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1. Classical Galois module theory

2. Hopf-Galois module theory
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Classical Galois module theory
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Let L/K be a finite Galois extension with Galois group G.
If R is any commutative ring with unity, we write R[G] for the
group algebra:

R[G]:{ngameR}.

ceG

Then L is a K[G]-module in a natural way. (All modules are
assumed to be left.)

L is a free K[G]-module of rank one. Equivalently, there is an
element x € L such that {o(x)},cq is a K-basis of L.
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Now suppose that L and K are p-adic fields, where p is a rational
prime, and let O, and Ok be the valuation rings. Since O, is a
Ok|[G]-module, the following question is natural.

Is O a free Ok[G]-module of rank one? Equivalently, is there an
element x € Oy such that {o(x)},ec is an Ok-basis of Oy 7

Not in general!
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L/K is tamely ramified if p does not divide the ramification index
eL/K.

Oy is a free Ok[G]-module of rank one if and only if L/K is tamely
ramified.

What can we do when the extension is not tamely ramified?
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The associated order of O in K[G] is

Q[L/K:{hE K[G] | hOLQOL}

The following facts hold:

® 2k contains Ok[G], and A, )k = Ok[G] if and only if L/K
is tamely ramified.

® 2, /k is an Ok-subalgebra of K[G].
® O isa® k-module.

o If Ais an Ok-subalgebra of K[G] and O is a free A-module
of rank one, then A =2, /k.

This means that 2,/ is the right object to study.
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O_ is a free /A, /k-module of rank one if

® [ /K is absolutely abelian [Leopoldt, 1959], [Lettl, 1990];
K = Qp and G = Do, [Bergé, 1972];
K =Qp and G = Qg [Martinet, 1972];

L/K satisfies a technical ramification condition
[Johnston, 2015].

What can we say about the structure of Oy in the negative
situations?

K = Qp and G is metacyclic of a certain type [Jaulent, 1981];
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Hopf—Galois module theory
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A K-Hopf algebra is a K-algebra H with additional K-linear maps
A:H—>H®xH, e: H— K, and S: H — H which satisfy certain
technical conditions.

K[G] is the prototypical example of K-Hopf algebra, where, for all
c€G,Alc)=0®0,¢(0)=1,and S(o) =cL.

Note that we can replace K with any commutative ring with unity,
for example O.
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The “classical” Galois structure on L/K consists of a K-Hopf
algebra K[G], together with an action of K[G] on L satisfying
certain properties. This yields the following generalisation.

A Hopf-Galois structure on L/K consists of a suitable K-Hopf
algebra H, together with an action of H on L which mimics the
action of K[G] on L. We say that L/K is H-Galois.

L/K is K[G]-Galois, and this is the classical Hopf-Galois structure.
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Let H be a K-Hopf algebra, and suppose that L/K is H-Galois. We
can define the associated order of O, in H by

QlH:{hEH’h'OLgOL}.

It behaves the classical associated order 2, /i in K[G], and we can
ask whether O, is a free A y-module of rank one.
There are two main advantages:
1. We can study Galois theory with a more general approach.
2. While there is (at most) one Galois structure, there may be
more Hopf—Galois structures.
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If Ay is an Ok -Hopf algebra with operations induced by H, then
Oy is a free Ay-module of rank one.

If A, /i is an Ox-Hopf algebra with operations induced by K[G],
then Oy is a free 2, /ic-module of rank one.
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In [Byott, 1997], the use of Kummer theory of formal groups yields
an extension of p-adic fields L/K and a K-Hopf algebra H such

that
® L/K is Galois, but O is not a free 2 /;c-module;

® [ /K is H-Galois and Oy is a free 2Ay-module of rank one.

Which is the correct Hopf—Galois structure?
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The Hopf-Galois structures on L/K correspond bijectively to
certain “special” subgroups of Perm(G).

This yields connections with the study of regular subgroups, skew
braces, radical rings, and the Yang—Baxter equation, and it
motivates even more the task of finding all the Hopf-Galois
structures on a given Galois extension.

In [Caranti and Stefanello, 2021], we studied some ways to find
explicitly Hopf—Galois structures starting from suitable
endomorphisms of the Galois group.
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