COHOMOLOGICAL HALL ALGEBRAS OF ONE-DIMENSIONAL SHEAVES ON
SURFACES: AMALGAMATION AND PBW-TYPE THEOREMS
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ABSTRACT. In this paper we discuss a PBW-type theorem for (equivariant) nilpotent cohomological
Hall algebras (COHAs) associated with a smooth surface X and a reduced subscheme Z C X, stating
a conjecturally relation between the nilpotent COHAs associated with X and the irreducible compo-
nents of Z and the nilpotent COHAs associated with X and Z. We prove this relation when X is a
minimal resolution of a Kleinian singularity and when X is an elliptic surface with singular fiber of
type DE.
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Let X be a smooth quasi-projective complex surface and let j: Z — X be the inclusion of a
closed subscheme. Assume that there is a torus T acting on X such that Z is T-invariant'. In

[DPS*25b], we introduce the T-equivariant nilpotent cohomological Hall algebra HA)T(IZ.
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LFor a uniform treatment, we allow that T = {1}.
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Let us assume that Z = Z; U Z,. The functoriality with respect to the diagram of embeddings

/ \,\
Z1N7Zy Z1UZp
\ /
2y
yields a diagram of algebra morphisms
HA% ,
T T
HAX 7,0z, HAx,
HA ,,

For instance, in the particular case that Z; and Z, are (—2)-rational curves intersecting transver-
sally at a single point p, the results of [DPS"25a] in types A1 and A, together with the fact that
HA;p ~ YZ(gh) for any point p € X, see [SV13, Dav24], yields a diagram

o Y& (gh)
Y (gh) o Y (gl)
Y (aly)

of morphisms of double loop positive halves of affine Yangians, which can be shown to be em-
beddings.

It is natural to wonder ho one can build the algebra HA)T(,Z from the algebras HA)T(,ZI_ with
i = 1,2. Under some very mild assumptions, any coherent sheaf F set-theoretically supported on
Z has a unique subsheaf /7 C F supported on Z; for which F/ F is set-theoretically supported
on Z; and pure of dimension one at Z; N Z;. This induces a stratification of the moduli stack
Cohgisl(}?z) according to the class of 77, which we construct and study in detail in this paper.
Though all the strata are locally closed, there are in general no open or closed strata (typically as
in an infinite chain of P1’s).

The Hall multiplication induces a continuous map
. T 3 T T
a: HAX,ZZ®H%HAX,21 — HAX,Z .
Furthermore, this map factors naturally through a second map
=. T 5 T T
a: HAX’ZZ®HA;{,er‘]ZZ HAX,Zl — HAX,Z . (11)
In particular, one has a commutative diagram

HAY ;@ HAY
Iz \
HA>T<,ZZ ®HA)T(,ZWZZHA;(,Z1 = HAL ,
which yields a third map
ker(t) — ker(a) . (1.2)
There is no hope, in general, for the map (1.1) to be topologically surjective. Indeed, assume

that Z is the ravioli —union of two IP's which intersect transversally in two points— and con-
sider the moduli of sheaves of length one. In that case, H_; (Cohgfsl(Xz ;0)) is non-trivial while
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He (CohggI (X 7,;0)) is concentrated in even degrees for i = 1,2. We make the following somewhat
bold conjecture:

Conjecture. Assume that both Zy and Zy \ (Z1 N Zy) are cohomologically pure. Then, the maps (1.1)
and (1.2) are topologically surjective.

This essentially means that the morphism (1.1) is an isomorphism of topological vector spaces.
One can view such a statement as a geometric form of a PBW theorem for the cohomological Hall
algebra HA;F(,Z.

Now, we describe more precisely the results of this paper and state the conjecture in full gen-
erality.

1.1. General framework. Assume that Z is connected, purely” one-dimensional, proper, and
reduced. Let

z*: @=2z'czc...czs=12, (1.3)

be a T-invariant stratification by closed subschemes for s > 0, where for 1 < i < s, the subscheme
7! is reduced and purely one-dimensional, while 7Y is zero-dimensional. For each 0 < i < s, let
Z? denote the locally closed stratum Z7 := Z'\ Z'~! and let Z; denote its scheme-theoretic
closure in Z, i.e., it is the smallest closed subscheme of Z containing Z? as an open subscheme.

Let also fol be the scheme-theoretic intersection of Z:~! and Z;in X for 0 <i <s. In particular,
Z§=2=Zpand Z;' = @.
Let (Z;) C NS(X) be the subgroup generated by the classes of the irreducible components of

Zifor1l < i <s,and let (Z) C NS(X) be the subgroup generated by the classes of irreducible
components of Z.

In this Part, we shall investigate the relation between the T-equivariant COHA HAQZ and the

T-equivariant COHAs HA;T(’ZI_ for 1 <i <'s. More precisely, working under certain assumptions,
it will be shown that the stratification (1.3) and the Hall multiplication yield a natural map

ay: HAL 7 (75)®ms -+ Ops HAY 7 (11) — HAL (1)

for any v € (Z), where 9; € (Z;) are uniquely determined by the relation v = Y} ; ;. Here,
HA)T(, 7 () is the degree <y part of HA)T(,Z with respect to the grading given by first Chern classes
belonging to (Z), and similarly for HA)T(,ZZ, (7i) wherei=1,...,s.
Furthermore, this map factors naturally through a second map
ay: HA)T(,ZS('YS)@)HA)T( o T ®HA)T< 7 HA)T(,Zl (71) — HA)T(,Z(’Y) ’
[ 72

which will called in the following the amalgamation map. In particular, one has a commutative
diagram

HAL ; (75)8hs -+ ®nsHAL 7 (1)

J{T“/ x
. T T
®HA>T(21 HAy /. (711) —W HAX,Z(’Y)
2

HA;ZS ('75 ) ®HAT
X,Z.

s—1
s

which yields a third map
ker(ty,) — ker(a,) . (1.4)

2i.e., the structure sheaf Oz is a pure one-dimensional sheaf as coherent sheaf of Ox-modules.
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Finally, by taking the direct sum with respect to vy € (Z), we introduce also the following
amalgamation map
a: HAL ; ®yar
s x,z571

S5—
78

- Ouar HAY; — HAL . (1.5)
X,Z5
The main conjecture we formulate is:
Conjecture 1.1.

(1) Forany vy € (Z), the map a., is topologically surjective, i.e., the image is dense with respect to the
quasi-compact topology® on the target.

(2) Forany v € (Z), the map (1.4) is also topologically surjective.

Claim (1) is proved in Theorem 4.21, subject to a list of assumptions.

Remark 1.2. One can formulate a motivic variant of Conjecture 1.1 and the motivic variant of
Claim (1) is proved in Theorem 4.22, also subject to a list of assumptions. A

We expect that the conjecture holds with the assumption now being that Z; \ (Z; N Z<;_1) is
cohomologically pure for all i. These assumptions are in particular verified for Kleinian resolu-
tions of singularities as well as for elliptic surfaces with a singular fiber of affine type DE. Note
that this assumption also holds in the case of a tree of projective lines, or more generally in the
case of a smooth projective curve Z; with finitely trees of IP! branching out of Z;.

