can be written as
a + 1 [ ]
- =ay+ ——— = [ag;a1,...,a
p ay + aler... !

with a, > 1 and n < 4.

Remark 7.3. The papers [Fer74, BF72| are essentially announcements of results

and contain few proofs. A proof of Theorem 7.2(3) can be found in [BBF72]. The

proofs of Theorem 7.2(1) and Theorem 7.2(2) given here are obtained by following

the breadcrumbs left in [BF72] and filling in the gaps with the help of [DCFL20].
We wish to thank D. Lombardo for the meticulous work.

7.2. Preliminary remarks. We begin with some general comments on the rami-
fication jump t.

Proposition 7.4.
(1) ¢ < 5y

€ Z satisfies —1 < t' < = where ptt’, then there exists cyclic

2) Ift' € Z sati 1<t'<p€p1 h t', then th ists L' | K li
of degree p with ramification jump t'.

p|t, thent = -—£-. In this case, K contains (, and there exist uniformis-

3) I t, thent pepl In thi K tat » and th .St uni )
ers Tk and 7p, such that Tg = 7} .

We sketch a proof of these facts, based on the next fundamental result about the
groups of local units (the first part is easy; for the second, see [Ser79, Chapter V,
Proposition 4]).
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Proposition 7.5.

(1) Fori > pefl, every ith higher unit is the pth power of a (i — e)th higher
unit. In symbols: Uk ; C U%i_e.

(2) Define

P(z) =

T if x <t,
t+plz—t) ifz>t.

Then for all n > 0, the norm map N, sends Up gy nto Uk n and
ULyn)+1 nto Uk ni1-
Sketch of proof of Proposition 7.4.

(1) Assume, by contradiction, ¢ > p‘ipl, and take

e=1+7k €Uk C (Uk,—e)’

Let €1 € Uk,t—. be a pth root of €. Then on the one hand Ny k(1) =
el = e = 1+ mj does not belong to Uk 41; on the other, Ny /k(e1) €
Ni/k (UL p(t—e)). Now p(t —e) >t + 1, hence

Np/k(Uppit—e)) € Noyx(Urs41) € Uk i1

by Proposition 7.5(2). The contradiction proves the result.
(2) The case t = —1 is trivial. For ¢ > 0, one takes L to be the splitting field

of 2P — x — o, where vg () = —t (see Artin-Schreier theory).
(3) One begins by proving (using similar tricks) that ¢ > p‘c’f’l; hence t = pefl.
t+1

By assumption, o(nr) — 7 = U7, where 9 is a unit of Or. Dividing
through by 71 we get

o(mr)
TL

u = =1+ 9Inrt.

Changing ¢ if necessary, since t = z%’ we obtain u = 1 + ﬁﬂle(/(p_l). As
the extension L/K is totally ramified, we have Or /(7)) & Ok /(7Kk), so

¥ =Yk (mod 7)), where now ¥ € Ok . Thus

u=1+Vgmy (mod i)

b

or equivalently, u = (1 + 97l )u’ with ' € Up 441. Taking the norm of
this equation we obtain

1= (14 Oxmil PPN, (o)

(note that 1+ 19K7r§(/(p_1) is an element of K), with Ny i (u") € Uk 141
by Proposition 7.5(2). By Proposition 7.5(1), N,k (u’) is the pth power of
unit up in Uk 411-e = Uk ¢/(p—1)+1- Hence we have obtained

1= (1+ 9P V)b,

so ¢ = (1+ 19K7r§</(p_1))u0 =1+ 19K7r§(/(p_1) (mod wf(/(p_l)ﬂ) satisfies
(P = 1. In particular, ¢ is a pth root of unity in K that is not 1.
The last statement then follows from Kummer theory. O
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7.3. The case t = 0 (mod p). By Proposition 7.4, t = p‘?’l, and we may choose

uniformisers mx and 7y, such that 7 = 7. Since L/K is totally ramified, O =
OK [TFL].

Theorem 7.6. Ift = 0 (mod p), then the associated order Uk is the maximal
order in K[G] and the element 9 =1+ 7 + -+ + ﬂ’L’_l generates Or, over U, k.

Proof. The fact that ¥ generates a normal integral basis can be proved as the case of

tamely and totally ramified extensions (see Sections 1 and 4). We choose a different
route, by first describing the associated order %A/ k. We have

K[G) = K[t]/(t" —1) = [] K,
=0

where the isomorphisms are given by o — t and f(t) — (f ((;))f;ol respectively.

The unique maximal order of Hf;ol K is clearly Hf;ol Og; tracing the isomorphisms
backwards, we see that the maximal order of K[G] is given by

p—1 p—1
M = Zajaj € K[G] | Zaj(:;j €Ok foralli=0,...,p—1
=0 i=0

Applying any element of M to a basis element 7% , since o(r1,) = (7, (by Kummer
theory), we obtain

p—1 p—1
Zajaj(ﬂzL) = Zaj(:;] 7y, € Of.
Jj=0 Jj=0

This shows that M C 2y /k; hence, by maximality, the associated order coin-
cides with M. From the above calculation we also see that an element \ =
(cos.. . cp_1) € OF =2 M acts on 9 as

p—1
A=Y e,
i=0

which immediately implies

p—1
Uk -9 =@ Okl = Oy m
i=0
7.4. The fractional ideal 2(y. From now on, we focus on the case t # 0 (mod p).

In particular, since ¢ > 0, we will have ¢ > 1. The method of Bertrandias and
Ferton [BF72] centres around the following object.

Definition 7.7. Let ¢ € Of, be a generator of a normal basis for the L/K. Define
Ay ={ANe K[G] | X-9 €O}

Remark 7.8. 2y is not necessarily a ring: for example, it can easily happen that

p~L € Ay, but Ay can never contain all the powers of p~ L.

Some basic properties of 2y are easy to establish; see [BF72, Proposition 1].

Proposition 7.9.
(1) ™A/ C ™Ay, and Ay is a fractional ideal of Ay, /.



GALOIS AND HOPF GALOIS 45

(2) The map

ng—)OL
A= A0

is an Ak -module isomorphism.
(3) The following are equivalent:

(a) Op is free over A k.

(b) There exists a generator ¥ € O, of a normal basis for L/ K such that
% = Q[L/K

(c) For all¥ € O that generate a normal basis for L/ K, the A,k -ideal
2y is principal.

(d) For all ¥ € Of, that generate a normal basis for L/K, 2y is a ring.

Before discussing the structure of 2y for some interesting choices of ¥, we identify
a useful element of K[G] and describe its action on Op. Let f =0 — 1 € Og|G].

Lemma 7.10.
(1) {1, £, f%,..., fP~1} is an Ox-basis of Ok[G].
1 .
2) fr==-2 )
Suppose in addition a # 0.
(3) vp(fime) =a+it foralli=0,...,p— 1.
(4) 7% generates a normal basis for L/ K ; explicitly, {f* - W%}fz_ol 1s a K-basis
of L.
(5) vp(fP7my) =ep+t+a.
(6) For allxz € Op, vp(f - x) > vr(x) +¢t.

Proof. Parts (1), (2), (5), and (6) follow from easy reasonings and computation.
For (3), as in the proof of Subsection 7.2, we have

o(rr)

=1+7hu
TL

for some u € OF. Raising both sides to the jth power, for any j prime to p, gives

J
o\
™

L

where u; € OF since (j,p) = 1. Rearranging the previous equality gives
o(ry) =y = uy,
so we obtain vy, (f - ﬂ'i) = j +t, provided that (j,p) = 1. The claim then follows by
induction.
Finally, for (4), notice that the L-valuations of the elements {f* - wg}fgol are all
distinct modulo p. O

In particular, we can consider 2y with ¥ = 7% . This special choice of ¥ allows
us to easily describe 20y.

Proposition 7.11. 2y is free over O with basis {m" fi}7—,, where v; = L“J;”J
for all i.
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Proof. An element Y71 e ft € K[G] is in 2Ay if and only if Sy eift - wy s
integral. Since the valuations of the terms f*-7¢ are all distinct by Lemma 7.10(3),
this happens if and only if ¢; f* - ¢ is integral for all i. Since vL(fi -m?) = a+it,
the condition is vz (¢;) + a + it > 0, or equivalently, v (¢;) > f%ft. O

Remark 7.12. An Ok-basis of Oy, is given by {n" (f* - 7¢)}¥-;. Indeed, the L-
valuations of these elements are all distinct modulo p, and are all between 0 and
p—1.

The description of 27,/ is only slightly more complicated.

Proposition 7.13. 2k is free over Ok with basis {7r_"lfl}z o, where

n; = min Vit — Vj).
i = g B, ik — )

Proof. We just give a sketch of the proof. Take an arbitrary element A = Y7~ 0 cf
K|G]; hence X is in 2k if and only if A (71';{”]' (f7 77%)) is integral for all ¢ =
0,...,p— 1. One checks that this happens if and only if

p—1—j

1—
> e (F ) € On

=0
(the other summands are automatically integral). Since the valuations of the terms
are all distinct, this happens if and only if vk (¢;) —vj +viy; > 0for j=0,...,p—
1 — 2, which easily implies the result. O

7.5. The case t # 0 (mod p). In this section, we prove Theorem 7.2(2). Theo-
rem 7.2(3) is conceptually similar, but technically much more involved, and so we
do not discussed it here. There are also further extensions to cyclic extensions of
degree p™; see [Ber79b].

Remark 7.14. The condition t < % — 1 is equivalent to ask that the extension
L/K is not almost maximally ramified. The only nontrivial idempotent in K[G]
iseq =1 Zz o Lot An amusing computation involving sums of binomials shows
that eg 1s in A7/ if and only if n, 1 > e, and one sees that this is equivalent to

pe __ _pe_
2o —1<t< Py

We begin by proving that if a | p — 1, then 2y = A /x (where ¥ = 7} ), so that,
by Proposition 7.9, the ring of integers Oy, is free over 2k in this case. We need
a simple arithmetical lemma.

Lemma 7.15. Ifa | p — 1, then v; = ity + L%J for alli =0,...,p— 1, where
k=121

a

Proof. Tt follows from an easy induction on i. O

Proposition 7.16. Suppose a | p — 1. Then A /x = Uy, where J = 7¢. In
particular, Oy, is free over A k.

Proof. Recall that Ak is Ok-free with basis {7, FiP=) and Ay is free with
basis {m " ]”}z o ; thus, equality holds if and only if v; = n; forall i =0,...,p—1.
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By definition, v; > n;, so it suffices to show the opposite inequality. Since n; is
defined as a minimum, we need to show

Viyj —v; > vy for all indices 7 and j with i +j <p — 1.
Using Lemma 7.15, we simply need to prove
S 147 . 1 . J
t — | >t - t =
(Z+J)0+L - J > ito + M +jto + M

which is clear. O

p—1
ring Oy, is free over Ay k, then a | p — 1. The final conclusion follows from the
next lemma, which we do not prove, since even though it is not very hard, it is also
not very interesting from the point of view of Galois theory.

It remains to show that, under the assumptions t < L P J — 1 and a # 0, if the

Lemma 7.17. Assume n; =v; for alli=0,...,p—1. Thena|p—1.

So we just need to prove that n; = v; for all 4 in this case. To this end, we apply
Proposition 7.9(3c). Namely, we assume that for our specific ¥ = 7¢ € Op, there is
an isomorphism Ay = Ay /g of A/ x-modules, and deduce from this that n; = v;
needs to hold for all 7.

Proof. Suppose that 20y = 2y g as Ay g-modules. This means that there exists
a € Ay such that

©: QlL/K — Ay

A= A
is an isomorphism. We represent ¢ as a matrix M () in the bases of 2y and A7,/ g
described above. If o = f;ol z; (7" 1) (recall that o € 2y, so every z; is in

Ok), then M(a) = f;ol x; M (m" f*). Note that M(a) € Matyx, (O ), hence it
makes sense to reduce it modulo 7x, and ¢ is an isomorphism if and only if M («)
is invertible over O, if and only if det M (a) € Oy, if and only if det M(a) # 0
(mod 7).

Next we claim that the matrices M (7" f?) are all lower-triangular when reduced
modulo 7, and in fact strictly lower-triangular unless ¢ = 0. Assuming this fact,
the matrix M («) is congruent modulo 7wk to a lower-triangular matrix whose kth
diagonal coefficient is zomf~"™*. In particular, M(«) is invertible if and only if
v (o) = 0 and v, = ny, for all k, as desired.

It remains to show the claim about the matrices M (7" f*) being strictly lower-
triangular for ¢ > 0 (for i = 0, the matrix M (7" f*) is easily seen to be diagonal).
Consider an entry of M (r" f?) strictly above the diagonal, say in position (c, d)
with d > ¢. The coefficient of M (7" f*) in position (c,d) is the coefficient of
T cf¢in

(" [ (TR f).
Since d > ¢, if i +d < p— 1, then the coefficient in question is simply 0. Otherwise,
using Lemma 7.10 we may rewrite the above as

p—1
—Ng—Vi pi+d— _ —Ng—Vi p i+d+j—
TV fiAdop pp — _prna §:<>f’ i,
=1 M
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which we claim is in T2y, and therefore has coefficient along 7" f¢ divisible by
7. To finish the proof, we only need to show that w1 fi+d=p fP ig in 9,
(notice the —1 in the exponent of 7k ). Replacing —ng by —vg (which is larger in
absolute value), this reduces to proving

oL (TP ) > plva + vi + 1),

which follows in a straightforward manner from Lemma 7.10 if one uses the as-
sumption that ¢ is not too large.

Here are the details. By Lemma 7.10(5), we have vy (fPn$) = ep+ ¢+ a. By
Lemma 7.10(6), every subsequent application of f increases the valuation by at
least ¢, so vr, (f*?PfPr4) > ep+t+a+t(i+d—p). On the other hand,

pva+vi+1)<a+dt+a+it+p.
So we need to check that
ept+t+a+t(i+d—p)>a+dt+a+it+p.
Simplifying like terms, this is equivalent to
ept+t—pt>a+p<=ep>p+itlp—1) +a.

By assumption, the extension L/K is not almost maximally ramified, so by Remark
7.14 we have e > np_1 = (p — 1)to + a, that is, e > (p — 1)tp + a + 1. Multiplying
both sides by p, we get

pe>plp— Do+ (p—Da+a+p=(p—1)t+a+p,

as desired.

Given a Galois extension L/K, the quantity
m(L/K) = min [Of : OkI[G] - o]
acOyp,
is studied [DCFL20]. By methods not too different from the above, an explicit
formula for m(L/K) when L/K is cyclic of degree p is found, as follows.

Theorem 7.18. Let L/K be a ramified Galois extension of p-adic fields of degree
p, with ramification jump t. Let a € {0,...,p — 1} be the residue class of t modulo

p, and let v; = {%J If a # 0, then

vp(m(L/K)) = fk (Z vi + 0<I}1<i;171(i61( - (- 1)%‘)) ;
i=0 ==
if a =0, then
vp(m(L/K)) = %[L 1 Qyl.

8. ON K-THEORY, REALISABLE CLASSES, AND HILBERT—SPEISER FIELDS

8.1. K-groups. Here we follow the PhD thesis of Breuning [Bre04]. Let A be a
ring, and denote by P(A) the category of finite A-modules.
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Definition 8.1. We denote by Ky(A) the Groethendieck group of P(A), that is,
the abelian group generated by the isomorphism classes (P) of P for all P € P(A),
modulo the relations

(P) = (P") = (P")
for all short exact sequences 0 - P’ — P — P” — 0. We denote by [P] the class
of (P) as an element in K(A).

Definition 8.2. Let us consider the category of pairs (P, f), where P € P(A) and
f is an automorphism of P. A morphism (P, f) — (Q, g) is given by an A-module
homomorphism P — @ which commutes with f and g. The isomorphism classes
are denoted by ((P, f)). The Whitehead group Ki(A) is the abelian group with
generators ((P, f)) and relations

((P.f)) = (P 1) = (P, £7))
if0— (P, f)— (P, f) = (P", f") — 0 is exact, and
(P, fg)) — (P, f)) — ((P,g))
for all P € P(A) and automorphisms f and g of P. We denote by [P, f] the class
of (P, f)) in K1(A).
There is an alternative description of K7(A). For all n > 1, we can define a map

GL,(A) = GL,4+1(A) by
M 0
M — ( 0 1) .

Let GL(A) = ligGLn(A), and let GL(A)" = [GL(A),GL(A)] be the commutator
subgroup. Then K;(A) =2 GL(A)/ GL(A)’. The isomorphism is obtained as follows:
let [P, f] € K1(A). Since P is projective, we can find an A-module @ such that
P @ Q is free. Then f @ id is represented by a matrix M € GL(A). For the proof
that this is a well-defined map and an isomorphism, see [CR87, Theorem 40.6].

Definition 8.3. Let ¢: A — B be aring homomorphism. We consider the category
of triples (P, f,Q), where P,Q € P(A) and f: B4 P — B®4 Q is a B-module
isomorphism. A morphism is a pair of morphisms u : P — P’ and v : @ — @’ such
that f' o (idp ® u) = (idg ® v) o f. The relative K-group Ko(A, ¢) is the abelian
group with generators ((P, f,@Q)) and relations
(P f,Q) = (P, f,.Q)) = (P", 1".Q"))
for all short exact sequences
0= ((P'f,Q)) = ((P.f,Q)) = (P", f",Q")) = 0
(that is, 0 > P - P —- P”" - 0and 0 » Q" — @ — Q" — 0 are both exact), and
((P7gf7 R)) - ((Pa fa Q)) - ((Q7ga R))
with P,Q,R € P(A),and f: BQP — BRQ and g : B®Q — B® R isomorphisms.
We denote classes in Ky(A4, @) by [P, f,Q].

Proposition 8.4. For all ring homomorphisms ¢ : A — B, there exists an exact
sequence
81 0
K1(A) 25 Ki(B) =5 Ko(A,¢) =5 Ko(4) £ Ko(B).
Here ¢.([P, f]) = [B ®a P,idp ® f], 04 ,([M]) = [A", M, A"] for M € GL(B),
N ([P, £,Q]) = [P] = [Q], and ¢.([P]) = [B®a P].



50 F. FERRI AND L. STEFANELLO

8.2. Realisable classes. Let K be a number field, and let G be a finite group.
Denote by R(Ok|[G]) the set of classes in C1(Ok[G]) which are realisable as Galois
module classes of rings of integers Oy, in tamely ramified Galois extensions L/K
with Galois group G.

Conjecture 8.5 (McCulloh). R(Og[G]) is a subgroup of Cl(Ok[G]).

Let ¢ be a prime number, let G be a direct product of n cyclic groups of order
¢, and let C' be a cyclic group of order ¢ — 1. Then G is isomorphic to the
additive group of the finite field Fyn, and C to its multiplicative group. Via these
isomorphisms, there is an action of C on GG via multiplication.

For 6 € C, let t(6) denote the least non-negative residue modulo ¢ of Tr(d), where
Tr = Tr]an JF- Let

0="> t(6)s " ez[C],
éeC
and let
I =1Z[C)(8/¢)NZ]C)
be the Stickelberger ideal of Z[C].
Recall that there is an augmentation map €: Ok |[G] — Ok; it is the Ok-linear

map sending o to 1 for all o € G.
The following result is stated in [McC83].

Theorem 8.6. If G is elementary abelian, then
R(Ok[G]) = CI"(Ok[G))*,

where C1°(Ok[G]) is the kernel of the map Cl(Ok[G]) — Cl(Ok) induced by the
augmentation map Ok|[G] — Ok.

In [McC87|, McCulloh extended this result to abelian groups G, but we do not
give a precise formulation here.
We conclude this subsection with an important result of [AM18].

Theorem 8.7. Suppose that G is of odd order, |G| is coprime to the class number
of K, and K contains no non-trivial |G|th roots of unity. Then R(OkIG]) is a
subgroup of Cl(Ok[G]).

Note that in [AM18] there is an explicit association of elements of Ko(Ok[G], K)
to number field extensions, where K is the algebraic closure of K.

8.3. Mayer—Vietoris sequence. Let A, A;, Ay, and A be rings, and let

A L) Al
le lgl
A2 T) 1’4"

be a fibre product of ring homomorphisms, meaning that the diagram commutes
and

A={(a1,a2) € Ay ® Az | g1(a1) = ga(az)}.
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Theorem 8.8 (Milnor’s theorem). If g1 or g is surjective, then there is a Mayer-
Vietoris sequence
Ky (A) Y22 g (4y) < K (4y) 22892 K ()

9, Ko(A) YHB2 k(A)) x Ko(As) 27925 Ko (A).

Proof. See [CR87, Theorem 42.13]. O

Let K be a number field, let G be an elementary abelian group of order £", and
let ¥ =) 5.5 0. Write 'Ok[G]/Ok¥ and O = Ok /{"Ok. Then

OxlG] —2—> T

is a fibre product of ring homomorphisms. Let us extract a piece of the Mayer—
Vietoris exact sequence:

Ky(I) x Ky (0) 229, 16, (0) 2 Ko(Ok[G)).

It can be shown that K;(I') = I'*, K;(Ok) = O, and K,(Og) = O_KX
(see [CR87, Theorem 40.31], using Gaussian elimination and the fact that elemen-
tary matrices are trivial in the K;-groups. It can also be shown that 9(5) = [(s, X)],
where (s,%) = sOg[G] + XOk|[G] is called a Swan-module and is locally free. All
their classes generate the Swan-subgroup 7' C Cl(Ok[G]). We get

*x ox S0 G S,
that is,
(8.1) T=0g JOXe(X)

8.4. Swan modules and Hilbert—Speiser number fields. Our main reference
is [GRRS99].

Note that T is a Z[C]-submodule of D, the subgroup of the class group consisting
of those classes that become trivial under extension of scalars to the maximal order.
Actually C acts trivially on T since § € C' acts as an automorphism of G, so it maps
sOk[G] and Ok X to itself.

Proposition 8.9. Assume G is elementary abelian of order £™ > 2. Then
T -D/2 C RAD.
Proof. We have

-1
e) =D o) =1 a=0"(t—1)/2

seC
and No(0/0) = £(8/6)Ng = 7~ (£ — 1)/2N¢ € Z. Then

(10— Ne(6/0) = 071 (€= 1)/2 = (" (= )/2)(" = 1) = "7 (0 - 1)/2.
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Note that D C C1°(Ok[G]), because the map induced by augmentation commutes
with extension of scalars to the maximal order. Since C' acts trivially on T, TZ =
75 and

T =D/2 ¢ 7T ¢ pT C C°(0k[G))P N D = RN D. O
Lemma 8.10. Ify € T, then £(7)"" ~! € Im(O}) C O /1" Ok.
Proof. Let e be the identity of G. Then

0— (Ok%) = (Ok[G])€ = T° = H'(C,0kX)

and

0= OxY = Oge® Oy —T¢ - Hom(C,OgX) =0
Hence ¢ : Oge — I'C is an isomorphism (in the paper, it is claimed that & induces
an isomorphism). Let N : I'* — (I'*)¢ be the norm N(y) = [[sc7°. Then

E()" T = &(N(y)) € Im(OF). O
Theorem 8.11. There is a natural surjective map
T — Ve ™' = ((Ox /0" O) Im(O) "
Proof. By (8.1), T = O - JORKE™) = Vin/ ((I'*)/Im(O%)). We conclude by
raising to the power /™ — 1 and using Lemma 8.10. |

Definition 8.12. A number field K is Hilbert—Speiser if all finite tamely ramified
abelian extension L/K admit a normal integral basis.

We recall that Q is a Hilbert—Speiser field (Theorem 1.33).

Theorem 8.13 (Greither-Replogle-Rubin-Srivastav). Let K be a Hilbert-Speiser
numer field. Then K = Q.

Proof. We just outline the strategy. For all K # Q, one finds a prime ¢ such that
V, is divisible by some prime ¢, which does not divide £ — 1. Then VZ(Z*l)Q/ % s
nontrivial. By Theorem 8.11,
Te-1/2 _, Vz(@*lf/2
is surjective, so also T“~1)/2 must be nontrivial. Since, by Proposition 8.9,
T Y/2 C RN D,

we conclude that R is nontrivial. O
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Part 2. Hopf—Galois theory
9. AN INTRODUCTION TO HOPF ALGEBRAS

9.1. Introduction. Let L/K be a Galois extension of number fields or p-adic fields
with Galois group G. If L/K is wildly ramified, then we know that L/K does not
admit a normal integral basis, that is, Of, is not free over Ok [G]. More generally,
if for example K = QQ and G is abelian, then Op, is free over its associated order
. /k in K[G] (Leopoldt’s theorem), but this may be false if G is not abelian or if
K # Q. Since 1,/ is the unique Of-order over which O may be free, and since
if O, is free of rank one over an Og-subalgebra A of K|[G], then A is an order (by a
straightforward reasoning), we deduce that if O, is not free over A, then K[G]
is the wrong place where to look.

The main goal of this part is to introduce a new object, the Hopf algebra, which
is a generalisation of K[G], to define an associated order also in this context, and
to study the freeness of Of, over this new order.

In this section, we mainly follow [Chi00]. We also refer to [Swe69] and [Und15],
where the results are mostly given over fields instead of commutative rings, but the
proofs can easily be adapted to our setting.

9.2. Hopf algebras. We fix a commutative ring R for the rest of the section.
Recall that for us all rings have unity. Unadorned tensors denote tensors over R. If
A and B are R-modules, write 7: A® B — B®A for the switch map: 7(a®b) = b®a
foralla € A, b € B.

In the first part of these notes, we have widely worked with R-algebras (usually
for R = K a field). The standard notion we have had in mind of an R-algebra is
a ring A, together with a ring homomorphism R — A with image in the center
of A, or equivalently, a ring A with a structure of R-module, with the following
compatibility property: if r € R and a,a’ € A, then

r(aa’) = (ra)a’ = a(ra’).
However, in this setting, it is convenient to give a third equivalent definition.

Definition 9.1. An R-algebra is a tuple (A, u,t), where A is an R-module, and
u:A® A — Aand t: R — A are R-module homomorphisms, called respectively
multiplication and unity, such that the following properties are satisfied:

o Associativity: the diagram

AA@A DY Ag A

id ®ul lu

ARA ——F— A
commutes.
e Unitary: the diagram
R® A
uX)idl \
AR A5 A

od

A®R
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commutes, where s denotes the scalar multiplication.

Remark 9.2. Note that A is a ring with unity 14 = ¢(1z), not necessarily commuta-
tive. If there is no risk of confusion, we just write aa’ for the element u(a®a’) € A,
for a,d’ € A.

Example 9.3.

e R is the simplest example of R-algebra.
e Let A and B be R-algebras. Then A ® B is naturally an R-module, and
also an R-algebra, with component-wise multiplication:

HAQB (A®B)®(A®B)%(A®A)®(B®B) HABLE A®B

and
LtA®LB
LA®QB: R—>R®R—)A®B.
Explicitly, for a,a’ € A and b,0’ € B, (a®b)(a’ @ V) = (aa’) ® (bV') and
LA®B(1R) = 1A®1B.

Definition 9.4. Let A and B be R-algebras. An R-module homomorphism f: A —
B is an R-algebra homomorphism if f respects p and ¢, that is, the diagrams

A—7' B A—71 B

N

commute. The R-algebra endomorphisms, isomorphisms, and automorphisms are
defined in the natural way.

Definition 9.5. Let A and B be R-algebras. An R-module homomorphism f: A —
B is an R-algebra antihomomorphism if the diagrams

A f B A1t B

.1 RN

commute.

Definition 9.1 is useful in this context since it naturally yields the definition of a
coalgebra: we just need to “reverse the arrows”.

Definition 9.6. An R-coalgebra is a tuple (C, A, e), where C' is an R-module, and
A:C - C®C and t: C = R are R-module homomorphisms, called respectively
comultiplication and counity, such that the following properties are satisfied:

e Coassociativity: the diagram

CoCceC &2 og e

aea] Ta

commutes.



GALOIS AND HOPF GALOIS 55

e Counitary: the diagram

ReC

€®idT \
CoC+2-C
id®al /
C®R

commutes, where for all c€ C, t(¢) = 1p ® c and I(¢) = c® 1R.

Notation 9.7. We adopt the mysterious but remarkably efficient Sweedler’s notation.
Let C be an R-coalgebra, and let ¢ € C. We write

Ae) = ZC(D X c(2)-
(e)
Coassociativity becomes

Z ZC(1>(1>®C<1>(2> ®C<2>=ZC<1>® ZC<2><1>®C<2>(2> )

() \cw (e) c(2)
and we just write this element as
> e @) @)
(e)
Counitary becomes

lp®c= Zs(c(l)) ®cp), c®lg= Zc(l) ®e(c),
(c) (c)

CcC = Z E(C(l))C(g) = Z C(1)5(6(2)>.
(¢) (¢)

that is,

Example 9.8.
e R is the simplest example of R-coalgebra.
e Let C and D be R-coalgebras. Then C'® D is naturally an R-module, and
also an R-coalgebra:

Acep: C® D 2222, (C® C) ® (D @ D) 2¢2790, (g D)@ (C @ D)

and
ccop: C®D 2222, R R S R.

Definition 9.9. Let C and D be R-coalgebras. An R-module homomorphism
f:C — D is an R-coalgebra homomorphism if f respects A and e. In other words,

the diagrams

C;)D

c—1 b

2] = 4

EC ED
CeC “or D®D R

commute. The R-coalgebra endomorphisms, isomorphisms, and automorphisms are

defined in the natural way.
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Definition 9.10. Let C, D be R-coalgebras. An R-module homomorphism f: C —
D is an R-coalgebra antihomomorphism if the diagrams

C ! D c—7F D

ac| |2 \ /

commute.

We are interested in objects that are simultaneously R-algebras and R-coalgebras.
Lemma 9.11. Let (H,u,t,A,e) be a tuple where (H,p,t) is an R-algebra and
(H,A,¢€) is an R-coalgebra. The following are equivalent:

(1) p and v are R-coalgebra homomorphisms.

(2) A and e are R-algebra homomorphisms.

Proof. 1t is immediate to see that both conditions are defined by the commutativity
of the same diagrams. O

Definition 9.12. An R-bialgebra is a tuple (H, u,t, A, €), where (H, u,t) is an R-
algebra, (H, A, ¢) is an R-coalgebra, and A and ¢ are R-algebra homomorphisms.

Definition 9.13. Let H and H’' be R-bialgebras. An R-module homomorphism
f: H— H'is an R-bialgebra homomorphism if f is an R-algebra and R-coalgebra
homomorphism. The R-bialgebra endomorphisms, isomorphisms, and automor-
phisms are defined in the natural way.

We are ready for our main definition.

Definition 9.14. An R-Hopf algebra is a tuple (H, p, ¢, A, e, \), where (H, p, 1, A, €)
is an R-bialgebra and A\: H — H is an R-module homomorphism, called antipode,
such that the following property is satisfied:
Antipode property: the diagram

id ®A

HoH HoH
e ~
H : R L H

HeH A®id H

commutes, that is,

toe=po(id®@N) oA =po(A®id)o A,
or, in Sweedler’s notation,

e(h)lg =Y hayAhe) =Y Mha)he)

(h) (h)

forall h € H.
Remark 9.15. In the definition of Hopf algebras given in [Chi00], it is required
that the antipode ) is an algebra and coalgebra antihomomorphism. However, this

is implied already by Definition 9.14; see [Swe69, Proposition 4.0.1] or [Undl5,
Propositions 3.1.8 and 3.1.10].
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Definition 9.16. Let H and H' be R-Hopf algebras. An R-module homomor-
phism f: H — H' is an R-Hopf algebra homomorphism if f is an R-bialgebra
homomorphism, and f respects A, that is, the diagram

H—

w

H—f)H/

commutes. The R-Hopf algebra endomorphisms, isomorphisms, and automorphisms
are defined in the natural way.

Definition 9.17. An R-Hopf algebra H is
e commutative if H is so as R-algebra, that is, for all h,h' € H,
hh/ = h'h;

e cocommutative if o A = A, that is, for all h € H,
D hay@hey =) he) @ hay;
(h) (h)

e abelian if H is both commutative and cocommutative.

Example 9.18.

e R isthe simplest example of R-Hopf algebra. Here ) is R-linear and respects
¢ = id, so necessarily A(r) = r.

e Let S be an R-algebra. Then S is an S-Hopf algebra, and if H is an R-Hopf
algebra, then S ® H is naturally an S ® R-Hopf algebra. Identifying S and
S ® R, we find that S ® H is an S-Hopf algebra.

We can finally study our main source of Hopf algebras.

Example 9.19. Let G be a finite group, and consider the R-group algebra R[G].
We claim that R[G] is also an R-Hopf algebra. Since R[G] is a free R-module of
rank |G| with basis {o | 0 € G}, and all the maps defining the structure of R-Hopf
algebra are R-module homomorphisms, it is enough to define them on the elements
of G: for all o € G,

Alo)=0®o0,
8(0’) = 1R7
and
Mo) =01

It is straightforward to check the axioms; for example,
(po (id®A) o A)(o) = (uo (iId@A)) (e @0) = p(o @) = 1gig = (toe)(o)
and
(no(A@id) o A)(o) = (no (A®id)) (e ® o) = (o™ ® o) = 1piq) = (to€)(0),

so A satisfies the antipode property.
The R-Hopf algebra R[G] is always cocommutative, and R[G] is commutative if
and only if G is abelian.
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9.3. Interlude: more on commutative module theory. We collect here some
useful facts about modules, which we use in the following sections.
Let H be an R-module. Denote by H* the linear dual of H:

H* = Hompg(H, R).
Clearly, H* is an R-module, and it shares some properties of H.

Definition 9.20. A finite R-module is a finitely generated projective module over
R.

Remark 9.21. If R is a field, then finite just means finite-dimensional.

Since the projective modules are exactly the direct summand of the free modules,
we can immediately derive the next results.
Lemma 9.22. Let H be a finite R-module. Then the following facts hold:
(1) H* is a finite R-module.
(2) H = H** as R-modules.
(3) H admits a projective coordinate system, that is, a set {h;, f;}?,, where
h; € H and f; € H* for all 1 < i <mn, such that for all h € H,

h="Y_ fi(h)h.
=1

(4) If v: H — H' is an R-module homomorphism between finite modules, we
can define the traspose of v to be the R-module homomorphism v*: H™ —
H*, with v*(f)(h) = f'(y(h)). Then v is bijective if and only if v* is
bijective.
Notation 9.23. Since if H is a finite R-module, then we can identify it with the
dual of H*, we avoid to choose a point of view using the map
(,): H*® H— R,
defined by (f,h) = f(h).

Remark 9.24. Note that if {h;, f;}?_; is a projective coordinate system for a finite
R-module H, then {f;, h;}?"_; is a projective coordinate system for H*.

Definition 9.25. An R-module H is
e flat if for all exact sequences of R-modules
05AZS B2 050,

the sequence

0 HeoA e gop i goo 4o

is exact;
o faithfully flat if, for all R-modules A, B and C, the sequence

05AZ B2 050,

is exact if and only if the sequence

0 Heo A2 gopdn®e goo 4

is exact;
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o finitely presented if there exist n € N and a surjective R-module homomor-
phism ¢: R™ — H with finitely generated kernel;
o faithful if the only r € R such that rh =0 for all h € H is r = 0.
Proposition 9.26.
e FEvery projective R-module is flat.
o A direct sum of R-modules is flat if and only if each module is flat.
Proof. See [Rot09, Proposition 3.46]. O

Example 9.27. Suppose that R is Noetherian.

e For all maximal ideals m of R, the completion Ry, is flat; see [Mat70,
Corollary 1 of Theorem 55|. In particular, the direct sum @, Rm over all
maximal ideals of R is flat.

e The direct sum @, Rm over all maximal ideals of R is also faithfully flat.
This follows from [Mat89, Theorem 7.2|, flatness of Ry, and the fact that
if M is an R-module and M, = 0 for every m, then also M = 0.

Proposition 9.28. An R-module H is finite if and only if H is finitely presented
and flat.

Proof. Combine [Rot09, Proposition 3.11], Proposition 9.26, and [Rot09, Theorem
3.56]. O

The following fact is really useful in the sequel.