1.2. First example: ADE quivers. Let 7: X — Xcon be a minimal resolution of an ADE singular-
ity and let T be an algebraic torus acting on X for which 7771(0) is T-invariant. Let Z := 777 1(0)q-
To define a stratification of Z of the form (1.3), we need to recall the dual intersection graphs as-
sociated to such fibers on a case by case basis. We shall denote by C; the irreducible components
of Z,with1 <i <N.

e Type Ay, with N > 1:

G — Cn
o Type Dy, with N > 4:
Cn-1
G - —— Cn-2
Cn
Type Eg:
Cy
C1 G Cs Cs Ce
Type E7:
Cy
Cl C2 C3 CS C6 C7

3in the sense of [DPS*25b, Remark 3.1].
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Type Eg:
Cy

G @) Cs e Cs
For the A series we will assume N > 2 below, since in the case N = 1 amalgamation is trivial.

Set ZN := Z, and let Z'~! be the scheme-theoretic closure of the complement Z' \. C; for any
1 < i< N. Note that Z° = @. We get the following stratification of Z:

0=272cz'c...czN=2z. (1.6)
Theorem (Theorem 7.16). Conjecture 1.1—(1) holds for X and Z, with the stratification (1.6).

Now consider the non-equivariant case, i.e., T = {1}. Let Q be an affine quiver and let Kr be
the Kronecker quiver. Following [DPS™25a, §I11.7.8], introduce the Lie algebras

e =l es s e B Qo
n>0,k<0
where n¢ and by are, respectively, the positive nilpotent part and the Cartan part of the simple Lie
algebra associated to Xcon, and
e = Spang{e® st et h@s L h@s ¢, [n>0,k<0,£eN},
where, ¢, f, i are the standard generators of s[(2). Moreover, we denote by U(—) the completion
of the enveloping algebra introduced in [DPS"25a, Lemma I11.7.25].
[DPS*25a, Theorem I11.7.26] yield

HAy 7 ~ U(Qn:”) and HAxz ~HArpip1 U(Krngl) ,
foranyi=1,...,N+ 1. Moreover, fori =2,...,N+1, [DPST25a, Corollary 111.8.3] yields
HAy i1~ (HAprpt )N =~ Ul sTisTL oK),
where
Ko= P Qcp-
n>0,k<0
The non-equivariant version of Theorem 7.16 yields the following.

Corollary. The amalgamation map (1.5) in the non-equivariant case reduces to a topologically surjective
map

a: U(Krn:h)®U(hs’1[s’1,t]®K_) T ®U(hs*1[s’l,t]eK_)U(Krn:II) — U(Qn:ﬂ) ’

where on the left-hand-side one has the completed tensor product of N copies of U( Kr“gl) over U(hs™![s7 1, t] @
K_).

1.3. Second example: affine DE quivers. Let 71: X — C be a smooth projective elliptic surface
with a section ¢: C — X over a smooth projective curve C. We assume that X is relatively
minimal over C in the sense of Definition 8.1. Moreover, let us assume that one of the singular
fibers of 7t, denoted by E = 717 1(0), is of affine type DE. In addition, 7t will have other singular
fibers according to the Kodaira classification. If the torus T is non-trivial, we will also assume
that X admits a torus action T x X — X which preserves the singular fiber E. An example of
elliptic surface which admit nontrivial torus actions are provided in Remark 8.4.

Set Z := E,oq. To introduce a stratification of Z of the form of (1.3), we need to recall the dual
intersection graphs associated to such fibers on a case by case basis. We shall denote by E; the
irreducible components of Z. Recall that E; ~ PL. Then, one has:
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e Type affine D:

Ep En-1
Eq - —— En-3
En-2 En

e Type affine Eg:

E4

Es

E E; E, Es Eq
o Type affine E;:
E4
Ep Ey E; Es Es Eq E;
e Type affine Eg:
Eq
Eg Ey E; Es E4 Es E; Eg

Set ZN+1 = Z. Foranyl < i < N+1, let 7Zi=1 be the scheme-theoretic closure of the
complement Z' \ E;_;. We get the following stratification of Z:
0=72czlc...czN*l =7, (1.7)
We obtain the following.

Theorem (Theorem 8.52). Conjecture 1.1—(1) holds for X and Z, with the stratification (1.7).

In particular, the amalgamation map (1.5) in the non-equivariant case reduces to a topologically surjec-
tive map

a: U(Krngl)@\)U(}zs*l[s*l,t]@K_) ®U(hs*1[s*l,t]EBK_)U(Krn;I) — HAxz,

where on the left-hand-side one has the completed tensor product of N + 1 copies of U( ko) over U(hs™ st @
Ko).

Notation. We shall denote the classical k-thickening of Z inside X by Zg(). This is the classical
truncation to(Z*)) of the derived k-thickening of Z inside X.
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2. SUPPORT FILTRATION

In this section, we shall introduce the support filtration for a coherent sheaf and its relative
version for a family.

2.1. Definition of the support filtration. Let X be a smooth quasi-projective complex surface.
Let Z be a closed subscheme of X, which is connected, purely4 one-dimensional, proper, and
reduced. Let

7*: @=2z'czczlc...czs=2, (2.1)
be a stratification by closed subschemes for s > 0, where for 1 < i < s, the subscheme 7l is
reduced and purely one-dimensional, while 79 is zero-dimensional. For each 0 < i < s, let Z;
denote the locally closed stratum Z? := 7'\ Z'=1 and let Z; denote its scheme-theoretic closure in
Z,i.e., it is the smallest closed subscheme of Z containing Z? as an open subscheme. Let also Z;fl
be the scheme theoretic intersection of Z~1 and Z;in X for 0 < i <s. Inparticular, Z; = 70 = 7,
and Z; )

We make the following assumptions:

Assumption 0.1 (Assumptions on Z).

(1) The connected components Z; , of Z; are smooth subschemes of X, for 1 < i < s and
1<a<q.

(2) ZY is contained in the smooth locus of Z.

(3) The equivalence classes in NS(X) associated to the connected components Z; , are linearly
independent over Q for1 <i<sand1 <« <g;.

@

Remark 2.1. Under the stated assumptions, the subschemes Z; are smooth purely one-dimensio-
nal for 1 <i <'s. Hence they are effective Cartier divisors on X for all 1 < i < s. Moreover, since
79 is contained in the smooth locus, it is an effective Cartier divisor on Z. .

Moreover, the scheme-theoretic intersection Zf‘l = Z;N Z"1in X is a zero-dimensional sub-
scheme of X for 1 < i < s. Furthermore, under the above assumptions, the set of irreducible

4i.e., the structure sheaf Oz is a pure one-dimensional sheaf as coherent sheaf of Ox-modules.
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components of Z is {Zi,,x}, forl <i <sand1 < a < ¢;. In particular, for fixed 1 < i <5, the

irreducible components Z;, are pairwise disjoint, for 1 < & < ¢;, and Z° = Z9 is disjoint from

Z. A
2

Let (Z;) C NS(X) be the subgroup generated by the classes [Z;1],...,[Z;.] for1 <i <5, and,
similarly, let (Z) C NS(X) be the subgroup generated by the classes of irreducible components
[Zi,], withl <i<sand1 <a <c;.