Theorem 9.29. Let S be an R-algebra, and let M and N be R-modules. If M is
finite, then the natural S-module homomorphism

0: S ®Homp(M,N) — Homg(S® M,S® N)
is bijective.
Proof. This result is proved in [Rei03, section 2e] for finitely presented flat modules.
By Proposition 9.28, we derive our assertion. (I

9.4. Dual algebra. Let H be a finite R-Hopf algebra. We claim that also H* is an
R-Hopf algebra. As one can expect, we use the R-algebra structure of H to define
the structure or R-coalgebra of H*, and viceversa. If f, f € H* and r € R, then

Ap-(f) = foun,
en-(f) = f(ln),
pa(f@f)=(f® f)oAy (here we are identifying R ® R with R),
tg+(r) =reg (note that ey € HY),
and
Aa+(f) = foln.
Proposition 9.30. Let H be a finite R-Hopf algebra. Then H*, with the structure
defined above, is a finite R-Hopf algebra.
Proof. See [Und15, Proposition 3.1.12]. O

Remark 9.31. By the definition, it immediately follows that H is commutative if
and only if H* is cocommutative, and H is cocommutative if and only if H* is
commutative.
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Also by definition, it is really straightforward to check the following fact.

Lemma 9.32. Let H be a finite R-Hopf algebra. Then H = H*™ as R-Hopf
algebras.

From now on, we identify H** with H, when H is a finite R-Hopf algebra.

Example 9.33. Let G be a finite group. Then H = R[G] is a finite R-Hopf algebra,
and we can study the dual H* = R[G]*. Consider the dual basis {e, | 0 € G},
where e, (7) = §, - is given by the Kronecker’s delta. For all o,7,p € G and r € R,

Ap-(e)(T @ p) = €5(Tp) = bo.7p = A=(es) = Y - Qe
Tp=0
en(es) = es(1ra) = 00,165
pa- (€0 ®er)(p) = (eq ® er)(p® p) = 06,p0rp = pu-(€; ®er) = boreq,
tg+(r)=reg =r Z €o’,
o’'eG
and
M+ (€0)(T) = €0 (T71) = 6501 = Ap-(e5) = €g-1.

Note that the elements of the dual basis are pairwise orthogonal idempotents, by

definition of pp«.

9.5. Grouplike elements. If G is a finite group, then R[G] is an R-Hopf algebra,
and if o € G, then A(c) = 0 ® 0. Motivated by this fact, we can give the following
definition.

Definition 9.34. Let H be an R-Hopf algebra. A nonzero element h € H is
grouplike if A(h) = h ® h. We write G(H) for the set of grouplike elements.

Proposition 9.35. Let H be an R-Hopf algebra. Suppose that R has no idem-
potents different from 0 and 1r. Then every grouplike element h € H satisfies
e(h) =1gr and G(H) is a subgroup of the multiplicative group of units of H.

Proof. The first claim follows from counitary: if h € G(R), then
h=(so(e®id) o A)(h) = e(h)h,
hence
g(h) = e(e(h)h) = e(h)e(h).

Since R has no idempotent different from 0 and 1g, and h # 0, we conclude that
S(h) = ]-R'

We claim that A\(h) € G(H) and A(h) is the inverse of h. For the first step, we
need to use that A is an R-coalgebra antihomomorphism:

A(A(h)) = (A®@ A) o7 o A)(h) = A(h) @ A(h).
Then, by the antipode property,
1g = t(e(h)) = (no (id®A) o A)(h) = hA(h)

and
1g =u(e(h)) = (po (A®id) o A)(h) = A(h)h.
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This also shows that A(h) # 0. Finally, we see that G(R) is closed under multipli-
cation. Let h,h' € G(H). As h is invertible, h - h’ # 0. Since A is an R-algebra
homomorphism, we find

A(hh') = A(h)A(R") = (hh') ® (hR'),
that is, hh' € G(H). O

Remark 9.36. Let H be a finite R-Hopf algebra, and consider f € H* different from
the zero map. Recall that, if h, h’ € H, then

Ap-(f)(h@N) = (f o un)(h@h') = f(hI).

If f: H— R is an R-algebra homomorphism, then f(hh') = f(h)f(h'), so f is
grouplike. Also the converse is true if R has no idempotent different from 0 and
15

Proposition 9.37. Suppose that R is a field, and let H be an R-Hopf algebra.
Then distinct grouplike elements of H are linearly independent over R.

Proof. Suppose h, hq, ..., h, are grouplike elements such that hq, ..., h, are linearly

independent and
h= Z T‘ihi.
i=1

We claim that A = h; for some i. Note that

7 i=1 i=1 i=1

3

Since {h; ® h;}; ; are linearly independent over R, we deduce that

Ti’f'jzo lfl#],
r2=r; for all .

As R is a field and h # 0, we conclude that there exists exactly one i such that
h = h;, as claimed. O

Corollary 9.38. Suppose that R is a field, and let H be a finite R-Hopf algebra. If
there is an R-basis N = {h;} of H consisting of grouplike elements, then N = G(H)
is a group, and H is the group ring R[N].

9.6. Modules and comodules. We fix an R-Hopf algebra H for this subsection.
We need to work with R-modules which also admit an action of H. We give the
following definition, since we require compatibility between the two structures.

Definition 9.39. An R-module S is a left H-module if there is an R-module ho-
momorphism a: H ® S — S such that the following properties are satisfied:

o Associativity: the diagram

HoHS " Hes

oo o

H@ST)S

commutes.
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e Unitary: the diagram
R®S

LH®idl \
H®S —(/— S
comimutes.
Notation 9.40. If there is no risk of confusion, we just write h - s for the element
ah®s)e S, forhe H,s€ S.
Example 9.41.
e Ris aleft H-module via e: for all h € H and r € R,
h-r=e¢e(h)r.

e Let S be a left H-module. Then S ® S is a left H-module via A: for all
he€ H and s,t €8S,

he(s@t) = (hay - ) ® (hez) - 1)
(h)
Definition 9.42. Let S and S’ be left H-modules. An R-module homomorphism
f: 8 — 8 is an H-module homomorphism if f respects «, that is, the diagram

s g

s s

/

commutes.
As usual, we can give the “dual” definition.
Definition 9.43. An R-module S is a right H-comodule if there is an R-module
homomorphism : S — S ® H such that the following properties are satisfied:
e Coassociativity: the diagram

SoHoH L8 som

commutes.
e Counitary: the diagram

SeH s
id®sHl /
S®R

commutes.

Notation 9.44. If S is a right H-module and s € S, then we can adapt Sweedler’s
notation as follows:
6(8) = ZS(O) ® s(1), for 500) € S and 51) € H.
(s)
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For example, coassociativity becomes

(B®id)(8(s)) = (i[d@AH)(B(s)) = Z 5(0) ® 8(1) ® S(2)-
(s)

Example 9.45.
e R is a right H-comodule via ¢: for all r € R,

Bry=r@tlg)=rely.

o Let S be a right H-comodule. Then S® S is a right H-comodule via pu: for
all s,t €S,

Bls@t)= > s0) ®to) ® u(s) ta))-
(5),(1)

Definition 9.46. Let S and S’ be right H-comodules. An R-module homomor-
phism f: S — S is an H-comodule homomorphism if f respects (3, that is, the
diagram

s—1 L9

| [o

commutes.

Now suppose that H is finite, with projective coordinate system {h;, f;}7 ;. If
S is a right H-comodule, then S becomes a left H*-module, via

Fes=Y sofrsm)-
(s)
Since we have identified H** with H, this also means that if S is a right H*-
comodule, then S is a left H-module.
Conversely, if S is a left H-module, then S becomes a right H*-comodule, via
n
Bls)= (hi-s)® f.
i=1
Clearly, there are some properties to be carefully checked; see [Chi00, section 2].
Still, we may deduce the next important result.

Proposition 9.47. Let H be a finite R-Hopf algebra, and let S be an R-module.
Then S is a left H-module if and only if S is a right H*-comodule. In addition,
the processes of going from the H-module action to the H*-comodule action and the
opposite are inverse operations.

Proof. We just prove the final claim. Let {h;, f;}?; be a projective coordinate
system for H. Suppose S is a left H-module. Then S is a right H*-comodule,
where, for all s € S,

n

Bs) = (his)® fi.
i=1
This H*-comodule action induces a H** = H-module action, as follows:

a(h@s) = (hi-s)(h, fi) = (Dh,fahi) s=h-s,

i=1 i=1
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that is, we recover the original H-module action on S.
Conversely, suppose S is a right H*-comodule, via

S ZS(O) ®sa) € S®H*.
(s)
Then S is also a left H** = H-module, via
h - S = Z S(O)<h, 5(1)>.
(s)

This H-module action induces a H*-comodule action, as follows:

Z it S ®fz—z ZS(O)<hi75(1)> ® fi

i=1 \ (s)

5(0)(his 5(1)) ® fi

I M: ™M= I

S(0) ® hz75(1 ) fi

z
1 (s)

n
s ® Y (hi, sy fi = Zs(o) ® s(1),
) i=1

that is, we recover the original H*-comodule action on S. (I

—~

S

10. HOPF—GALOIS EXTENSIONS

The goal of this section is to introduce Hopf—Galois extensions, fundamental
structures in this theory. We follow again [Chi00], and we keep the notation of
Section 9.

10.1. Module and comodule algebras. Let us fix an R-Hopf algebra H.

Definition 10.1. Let S be a left H-module and an R-algebra. We say that S is a
left H-module algebra if, for all h € H and s,t € S,

h-(st) = Z(hu) -8)(h(2) - 1),
(h)
h - ls = E(h)ls.

Lemma 10.2. Let S be a left H-module and an R-algebra. Then S is a left H-
module algebra if and only if ps and vs are H-module homomorphisms.

Proof. This is straightforward, since the two properties defining a left H-module
algebra are precisely describing the commutativity of the diagrams

Ses —" g R—“ 4§

cso] fos  aa Tos

HS®S ——— H®S H®R — H®S
id®us id ®tg

which imply that g and tg are H-module homomorphisms. 0
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This equivalent way to see left H-module algebras immediately implies the fol-
lowing definition.

Definition 10.3. Let S be a right H-comodule and an R-algebra. We say that S
is a right H-comodule algebra if pus and tg are H-comodule homomorphisms.

Remark 10.4. Recall that pg is an H-comodule homomorphism if and only if the
diagram

Ses —r g

Bsegsl lﬁs

S®S®H@’S®H

commutes. Explicitly, if s, € S, then

Bs(st) = Y st st = [ D50 @sw | | Dt @t
(s),() (s) ®)

= Bs(s)Bs(t)-

Since tg is an H-comodule homomorphism if and only if Ss(ls) = 1s ® 1y, we
deduce that S is a right H-comodule algebra if and only if g is an R-algebra
homomorphism.

Now suppose H is finite. In Proposition 9.47, we have seen how to move between
left H-modules and right H-modules. The same results also holds for module and
comodule algebras.

Proposition 10.5. Let S be an R-algebra. Then S is a left H-module algebra if
and only if S is a right H*-comodule algebra.

Example 10.6. Let H be a finite R-Hopf algebra. Then H* is a right H*-comodule
via comultiplication map

Ag~: H* - H* Q@ H*.
This means that H* is a left H-module: for all h € H and f € H*,

hef =Y faylh fz)) € H".
(f)

Since, by definition, Ag+ is an R-algebra homomorphism, pg is an H*-comodule
homomorphism. An easy verification implies that this is true also for tg, and so
H* is a right H*-comodule algebra, or equivalently, a left H-module algebra.

We can think to module and comodule algebras as generalisations of the concepts
of actions and gradings of algebras by groups.

If S is a finite commutative R-algebra and G is a finite group of R-algebra
automorphisms of S, then for all 0 € G and s,s" € S, o(ss’) = o(s)o(s’). Clearly
S is a left H = R[G]-module via

(Z ) =Y raols)

oceG oeG
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We claim that S is also a left R[G]-module algebra. Since Ay (o) =0 ® o,

(Z raa> - (st) = Z reo(st) = Z reo(s)o(t)

ceG ceG oeG

= s (Z re(c®@o)(s ®t)>

oeG

= g <<Z TUO'> -(s®t)> .
oeG
Since eg (o) = 1g,

(Z m;) s =Y reo(ls) =Y rels=ep (Z w) 1s.

oeG ceG ceG oeG

Definition 10.7. If G is also abelian, we say that S is a G-graded R-algebra if we
can write S as direct sum of R-modules

5-@s.
oG
where tg(R) C S7 and for all 0,7 € G,

SsS5r C Sor.
If we consider the R-module homomorphism
B: S — S® R[G]
s s® o,

where s € S,, then it is immediate to see that § is an R-algebra homomorphism
and to get that S is a right R[G]-comodule algebra.

10.2. (Hopf-)Galois extensions. In order to define Hopf-Galois extensions, we
need to give a more general definition of Galois extensions.

Theorem 10.8. Let S be a finite commutative R-algebra, and let G be a finite
group of R-algebra automorphisms of S. The following are equivalent:

(1) The R-module homomorphism
j: S ® R[G)] = S[G] — Endg(S)

Z S50 > (t — Z soa(t)>

ceG oceG
18 bijective.
(2) The R-module homomorphism
h: S®S — S ®Hompg(R[G], R) 2 Homg(S[G], S)

S®t— <Z S50 SZ sga(t)>

oeG oeG
1s bijective.
(3) For all mazimal ideals m of S and o # 1 in G, there exists s € S such that

o(s) —s¢m.
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Proof. See [CHR65, Theorem 1.3]. In (2), the isomorphism is given by Theo-
rem 9.29. (]

Definition 10.9. Let S be a finite commutative R-algebra, and let G be a finite
group of R-algebra automorphisms of S. Then S is a Galois extension of R with
group G if one condition in Theorem 10.8 holds.

Example 10.10. Let L/K be a finite Galois extension of fields of degree n, and G
be a finite group of K-algebra automorphisms of L. If L/K is Galois with Galois
group G in the usual sense, then L is a Galois extension of K with group G, in the
sense of definition 10.9. Indeed, the injectivity of the map j follows immediately
from linear independence of characters, and since

dimg (L[G]) = dimg (L)|G| = dimg (L)? = dimg (Endg (L)),

we derive our assertion.

Conversely, if L is a Galois extension of K with group G in the sense of defini-
tion 10.9, then by the isomorphism j we deduce that | Autx (L)| > |G| = n, and so
by Artin’s characterisation of Galois extensions, L/K is Galois with Galois group
G = Autg (L) is the usual sense.

Example 10.11. Let L/K be a Galois extension of number fields or p-adic fields
with Galois group G. Consider Oy, as a finite Og-algebra (which is projective
as an Og-module, since it is locally projective at every prime). The condition in
Theorem 10.8(3) says that for all primes B of Op, the inertia subgroup
Go={oceG|o(z)=2 (modP) foralzeO}

is trivial, that is, 8 is unramified over O . We deduce that Oy, is a Galois extension
of Ok with group G if and only if L/K is unramified.

With Definition 10.9 in mind, we can define Hopf—Galois extensions.

Definition 10.12. Let H be a finite cocommutative R-Hopf algebra. A finite
commutative R-algebra S is an H-Galois extension, or H-Galois, if the following
hold:

(1) S is a left H-module algebra.
(2) The R-module homomorphism
j: S® H — Endg(9)
s@hw (t— s(h-t))
is bijective.
Note that this implies that if S and H are free, then their ranks as R-modules
coincide.

If we define a suitable multiplication on S® H, we get that j is also an R-algebra
isomorphism, where that the multiplication in Endg(S) is given by composition.

Definition 10.13. Let S be a left H-module algebra. We denote by S#H the
smash product of S and H: as R-module, S#H is just S ® H, and it is endowed
with multiplication given by

(s#x)(t#y) = Z (w1 - t)#T(2)Ys
(z)
for s,t € S and z,y € H.
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A long but straightforward computation shows that indeed S#H is an R-algebra,
and we have the following fact.

Proposition 10.14. Let H be a finite cocommutative R-Hopf algebra, and let S
be H-Galois. Then the map
j: S® H — Endg(S)
s@h (t—s(h-t))
is an R-algebra isomorphism.

Definition 10.15. Let H be a finite cocommutative R-Hopf algebra, and let S be
a left H-module, finite as R-module. The fized ring of S by H is

SH ={sec S |h-s=¢e(h)s, forall h€ H}.

Remark 10.16. Note that the elements of S are just fixed up to a scalar, depending
on the counity of H. But if H = R[G] for a finite group G, then £(o) = 1 for every
o € G, so we find the usual fixed ring.

Proposition 10.17. Let H be a finite cocommutative R-Hopf algebra, and let S
be H-Galois. Then SH = 15(R). In particular, if R C S and vs is the inclusion,
then S" = R.

Proof. Ler r € R and h € H. Then
h-ts(r)=nh-(rlg) =r(h-1s) =re(h)ls = e(h)es(r),

that is, t5(R) C SH.
Conversely, suppose s € S. We claim that s#1y commutes with t#h in S#H,
forallte S, he H.

(t#h) (s#1m) = Y _tlhay - 8)#ha) = Y te(h))s)#he)
(h) (h)

= Z€(h(1))t3#h(2) = ts# Z S(h(l))h(g) = St#h
(h) (h)
= (s#1m)(t#h).

This means that j(s#1p), the multiplication-by-s, is in the center of Endg(S). We
claim that every element of the center of Endg(.S) is a multiplication by an element
of ts(R) (or equivalently, the scalar multiplication by an element of R). This is
clearly true if S is free. In general, consider the ring homomorphism from R to the
center of Endg(.S). This map is surjective if and only the localised map at every
maximal ideal m is surjective, and this is true (after a bit of work) since localising
we find local rings, and so freeness.
We conclude that there exists r € R such that, for all t € S,

J(s#1g)(t) = st =rt = 1(r)t,
and so, for t = 1g, we find s = ¢(r), as desired. O

Now let H be a finite cocommutative R-Hopf algebra, thus H* is a finite com-
mutative R-Hopf algebra.

Definition 10.18. A finite commutative R-algebra is S an H*-Galois object, or
H*-principal homogeneous space, if the following hold:

e S is a right H*-comodule algebra, with comodule action given by /.



GALOIS AND HOPF GALOIS 69

e The R-module homomorphism
v:S®S—>SQH"
5@t (s@1y+)B(t)
is bijective.
Remark 10.19. Notice that both S® S and S® H* are finite S-modules (S acts on

the first factor of the pure tensors), and by Remark 10.4 and the commutativity of
S and H*, « is also an S-algebra homomorphism.

The concepts of H-Galois extensions and H*-Galois object coincide, as we now
shall see.

Proposition 10.20. Let H be a finite R-Hopf algebra, and let S be a left H-module
algebra, finite as R-module. The following are equivalent:

(1) The R-module homomorphism
j: S® H — Endg(95)
s@hw— (t—s(h-t))
18 bijective.
(2) The R-module homomorphism
7: S5 —>S®H"
st (s®1g+)B(t)
18 bijective.
In particular, S is H-Galois if and only if S is an H*-principal homogeneous space.