Remark 2.2. Let € be a pure one-dimensional coherent sheaf on X. Then, a representative of his
first Chern class is given by the Fitting support of £ (see e.g. [BBHR09, Proposition C.11]). Recall
that the Fitting support contains the scheme-theoretic support of £ and their underlying reduced
structures coincide (see e.g. [Sta25, Lemma 69.5.3, Tag 0CZ3]). Thanks to Assumption 0.1-(3),
chy (&) € (Z;) if and only if £ is set-theoretically supported on Z; for 1 <i <s. A

Definition 2.3 (Support filtration). Let £ be a coherent sheaf on X set-theoretically supported on
Z. The (support) Z°*filtration of £ induced by the stratification (2.1) is the (s + 1)-step filtration

E: 0=¢E1c&célc...ce=¢,

where £/~ is the maximal subsheaf of £ with set-theoretic support contained in Z~!, for 1 <
i <s. @

Definition 2.4. Let Y C Z C X be closed subschemes of X, with Z pure one-dimensional and
Y zero-dimensional. Let F be a coherent sheaf on X with set-theoretic support contained in Z.
We say that F is pure at Y if it does not contain any nonzero subsheaf with set-theoretic support
contained in Yjq- @

Remark 2.5. Let F be a coherent sheaf on X, set-theoretically supported on Z, which is pure at
Y. Then, F is either a one-dimensional sheaf, which does not contain any nonzero subsheaf with
set-theoretic support contained in Y,.q or a zero-dimensional sheaf supported on Z \ Y.

Furthermore, the condition formulated in Definition 2.4 is equivalent to state that the set-
theoretic intersection Ass(F) N Y,eq is empty. Here, Ass(F) denotes the set of associated points of
F, whose definition can be found e.g. in [Sta25, Definition 31.2.1, Tag 020I]. A

Proposition 2.6. Let £ be a coherent sheaf on X set-theoretically supported on Z and let ° be the Z°-
filtration of €. Then, the set-theoretic support of each subquotient & = £'/& =1 s contained in Z; for
0 <i <'s. Moreover, &; is pure at Z;fl =7Z;N Zi‘lfor 1<i<s.

Proof. Let T; C &; be the maximal subsheaf of &; with set-theoretic support contained in zi-1,
Assume that 7; # 0 forsome 1 < i <'s. Set £/ := &;/7T;. Consider the commutative diagram with
exact rows

0 —— &1 i & 0
0 g 4, g 0

where all vertical arrows are surjective. Then the snake Lemma yields an exact sequence
0— &1 K —T7—0,

where K; is the kernel of the middle vertical arrow. By assumption £/~! and 7; are set-theoretically
supported on Zi=1, hence so is K'. However £~ C &' is maximal with this property, thus
=1 = K’ and T; has to be the zero sheaf: this leads us to a contradiction. Thus, all the assertions
follow. g

We have some immediate corollaries:
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Corollary 2.7. Under the same assumptions as in Proposition 2.6, one has
Homyx (E71,&) =0
forall 1 <i <s. If X is locally K-trivial5, one also has
Ext%(&,&71) =0,
and if in addition &; is zero-dimensional, then
Extk (£71,5) =0
for0 <k <2
Let v € (Z). By Assumption 0.1-(3), there is a unique decomposition
S
Y= 7
i=1
withy; € (Z;) for1 <i <s.
Corollary 2.8. Under the same assumptions as in Proposition 2.6, if ch1(£) = ¢ € (Z), one has
Chl(gi) =, withl <i<s.
By analogy with Harder-Narasimhan filtrations [HL10, Theorem 1.3.7], one has the following.

Lemma 2.9. Let k C k' be a field extension. Let (E')* be the (Z*)yfiltration of € @y k. Then (&N =
E' @k
Let us prove now a partial converse to Proposition 2.6.
Proposition 2.10. Let £ be a coherent sheaf on X set-theoretically supported on Z, let
£: 0=¢&lcec...ce=¢
be its Z*-filtration, and let & = £/ E=1 be the associated subquotients. Let
0=F'lcFc...cF=¢
be a filtration so that F' is set-theoretically supported on Z' for all 0 < i < s and each subquotient

Fi = F'/Fi=1is set-theoretically supported on Z; for 0 < i < s. Then F' C &' and the quotient
Q' := &'/ F' is zero-dimensional for 0 < i <'s. Moreover, there is a canonical exact sequence

0— O —F —&—0.
In addition, suppose one of the following extra conditions holds:
(1) x(F) = x(E) for0 <i<s,or
(2) each subquotient F; == F'/Fi~Vis pure at folfor 0<i<s.
Then, Fi = Siforallo <i<s.

Proof. First, the definition of the support filtration implies that 7% C &' for 0 < i < s. Moreover,
one has a decomposition

S

chi(£) =) chi(F). 22)
i=0
Since each F; is set-theoretically supported on Z;, one also has chy(F;) € (Z;) for1 <i <sand
chy(Fp) = 0. By Assumption 0.1-(3) on Z, Corollary 2.8, and the uniqueness of the decomposi-
tion (2.2), this implies that

chy(F;) = ch1(&)

5i.e‘, there exists an open subscheme U C X containing Z so that wx|y ~ Oy.
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for 0 < i < s. Hence, also
Ch1 (]:l) = Ch1 (81)

for 0 < i <s. Thus, the quotient Q! := &1/ F! is zero-dimensional. Moreover, one has a canonical
commutative diagram

0 — Fit Fi Fi 0
i i l 2.3)
0 —— &1 & & 0

for all 1 < i < s, where the first two vertical arrows from the left-hand-side are the canonical
inclusions. Then, the snake lemma yields an injective morphism

Ti— 9! (24)
for all 1 < i <'s, where 7; is the kernel of the right vertical arrow. For i = s the central vertical
arrow is the identity. Hence in this case, the snake lemma yields an exact sequence

0— Q1 - F —&—0.
This proves the first part of the proposition.

Next suppose the additional Condition (1) holds. Clearly, this implies Q' = 0 forall0 <i <'s,
which proves the claim.

Finally suppose that the additional Condition (2) holds. Then, the claim will be proven by
descending induction on 1 < i < s. Suppose F' = £'. Then, the injective morphism (2.4) is an
isomorphism and the snake lemma yields an exact sequence

0— Q' s F—&—0.
Since F; is pure at Zf‘l by assumption, we get that Q'~! = 0. Hence by applying the snake

lemma to the commutative diagram (2.3), we get £ -1, Fi-1 =, O

2.2. Relative support filtrations for families. By using the notion of support filtration for fam-

ilies, in this section we shall construct a stratification {Qobgg(fiz ;v,n)M} of the moduli stack

Qlohgi; (Xz;y,n) indexed by m = (my, ..., ms) € Z5+! which has similar properties to the Harder-

Narasimhan filtration.

We shall use the notion of families of properly supported nilpotent coherent sheaves intro-
duced in [DPS*25b, Definitions 4.27° and 4.28]. First recall the following:

Definition 2.11. Let T be a scheme locally of finite type over C. Let € be a flat family of sheaves on
X parametrized by T. We say that € has invariants (y,n), withy € (Z) and n € Z, if ch1(&;) = 7
and x(&;) =nforanyt e T. ©

Let us introduce the notion of relative support filtration.

Definition 2.12. Let T be a scheme locally of finite type over C. Let € be a flat family of sheaves on
X, set-theoretically supported on Z, parametrized by T. A relative Z*-filtration for € is a filtration

e 0=¢elcelc...ces=¢
in the abelian category of coherent Ox-modules so that
(1) each subquotient gijei-1ig Tflat for 0 < i < s, and

(2) the induced filtration 0 = &1 C €9 C --- C & is the support Z{-filtration of &; for any
teT.

@

®Recall that by [DPS'25b, Theorem 4.53], being nilpotent is equivalent to being set-theoretically supported on Z.
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Remark 2.13. Note that Condition (1) in Definition 2.12 implies that &' is T-flat for 0 < i < s.
Thus, Condition (2) is well-posed. A

Remark 2.14. Recall that any v € (Z) has a unique decomposition y = Y} _; 7; with y; € (Z;). Let
T be a scheme locally of finite type over C. Let £ be a flat family of sheaves on X, set-theoretically
supported on Z, parametrized by T with invariants (v, n). Suppose that € admits a relative Z°-
filtration €° and let &; denote the associated subquotients for 0 < i < s. Then, Corollary 2.8
implies that chy(&; () = y;for1 <i<sandforallt € T. A

Forany 1 <i <s, set
) i
=2
=1

Setalso 7 = 9 := 0.

Definition 2.15. Let T be a scheme locally of finite type over C. Let € be a flat family of sheaves
on X, set-theoretically supported on Z, parametrized by T, and suppose that £ admits a relative
Z,.-filtration

g: 0=¢'celc...ce=¢.
We say that £° is of type (n, k) € Z°H x (Z~0)5*1, with
ni=n%...,n°) and k:= (ko,... ks),

if & corresponds to a map T — Qfoh((Zi)(lfi);'yi,ni) for0 <i<s. %)

C

Fix invariants (7, 7). The next goal is to construct a stratification of the moduli stack €ob™l (X; y, 1)

ps
so that the universal family admits a relative Z*-filtration on each stratum. It will be first shown

that the function
t— (x(&), ..., x(&9))

is constructible, by analogy to the similar property of Harder-Narasimhan filtrations proven in
[Sha77].

For future reference, note the following consequence of the proof of [DPS™25b, Proposition 4.45].

Corollary 2.16. Let Y C X be a closed proper subscheme. Let T be a scheme locally of finite type over C
and let F be a T-flat family of coherent sheaves on X. Let t, to be points in T so that tg is a specialization of
t,ie., to € {t}. Suppose Fy is scheme-theoretically supported on Y x {t}. Then Fy, is scheme-theoretically
supported on Y x {to}.

Lemma 2.17. Let T be a scheme locally of finite type over C. Let € be a flat family of coherent sheaves on
X, set-theoretically supported on Z, parametrized by T, with invariants (v, n). Let t, to be points in T so
that to is a specialization of t. Let E} and &} be the Z*-filtrations of E; and Ey, respectively. Assume that

&l is scheme-theoretically supported on (Zf)gf") for1 <i < sand for some k; > 1. Then, the following

hold for 0 <i <'s:
(1) x(&) < x(&).
(2) S’tvo is scheme-theoretically supported on (Zio)g"), for 0 < i < sand for some £; > k;. Moreover,

if x(&},) = x(&}), then £; = k;.

Proof. Let us start by proving (1). We shall use arguments similar to those in the proofs of [Sha77,
Proposition 9 and Theorem 3]. First, it suffices to prove the claim for T = Spec(R), where R is a
DVR over C. Let t and ¢; denote the generic and the closed point, respectively.
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Set Qi := &;/€&L By [Gro95, Lemma 3.7] there exists a unique quotient & — &/, flat over T,
so that Gi = Q. Let F' := ker(& — §'), which is also flat over T. By construction, F/ = &! is
(ki)

o and

chi(5)) ="

By Corollary 2.16, ?tio is scheme-theoretically on (Zio)gf"). In particular, (thio cél .- Since F iis
T-flat, one also has

scheme-theoretically supported on (Z!)

Chl(?ti,) = 'Yi .
Furthermore, by Corollary 2.8, we have
chy(&f) =o'
as well. Hence, Q := Sio / 3"[0 is zero-dimensional, which implies
X(F4) < x(&,) -
Since F' is flat over T, one has
X(Ti) = x(3}) = x(&) -

In conclusion, x(&}) < x(€] ). Moreover, €} is scheme-theoretically supported on (Z;O)g’ ), for
0 <i < sand for some ¥¢; > k;.
Statement (2) follows from the previous arguments by using the short exact sequence
0—F, — & —Q2—0.
If)((&io) = x(&l), one gets Q = 0. Therefore, {; = k;. O

For the next step, note the following consequence of [DPSV23, Corollary C.5].

Lemma 2.18. Let T be a scheme of locally finite type and let Q be a fixed zero-dimensional sheaf on X.
Let F be a flat family of sheaves on X, set-theoretically supported on Z, parametrized by T. Then, the set of
points t € T so that Homy, ((p5Q)t, Ft) = 0is open in T, where pr: X x T — X denotes the projection.

By analogy to [Sha77, Lemma 5], one next proves the following.

Lemma 2.19. Let T be a reduced irreducible scheme of finite type and let { € T denote the generic point.
Let & be a flat family of coherent sheaves on X, set-theoretically supported on Z, parametrized by T. Let
&2 be the Z*-filtration of Ez. Then, there exists an open subscheme U C T so that &|u admits a relative

Z*-filtration E7; whose restriction to Xg coincides with 3.

Proof. Let f: FI — T be the relative flag scheme over T whose functor of points associates to any
morphism ¢: W — T a flag of Oxw-modules

0=9F1cagc...cF=9¢¢
so that all subquotients are W-flat and have the same numerical invariants as the subquotients of
&& respectively’. For ease of exposition, for any open subscheme V C T, set Fly := FI x1 V and
fv: Fly = V be the canonical morphism induced by f.

Note that the flag €2 determines a section of f over the generic point. We will first prove
that this section extends to a section of f over an open subscheme V C T. Under the current
assumptions, T is integral, hence the local ring Oz is canonically isomorphic to the fraction
field K(T), which also coincides with the residual field x(&). Then, [Gro60, Proposition 6.5.1-(ii)]
proves that the given section Spec(x(&)) — Flz extends to a morphism s: W — Fly over some

open subscheme W C T. Let g: W — W be the composition g := fw os. By construction, the
localization of g at the generic point § € W coincides with the identity morphism Spec(x(§)) —

7The construction of the relative flag scheme can be found e.g. in [HL10, §2.A.1].
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Spec(x(&)). Then, [Gro60, Proposition 6.5.1-(i)] proves that there exists an open neighborhood
V C Wsothat g|y = f|v os|y coincides with the identity morphism idy. In conclusion, sy := s|y
is a section of fy.