Proof. First of all, S is also a right H*-comodule algebra, where, for all s € S and

h e H, B(S) = Z(S) 5(0) X 5(1) and h-s = Z(S) 8(0)<h, 8(1)>.
Since 7y is S-linear, 7y is a bijective if and only if its transpose

~*: Homg(S ® H*,S) - Homg(S ® S, S)

frolsoto frs@t) =F D st @ta)
(t)
is bijective. We also have the following isomorphisms as R-modules:
w: S® H — Homg(S® H*,S)
(s@h) = (t® f— sth, f)),
n: Hompg(S,S) — Homg(S ® S, .5)
f=(s®t—sf(t)).

The map w follows from the isomorphism H = Hompg(H*, R) and Theorem 9.29,
while 7 from the tensor-hom adjunction (see [Rot09, Theorem 2.76]). In particular,
we find the diagram

S®H —— Hompg(8, S)

wl I

HOms(S®H*,S) T) HomS(S®S, S),
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and we claim it is commutative. If so, then we would find that j is bijective if and
only if v* is bijective, if and only if v is bijective. So let s € S and h € H. Then

n(j(s ®h))(t @ u) =t(j(s @ h)(u)) = ts(h - u).
On the other hand,

Y (w(s®@h))(t@u) =w(s®h)(y({t®@u))
=w(s®h) Z tuoy ® u(r)
(u)

= Z StU(O) <h, U(1)>
(u)

= stz u(oy(h, uy) = st(h - u),
(u)
and so the assertion follows. O

Example 10.21. Let H be a finite cocommutative R-Hopf algebra. We have
already seen that H* is a finite commutative right H*-comodule algebra (Exam-
ple 10.6). We claim that H* is an H*-principal homogeneous space. This holds
since the R-module homomorphism

v H*®@ H* — H* @ H*

fog= > f90)®@9e)
(9)
admits an R-linear inverse:

0: H*®@ H*— H*"®@ H*

f@gw Z fAE-(901)) ® 92)-
(9)
We conclude that H* is an H-Galois extension, called the trivial H-Galois exten-
sion.

10.3. Base change. Let B be a finite commutative R-algebra, let H be a finite
cocommutative R-Hopf algebra, and let S be an H-Galois extension. Consider
B ® S as B-algebra. It is clearly a left B ® H-module, and a verification shows
that it is also a left B ® H-module algebra. We claim that B ® S is B ® H-Galois.
Consider the following commutative diagram:

BoSoH —% . BgHomg(s,Ss)

wl lw

(B S)®p (B® H) 5 Homp(B® S,B® S)

Since j is an R-module isomorphism, idp ®;j is an B-module isomorphism. Both
the vertical arrows are B-module isomorphisms: 1 because of the associativity and
the simmetry of the tensor product, and w by Theorem 9.29. We conclude that
also jp is an isomorphism, that is, B ® S is B ® H-Galois.

Suppose now that B is a faithfully flat R-algebra, H is a finite cocommutative
R-Hopf algebra, S is a left H-module algebra, and B ® S is B ® H-Galois, with
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the action given by the H-action on S. Using the previous diagram, we find that
idp®j: B®S®H — B®Endg(S) is a B-module isomorphism, and by faithfully
flatness of B, j: S® H — Endg(S) is an R-module isomorphism, so S is H-Galois.

Example 10.22. Let H be a finite cocommutative R-Hopf algebra, and let S
be a commutative left H-module algebra, finite as R-module. Suppose that R is
Noetherian.
(1) The completion Ry, at a maximal ideal m is flat, so if S is H-Galois, then
S 18 Hy-Galois.
(2) The direct sum @, R over all the maximal ideals of R is faithfully flat. If,
for every m, Sy, is Hy-Galois, then it is immediate to see that @,, Rm ® S
is @,, Rm ® H-Galois, and so that S is H-Galois.
Summarising, S is H-Galois if and only if S, is Hy-Galois for all maximal ideals
m of R.

With base change, we may prove a specific version of Noether’s theorem. First,
a fundamental fact.

Theorem 10.23. Suppose that R is a complete local ring. Let H be a finite co-
commutative R-Hopf algebra, and let S be an H-Galois extension. Then S is a free
H-module (of rank one).

Proof. Since R is local and S is projective, S is also free. Let n be its rank. Both
S®S and S ® H* have the structure of H-modules, where H acts on the second
factors. We claim that v: S® S — S ® H* is also an H-module homomorphism.
To show this, we recall the coassociativity property of the right H*-comodules: if
t € S, then

(B idi-)(B() = (d@Az)(B) = 3 to @) Bta.
(t)
Therefore for all s,t € S and h € H,

- (s©0) =1(s® (h- 1) =7 | (50 3 1oy (h, tqr)
(t)
= st @ty (b ta)
(t)
= st ® (h-ta) =h-y(sD1).
(t)
We deduce that S™ = (H*)™ are H-modules, and as H is a finite algebra over
a complete local ring, by Krull-Schmidt-Azumaya theorem (see [CR81, Theorem

6.12]), S = H* as H-modules. Since H* = H as H-modules by Theorem 14.6, the
assertion follows. O

Corollary 10.24. Let L/K be an unramified Galois extension of number fields
with Galois group G. Then Oy, is locally free over Ok[G].

Proof. If L/K is unramified, then Of, is an O [G]-Galois extension of Ok (Theo-
rem 10.8). Since Ok is Noetherian, by Example 10.22 if p is a prime of Ok, then
OL, is an Ok, [G]-Galois extension of Ok, - By Theorem 10.23, since O, is local
and complete, we conclude that O, is free Ok, [G] of rank one. g
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We have also found a different proof of the normal basis Theorem.

Corollary 10.25. Let L/K be an finite Galois extension with Galois group G.
Then L is a free K[G]-module (of rank one).

Proof. This is immediate from Theorem 10.23, since every field is a complete local
ring. (I

10.4. Galois descent. Fix a Galois extension S of R with Galois group G, and
assume that S is a faithful R-module. If A is an S-module (or more generally a left
module over an R-algebra), then A is also an R-module: if 7 € R and a € A, then
ra = tr(r)a. Note that naturally S < Endg(S), hence a left Endg(.S)-module is
also an S-module.

Remark 10.26.

(1) If M is an R-module, then S ® M is an S-module.

(2) If M is an R-algebra, then S ® M is an S-algebra.

(3) If M is an R-Hopf algebra, then S ® M is an S-Hopf algebra.

(4) If f: M — N is an R-module homomorphism, then ids ® f: S® M — SQN
is an S-module homomorphism.

We wish to find information about the opposite situation. When is an S-module
A isomorphic to S ® M, for an R-module M7 (In this situation, we say that A
descends.) Morita theory gives answers to this kind of questions.

Lemma 10.27. Let S be H-Galois, faithful as R-module. Let A be an E =
Endgr(S)-module. Then the map

Se AT A
s®ar sa

is an E-module isomorphism.

Proof. See [Chi00, Lemma 2.13]. The result follows from the isomorphism
A~ S®pHomg(S,E)®p A,
which is implied by Morita theory; see [CR81, section 3D].

In the statement, if A is a left E-module, then A is also a left H-module, and so
writing A¥ makes sense. Indeed, a left E-module is also a left S# H-module, and
since S is faithful and H is flat, we deduce that the R-module map

H — S#H
h — 14#h
is injective. Also, a simple verification shows that this map is a ring homomorphism,

and so we conclude that we can see H as a subring of S#H, and so A is also an
H-module. (I

Consider now R = K a field, and let L/K be a finite Galois extension of fields
with Galois group G. Let us write D(L,G) for L#K[G]. This is just L|G] as
L-module, with multiplication given by

(2,0)(x,7T) = xpo (2, )OT.

Since D(L,G) = End k(L) as rings, we want to analyse the category of left D(L, G)-
modules. It turns out that there is an easy description.
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Proposition 10.28. Let A be an S-module, and let G act on A.

(1) A is a D(S,G)-module if and only if the S-scalar multiplication on A is
G-equivariant, where G acts on S ®g A diagonally.

(2) If f: B — C is S-linear and B and C are left D(S, G)-modules, then f is
a D(S, G)-module homomorphism if and only if f is G-equivariant.

Proof. This follows from long but straightforward observations. O

In particular, applying Lemma 10.27, we find what follows.

Corollary 10.29. Let L/K be a finite Galois extension of fields with Galois group
G. Then the category g M of the K-vector spaces and the category g M of left E =
End g (L)-modules are equivalent: the base change functor L& — sends M € g M to
LM, and f: M — N toid®f: L& M — L® M; the fixed module functor (—)¢
sends A € gpM to A®, and f: A — B to flac: A% — BY. Finally, if M € gM,
then there is a K-linear bijection
M — (L ® M)%
m— 1®m,
where G acts on the first factor of L® M. Conversely, if A € gM, then there is a
left E-module isomorphism
L® A% — A
l®amla.

In particular, we find that if A is an L-vector space with an action of G such
that the scalar multiplication is G-equivariant (we say that the G-action is compat-
ible), then A is a D(L, G)-module, so an End (L)-module, and by Corollary 10.29,
A= L ® A% as Endg (L)-modules, for the K-vector space A®: this means that A

descends.
We can also do something more.

Lemma 10.30. Let A and B be a left E-modules. Then the K-module homomor-
phism

A% ® BY - (A®L B)“
a®ad —a®ad

is a bijection.
Proof. Tt is clear that the image of this map is in (A ® B)“. Now note that

Le(A°®BY) 2 (Le A% @, (LeBY) 2 A®, B2 L® (A®L B)°,
via

zR(@®b)—~ (z2®a)®(1Qb)— (za®bd) —»2® (a®b).

We may conclude since L is faithfully flat as K-module. O

This implies that if a property of an L-module A with compatible action of G
is defined by a commutative diagram where the arrows are D(L, G)-module homo-
morphisms (that is, G-equivariant L-module homomorphisms), then A® presents
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the same property as K-module. For example, if A is an L-algebra, there is a
commutative diagram

Ao, Ao ALY Ag, A

o I

and if the arrows are G-equivariant, then this yields the commutative diagram

(A ®LA®L A)G —_— (A ®L A)G

| |

(A, A6 — 5 AG

which by Lemma 10.30 implies the desired diagram for A“. In this way, we derive
the following fundamental fact.

Proposition 10.31. Let L/K be a finite Galois extension of fields with Galois
group G. Let A, H be L-vector spaces with compatible actions of G.

(1) If A is an L-algebra and the maps defining the structure of L as algebra are
G-equivariant, then A% is a K-algebra.

(2) If H is an L-Hopf algebra and the maps defining the structure of H as Hopf
algebra are G-equivariant, then HC is a K-Hopf algebra.

(3) If H is an L-Hopf algebra, A is a left H-module algebra, the maps defining
the structures of H and A are G-equivariant, and the action of H on A is
G-equivariant, then A% is a left HE -module algebra.

Remark 10.32. Note that the isomorphisms given in Corollary 10.29 and in Lemma 10.30
respect also additional structures. For example, if H is an L-Hopf algebra and a
G-module with suitable action, then LE is a K-Hopf algebra, and L ® HY = H as
L-Hopf algebras.

We can summarise the previous discussion as follows, combining it with base
change.

Proposition 10.33. Let L/K be a finite Galois extension with Galois group G.

(1) If a finite commutative K-algebra M is H-Galois, for a finite cocommuta-
tive R-Hopf algebra H, then L ® M is L ® H-Galois.

(2) Suppose A is a finite commutative L-algebra and H is a finite cocommu-
tative L-Hopf algebra such that A is H-Galois. Suppose that G acts on A
and H such that all the structures are given by G-equivariant maps. Then
A% s H%-Galois.

11. GREITHER—PAREIGIS THEOREM AND BYOTT’S TRANSLATION

In this section, we study Hopf—Galois extensions of fields. We fix a field K. As
usual, unadorned tensors denote tensor over K.

Recall that if L/K is a finite extension of fields and H is a finite cocommutative
K-Hopf algebra, then L is an H-Galois extension of K (or simply, L/K is H-Galois)
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if L is an H-module algebra and the K-linear map
j: L® H — Endg (L)
z@hw— (y— z(h-y))
is an isomorphism.

Definition 11.1. Let L/K be a finite extension of fields. A Hopf-Galois structure
on L/K consists on a finite cocommutative K-Hopf algebra H, together with an
action of H on L, such that L/K is H-Galois.

A groundbreaking result by Greither and Pareigis (see [GP87, Theorem 3.1|)
allows us to find all the Hopf-Galois structures on separable finite field extensions
using group theory. Our main goal is to state and prove this theorem.

11.1. Greither—Pareigis theorem. For a finite set X, write Perm(X) for the
group of bijective maps on X.

Definition 11.2. A subgroup N < Perm(X) is regular if two, and hence all of the
following three conditions hold:

(1) [N] = [X].

(2) N acts on X transitively.

(3) For all z € X, the stabiliser of z in N is trivial.

The next result is almost immediate from the definition.

Lemma 11.3. A subgroup N < Perm(x) is regular if and only if for some x € X,
and so for all x € X, the map from N to G sending n to n(x) is bijective.

Let L/K be a separable finite field extension with normal closure E, and consider
G = Gal(E/K), G’ = Gal(E/L), and X = G/G’. Write A for the left translation
map:
A: G — Perm(X)
T (G — T0).
This is an injective map; see [Chi00, Lemma 6.6].

Theorem 11.4 (Greither—Pareigis). There is a bijection between Hopf-Galois struc-
tures on L/K and regular subgroups of Perm(X) normalised by A(G).

We follow the discussion in [Chi00, section 6] for the proof. Since we are inter-
ested in Galois module theory, we will specialise the proof in the Galois case.

11.1.1. The space GL. Let G be a finite group, and let L be a field. Consider the
L-vector space GL of the maps from G to L. The space GL is also an L-algebra,
with point-wise multiplication and identity sending all the elements of the group to
1z. An L-basis for GL is given by {u, | o € G}, where for all 0,7 € G,

U (T) = 00 r-

Note that this is a basis of pairwise orthogonal idempotents, so lgr = > Uo-

Moreover, every idempotentof G'L has the form } G Uo, for a subset G of G. This
immediately implies that the u, are primitive: they cannot be written as sums of
nonzero orthogonal idempotents.
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Remark 11.5. Since the operation is point-wise, the natural E-linear bijection L™ =
GL, with n = |G|, is actually an L-algebra isomorphism.

Lemma 11.6. There is an L-linear bijection
GL = Homp(L[G], L).

Proof. This is immediate, since every L-linear map from L[G] to L is uniquely
determined by its values on the elements of G. O

In particular, GL is also a G-module: if 0,7 € G and f € GL, then

(0 f)(r) = a(f(o7 7).
The space GL is important since the we may nicely describe the L-Hopf algebras
H such that GL is H-Galois.

Theorem 11.7. If H is a finite cocommutative L-Hopf algebra such that GL is H-
Galois, then H = L[N|, where N is (identified with) a regular subgroup of Perm(G).
Conversely, if N is a regular subgroup of Perm(G), then GL is L[N]-Galois.

Proof. Suppose GL is H-Galois over L. Let n = |G|. We have the following chain
of L-algebra isomorphisms:

2 (1) (2) (3)
L" ¥GL®LGL ¥ GL®, H* = (H")".
Here
(1) follows by Remark 11.5:

" 2", L"~GL®; GL;

(2) holds since GL is H-Galois;
(3) follows again by Remark 11.5: GL = L™ as L-algebras.
In particular,
as L-algebras. We claim that H* is semisimple.
(1) L™ = (H*)" is a semisimple artinian ring, so its radical Rad((H*)") is
zero; see [CR81, Theorem 5.18].
(2) Since the ideals of (H*)™ are direct products of ideals of H*, Rad((H*)") =
Rad(H*)™, so also Rad(H*) = 0.
(3) H* is artinian: every ideal is also an L-vector space, so a descending chain
of ideals eventually stops.
(4) Again by [CR81, Theorem 5.18|, H* is semisimple.
In particular, from Wedderburn—Artin theorem (see, for example, [CR81, Theorem
3.22]), we deduce that
as L-algebras. Since a basis of the dual of L™ is given by the projections p; on the
ith coordinate, we find that a basis of H = H** is {n;}_,, where n;: H — L is
given by
H=H"=L["%].
As every n; is an L-algebra homomorphism, by Remark 9.36, 7; is grouplike. Let
N = {n;}_,. Since N is a basis consisting of grouplike elements, by Corollary 9.38,
H = L[N] is a group ring.
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Now we need to identify N with a subgroup of Perm(G). The idea is the follow-
ing: if we show that for all n € NV and 7 € G, there exists a unique o € G such that
7 ur = Uy, then we can set n(7) = o.

An immediate computation shows that the n - u,, for 7 € G, are pairwise or-
thogonal idempotents of GL. We claim that these are also primitive. First of all
we show that they are non-zero: suppose that 7 - u, = 0; then

UT:1N'UT:(niln)'uT:nil'(n'uT):7]71'0:07

contradiction. Hence 1 - u, # 0. Moreover, since GL is an H-module algebra and
7 is grouplike, - 1, = €(n) - lgr = lgL, and so

legr=n-lgr=n" (Z%) = Zﬁ'uf~
TEG TEG
Every 7 - u, is idempotent, so it is a sum of primitive idempotents of GL, and by
lgrL = > ,;cq M - ur, we deduce that each primitive idempotent may appear as a
summand of 7 - u, for exactly one 7. Finally, since .7 - u, is a sum of |G|
nonzero terms, and it is also equal to ) cq Ur, a sum of primitive idempotents, we
conclude that for every 7 € G, there exists a unique ¢ € G such that - u, = u,.
This implies that we can see N as subgroup of Perm(G), via n(r) = o.

We need to show that NV is regular. Note that |[N| = |G|, since L[N] = H and
GL is H-Galois. Now suppose that the action of N on G is not transitive: we may
find 7 € G with N - u, = {u, | 0 € G}, with G proper subset of G. If 7 € G is not
in G, then define ern € Endr(GL) by e; (uy) = 7 oUr. Since

is an isomorphism, e, » should be in the image under j; but

Z aém“é(?? : 7—”7’) € Z Lu,,

£eGneN oeG

and ur ¢ . Lug, contradiction
Conversely, suppose N is a regular subgroup of Perm(G), and define e, . as
before. Then {e, . | 7,7 € G} is an L-basis of End;(GL). Since N is regular, for
all 7, m € G, there exists i such that n(7) = 7; define the H = L[N]-module algebra
action on GL via
N Ur = Uy

Then the map j: GL ®p LIN] — Endr(GL) is surjective:
j(uw ® 77) =Crm

Since |G| = |N|, j is a bijection, and so the assertion follows. O

11.1.2. The main result. We are almost in the right position to prove Greither—
Pareigis theorem for Galois extensions.

Let L/K is a finite Galois extension of fields with Galois group G. Then there
is an L-linear isomorphism

~v: L® L — Homp(L[G],L) = GL.

Also L ® L is a G-module, with action on the first factor. In particular, with a
straightforward verification, we have the following result.
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Proposition 11.8. The map
L®L—GL
x @y (0 xzo(y))

is an L-algebra G-equivariant isomorphism.

Write
A: G — Perm(G)
T+ (0= T0)

for the left regular representation.

Remark 11.9. In the literature, the left regular representation is denoted by A,
which here is already taken by the antipode of a Hopf algebra.

Theorem 11.10 (Greither—Pareigis, special case). There is a bijection between
Hopf-Galois structures on L/K and regular subgroups of Perm(G) normalised by
AG).

Proof. Suppose that L/K is H-Galois. Since L is a free (and so flat) K-vector
space, by base change L ® L is L ® H-Galois. The action

(11.1) (L H)®L(L®L)—-L®L

can easily be shown to be G-equivariant (G acts on the first factors on L ® H and
L ® L, and diagonally on (L ® H) ®r, (L ® L)). By Proposition 11.8, L ® L = GL.
This means that GL is L ® H-Galois, and so, by Theorem 11.7, L ® H is a group

ring L[N], where N is the group of grouplike elements of L® H, and N is identified
with a regular subgroup of Perm(G). In particular, we find an action

(11.2) LIN]®, GL - GL.

Since (11.1) is G-equivariant, G acts on L[N|] = L ® H such that (11.2) is G-
equivariant. We want now to explicitly describe the action of G on N, to deduce
that N is normalised by A(G).

Write the usual basis {u, | 7 € G} of GL. Recall that G acts of GL ad follows:
if m,0,7 € G, then

(0-ur)(7) = 0(ur(077)) = Uor () = Un(oy(r) (),

that is,
0 Ur = UA(o)(7)"
Since the G-action on L ® H respects the Hopf algebra structure, in particular, it

respects the comultiplication, so G sends grouplike elements in grouplike elements:
G acts on N. As (11.2) is G-equivariant, we find that, for all n € N and 0,7 € G,

o-(n-ur)=(o-n)-(0-ur)
(Note that here we are using - for the G-action on L[N] and GL, and also for the
L[N]-action on GL.) Now

0 - (11 Ur) = 0 Un(r) = UA(o)(n(r))
and
(0 -1) - (0 ur) = Uon)(A@) ()

hence

UA(o) (n(r)) = U(o-n)(A(o)(T))
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that is,
A(o)(n(7)) = (- n)(A(o)()),
o-n=Ao)nA(c™"):

G acts on N via conjugation in Perm(G), after the identification G <> A(G), and
so N is normalised by A(G). In particular, if x € L, n € N, and o € G, then G
acts on L[N] by

o - (zn) = o(@)(A(e)nA(e™1)).

Conversely, let N be a regular subgroup of Perm(G) normalised by A(G). By
Theorem 11.7, GL is L[N]-Galois, and the action

a: LIN]®, GL — GL

is L-linear. We wish to apply Morita theory. We collect a few facts here, skipping
the details (see [Chi00, Theorem 6.8]), where we use Proposition 10.28.

(1) Both G-actions on L[N] and GL are compatible, hence both L[N] and GL
are left D(L,G)-modules.

(2) a is G-equivariant, hence « is a left D(L, G)-module homomorphism.

(3) The G-action on L[N] respects the Hopf algebra structure.

(4) The G-action on GL respects the algebra structure, and also the L[N]-
module algebra structure.

This means that we may apply Morita theory: by Proposition 10.33, (GL)¢ is
L[N]%-Galois. Finally, as the map

L — (GL)¢
T Z T(z)u,

TEG

is a K-algebra isomorphism, we may conclude that L/K is L[N]%-Galois over K,
where the L[N]%-action on L is induced by the L[N]%-action on (GL)L.

We still need to check that in this way we obtain a bijective correspondence.
Suppose N is a regular subgroup of Perm(G) normalised by A(G). Then GL is
L[N]-Galois over L. This implies that L is L[N]%-Galois, with the action induced by
the isomorphism L = (GL)¢. Thus GL = L®(GL)® 2 L®Lis L L[N]“ = L|N]-
Galois, and it is immediate to see that this action is the one we have started with.

Conversely, if L/ K is H-Galois, then GL is L® H-Galois over L, where the action
is induced by GL = L® L. In particular, L® H = L[N] for some regular subgroups
of Perm(G) normalised by A(G). This implies that L/K is L[N]%-Galois. By
Morita theory, there is an isomorphism of K-Hopf algebras H = (L ® H)%, so we
derive that L is L[N]¢ = (L ® H)“ = H-Galois, and as before, carefully checking,
step by step, we could see that this action is the one we have started with (for more
details, see [GP87, Lemma 3.3|). This concludes the proof. O

Remark 11.11. Let L/K be a finite Galois extension of fields with Galois group G.
If N is a regular subgroup of Perm(G) normalised by A(G), then L/K is L[N]¢-
Galois. We may describe very explicitly the L[N]%-action on L. As shown in the

proof, this action follows from the isomorphism L = (GL)¢. If > nen At € L[N]¢
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and Y . bots € (GL)Y, then

> agm | - <Z b,,uc,> =YD agbotiy(e)-

neN ceG neN c€G

Let z € L, and write 1 = 1. We claim that the L[N]%-action we obtain on L is
given by

dagn | x=" a7t (1)(@).
nenN nenN

Since the isomorphism L = (GL)% is given by  — >__ . 0(2)us, we need to show
that

(11.3) SN ano@ugey =D o | > ay(n (1))(@) | o
neN oceG oceG neN

Fix 0 € G. Since >, -y ann € L[N]%, then

S ola)Aemre ) =o- | Y am| = S am:

nenN neN neN

thus for all n € N, there exists a unique 7,, such that A(c)n,A(c™!) = n and
o(ay,) = a,. In particular,

n~'A(0) = Alo)n; ' € N.
After computing on 1 and then on z, we find
a1 (0)(@) = oy, o (ny " (1)(@)).
This works for all n € NV and ¢ € G, so

Z Zann_l(o)(x) ug:Z Za(ana)o(ngl(l)(m)) Ug

oceG \neN oceG \neN

Consider the left-hand side. Since, for all n € N, n~! is a bijection, we find that

SN amHo)@) | ue =" ay (Zn%o)(x)ua)

oeG \neN neN oceG
= E an ( E U(m)un(g)> .
neN oceG

As the right-hand side is

Yo D olan ot (W)@) | ue =D | Y olag)atn (1)(@) | uo

oc€G \neN oceG \neN

= oD a()(@) | uo,

oceG neN
we find that (11.3) holds.
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11.1.3. Ezamples: Galois extensions. Let L/K be a finite Galois extension of fields
with Galois group G. Two standard regular subgroups of Perm(G) normalised by
A(G) are A(G) itself and P(G), where P is the right regular representation:

P: G+ Perm(G)
7 (00— ot 7h).

Note that the action of A(G) on P(G) via conjugation is trivial, as the two sub-
groups comimute.

Lemma 11.12. For all finite groups G, A(G) = P(G) if and only if G is abelian.

Proof. If G is abelian, the result is clear.

Conversely, suppose o7 # 7o. Note that if P(o) = A(w) for 7 € G, then
computing in 1 we find 7 = =1, This implies that P(c) ¢ A(G), because P(c) #
A(o™h):

Po)r)=10 £ o 't =A™ YT O

Corollary 11.13. Let L/K be a finite Galois extension of fields with nonabelian
Galois group G. Then L/K admits at least two different Hopf-Galois structures.

The structure corresponding to A(G) is the standard nonclassical structure.

Proposition 11.14. Let L/K be a finite Galois extension of fields with Galois
group G. Then P(G) < Perm(G) corresponds to the classical action of G on L.

Proof. Since A(G) and P(G) commute, L[P(G)]¢ = K[P(G)]. If

> k.P(0) € K[P(G)]

ceG

and x € L, then

(Z koP(a)> =Y ke (Ple)(1)(x) =Y koo(x). 0

ceG oeG ceG

11.1.4. Ezamples: separable extensions. Let K = Q and L = Q(+/2). This is a
separable extension which is not Galois, and the normal closure is E = Q(3/2, (3).
It is well known that G = Gal(E/K) = S5 and G’ = Gal(E/L) = Cs. In particular,
| X| = 3, where X = G/G’. Consider the map

A: S3 — Perm(X) = Perm(G/G") = S;.

Then the subgroups of Perm(G) normalised by A(G) are the precisely the normal
subgroups of S3. The only normal subgroup of S3 with the same order of X is As.
Since we can show that Aj is regular, it yields a Hopf-Galois structure on L/K.
This structure is described in details in [GP87].

Suppose now that L/K is separable extension of degree 5 such that, if E is the
normal closure, then Gal(E/K) = S5. Since no normal subgroups of S5 have order
5, we deduce that L/K does not admit Hopf—Galois structures.
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11.2. Byott’s translation. While useful is plenty of situations, the result by Gre-
ither and Pareigis presents a difficulty: the order of S,, grows really fast with n. To
deal with this issue, it is effective to reverse the relationship between G and N, as
explicitly described in [Byo96]. We just give a hint about this construction.

Suppose that L/K is Galois with Group G. If N < Perm(G) is a regular sub-
group normalised by A(G), then the map

b: N — G
1= n(1)
is bijective and yields a group isomorphism
p: Perm(G) — Perm(NV)
m—=blomob.
Now N < Perm(G) is mapped to A(N) in Perm(N) under ¢, and G is mapped to

some G < Perm(N) isomorphic to G. Since A(G) normalised N in Perm(G), Gy
normalises A(N) in Perm(G), that is, Gy is contained in the holomorph of N.

Definition 11.15. Let N be a finite group. The holomorph of N, Hol(N), is the
normaliser of A(N) in Perm(N).

The following description of the holomorph is well known.
Proposition 11.16. Let N be a finite group. Then
Hol(N) = P(N) x Aut(N).
Proof. See [Chi00, Proposition 7.2]. O

We only state the Byott’s translation [Byo96], a proof of which may be found
in [Chi00, section 7]. It is really a useful result, since Hol(G) is smaller than
Perm(G) and easier to describe.

Theorem 11.17 (Byott). Let G and N be finite groups of the same order. Then
there is a bijection between

N ={a: N — Perm(G) | « is injective and o(N) is regular}
and
G ={p: G — Perm(N) | p is injective and S(G) is reqular}.
Under this bijection, if a,a/ € N correspond to 8,3 € G, then
(1) a(N) = (N) if and only if B(G) and B'(G) are conjugate by an element
of Aut(G);
(2) a(N) is normalised by A(G) if and only if 5(G) is contained in Hol(N).

12. ON THE ALGEBRA STRUCTURE OF HOPF ALGEBRAS OCCURRING IN
HoprPF-GALOIS THEORY

In this section, we follow [Gre21], where all the details we will skip are given (see
also [KO74]).

Let us fix a field K with characteristic zero. As usual, unadorned tensors are over
K. In the sequel, we refer to structures over K. These are K-algebras, K-Hopf
algebras, or just K-vector spaces. In particular, morphisms are tacitly assumed
to be in the appropriate category: for example, in this section, if A is a K-Hopf
algebra, then Autg (A) denotes the K-Hopf algebra automorphisms of A.
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Consider a finite Galois extension of fields L/K with Galois group G.

Definition 12.1. Let A be a structure over K. A second structure B is an L-form
of A if

L® A~ L®B.
We are interested in forms up to K-isomorphism.

Example 12.2.

(1) If A is an n-dimensional K-vector space, then every L-form of A is again
an n-dimensional K-vector space: the dimension is invariant under base
change. In particular, finite-dimensional vector spaces do not have nontriv-
ial forms.

(2) If H is a K-Hopf algebra and M/K is H-Galois, then

MeoM=M®H*
as M-algebras. This means that M is an M-form of H*.

We wish to describe a general machinery to determine the set of all L-forms of
a structure A, modulo K-isomorphism. We denote this set by Formsy,/x (A).

Definition 12.3. Let G act on a group X. The first cohomology set is the set
H'(G, X) of 1-cocycles G — X, modulo an appropriate equivalent relation.

Remark 12.4. Unless X is abelian, H*(G, X) is just a pointed set, not necessarily
a group.

Theorem 12.5. Let A be a structure over K. Then there is a bijection
Formsy  x (A) — H' (G, Aut(L ® A)),
where the trivial form A corresponds to the distinguished element.

Proof. See [Gre21, Proposition 1.9]. We just explain how the forms arise from a
given cocycle. Suppose ¥ = (J4)gec is a 1-cocycle of automorphisms of L ® A.
Consider

ﬂg = 19g o (g ®idA) S AutL(L ® A)

It can be shown that the cocycle condition on ¥ implies that, for all g,h € G,
Bgh = BgBh, so G acts semilinearly on L ® A. Then the form B is the common
fixed set of all . O

Example 12.6.

(1) Let V an n-dimensional K-vector space, so we may assume V = K™. There-
fore

Auty, (L @k V) = GLy (L)

Since, by a generalisation of Hilbert’s theorem 90, H* (G, GL,,(L)) is trivial,
we deduce that all the forms in the category of finite-dimensional vector
spaces are trivial, as observed before.

(2) Suppose L = K (i), with i ¢ K. Write G = {1,7}. Let A = K[N], where
N = {1,n,n%,m3} is the cyclic group of order 4. Define a 1-cocycle of L-
automorphisms of L[N] as follows: 91 =id, 9¥,: n — n~! = n>. To find the
associated form, we need to look for elements x € L @® Ln® Ln? @ Ln? such
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that if we apply ¥, and then 7 on the coefficients we find again x. On can
check that B = K]c, s|, where

S+t =1
C = .

2 T g
This Hopf algebra B shows up in Hopf-Galois situation: let M = K(w),
where w* = u € K* and [M : K| = 4. There is an action making M into a
B-Hopf-Galois extension. For example, ¢-w =0, s-w = w, ¢ - w? = —w?,
and s - w? = 0.

(3) Let A = K[N], with N = G. Note that G acts on L[N] by inner automor-
phisms: J,4(n) = gng~'. This 1-cocycle describes a form B. We will see
that as soon as IV is not abelian, B is not isomorphic to K[N] as K-Hopf
algebra. It is called the anticlassical Hopf form.

As R. Underwood observed, if K = Q and M/Q is a Galois extension of fields
with Galois group N = Ss3, then, as in the previous example, the anticlassical M-
form B of the group ring Q[Ss] is not trivial as Q-Hopf algebra, but it is trivial in
the category of Q-algebras. We try to see why this happens and if this situation
can be generalised.

Fix a field L and a finite group N. Clearly, every automorphism v of N induces
an L-Hopf algebra automorphism of Ay, = L[N], and it can be easily shown that
also the converse is true: every L-Hopf algebra automorphism of A; = L[N] arises
in this way.

Consider the 1-cocycles G — Auty(Ar) = Aut(N). We say that the 1-cocycles
(Vg)gec and (9;)gec are cohomologous if there exists v € Aut(N) such that for all
gEQG,

v, = vivt.
By this definition, it follows that the trivial cocycle ¥, = idy is only cohomol-
ogous to itself. Since this precisely the relation which yields the definition of
HY (G, Autr(L[N])), we deduce that every nontrivial cocycle defines a nontrivial
Hopf form. If N is not abelian, this applies to the anticlassical Hopf form of K[N],
which then is not isomorphic to K[N] as K-Hopf algebras. But we shall show that
it is isomorphic to K[N] as K-algebras. We need the following ingredients.

Recall that an automorphism of a group N is inner if it is given as conjugation
C(n) for some n € N. Write Inn(N) for the group of the inner automorphisms.
There is an injective map

C: N — Inn(N),

whose kernel is the center of V. For example, for all n # 6, S, has only inner
automorphisms. Clearly if N is abelian, then Inn(N) = 1.
Consider again a finite Galois extension of fields L/K with Galois group G.

Definition 12.7. A cocycle 9: G — Aut(N) = Auty(L[N]) is
(1) innerif every 9, is in Inn(N), that is, §: G — Inn(N);
(2) liftable if there exists a homomorphism ©: G — N such that for all g € G,
g = C(6(g)).

Clearly liftable cocycle are inner. Since it can be shown that these notions also
make sense for cohomology classes, we can talk about inner forms and liftable
forms.
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Remark 12.8. If the group N has trivial center, then C identifies N with Inn(V),
so inner and liftable are the same.

Theorem 12.9. Ewvery liftable form of the K-Hopf algebra K[N] is isomorphic to
K[N] as K-algebras.

Note that this applies to the anticlassical form, which is liftable: just take © = id,
which makes sense since G = NN in that case. Before the proof, we need an important
result. It is another generalisation of Hilbert’s theorem 90.

Proposition 12.10. If A is a simple finite-dimensional K -algebra, then
HYG, (L ® A)*)
is trivial.
Proof. See |Gre21, Lemma 2.5]. O

Proof of Theorem 12.9. Write A = K[N] and A, = L[N]. Assume that we have a
liftable 1-cocycle ¥ = C' 0 ©. Since A is semisimple (Example 2.18), it decomposes,
via Wedderburn’s theorem, as finite product of simple algebras (these are matrix
rings over skew fields, finite-dimensional over K). We can show that every auto-
morphism 1, respects this decomposition, so we assume, for simplicity, that A is
a simple algebra. (Note that this is never true, as A has always the augmentation
ideal given by the counity €.)

The goal is to show that the liftable 1-cocycle ¥ is trivial if considered as cocycle
G — Autp(Ar), where we forget the Hopf algebra structure of Ay.

So consider the L-algebra homomorphism c¢: A} — Auty(Ar), which sends x
to conjugation by z. Then for all g € G, ¥, = ¢(6(g)). Since ©: G - N C Af
is again a l-cocycle, by Proposition 12.10, © is equivalent to the trivial cocycle
G — A} ; therefore if we apply ¢ we find that 9 is equivalent to the trivial cocycle
G — AutL(AL). O

We conclude this section analysing situations in which Theorem 12.9 does not
hold: if a form is not inner or is inner but not liftable.
If N is abelian, then every nontrivial 1-cocycle is not inner.