Let F* denote the flag of Ox,y-modules associated to the section sy. By construction, the
subsheaves F are T-flat. Since each é = Sé is set-theoretically supported on Z%, Corollary 2.16
implies that J is set theoretically supported on Z for v € V. Moreover, by Proposition 2.6,
the i-th subquotient of €2 is set-theoretically supported on Z; x {¢}, and it is furthermore pure
on Zl’:*1 x ¢ for1 < i < s. Then, Corollary 2.16 implies that the i-th subquotient J; , is set-
theoretically supported on Z; x {v} for1 <i <sandwv € V. Forany p € Zf*l, the set of points
t € V such that Homx((p7,0p)t, F; ;) = 0 is open by Lemma 2.18, where py: X x V. — X is
the canonical projection. Since fol is zero-dimensional by Assumption (2), it follows that there
exists an open subscheme U C V so that for any point u € U the sheaf J; ,, is pure at Zf‘l x {u},
forl1 <i<s.

Let &;, be the canonical Z*-filtration of £, for any point u € U, and let £, ; denote the asso-
ciated subquotients for 1 < i < 5. As shown above, the Ox, -modules fﬂi and J; , satisfy the
same support conditions as 8; and &, ;, respectively, for all 0 < i < s. Since the assumptions
and Condition (2) of Proposition 2.10 hold, the filtrations €, and F*|x, coincide for any point
uel. g

Now, let € be a flat family of coherent sheaves on X parametrized by a locally noetherian
scheme T, set-theoretically supported on Z. For any t € T, let £} denote the Z°*-filtration of
&t. Forany m = (mo,...,ms) € Z°T1, let |T|<™0~+="s C |T| be the subset determined by the
conditions

X(Ei)gmi for 0<i<s.
Let | T|™o~Ms C |T|<™or~<Ms be the subset determined by the conditions

x(€)=m; for 0<i<s.
Let < be the partial order relation on Z**! defined by

m=<m' & m<m forall 1<i<sand m —m#0.
For ease or exposition, we will write
|T|=™ = |T|SMorSMs and | T|™ = | T|Mor"s

Then Lemmas 2.17 and 2.19 yield:

Proposition 2.20. Let T be a scheme locally of finite type over C. Let € be a flat family of sheaves on X,
set-theoretically supported on Z, parametrized by T, with invariants (v, n). Let € be the Z*-filtration of
&t for any point t € T. Then, the function

e (x(€9),... x (&)

is constructible and upper semicontinuous on |T|.

Moreover, for any m € Z5+1, the subset |T|=™ C |T| is open in |T|, while the subset |T|™ C |T|=™
is closed in |T|=™.

Proof. First, upper continuity follows from Lemma 2.17. As explained in [AB13, Example A 4],
in order to prove constructibility, it suffices to assume that T is reduced, irreducible, and of finite
type. Then constructibility follows from Lemma 2.19. O

The next step is to construct a natural scheme structure on each stratum |T|™ by analogy to
[Nitl1, Theorem 5]. As opposed to loc. cit. in the present context, these strata will in fact carry
natural ind-scheme structures. The proof will use the result below, which follows from the second
part of the proof of [DPS*25b, Proposition 4.45].
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Lemma 2.21. Let Y C X be a closed proper subscheme. Let T be a locally noetherian scheme and let €
be a T-flat family of coherent sheaves on X. Then, there exists a unique closed subscheme Ty C T so that
given an arbitrary morphism ¢: W — T, the pullback ¢* & is scheme-theoretically supported on Y x W if
and only if ¢ factors through the closed immersion Ty — T.

Remark 2.22. For ease of exposition, under the assumptions of Lemma 2.21, we will say that
Ty C T is the unique closed subscheme of T so that the restriction &|x T, is universally scheme-
theoretically supported on Y. A

Now, let T be a connected locally noetherian scheme. For any m = (my, ..., ms) € Z**! and
k= (ko, ..., ks) € (Z=0)"*! let
TR < |T|™
be the set of points t € T where x(€!) = m; and &! is scheme-theoretically supported on (Zf)gl{")
forall 0 < i < s. Note that |T|]" is a closed subset of | T|=™ by Proposition 2.20 and Corollary 2.16.
Moreover, one clearly has

™= U TR
KE(Z5o) !

Proposition 2.23. Let T be a connected and locally noetherian scheme. Let € be a flat family of coherent
sheaves on X, set-theoretically supported on Z, parametrized by T, with invariants (vy, n), where n = ms.
Then, there exists a unique closed subscheme T\ C T=M so that:

(1) the underlying topological space of T\ is | T}

(2) A base change morphism ¢: W — T factors through the locally closed immersion T C T if and
only if (id x ¢)*& admits a relative Z*-filtration of type (m, k).

(3) For any base change morphism ¢: W — T, one has W = ¢~ (T™).

(4) If a relative Z*-filtration for €, of type (m, k) exists, then it is unique.

(5) Given k' € (Z>0)5+1 with k; < k; for 1 <i <'s, there is a canonical closed embedding T, —
T, which is naturally compatible with the base change properties (3) and (4).

Proof. First note that the subset |T|=™ C |T| is open, hence it has a canonical open subscheme
structure T=™ C T. Let £=™ denote the restriction of € to T=™ x X.

The proof will proceed by descending induction on 0 < i < s. By Lemma 2.21, there exists
a unique closed subscheme T]:': * C T=™ so that the restriction £="| XxT's 18 universally scheme-

(ks)

cl

theoretically supported on (Z;) *’. By construction, this subscheme satisfies properties (1)—(5).

Now, assume that T,T i""léms C T™™ is a closed subscheme so that the restriction
ik
Mj,..,Ms . o<m
ek, =€ g, T
jreeKs

satisfies the inductive hypothesis for the partial stratification
OocZic...cz=27. (2.5)
In particular, there exists a unique relative filtration

0CF C - CFo=glim™
ks
over T;f - k’sﬂs with respect to the stratification (2.5). Moreover, each F/ is scheme-theoretically
(k;)
cl

supported on (Z/) \/" x T ’k’qn” fori <j<s.

Recall that  has a unique decomposition

S
Y=Y 7
i=0
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with y; € (Z;) for1 <i <sand 7y =0. Let n; = m; — m;_1 and let

mi,...,Ms

7T: Quot(F; i, ;) — Tki,....,.ks

mz/ /

denote the relative Quot scheme assigning to any morphism ¢: W — T " the set of isomor-

phism classes of W-flat quotients (id x ¢)*F* — G on X x W with 1nvar1ants (’yl, n;). Let
0—K— (dxm)'F —G—0
denote the universal quotient. Note that all terms in the above exact sequence are flat over the

Quot scheme.

Applying Lemma 2.21, let Qi, , be the unique closed subscheme of Quot(JF7;y;,n;) so that
1)

the restriction X|xq, : is universally scheme-theoretically supported on (Zi_l)gll{i’ . For any

teT” kins, let /71 C F/ be the maximal subsheaf of F/ with set-theoretic support contained in
Zi=1. Then, let

|T|mi71/---/m< C ‘ m;, -Ms
ki—1,.../ks kiyeoiks

be the closed subset determined by the conditions
o x(FI7Y) =m;_1,and

e /7! is scheme-theoretically supported on (Z:~ 1)Uf v,

-, m

We shall show that 77 induces an isomorphism |Q;, | — |T|m’ e k- The first step is to show

that 7t(g) € |T|m’ b 'ms forany g € Qy, . Lett = 71(q) and let

0— Ky —> Fj — G4 — 0
(ki-1)
cl ’
and it has invariants (7'~1,m;_1). Let 3’",; ! be the maximal subsheaf of 3’",; with set-theoretic

support contained in Z;’l. Then 9’;’1 has invariants (’yi’l, mgfl), where m;q < m;_q since

denote the quotient associated to 4. Note that X is scheme-theoretically supported on (Z; i—1)

t € |T|=™. Since K, is set-theoretically supported on Zfi_l, it is a subsheaf of Sf,;'_l. Since they
have identical first Chern class, the quotient is zero-dimensional, which implies

mi_q = x(Ky) < mj_y

Therefore, m;_; = m;_1, hence JCq 35 i~1. This proves that indeed t = 77(q) € |T|Z1”11k’:1q

mz 1/r

Conversely, let t € |TJy, . Then the quotient F//F/~1 determines a unique point g €

Quot(J7;v;,n;) so that 7T(q) = t. Moreover, By Lemma 2.21, g € |Qy,_, |, since F/71 is scheme-
theoretically supported on (Z;'_l)gfi’l) x {t}. In conclusion, the projection 7 determines a set
bijection

Qe | — [T (2.6)

The next goal is to show that the natural morphism Q, , — Tm” ];S is a closed immersion.

First note that the residue field extension k(t) C k(gq) determlned by the morphism Qy, ,

T """,éms is trivial by Lemma 2.9. Now, consider the commutative diagram
1700/S

Qx, , _9, Quot(F%; i, n;)

s

mu M
klr rkS
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..... m
where 0 is the canonical closed immersion. Let T, ’11 e s

image of 7r;_1. Recall that this is a closed subscheme of the target so that

cT! "_'.'.“];Z”S denote the scheme-theoretic

e 71;_1 factors through the closed immersion T e ];m“ — T/, and
S 17e02/NS

o if W C T,T ’k:'ls is another closed subscheme so that 77;_1 factors through the associ-

/M

ated closed immersion, then W contains T,T flks as a closed subscheme (cf. [Sta25,
Tag 01R5]).
The topological space |T121 :1 krsns‘ is the closure of 71(|Qy, ,|) C |T,Z1 Ik'sﬂ“| by [Sta25, Tag 01RS5,
Lemma 29.6.3]. Since |T,:l :1 k:ns | C T k:"5| is closed, given the bijection (2.6), it follows that

Mi_1,...,Ms Mi_1,...,Ms
T, ' =T
ki*lr'“rks ‘ | ki*lr“-rks

Finally, note that the map 77 is unramified at any g € |Qy, | by the same argument as in the proof
of [Nit11, Theorem 5]. The relative tangent space of the morphism 7t: Quot(57;v;,n;) — T} ,k:ns
atapointq € - 1(t) is

Ty (7 (t)) ~ Homx, (X4, Gg) -

As shown above, X; C J is the maximal subsheaf with set-theoretic support contained in Z;_1.
Then Corollary 2.7 shows that

Homy, (X4, 54) = 0.
Since the closed embedding 6 is unramified, it follows that the composition 77;_1: Qr, — T k:’“

is also unramified. In conclusion 77;_; is proper, injective, unramified, and induces trivial re51dual
field extensions. Hence it is a closed embedding by [Nitll, Lemma 4]. The closed subscheme
T,T e kzn“ C T=™ satisfies property (1) by construction.

The remaining properties follow from Lemma 2.21 and the functoriality properties of Quot
schemes. O

Letus fixy € (Z),n € Z,and k € Z, with k > 1. For any m € 751 with mg = n, let

Q:Uh( cI /’Yr ’ ’60[7 |r'Yr )

denote the subset of points ¢ so that X(Sé) < m; for 0 < i <'s, which is open by Proposition 2.20.
Denote by Qoh( | , ;7,n)=™ the associated open substack of €oh(Z ), v, 1).
For any k € (Z+¢)**t! with ks =k, let

k (k)
coh(Z4; . ‘m C ’€0h(Zc| ;7,m)
denote the subset of points ¢ so that X(Eé) =m;forl <i <s,and 82 is scheme-theoretically
supported on (Zé)g"), forl1 <i<s.
Corollary 2.24.

(1) Forany m € Z5*1, with ms = n, and any k € (Zo)*t!, with ks = k, there exists a locally
closed substack Qﬁoh( | ,'y, n)p ofGUb( | ,’y, n) such that

eob(Z sy, m| = |eob(Z sy, m)|,
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(2) Forany k < K/, one has a commutative diagram

T

eoh(ZY) sy, m)p : eon (29, m)m

\ / , 2.7)

Q:Oh( |,% n)

with "\, a closed immersion.

(3) For each pair (m, k), the restriction E7' of the universal family to €ob(Z, ),'y, ) x X has a
relative canonical Z*-filtration of type (m k). Moreover, these relative filtrations are naturally
compatible via pull-back to the closed embeddings 1.

For each m € Z5t1, the data

(Q:oh( o Y )k’][:k’)

with k, k' € (Z>0)5+1, with ks = k and k, = k, form a direct system of geometric (classical) stacks
locally of finite presentation over C. We define

Qoh"'l(Xz;’Y/”) —cohm@oh( |)/’Y/)

We also define

Q:obn'l(XZ}')’f”) —cothZoh( I),’Y, ) ,

with respect to the closed immersions €oh(Z |),fy, )=M — Coh(Z ),'y, )=™ for k < k’. Thanks
to the commutative diagram (2.7), we also have a closed immersion

Qioh”"(Xz;'y, n)m — Qioh”"(XZ;'y,n)jm ,
as well as an open immersion

Q:Ohml(XZ; v, 1 ) — Q:Obml(XZ} r)/,n) ’

thanks to the description of X in terms of Zg{) in [DPS*25b, Remark 4.6]. We denote by Cohg,isI (Xz;y,n)=m
the corresponding derived enhancement.

3. A CLOSED STRATIFICATION INDUCED BY THE SUPPORT FILTRATION

In this section we consider a one-step stratification
z*: @=27z"'=20cz'cz7*=2

as in §2 satisfying the Assumptions 0.1. In particular, Z and Z! are purely one-dimensional.
Recall that Z; is the scheme-theoretic closure of Z; := Z' . Z"1, and the scheme-theoretic in-
tersection fol .= 7Z=1 N Z; is zero-dimensional for i = 1,2. In particular Z; = Z1, hence we
will set Z; 5 := Z1. Then the support filtration of any coherent sheaf £ with set-theoretic support
contained in Z reduces to £! C &. Note that & ?)E 1 and set & := £/&;. Furthermore, since Z

and Z;, fori = 1,2, are reduced, all thickenings Z_,” and (Z )(l), fori = 1,2, are effective divisors
on X forall k > 1.