Example 12.11. In Example 12.6(2), we have considered N cyclic of order 4 and
G = Gal(K (i)/K) of order 2. The nontrivial element o € G gives the automorphism
¥4, which coincides to the inversion on N. One can show that K[N] = K x K x K[i],
while the form B is a product of four copies of K: the main theorem does not hold.

We shall now find an example of inner form which is not liftable. Consider the
dihedral group of order 8 and N = D, which has center of order 2. Write s and ¢
for the generators: s has order 4, t has order 2, and tst = s3 = s~!. As well know
by representation theory, we can decompose K|[Dy] as

K x K x K x K x Matq(K),

where K x K x K x K can be identified with K[D3"] = K[Cy x Cs]. One can also
show that every inner cocycle leads to a form B whose “abelian part” is again K*.
So what really matters is what happens to the nonabelian part. The corresponding
factor B’ of B will be also a central simple K-algebra of dimension 4, and the
question is whether it is a matrix algebra or a skew field. Let now G = Qg, with
presentation

(o,7 |0 =1,7% = 0%, 707 = 03).
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Define 9: Qs — Inn(D4) by 9, = C(s) and 9, = C(t). Then, intuitively, Qs and
D, are in a way similar enough for 9 to be a group homomorphism, but not similar
enough for ¥ to be liftable through C': N — Inn(N). To be more precise, denote
respectively by K (y/a) and K (v/b) fixed fields of o and 7, which are quadratic over
K.

Theorem 12.12. The L-form B’ of Mats(K) given by the cocycle 9 is the quater-
nion algebra

B = (—a, b)K-
Proof. See |Gre21, Theorem 2.6]. O

In this way, with appropriate choices of K, a, and b, one can produce examples of
B’ being a matrix algebra (and so B is a trivial form in the category of K-algebras)
and examples of B’ being a skew-field (and so B is not trivial even as a K-algebra).
For example, one can check that the latter situation happens when K = Q, a = 3,
and b = 2.

13. INDUCED HOPF—GALOIS EXTENSIONS

The main references for this section are [CRV16a| and [GMR20]. We begin with
a group-theoretical formulation of Hopf-Galois extensions.
Let G be a group, and let G’ be a core-free subgroup, that is, a subgroup for

which
ﬂ gG'gt =1.
geG

In particular, G’ is not normal (except for the trivial case G’ = 1). Write Ag,¢r: G —
Perm(G/G’) for the left regular representation on left cosets.

Definition 13.1. A Hopf-Galois structure for (G,G’) is a regular subgroup N of
Perm(G/G’) normalised by Ag .

Note the analogy with Theorem 11.4, where L/K is a finite separable field ex-
tension, E/K is the normal closure, G = Gal(E/K), and G’ = Gal(E/L).

Definition 13.2. A Hopf-Galois structure N for (G, G’) is almost classically Galois
if N C Ag.a(G).

This is equivalent to ask that G’ has a normal complement .J; see [GP87, Propo-
sition 4.1]. Explicitly, if J is a normal complement of G’, then N = Ag ¢/(J) C
Ag ¢/ (G) is almost classically Galois.

Remark 13.3. Note that a normal complement is not necessarily unique: in the
dihedral group G = Dyg = (r,s | r® = s = 1,sts = r~1), both J; = (r) = Zg and
Jo = (r?,rs) = Dg are normal complement of G’ = (s).

Almost classically Galois extensions for fields (defined compatibly with Defi-
nition 13.2) are interesting to study for the Hopf-Galois correspondence, given
by [CS69, Theorem 7.6] and here reported in the formulation of [GP87, Theorem
5.1]. Let L/K be a finite separable H-Galois extension, and for a K-sub Hopf
algebra W of H, write LV = {z € L | w-z = e(w)z, for all w € W}, the fized field
of W.
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Theorem 13.4. The map
{K-sub-Hopf algebras of H} — {Intermediate fields of L/K}
W LY
is injective and inclusion-reversing.

Indeed, in [GP87, Theorem 5.2| it is proved that if L/K is almost classically
Galois, then there exists a Hopf—Galois structure such that the correspondence in
Theorem 13.4 is surjective; namely, it is the one yield by the centraliser N’ of N in
Perm(G/G’).

Remark 13.5. Note that Theorem 13.4 can be restated using more explicitly group
theory: see [CRV16b, Theorem 2.3]. We also refer to this paper for some results
concerning almost classically Galois structures.

Now consider the following situation: E/K is a finite separable field extension
with normal closure L/K, G = Gal(L/K), and G’ = Gal(E/K). Then G’ is core-
free, and we may consider Hopf-Galois structures for (G,G’) (or for E/K), for
(G,1) (or for L/K), and for (G’,1) (or for L/E). Are these structures related?

Suppose that G’ has a normal complement J, so G = J x G’. Then one can
show that the map

[: Perm(G/G") x Perm(G’) = Perm(J) x Perm(G’) — Perm(G),

defined by l(0, 7)(g) = o(x)7(y), where g = xy is the factorisation of g € G = Jx G/,
in an injective homomorphism, and one can see that the following result holds;
see [CRV16a, Theorem 3].

Theorem 13.6. If Ny is a Hopf-Galois structure for (G,G’) and Ny is a Hopf-
Galois structure for (G',1), then N = (N1 X N3) is a Hopf Galois structure for
(G.1).

This Hopf—Galois structure is called induced.

Corollary 13.7. If G = J x G’ is a finite group, with G’ a core-free subgroup, then
(G, 1) has a Hopf-Galois structure of type J x G'.

Proof. Just apply Theorem 13.6 the almost classically Galois structure for (G, G’),
given by J and the classical for (G',1). O

Example 13.8. Combining Remark 13.3 and Corollary 13.7, we find that D¢ has
Hopf-Galois structures of type Zg x Zo and Dg X Zs.
More examples can be found in [CRV16a, section 3].

Note that it is more natural to consider Hopf-Galois structures for L7 /K instead
of L/E:

EyLGXLJ
N
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If Ny is a regular subgroup of Perm(.J) normalised by Ag g/ (so Hy = L[N;]% gives
a Hopf-Galois structure on E/K) and N; is a regular subgroup of Perm(G/J)
normalised by A (G') (so Hy = L?[N]S" gives a Hopf-Galois structure on E/K),
then the induced Hopf-Galois structure for L/K is given by H = H; @k Ho;
see [GMR20, Propositions 5.3 and 5.5].

Moreover, if we write pg, : Hi — Endg (F) for the representation given by the
action of Hy; on E, and pp,: Hy — EndK(L‘]) for the representation given by
the action of Hy on L7, then pg: H — Endg (L) is precisely pg = pr, ® pH,;
see [GMR20, Proposition 5.8]. In particular for a suitable choice of basis, matrices
of py are Kronecker products of matrices of pg, and pg,.

We summarise all of this in the following result, which is [GMR20, Theorem 1.3]
and makes use, in his statement, of [GMR20, Proposition 5.3].

Theorem 13.9. Let L/K be a finite Galois extension with Galois group G = JxG’,
let E = LS, and let F = L7. Then the following facts hold:

(1) E/K and F/K are Hopf-Galois extensions.

(2) L=EF and ENF =K.

(3) E/K and F/K are linearly disjoint.
Let E/K be Hi-Galois, and let L/E be Ho-Galois. We consider the corresponding
induced Hopf-Galois structure of L/K. Let H be its associated Hopf algebra.

(4) H = H, ®x H, where H is the Hopf Galois structure of F/K such that
H®x F=H,.

(5) The Hopf-action of H on L is the Kronecker product of the Hopf-actions of
H, and E and of H on F.

Remark 13.10. A comparison with [GMR20, Proposition 1.2] shows that induced
structures mimic the classical direct products.

We conclude this section with a result regarding the arithmetic of Dedekind
domains. Let O be a Dedekind domain with field of fractions K, let L/K be a
finite separable extension of fields, and let O, be the integral closure of O in L. If
L/K is H-Galois, then we may define the associated order of Op, in H:

Ay ={heG|h-O,COL}.

It is not difficult to see that 2y shares the nice properties of the classical associated
order defined in the classical Galois setting. We discuss more about the associated
order in the section 14.

We can conclude this section with [GMR20, Theorem 1.5].

Theorem 13.11. Let O be a principal ideal domain with field of fractions K,
let L/K be a finite separable Hopf-Galois extension, and let Op, be the integral
closure of O in L. Assume that the structure is induced and its Hopf algebra is
H=H ®g H. If E/K and F/K are arithmetically disjoint, then the following
statements hold:
(1) Ag =An, o, g
(2) If O is Up, -free and O is Ug-free, then O is Ap-free. Moreover, an
A g -generator of Oy is the product of an Ag, -generator of O and an Ax-
generator of Op.

Remark 13.12. Theorem 13.11 is a generalisation of Lemma 2.30 in the Hopf-Galois
setting, when the structure is induced.
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14. HorPF—GALOIS MODULE THEORY

Here we mainly follow [Chi00, Chapters 1 and 3].
14.1. First notions.

14.1.1. Integrals. Fix a commutative ring R and an R-Hopf algebra H.

Definition 14.1. An element 6 € H is
(1) a left integral if for all h € H, hf = (h)6;
(2) a right integral if for all h € H, 6h = Oe(h).
If M is a left H-module, then we consider
M"Y ={me M|h-m=e(h)m, forall hec H},

again a left H-module. Clearly we may see H as left H-module via multiplication.
In this case, H¥ coincides with the set of left integrals, which we denote by / If[

Lemma 14.2. f}ll is a two-sided ideal of H.

Proof. If 6 € fll{ and z,y € H, then
y(zb) = (yz)0 = e(yx)0 = e(y)(e(x)0) = e(y)(z0)
and
y(0x) = (y0)x = (e(y)0)z = e(y)(0). O
Example 14.3. Let G be a finite group.
(1) If H = R[G], then
0= Z o

is a left and right integral and every other left or right integral is an R-
multiple of @ (for the easy verification, see [Und15, Proposition 3.2.4]).

(2) If H = R[G]* with basis {e, | 0 € G} as in Example 9.33, then e; is a left
and right integral. It is enough to check the defining property on a basis,
so let 0 € G. Then eye; = 0,161 = (e, )e1 and eje, = €10,,1 = e1e(ey).

Definition 14.4. We say that H is unimodular if the module of left integrals
coincide with the module of right integrals.
Example 14.5.

(1) If H is commutative, then H is unimodular.

(2) If H = R|G] for a finite group G, then H is unimodular.

We shall use the integrals to better understand the action of a finite Hopf algebra
over its dual. Recall that if H is finite, then H* is a left H-module algebra:

hef=> fayh f2)),
(f)

for h € H and f € H*. For example, if H = R[G] for a finite group G and 0,7 € G,
then

o-er = Z ep(0,ep-17) = €rp-1.

peG
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In particular, for all ¢ € G, we have e, = 0~ ! - €1, and we find that
R[G]* = R[G] - €1,

with ey left integral.
Conversely, R[G] is a left R[G]*-module algebra:

€o T =100+T.
In a similar way, we find that
R[G] = R[G]"- ) o,
oceG

with )~ . o left integral.
We can generalise this fact as follows.

Theorem 14.6 (Larson-Sweedler). If H is finite, then there exizts an H-module
isomorphism

l
H®R/ ~ H*,

Proof. See [Swe69, Theorem 5.1.3]. Explicitly, the isomorphism associates the ele-
ment h - 0 to a pure tensor h ® 6. O

Corollary 14.7. If H is finite, then f}ll is a projective R-module. If in addition

R is a principal ideal domain or a local ring, then [ Il{ is a free R-module of rank
one.

Proof. Consider the counity ey : H — R. If r € R, then
egp(r))=reg(ly) =1
This implies that ey o 1y = idg, so the sequence of R-modules
0 — ker(eg) = H % R — 0.

is exact and split. We find that R is a direct summand of H, and by Theorem 14.6,
I} Fl{ ~R®r [ }ZI is a direct summand of H*. Since H* is projective, we conclude

that also fIlJ is projective.

If in addition R is a principal ideal domain or a local ring, then every projective
R-module is free. Since the R-ranks of H and H™* coincide, we conclude that f Il{
is a free R-module of rank one. O

Note that if [ Il{ is free and 6 is a generator, then, by Theorem 14.6, H* is a
free left H-module of rank one, with generator 6, the isomorphism given by the
H-module map

Hw— H*
hw— h-0.

We conclude with a standard application of Sweedler notation.
Lemma 14.8. Let 0 be a left integral of H. Then for all h € H,
(h® 1) (Ad®@AN)A(0)) = ((dRAN)A())(1® h).
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Proof. For all h € H,
(h @ 1)((d@N)AB)) = Y hb1) @ Mb2))
(0)
(by counitary) = Z h(l)e(h@))e(l) ®)\(9(2))
(0):(h)
(by linearity) = Z h(l)e(l) ®)\(9(2))€(h(2))
(0):(h)
(by antipode property) = Z h1y0(1)y @ A(O2)) M h2y) hs)
(0):(h)
(X is antihomomorphism) = Z h1)01) @ A(h(2)0(2)) h3)
(6),(h)
(A is a homomorphism and by coassociativity) = Z((id ®N)A(h1)0))(1 @ ha))
(h)
(0 is a left integral) = ((id ®A)A(e(h(1))0))(1 & h()
(R)
(by linearity) = Z((ld RNA0)(1® E(h,(l))h(g))
(R)
(by counitary) = (Id®A)A(0))(1® h). O

Corollary 14.9. Let H = R[G|, where G is a finite group. Then for all o € G,
Za7’®7’71 = 27'@7'710.

Proof. Just apply Lemma 14.8 with the left integral 0 = > 7. O

14.1.2. Hopf orders. Let O be a Dedekind domain with field of fractions K, and
suppose that the characteristic of K is zero. Let A be a finite K-Hopf algebra, and
let H be a finite O-submodule of A for which KH = A.

Lemma 14.10. The O-linear map
p: H®»p H— AR A
a®@b—=a®b
1s injective.
Proof. Suppose first that H is free as O-module. Since KH = A, an O-basis of H
is also a K-basis of A, and so the result immediately follows.
In general, we can tensor with the direct sum @, O over all maximal ideals

of R, a faithfully flat O-module, and work again in a setting where we have free
modules. (]

If we identify H ® o H with a subset of A ®x A, it makes sense to ask if H is an
O-Hopf algebra with the structure induced by A, that is, if the following hold:
o it A®xg A — A restricts to u: H @0 H — H.
t: K — A restricts tot: O — H.
A: A— ARk A restricts to A: H - H ®p H.
e: A— K restrictstoe: H— O.
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o \: A— Arestrictsto \: H — H.

Definition 14.11. An O-Hopf orderin A is an O-order H in A which is an O-Hopf
algebra with the operations induced by A.

Example 14.12. If G is a finite group and A = K|[G], then H = O[G] is an O-Hopf
order in A. In fact, H is the minimal O-Hopf order in A, as we now shall see.

Proposition 14.13. Let H be an O-Hopf order in K[G]. Then O[G] C H.

Proof. Since H is an O-Hopf order in K[G], the dual H* is an O-Hopf order
in K[G]* = ) .o Key, a commutative (O-algebra with unique maximal order
> wec Oy We deduce that H* C »~ - Oe,, so O[G] C H. O

When A = K|[G], in order to show that an O-order is an O-Hopf order is enough
to show that the comultiplication restricts correctly.

Proposition 14.14. If G is a finite group, H is an O-order in K[G], and A(H) C
H ®p H, then H is an O-Hopf order in K[G].

Proof. See [Tru09, Proposition 2.3.12]. a

14.1.3. Associated orders in Hopf algebras. Let L/K be an extension of number
fields or p-adic fields, and let A be a finite K-Hopf algebra such that L/K is A-
Galois. We may define an associated order in this setting.

Definition 14.15. The associated order of O in A is
Ao ={acAd|a -0, COL}.

As in the classical case, 204 is an Og-order in A, but 24 is not necessarily an
Oxk-Hopf order (see [Chi87, section 5]). Moreover, if O, is free over 2, then it is
free of rank one, and the following result holds.

Proposition 14.16. Suppose that Oy, is free over an Og-order T' in A. Then
F'=2A4.

Proof. This works exactly as Proposition 2.12, since also in this case L is free of
rank one over H (Theorem 10.23). O

14.1.4. H-tame extensions. Here we generalise the notion of tamely ramified ex-
tension for H-Galois extensions.

If L/K is an extension of p-adic fields, then L/K is tamely ramified if and only
if the trace map Tr: O — Ok is surjective (Theorem 1.30). Since Tr(a) = 0 - a,

where 0 = ) 0 is a generator of the two-sided ideal fIl{[G], we deduce that L/K

is tamely ramified if and only if || Iqu] :Or, = Og. With this is mind, we can give
the following definition. Fix a commutative local ring R and a finite cocommutative
R-Hopf algebra H. The following discussion can also be generalise to rings which
are not necessarily local.

Definition 14.17. Let S be a finite R-algebra which is a left H-module algebra.
Suppose S = 15(R). We say that S is H-tame if the following hold:

(1) rankg(S) = rankg(H).

(2) S is a faithful H-module.

3) [5;-5 =S" =u5(R).
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Condition (3) means that || Il{ -S is as large as possibile, because of the next result.
Proposition 14.18. Let S be a left H-module algebra. Then f;l .S C SH,

Proof. Let £ =>"" 1 6;-s; € fé] -5, where for all 4, 0; € fIl{ and s; € S. Then, for
allh e H,

h-&=h- (Z 0; - s> = (ht;)-si =Y ((h);) - s; = e(h)E. 0

i i

14.2. Linking notions. We study the relation between the notions of H-free, H-
tame, and H-Galois.

14.2.1. Maximal order implies freeness.

Proposition 14.19. Let K be a p-adic field, and let A be a commutative separable
K-algebra. Let 9 be the mazimal Ok -order in A, and let S be a finite Ok -module

which is also an M-module. If S ®p, K is A-free of rank one, then S is IM-free of
rank one.

Proof. See [Tru09, Proposition 2.55]. O

In particular, if L/K is an A-Galois extension of p-adic fields, where A is a
commutative (and so necessarily separable, by [Tru09, Proposition 2.3.9]) K-Hopf
algebra and 204 is the maximal order in A, then L is A-free of rank one (Theo-
rem 10.23), and so Oy, is A s-free.

14.2.2. Tameness implies freeness.

Theorem 14.20. Let R be a commutative local ring, let H be a finite cocommu-
tative R-Hopf algebra, and let S be a finite R-algebra which is a left H-module
algebra. If S is H-tame, then S is H-projective.

Proof. Since R is local, by 14.7, f;l is R-free of rank one. Let 6 be a generator.
Since S is H-tame, 6 - S = 1g(R), so we can find z € S such that § - z = 1g. Since
S is R-projective, H ®p S is H-projective, where the action is given on the first
factor. Therefore, in order to conclude, it is enough to show that S is isomorphic
to a direct summand of H ®pr S.

Consider the H-multiplication a: H @ S — S, clearly a left H-module homo-
morphism. Since this map is surjective, we have an exact sequence

0 — ker(a) > Hop S % S — 0,

and if the sequence splits, then H®p S = ker(a) ® S as left H-modules (see [Rot09,
Proposition 2.28]); this isomorphism would imply the assertion. Define §: S —
H ®pr S by

B(s) = 29(1) ® 2(A(0(2)) - 5)-
(0)
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The map 3 is an H-module homomorphism: if h € H and s € S, then

h-(B(s) =h- (Y01 ©2A0) - 5)
(0)

= Z h@(l) ® z(/\(9(2)) . 8)
(0)

:(1H®Z) Zh9(1)®/\(9(2)) ~(1H®S)
(0)

(by Proposition 14.8) = (1y ® z) 20(1) @AO@)h | - (1g ®s)
(0)

= 00 ®2(\Oz) - (h-5)) = B - ).
(0)

The only thing left to show is that for all s € S, a(8(s)) = s:

a(B(s)) = 0 - (2(A(02)) - 5))

(0)
(S is a left H-module algebra) = 2(9(1) -2)((02)A(03))) - 5)
(6)
(by antipode property) = 2(0(1) -2)(e(0c2))s)

(6)

(by linearity) = > ((61)e(0(2))) - 2)(s)
(6)

(by counitary) = (0-z)s =s. O

We need now an intermediate result, which can be found in [Sch77].

Theorem 14.21 (Schneider). Let R be a local domain with field of fractions K
of characteristic zero. Let H be a finite cocommutative R-Hopf algebra, and let P
and @ be finitely generated projective left H-modules. If K @p P = K Qr Q as left
K ®gr H-modules, then P = Q as left H-modules.

Proposition 14.22. Let K be a p-adic field, and let A be a finite cocommutative
K-Hopf algebra. Let S be an Og-order in an A-Galois extension L of K. If H is
an Og-Hopf order in A and S is H-projective, then S is H-free of rank one.

Proof. This is an immediate application of Theorems 14.21 and 10.23. O
Putting all together, we find the desired result.

Corollary 14.23. Let L/K be an A-Galois extension of p-adic fields. Let H be
an Og-Hopf order in A such that S is H-tame. Then S is H-free. In particular,
H=24.

14.2.3. Hopf order implies freeness.

Theorem 14.24. Let L/K be an A-Galois extension of p-adic fields. If A4 is an
Ok -Hopf order in A, then Of is A a-tame and so A4 -free.
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Proof. The only condition in Definition 14.17 we need to check is (3).

Since Ok is local, lelA is Og-free of rank one by Corollary 14.7. Let 6 be a
generator. As L is A-Galois, L* = K by Proposition 10.17, and this easily implies
that O%A = Ok. By Proposition 14.18, we find 6 - O, C O%“ = 0Ok.

For the other inclusion, let m be an uniformiser of Og. Since 6 - Of, is an ideal
of Ok, there exists i > 0 such that 6 - O = 7'O. Therefore (0/7%) - O, = Ok,
and so 0/7" € A 4. Finally, since §/7 is an integral and @ is a generator of fgle as
R-module, we find that i = 0, that is, 0 - O, = Ok.

14.2.4. Galois implies tameness. Let R be a commutative local ring, and let H be
a finite cocommutative R-Hopf algebra. Let S be an H-Galois extension, and let
E = Endg(S).

Proposition 14.25. If M is a left E-module, then

l
MH%/-M
H

as R-modules. In particular, M = S ®p f}q -M as left E-modules.

Proof. See [Chi00, Proposition 14.3]. This is an application of Morita theory, dis-
cussed also in Lemma 10.27. |

Proposition 14.26. Let S be an H-Galois extension of R. Then S is H-tame.

Proof. Conditions (1) and (2) of Definition 14.17 follow from the isomorphisms in
Proposition 10.20.

If we apply Proposition 14.25 for M = S, we immediately deduce condition (3).
O

14.2.5. Freeness implies tameness. Let R be a commutative local ring, and let H
be a finite cocommutative R-Hopf algebra.

Corollary 14.27. Let S be an H-module algebra with ST = 15(R). If S = H* as
H-modules, then S is H-tame.

Proof. Since H* is a faithful H-module, so it is S, and rankr(H) = rankg(H*) =
rankp(S).

We need to check that fll{ .S = R. Since H* is H-Galois, fé -H* = R (Proposi-
tion 14.26), and since fll{ -S is mapped to fFlI -H* under the isomorphism S = H*,
we derive our assertion. O

Since R is local, H = H* as H-modules, and so we derive the next result.

Corollary 14.28. Suppose that R is local, and let S be an H-module algebra with
SH = 15(R). If S is H-free, then S is H-tame.

14.2.6. Equivalence between notions. If also the Hopf algebra is local, then all the
notions are equivalent.

Theorem 14.29. Let R be a commutative local ring, let H be a local cocommutative
R-Hopf algebra, and let S be a finite R-algebra which is also a faithful R-module
algebra. Then the following are equivalent:

e S is H-tame.
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e S is H-free.
e S is H-Galois.

Proof. See [Chi00, Theorem 14.7]. Explicitly, if |, ;I = Rf and t € S is an element
such that 6 -t = 1, then ¢ is an H-generator of S. ]

15. HOPF ORDERS AS ASSOCIATED ORDERS

In this section, we mainly follow [Byo95], [Byo97], and [Chi00, Chapters 8, 11,
and 12].

15.1. The set-up. We recall the main result of Section 14.

Theorem 15.1. Let L/K be an H-Galois extension of p-adic fields, where H is
a cocommutative K-Hopf algebra. If the associated order Ay of Op in H is an
Og-Hopf order, then Op, is Ay-tame and so Ay -free. If in addition Ay is a local
ring, then O is Ay -Galois.

15.2. Hopf orders in K[C,]. Let K be a p-adic field with normalised valuation
vk, and let px be the maximal ideal of Og. Let mx be an uniformiser of K, so
vg(mx) = 1, and write e = ek /g, for the ramification index: pOx = 75 Of. Let
G = (), be a cyclic group of order p with generator o, and write X = 0—1 € Og|[G].
As Ok [X] = Ok[G] (Lemma 7.10), we get that Ok [X] is an Ox-Hopf order in
K|[G]. This can be also shown directly: since (X + 1)? = ¢? = 1, we find that

Xp—l—po_l—l-(g)Xp_2+~"+pX=0§

thus Ok [X] is finitely generated over Of. Clearly, KOk[X] = K[G]. Moreover,
AX)=A(c—-1)=A(0)—-A(l)=0c®0c—-1®1
=X®1+10X+X®X e Ok[X]|®o, Ox[X]

and so by Proposition 14.14 we conclude that Ok [X] is an Ox-Hopf order in K[G].

Now we generalise this construction. For i € Z, write X; = 7 *X and H; =
Ok|[X;]. For which i is H; a Hopf order? For H; to be a finitely generated Og-
module, we need X; to satisfy a monic equation over Ok. Since KOk[X;] = K[G]|
and, as before,

XP 4 priXPl 4 (g
we deduce that if pﬂ_(l’__l)i € Ok, that is, if i < e/(p—1), then H; is an Og-order
in K[G] with basis {X}]}/_;.

For H; to be an Og-Hopf order we also need A(X;) € H; ®p,. H;. Since
we find that A(X;) € H; ®o, H; if and only if ¢ > 0, and so we get a family of
Hopf orders H; C K[G] for 0 < i < |e/(p —1)]. One can show that H; is a local
ring unless ¢ = e/(p — 1) and these are the only Hopf orders in K[C)]; see [Und11,
Chapter 7].

Now we study when these Hopf orders occur as associated orders.

Let L/K be a Galois extension of degree p with Galois group G and ramification
jump t: if py, is the prime of O, then

t=max{j| (o —1)- Oy CpjH}.

)7.[.—2ng7—2 4. +pﬂ_—(p—1)iXi — O7



GALOIS AND HOPF GALOIS 97

Recall Proposition 7.4: 1 < ¢t < ep/(p — 1), and p { ¢t unless (p — 1) | e and
t=ep/(p—1). If t = —1, then L/K is unramified. If ¢ > 0, then L/K is totally
(and wildly) ramified. Note that t # 0, as Gy = G; (Corollary 2.4). By [Byo97,
Proposition 3.1], if ¢ > 0, then for all p € L*,

vp((o = 1)+ p) {: v(p) +t i pfor(p),

>wp(p) +t ifplor(p).

Combining [Byo95, section 7] and [BF72], we find that there are four cases to
consider:

e Suppose t > 0 and t = —1 (mod p), say t = pi — 1 with 1 <i <e/p—1.
Pick p € L such that vp(p) = p—1. If 0 < s < p— 1, then, by an easy
computation,

v (X7 -p)=p—1-—s
and
v (X7 - p) 2 0.
Since L/K is totally ramified, we deduce that the elements X7 - p for 0 <
s < p—1 form an Og-basis of Oy, that is, O, is a free H;-module with
generator p. Also, O, is H;-Galois.

e Suppose t = —1. Then L/K is unramified, and Oy, is free over Hy = Ok[G]
and Hy-Galois.

e Suppose t = pi —a with 2 < a <p—1. Then

Hiy CRApx C H,
and so A, /i is not an Og-Hopf order in K[G]. Moreover, Oy is free over
2.k if and only if p — a divides p — 1, unless t +1 > ep/(p — 1).

e Suppose t = pe/(p — 1). Then we can apply Theorem 7.6: (, € K and
L = K(«a) with a = ¥/, for some choice of an uniformiser w. Then Op, is
free over H; for i = e¢/(p — 1), with generator

l+a+a’+-+a .
In this case H; is the maximal order, and it is not a local ring. In particular,
Oy, is H;-tame, and so H;-free, but not H;-Galois.

Summarising, Oy is H-Galois for some Hopf order H if and only if t = —1
(mod p). The only other case where the associated order is a Hopf order is when
t =ep/(p — 1); see [Byo95, Lemma 7.1].

15.3. A weak congruence for the ramification jumps. Let us now consider a
totally ramified Galois extension L/K of degree p™ with Galois group G. We list
the ramification jumps “with multiplicity”: t; <ty < --- < t,,, where

ti = max{j | |G;| > p"~'}.
In particular, by Hilbert’s formula (Proposition 4.4), the inverse different

DZ/IK ={reL|Tryx(x0r) C Ok}

equals p;*, where

n—1

w=(p" —1)(t1 +1)+ Z(ti-u —t)(p" " =1)= —(t, +1) (mod p).
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Theorem 15.2. Suppose 2y, k is a local O -Hopf order in K[G]. Then for all
1<1<n,
ti=—1 (mod p’).
Proof. We proceed by induction on n, where the base case n = 1 has been already
performed.
Let N be a normal subgroup of G of order p contained in Gy, and let F' = L.

With this choice of N, L/F has ramification jump t, and F/K has ramification
jumps tq,...,t,—1. Attached to the exact sequence of groups

1-N—-G—-G/N—1
we have an exact sequence of Ox-Hopf orders, in the sense of [Chi00, sections 4
and 5]
OK—>H1—>H—>F—)OK,

where H; = HNK|[N] and H is the image of H in K[G/N] (in particular, see [Chi00,
Propositions 4.14 and 5.3]). Then H; and H are still local by [Chi00, Proposition
29.1], and O and Op are tame for the Hopf orders O ®o, Hi = 2/p and
H = 2/, respectively; see [Chi00, Theorem 28.1].

Applying the induction hypothesis to F/K, we get t; = —1 (mod p’) for all
1<i1<n—1.

Applying the induction hypothesis to L/F, we get t, = —1 (mod p), say t, =
pm — 1. We need to strengthen this congruence.

By [Byo095, Corollary 1.5,

l
/ :a—lg o,
H,

cEN
where a is an ideal of Og. We deduce that
1
[ —etory e
Ar/F cEN

and by [Byo95, Proposition 3.2], Try x(Or) = aOg. On the other side, since
DZ}F =p, " withw = (p—1)(t, +1) = (p — 1)pm, we get

p%’_l)m =Try/x(OF) = aOF.
As F/K is totally ramified of degree p"~!, we deduce that

(p—1)m=0 (modp"™"),

that is, p"~! | m, so

t,=pm—1=-1 (mod p"). O
Corollary 15.3. Suppose that U,k is a local Ok -Hopf order in K|[G]. Then
DZ/IK =a"'0y for an Og-ideal a.
Proof. We have DZ}K =p, ", where

n—1

w=(p"-1)(t1+1)+ Z(ti+1 — )" = 1)=—(t, +1) =0 (mod p),

=1
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since t; = —1 (mod p?), for every i. In particular,
-1 _ —w/p"
DL/K =Py . (]

Remark 15.4. Corollary 15.3 implies that if %/ is a local Ox-Hopf order in K[G],
then DZ}K and O have the same associated order 2l , and both are free over
it.

15.4. A strong congruence for the ramification breaks.

Theorem 15.5. Let L/K be a totally ramified abelian extension of degree p™ with
DZ/IK = a7 'O0yp, where a is an Og-ideal. Suppose that ’DZ/IK is free over its
associated order A = A, /i in K[G] and A is a local ring. Then for all 1 <i < n,
the ramification jumps t; of L/K satisfy

t;=—1 (mod p™).

Proof. Write M for the unique maximal ideal of 2, and let D! = DZ/IK be free
over 2 with generator y. For all a € 2,

A-(a-y)=D7' <= a¢ M.

Write {y; }?;1 for an Of-basis of D1, so for all 1 < j < p™, we have that y; = a;-y
and {aj}§:1 is an Og-basis of 2. Since M is strictly contained in 2, there is j
with a; ¢ M; thus 2 -y; =D L.

Assume, by contradiction, ¢t; # —1 (mod p™) for some i. We construct a basis
{y; }?:1 for D! over Ok so that none of the y; satisfy 2 -y; = D~

To show that 2A-y; # D!, it is enough to find 3; € 2 such that 3;-y; € Tg D!,
but 3; ¢ Tx; see [Byo97, Lemma 2.2].

Write D~ = p; ¥, with w =0 (mod p™). Then

Try k(D7) =0k,  Trpx(p'D') =px,
SO
Trr x(rkD™') = px, Trr/x(7xp; ' D7') = Ok.
This means that if we choose z € mxp D~ with Try /k(2) = 1, then vy (z) =
p" —w — 1. Now choose 21 = z,29,...,2pn With vr(2;) = p™ —w — j. Then the
z; form an Ok-basis of D~!. We adjust this to get a nicer basis: y; = 2 and for
2<j<p",
Y =25 — TI'L/K(Zj)Zl.

Then Trz/x(y;) = 0 for 2 < j <p", and still vz (y;) =p" —w — j.

Recall that we need to find, for all 2 < j < p", 8; € A\mxA with B;-y; € TxD~L.

For 2 < j < p™, we take
B] = ﬂ = ’[('I_(w/pn Z ag.

ceG

Then

/P

B-yj:W;(w TI‘L/K(yj):OGWKpil,

and since D! = 7./?" O, we deduce that 3 € 2 but 3 ¢ mx 2.
It remains to find B;. Recall that ¢; Z —1 (mod p™). Write t; = p"m + a,
with 1 < a < p® — 2. (Note that t; # 0 (mod p"), as t; = —1 (mod p*).) Take
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1 =7 (0 — 1), with o € Gy, \ G,+1. By Proposition [Byo97, Proposition 3.1],
for all y € L™,

frure ittu)
v (B y){>vL(y)+a if p|or(y),

and so 1 € . Since
vp(Bi-y1) Zvp(y1) ta=p" —w—14+a>p" —w,
we derive B - y1 € #D~!. On the other hand,
LB ypr—1) =" —w—(p" - 1) +a<p" —w-1,

$0 31 ypn—1 & TgDY, and By ¢ AL K- O

We summarise what we have done so far. Let L/K be a totally ramified Galois
extension of p-adic fields of degree p™ with Galois group G such that 4 /x is an
Ok-Hopf order in K[G]. Then O is free over Ay /x. If in addition A,k is a

local ring, then Oy, is A, k-Galois, D1 = a7 1Oy for an Og-ideal a, and the
ramification jumps of L/K satisfy

t;=—-1 (mod p").

15.5. Formal groups and Hopf orders. We deal now with a way of creating
Hopf orders. Let K be a p-adic field.

Definition 15.6. A (one-dimensional) formal group over Ok is a power series

F(X,Y) € Og[[X,Y]] such that the following hold:

) F(X,)Y)=X+Y (mod deg > 2).

F(F(X,Y), ) = F(X, F(Y, 2)).

F(X,0) =X, F(0,Y) =Y.

F(X,Y) = F(Y, X).

There exists a series i(X) € Og|[[X]] with 4(0) = 0 such that
F(X,i(X))=0.

Remark 15.7. We may write F(F(X,Y), Z) in Definition 15.6(2) because F(X,Y)

has no constant term.

If F is an algebraic extension of K (not necessarily finite) and pg is the maximal
ideal of the valuation ring of F, then (pg,+r) is an abelian group, where, for all
T,Y €PE,

r+rpy=F(z,y).
This makes sense as K(z,y) is again a p-adic field, so it is complete and the series
defining = + y converges. The identity is 0 and the inverse of z is i(z).

Example 15.8. Let E be an algebraic extension of K.
e The additive formal group
FX,)Y)=X+4Y

gives the usual addition on pg.

e The multiplicative formal group is

FX,Y)=X4Y+XY=014+X)1+Y)-1.

The group (pg, +r) is isomorphic to 14+pr C O with the usual operation,
via the map x +— 1+ x.
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Definition 15.9. Let F and F’ be formal groups over Og. A homomorphism
f: F'— F'is a power series f(X) € Ok[[X]] without constant term such that

fF(X,Y)) = F'(f(X), f(Y)).
If F = F’, then f is an endomorphism.
Note that a homomorphism f: F — F’ yields a group homomorphism

f: (e, +F) = (pE, +F)

for all algebraic extensions E of K, and we can talk about the kernel ker(f) of f.
The connection between formal groups and Hopf algebras is given by the follow-
ing result.