For ease of exposition, we will use only lower indices in the following and the Z*®-filtration
will be referred to as the Z;-filtration.
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3.1. Construction. Let us fix y € ( ) andn € Z. Leta € Z.

Fixk € Z, withk > 1. Let €of)( | , Y n)E > be the scheme-theoretic image of the locally closed
immersion

L] eon(zY) sy )t —s eon(zY;y,m),
ny€Z
ny=a

defined as in [Sta25, Tag 04XM, Definition 38.1]. Its existence is proven in [Sta25, Tag 04XM,
Lemma 38.3].

For ¢ > k, we have a closed immersion
Cob( |/’Y/ ) — Coh(Z |)r7/ )
We set
Qfob""(Xz;'y,n) —cothﬁoh( d),'y, )

Then we have a canonical closed immersion
i Qiob""(Xz;'y, ) — ¢of)""(XZ;'y,n) .
By construction, the complement of €0h”"(XZ ;y,m)>% in Coh"" (Xz;,n) is the open substack
Cohl(X7;,n)<" C Cobhil(Xz; 7, 1).
Moreover, for any pair a,b € Z, a < b, let Qﬁob”"(Xz;'y,n)”fb be the locally closed substack
defined by the pullback diagram

Q:ohn'l (XZ} v, n)”’ - Qfoh"ll (XZ; v,1n)>"

l lf% . (3.1)

Q:Uhnl|(XZ,.,)/,n)< - Qlo[,ml(XZ;%n)

3.2. Closed stratification and convolution maps. Assume that there is a torus T acting on X
such that Z is T-invariant®. Set Coh,e;s(t( z) = SZCoh”"( Xz), where the latter is introduced in
[DPS*25b, §5.1]. Its connected components labeled by topological invariants will be denoted in
the usual way.

Given a decomposition (7, 1) = (1, 11) + (772, 12), consider the convolution diagram

= Cohgl (R7;7,n)
d

Cohext<XZI. (71, 1m1), (y2,m2)) ———— Coh'e;;t(f(z; (v1,m1), (72,1m2)) (3.2)

[re I

Cohgisl(}?zz;"yz,nz) X COhBisl()?Zl,")q,i’ll) — Cohgisl(}?z,")/z,nz) X Cohgis'(f(z;'yl,nl)

where g5 1 == evy X ey is derived Ici, while p; ; := ev; is locally rpas9 by [DPS™25b, Lemma 5.6].
For any n; € Z, we define the substacks

CobS T (Xz; (y1,m), (72,m2))™ C CobSF(Xz; (v1,m1), (12,12))7™ C CobSS (Xz; (71,m1), (72, 12))

8Recall that T = {1} is allowed, in which case one recovers the non-equivariant theory.
1n the sense of [DPS™25b, Definitions 3.2 and 3.3].
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through the pull-back squares
m

P
Coh§H(Xz; (v1,m1), (12,m2)) ™ — 2 Cobh(Xz;,m)™

J{Snl p>n1 lfnl
Coh$H(Xz; (v1,m1), (12, 12))7™ —— Cobl (Xz;,n)>™
Lﬂ?”l if%l
P21
Coh$H(Xz; (v1,m1), (72,12)) — Cohl (Xz; 7y, )

where f™ is the canonical open immersion.
Furthermore, as a consequence of Lemma 2.18, note that one has an open substack
j°1 CohBl(Xz,;72,m2)° —+ Cohli (X7, 72,12)
consisting of sheaves & which are pure at Z; ,. We then define the open substack
Coh55 (Xz; (11,m), (72,12))° € CohS (Xz; (11,m1), (72,m2))
through the pull-back square

Coh$$(Xz; (11,11), (72, 12))° CohS (Xz; (11,m), (72,m2))

lﬂiﬁ l‘iz,l

oo~ o o~ ]°><|d oo~ o~
Cohfl (Xz,;72,12)° x Cohll (Xz,;71,m1) —— Cohlt(Xz,;72,n2) x Cohlt(Xz,;71,m1)
Now, consider the following diagram:

eoheXt(Xz; (’)/1/ nl)/ (72/ nZ)) "

///,"// J{Snl
(P B -

“Cob$t(Xz; (11,m), (v2,m2))>"
L’//// lg?ﬂl
Cob (Xz; (11,m), (12,12))° —— €obST(Xz; (71,m), (72,1m2))
excluding the dotted arrow.
Lemma 3.1. The following hold:
(i) €™ is a canonical equivalence and pi 1! is representable and proper.
(ii) pznl 1 is an equivalence.
(iii) There is a natural equivalence
¢: CobST (Xz; (11,m1), (72,m2))™ = €CobS (Xz; (11,m1), (72,12))°
so that the enhanced diagram including the dotted arrow is commutative.
(iv) g3, is a vector bundle stack of rank 71 - 72.
(v) The following relations hold:
(p21)s = 7" 0 (p]") 0 (™), (33)
(F™) 0 (w0 (€M) 0 g3y = (p3h)« 097 0 (431)" o (id x j°)", (34)

in T-equivariant (motivic) Borel-Moore homology.
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Proof. We start by proving (i). Since py; is a proper representable map, so is pi 1'. We shall
show that ¢ is an equivalence. Given a scheme T locally of finite type over C, the groupoid
@oheXt(XZ ; (71,m1), (72,m2))(T) consists of T-flat families of short exact sequences

0— 1 —8&—9F,—0
with
F; € Qioh“"(Xz,-;%ni)(T)

for1 < i < 2. For any point t € T, let &1 C &; be the (Z;)filtration of & and let &, =
&t/ & 1. Since JFy ;4 is set-theoretically supported on (Z; )¢, the injective morphism F; ; — &; factors
through the inclusion &1 C &; and we get the exact sequences

0 —F,;—&1—T —0 and 0—T —Fpy — &2 —0.

Furthermore, by Corollary 2.8, one has chi(&;1) = chy(F1;). Therefore, T is zero-dimensional.
This implies that

x(&1) 2 x(Fre) =m,
hence the T-flat family

0—3F —E&E—Fp —0

belongs to QﬁoheXt(Xz; (71,m1), (72,12))>™(T).
This proves that the groupoid @oheXt(XZ ;(7v1,m1), (72,m2))(T) is canonically equivalent to
Coh$H(Xz; (v1,m1), (72,12))>™ (T). Hence e>™ is an equivalence.
We prove (ii). Let T be a scheme locally of finite type over C. By construction, an object of the
groupoid CoheXt(XZ; (71,11), (72,n2)) ™ (T) consists of:
(1) a T-flat family of exact sequences
0—%F —E&—F —0, (3.5)
with F; € QZoh""(XZl;'yl-, ni)(T), for1 <i <2,
(2) an additional T-flat family of exact sequences
0—¢& —&—8 —0 (3.6)
where &' € (’,‘ob""(Xz;'y,n)(T) and &) C &' is a relative Z;-filtration for &’ over T, with
x(€1;) =niforanyt € T, and
(3) an isomorphism f: & — &’.
By analogy to the proof of statement (i) above, note that the composition

gult%(gtL)E;

maps J1,; isomorphically onto a subsheaf of &}, for any t € T. Moreover, again, chy(J1,) =

ch1(&},), which implies that £}, /% is zero-dimensional. Under the current assumptions, we
also have

x(&t1) = x(Fre) = n1.