Proposition 15.10. Let F(X,Y) be a formal group over Ok. Then F induces a
“formal” O -Hopf algebra structure on Ok [[T]].

Proof. See [Chi00, Proposition 34.1]. We just give some details. Let U = T ® 1
and V = 1®7T. Write Ok |[[U]]©0, Ok[[V]] for the completed tensor product: it is
the completion of Ok [[U]]®o, Ok|[[V]] with respect to the I-adic topology, where
I'={U) @ox Ok[[V]| + O[[U]] ®o, (V)
Now define the following continuous algebra maps:
A: O[T = Ok[[U.V]] = Ok[[U]|@o, Ok |[V]]

T— F(U,V),
e: OK[[T]] — OK
T — 0,
and
A: Ok [[T]] = Ok [[T1]
T — i(T).
Then these maps satisfy the usual Hopf algebra axioms. ]

Definition 15.11. Let f: F — F’ be a homomorphism of formal groups, and let
Hy = Ok|[[X]]/(f). Then f is an isogeny if Hy is a finite Og-module.

Proposition 15.12. If f: F — F’ is an isogeny, then Hy is an Ox-Hopf algebra
with operations induced from those on Ok[[X]] by F.

Proof. See [Chi00, Proposition 34.3]. O

In particular, let f(X) = a1 X +asX?+---: F — F’ be a homomorphism of
formal groups such that there exists d > 2 with a; € px forall 1 <j <d—1, and
aq ¢ pr. By Weierstrass preparation theorem (see [Lan02, Chapter IV, Theorem
9.2]), f(X) = fo(X)u(X), where fy(X) is a monic polynomial of degree d with
fo(X) = X? (mod pk), and u(X) € Ok[[X]]*. This implies that f is an isogeny
(see [Chi00, Proposition 35.6]), and Hy = Ok|[[X]]/(f) is an Ox-Hopf algebra of
rank d.

Now let ¢ € pg, and write S = Og|[[T]]/(f(T) — c). There is a well defined map

S—= S®o, H
T—FT®1l,1®X).
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This makes S into a Galois H-object (see [Chi00, proposition 39.1]) and so into a
Galois H*-extension, where H* is the dual of H. If vg(c) = 1, then we can use
again Weierstrass preparation theorem to find that f(7T) — ¢ = fo(T)u(T), where
fo(T) is an Eisenstein polynomial of degree d and S = Oy, for some totally ramified
extension L/K of degree d. Summarising, we have created an extension L/K for
which Oy, is free over H*, a commutative and cocommutative Og-Hopf order in
K ®0,, H*, and the key point one can note is that K ®o,, H* is a group algebra
(and so we are in the classical case) if and only if ker(f) C K.

Consider, for example, F(X,Y) = X +Y + XY, and the (shifted) p"-power
endomorphism f: F — F defined by

f(X) — (1 _|_X)P" -1 anX—l— +XP"_
Then H* C K[C)] if and only if {,» € K. If vx(c) = 1, then S = Ok[ *\/c], which
is the valuation ring of L = Q,( *\/c), and is free over the Hopf order H*.
If we start with K = Q,({,) and we take ¢ = (, — 1, we find L = Q,((yn+1),

which is a Galois extension of K in the classical sense, but if n > 1, then H* gives
a nonclassical structure.

15.6. Lubin—Tate formal groups. For this final part, we change the notation: let
k be a p-adic field with residue field of order ¢ = p/, and let 7 = 7}, be a uniformiser
of k. Write p for the maximal ideal in the valuation ring of the algebraic closure of
k. We follow the discussion of [Byo97, sections 5 and 6]; see also [Chi00, Section
40], where more details are given.

Let f(X) € Ok[[X]] such that

f(X)=7X (mod deg > 2)
and
f(X)=X? (mod ).
For example, if k = Q, and 7™ = p, we may take
fX)=1+X)P—-1=pX+- -+ X"

Then there is a unique formal group F(X,Y) over Oy such that f(X) is an
endomorphism of F’; see [Chi00, Theorem 36.2]. In fact, the ring of endomorphisms
of F' (with operations defined in the natural way) is canonically isomorphic to O.
If we write [a] for the image of a € O}, under this isomorphism, then [7] = f(X).

For all n > 1, consider the torsion points

F,=ker[r"| ={xz ep|[r"](x) =0}

Then F), is an Op-module, where addition is via F, and where a € Oy, acts via [a].
For all n > 1, let k, = k(F,), with valuation ring O, . Then k,/k is a totally
ramified Galois extension of degree ¢"~1(q — 1), with Galois group

O

Gal(k,/k) = Trpr
k

Moreover, if w,, € F,, \ F,—_1, then w,, is a uniformiser for k.
Now let K = ky, and L = ky, 4y, for n,m > 1. Then L/K is a totally ramified

abelian extension of degree ¢ with Galois group G = (1 + p)/(1 + p;* ™).

Theorem 15.13. Ifn >m and k # Q,, then Of is not free over ™A k.
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Proof. This is [Byo97, Theorem 5.1]. We just sketch the proof.
The ramification jumps (with multiplicity) can be computed as follows:

tp=-=tp=q" -1,
trp1 = =top =q" —1,
b-type1 = =tap =" -1

In particular, t; = ¢™ — 1 # —1 (mod ¢"), and since we can prove that A, x is
local if and only if £ # Q,, we conclude by Theorem 15.5 that Oy, is not free over
its associated order 7 /x in K[G], provided k # Q,. O

On the other side, since L = K (wp+n), where wy, 1, is a root of
[m"(X) —wm =0

with w,, a uniformiser for Ok, the formal group construction gives an Og-Hopf
order H* so that Oy, is a free H*-module of rank one (note that F,, € K, so we
are in a nonclassical setting).

16. AN ASSORTMENT OF ASSOCIATED ORDERS IN HOPF—GALOIS EXTENSIONS

16.1. Standing assumptions. Fix a finite separable extension L/K. For the most
part of this section, L/K is a Galois extension of number fields or p-adic fields.

Let E be the Galois closure of L/ K, and write G = Gal(E/K), G = Gal(E/L),
and X = G/Gr. As in Section 11, if A: G — Perm(G) denotes the left translation
map, then regular subgroup of Perm(X) normalised by A(G) yield Hopf-Galois
structures on L/K: the Hopf algebra giving the structure is E[N]®. In what
follows, we call G-stable the subgroups of Perm(X) normalised by A(G).

Denote by 2 = 2y the associated order of Of, in E[N]€.

Remark 16.1. Many of the results in this section remain valid if Of, is replaced
with any fractional ideal of L.

16.2. Generalised normal basis generator. Here we mainly follow [Trul§].

Recall that a Hopf—Galois analogue of the normal basis theorem holds: if L is
H-Galois, then L is a free H-module of rank one (Theorem 10.23). In particu-
lar, [Trul8, Lemma 3.2] gives an explicit way to find a generator, as follows.

Lemma 16.2. An element x € L is a free generator of L as an E[N]%-module if
and only if the matriz T (x) = (1(g)[x])nen,gex is nonsingular.

Corollary 16.3. If M and N are isomorphic G-stable regular subgroups of Perm(X),
then E[M]% and E[N] have the same generalised normal basis generators.

Proof. By a well-known result in group theory, if two regular G-stable subgroup
of Perm(X) are isomorphic, then the isomorphism is a conjugation. So let 7 €
Perm(X) such that M = 7 N7x~!. For z € L we have

Ty () = (mnn = (9)[2]),

which differs from Ty (x) by permutations of the rows and columns. O
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Example 16.4. Suppose L/K is Galois with nonabelian Galois group G. Consider
the regular G-stable subgroups P(G) and A(G) (recall that P: G — Perm(G)
denotes the right translation map). Clearly, p(G) and A(G) are isomorphic (both
are isomorphic to G). Explicitly, an isomorphism is given by conjugation by ,
where for all g € G, 7(g) = g~ . Indeed, for all g,h € G,

mA(g)r~'[h] = wlgh™"] = hg™" = p(g)[h].

We deduce that K[G] and L[A(G)]¢ have the same generalised normal basis gen-
erators.

16.3. Opposite Hopf-Galois structures. We follow again [Trul§].

Denote by N’ the centraliser in Perm(G) of N. It is again regular G-stable
subgroup of Perm(G), as observed in [GP87|. We always have N = N’, but the
equality holds if and only if N is abelian. Moreover, (N') = N. We call the
structure corresponding to N and N’ opposites of one another, and we write 2’ =
An.

Example 16.5. If L/K is Galois with Galois group G, the structures given by K|[G]
and L[A(G)]Y are opposites of one another, as p(G) is the centraliser in Perm(GQ)
of A(G).

The following result is [Trul8, Proposition 2.4].
Proposition 16.6. If h € E[N]% and b’ € E[N']%, then for all v € L,
h-(h-x)=h"-(h-x)

Theorem 16.7 (Truman). Let L/K be an extension of number fields or p-adic
fields. Then O is a free A-module if and only if Or is a free A’ -module.

Proof. Suppose that Op is a free A-module with generator x. Thus z is a free
generator of L as an E[N]%-module, and by Corollary 16.3, as an E[N’]%-module.
For all a € 2, define z, € E[N']“ by 2z, -z = a - . We claim that

A = {2, ]| aeA}
Ify=0b-x € Op with b € 2, then

2o Y=2q-(b-x)=b-(24-2) € O,

S0 z, € 2.
The other inclusion follows immediately by E[N]®-freeness of L. Since clearly
Or ={zq | a € A} - z, we derive our claim. O

Corollary 16.8. Let L/K be a weakly ramified Galois extension of p-adic fields.
Then Oy, is free over its associated order in LIA(G)]%.

If the characteristic of K does not divide the degree of the extension, then 2l is a
maximal order in E[N]% if and only if 2’ is a maximal order in E[N°PP]¢ ( [Trul8,
Proposition 4.3]). But as Example 16.15 shows, it is possible for 2 to be a Hopf
order in E[N]¢ without ' being a Hopf order in E[N']¢.
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16.4. A subextension technique. Now suppose that L/K is Galois with Galois
group G.

If Q is a G-stable subgroup of N, then L[Q]¢ is a K-Hopf-subalgebra of L[N];
see [CRV16b, Proposition 2.2]. We can form the corresponding “fixed field”:

L9 ={x € L|h-z=c¢e(h)x forall hc L|Q]"}.

It follows that [L : L9] = dimg (L[Q]®) = |Q|. The details of the next result are
described in [KKTU19|; see in particular [KKTU19, Theorem 2.10].

Theorem 16.9. If Q is normal in N, then L[N/Q|% gives a Hopf-Galois structure
on L9/K.

Example 16.10. Let L be the splitting field of 23 — 2 over Q. It is well known
that L/Q is Galois with G = Dg, the dihedral group with 6 elements. Let N be a
G-stable regular subgroup of Perm(G) isomorphic to Cs. Then L/Q is Hopf-Galois
for L[N]%. If Q is the unique subgroup of N of order 2, then @ is normal and
G-stable; therefore, by Theorem 16.9, L?/Q is L[N/P]%-Galois. Note that L?/Q
is not Galois.

In this way, one can obtain a slight generalisation of the results of section 13, as
follows.

Lemma 16.11. Suppose N = M x @Q for G-stable subgroups M and @ of N. Then
e LY/K is Hopf-Galois for L|IM]%;
e LM /K is Hopf-Galois for L|Q]¢.
Suppose in addition that
e L?/K and LM /K are arithmetically disjoint;
e Opu is free over its associated order in L[Q]Y;
e Op» is free over its associated order in L[M]Y.

Then Oy, is free over its associated order in LIN]Y.

16.5. Tamely ramified extensions. Here we follow [Trull].

If L/K is a tamely ramified extension of p-adic fields, then 2, x = Ox[G] and
Op is free over Ay x. But there are interesting questions to deal with, also in
this “simplified” setting. For example, is Op free over its associated order in all
Hopf-Galois structures? What about tamely ramified extensions of number fields?
What if L/K is non-normal?

With the previous notation, the order Op[N]% in E[N]¢ is a formal analogue
of Ok[G] in K[G]. Note that Og[N]¢ C 2, as immediately follows by the explicit
description of the Hopf-action in Remark 11.11 (generalised to the separable case).

As in the classical setting, if L/K is wildly ramified, then Og[N]¢ C 2. Indeed,
we have 0 =3 1€ Og[N]%, and 02 = Try, /i (z) for all 2 € Op, so 0 € 2.

However, we ofter have equality in the tamely ramified case.

Theorem 16.12. Let L/K be a tamely ramified Galois extension of p-adic fields,
and let N be an abelian G-stable regular subgroup of Perm(G). Then 2 = Or[N]¢
and Of, is a free A-module.

Before the proof, we analyse two particular situations.

Theorem 16.13. Let L/K be an unramified Galois extension of p-adic fields, and
let N be an abelian G-stable regular subgroup of Perm(G). Then 2 = OL[N]%, 2
is a O -Hopf order in L|N|%, and Op is a free A-module.
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Proof. If L/K is unramified, then O, /Of is a Galois extension of rings with group
G. In particular, we can apply Galois descent: since O[N] is an Op-Hopf order
in L[N], we find that Or[N]% is an Og-Hopf order in L[N]¥. Now consider the
element § = 3 1, a left integral of OL[N]®. For all z € Or, -z = Trp k()
and since L/K is unramified, we can find « € Oy, such that 6 - = 1. This implies
that Op, is an OL[N ]G—tame extension of Ok, so the assertion follows. O

Theorem 16.14. Let L/K be an extension of p-adic fields, and let N be an abelian
G-stable regular subgroup of Perm(X). Then 2 = Og[N]%, A is the mazimal Ok -
order in E[N|®, and Or, is a free A-module.

Proof. Note that |[N| = |X| = [L : K], so p{|N|. Since N is abelian, we derive
that O[N] is the maximal order in E[N]. Let M be the maximal Og-order in
E[N]¢. If z € M, then z is an element of E[N] which is clearly fixed by G, so
z € Op[N]%. We deduce that Og[N]¢ = M, and since Og[N]¢ C 2, we conclude
that Og[N]¢ = 2, and by Theorem 5.12, Oy, is free over 2. O

Now we can prove the main result.

Proof of Theorem 16.12. Write N = M x @, with |[M| =m, |Q| = p", and p { m.
Then M ans N are normal G-stable subgroups, and so we can apply 16.9 to find that
L?/K is Hopf-Galois for L[M]% and that L /K is Hopf-Galois for L[Q]¢. Since
L/K is tamely ramified, L™ /K is unramified. Therefore L™ /K and L?/K are
arithmetically disjoint. Since L™ /K is unramified, Opu is a free Or[Q]%-module.
Since p { [L9 : K] and M is abelian, Orq is a free Or[M]%-module. We conclude
that Oy, is a free O [N]%-module by Lemma 16.11. O

Example 16.15. Let p = 2 (mod 3) be a rational prime, and let L be the splitting
field over Q,. Then L/Q, is a tamely ramified Galois extension with Galois group
G = Dg. Let N be a G-stable regular subgroup of Perm(G) isomorphic to Cg.
Then Oy, is free over 2 = O [N]°.

Note that Of, is also free over its associated order A g, in Q,[G], which is
Z,[G], and so also over its associated order in L[A(G)]¢. But it can be shown that
the associated order L[A(G)]¢ strictly contains O, [A(G)]%; thus we need to assume
that the subgroup N is abelian.

Conjecture 16.16 (Truman). If L/K is a tamely ramified extension of p-adic
fields, then Oy, is free over its associated order in all the Hopf-Galois structures.

16.6. Extensions of number fields. Let L/K be a Galois extension of number
fields. If K has class number one, then we can study Oy, directly: let z1,...,z, be
an Og-basis of O, and let hy,...,h, be a K-basis of L[N]%. We can analyse the
action of the h; on the z;, to try to determine an Og-basis of the associated order
2. If x is a candidate generator of Op as an 2-module, then we can compute the
generalised module index [Of, : 2 - z], to see if = is actually a generator.

For example, with this method, D. Gil-Mufioz studied in this PhD thesis Galois
extensions of Q of degree 4. He obtained criteria for Oy, to be free over various
associated orders in terms of solubility of generalised Pell equations, showing in
particular that the naive analogue of Leopold’s theorem does not hold.

Another approach concerns locally freeness: one can study whether Op is locally
free over 2, where as usual, if p is a prime of Ok, we write Or , = Ok, ®0, Or, and
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Ay = Ok,p Qo A, and we ask if Op,,, is a free A,-module. As showed in [Trull],
the result of the previous subsection can be translated in this setting.

Proposition 16.17. Suppose that p is unramified. Then A, = O ,[N]%, A, is
an Ok, -Hopf order in Ly[N]®, and Oy, is a free Ap,-module.

Proposition 16.18. Suppose that p does not divide [L : K|Ok, and let N be an
abelian G-stable regular subgroup of Perm(G). Then A, = Of ,[N]¢, 2, is the
mazimal O, order in Ly[N]%, and Op, is a free Ap-module.

In particular, the next meaningful result is [Trull, Theorem 5.9].

Theorem 16.19. Suppose that no prime ideal of Ok dividing [L : KO is ramified
in L, and let N be an abelian G-stable reqular subgroup of Perm(G). Then 2 =
OL[N]® and O, is a locally free A-module.

16.6.1. Some local to global machinery. If Of is locally free over 2, then O, defines
a class in the locally free class group Cl(2(). There is a description of Cl(2) via
idéles, which we sketch now. If H = L[N]Y, we write

J(H) = {(hp)p € ]__[Hp>< | hy € A for almost all p}.
p

Then C1(2() is isomorphic to a quotient of J(H) by a certain subgroup arising from
2. In particular, to obtain the class of Op, in CI(2l), one can follow this procedure:
(1) Fix z € L such that L = H - x.
(2) For all p, let x, be such that Or , =, - z.
(3) Define (hy), by hy - = xp.
(4) Study the class of (hy), in the quotient.
This approach was employed for

e tamely ramified C}, x C)p-extensions in [Trul2, Trul6];

e tamely ramified Qg-extensions of Q in [TT19];

e tamely ramified non-normal extensions of the form L = K (¢/a) with , ¢ K
in [Tru20].

e tamely ramified non-normal extensions of the form L = K(y/a1, ..., ¢/a,)
with (, ¢ K by G. Prestidge.
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