Hence Et 1/F1+ = 0, i.e., the injection F7 ; — Et 1 is an isomorphism. However, Proposition 2.23—-
(4) shows that the relative support filtration is unique, hence the isomorphism f extends to an
isomorphism of the two flat families of exact sequences (3.5) and (3.6). This proves that the
functor p,(T) is an equivalence of groupoids.
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Now, we prove (iii). Again, let T be a scheme locally of finite type over C. The proof of
ext

statement (ii) above shows that the groupoid €oh3] ()A(Z; (v1,1m1), (72,m2)) ™ (T) consists of flat
families of exact sequences

0—¢& —E&—E —0

so that &1 C & is a relative Z;-filtration for €. In particular, €, is pure at (Zy1); for any t € T. By
construction, this groupoid coincides canonically with €obS (Xz; (71,11), (72, 12))°(T).

Claim (iv) follows from [PS23, Proposition 3.6] and Corollary 2.7. Finally, we prove (v). Rela-
tion (3.3) follows from the identity

(p21)s 0™ = fZ" 0 (p311)s,

keeping in mind that 2™ is an isomorphism, and its inverse is (¢2""1)*. Relation (3.4) follows by
similar diagram manipulations. O

3.3. An open exhaustion compatible with the closed stratification. In this section, we shall in-
troduce certain open exhaustions of the stack Qfobg's' (Xz;7,n) and study their behavior relative to
support stratifications.

Fix invariants (7, n). Recall that by [DPS ™ 25b, Theorem 4.65] the derived stack CohgisI ()A( 7:7,1)

is admissible in the sense of [DPS*25b, Definition 2.16]. In particular, there exists a (possibly
transfinite) sequence

@IL[()(’)/,H) ‘—)ﬂl(’)/,i’l) = 'le(’)/,n) (_>uk+l(')/fn) e

of open Zariski immersions between quasi-compact quasi-separated indgeometric derived stacks,
whose colimit in PreSty is CohgisI (Xz;v,1). By definition, for any k the underlying reduced stack
feduk(y, n) of Uy (y, n) is a quasi-compact quasi-separated geometric classical stack.

We shall denote also by {{;(y, 1) } ke the corresponding open exhaustion of the classical trun-
cation QOhBisl(}A(Z;’y,n) of Cohgisl(}?z;'y,n).

Let j;: Z; — X be the canonical closed embedding for i = 1,2. We denote by {&4; x(vi, ;) }ker
the open exhaustion of CohgisI (X 7,5 7i, i) given by the pullback square

Wik (vi ni) —————— (i i)

| |

N (i) il
Cohpl(Xz; i, i) ——+ Cohpl(Xz; i, mi)

We denote also by {&(; x(vi, 1) }kes the corresponding open exhaustion of the classical trunca-
tion 60[)3'5' (}A(Z]. ;i ;). We shall say that {86 (i, 11;) }keg is the induced exhaustion from the fixed
exhaustion {4 (7y;, 1;) brey fori =1, 2.

Furthermore, for each k € Ilet 4, (2, 112)° be the classical stack defined by

o

u
8 k(72,12)° ————— s k(72,12)

l J{uk

COhBL,I (X272, 12)° —— COhSisl (Xz,;72,12)
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Define the classical stacks Dx((71,11), (72,n2)) and Yi((71,11), (72, 12))° by the pullback
squares

Vie((1,11), (72,12))° ——————— 8y 1 (72,112)° X €obM (X7,;71,11)

vr uf xid
Di((r1,11), (72,12)) Uy (72, m2) X Qﬂhml(xzﬁ’h,”l)
Yk uy Xid

q2, 108"

Coh$H(Xz; (v1,m1), (72, 12))>™ Coh (X 7,572, m2) X €ob (X7, 71,11)

In order to study the properties of the Hall multiplication map associated to the diagram (3.2),
we need to assume the existence of another open exhaustion of @oh"" (Xz;7,1) satisfying certain
conditions. We need first to fix some notation.

Notation 3.2. Let {Sk(1y, 1) }xe; be an arbitrary open exhaustion of Cohg!(iz; v, n) consisting

of indgeometric derived stacks. For any n; € Z, let & (v, n)>" and & (y,n)™ be the classical
stacks defined by the pullback squares

Sr(y,n)m —— Qioh“"(XZ;y,n)"l

n
J{ kl lf ny
2”1

Sk

&i(y,n)>™ —— Cobll(Xz;y,n)>"

J [

Sk (v, n) %k (’:ob“"(XZ;'y,n)

where, by abuse of notation, we denote the truncation of &, (v, 1) by the same symbol.
Fix an invariant (v, n), together with a decomposition (y1,n1) + (2, 12) = (7, n). Let

Cob$(Xz; (y1,m), (72, )7 and Cob$ (Xz; (y1,m1), (72,12))e)
be the classical stacks defined by the pullback squares

Cob$H(Xz; (y1,m1), (72, m2))g} ———— Sy, n)™

l’? " Hl

Coh$H(Xz; (v1,m1), (72,112))/”1 — Gi(7,n)”

l,??”l lsk}ﬂl
>2ny

P
CohSE(Xz; (11,m), (72,12))7" s €0l (X7;y,m)>™

>1’ll

@

Assumption 0.2 (Existence of an open exhaustion compatible with Cof)”"(XZ;’y,n)>"1). There
exists an open exhaustion {& (v, 1) }xe of Cohy 1(Xz;7,n) consisting of indgeometric derived
stacks satisfying the following properties:
(1) Forany a € Z and any k € I, there exists a unique constant b € Z so that:
(i) the open immersion s; > factors through the open immersion Qfof)"" (XZ ;y,n)Me —
Coh""(XZ,fy, )% for any ¢ > b, and

(ii) b is minimal with this property.
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(2) For any invariant (-, 1), together with a decomposition (7y1,11) + (72, 12) = (7, n), and
any k € I, there exist a canonical open immersion

w7 €ob$E(Xzs (v1,m1), (12,m2))2" — Vi((11,m1), (72, 12))

such that ;. o /"1 = 2™, and a canonical equivalence
Yk =7 q

P! €°beXt(XZ} (v1,m), (72,12)) gt — Di((11,m1), (72,12))°
such that yp o ! = zpf’”
(%)

Remark 3.3. In §5, we shall construct an explicit example of an open exhaustion {Sy(y, 1) }xey of
CohgfsI (Xz;,n) satisfying the above assumption. A

From now on, we impose that Assumption 0.2 holds. In order to simplify the notation, below
we will use the abbreviations:

Cob; == CobBl (X z,;7i,m;) for 1<i<2,
Coby = €UmeI(XZZ;’Yzlﬂz) Cobh == cUf)n"(Xz;’Y,n)
Coh™* = QfﬂheXt(XZ} (71,m), (72,m2)) , €obST = CobS Xz (y1,m), (72,m2))

and similarly for their derived enhancements. Consider the following commutative diagrams,
where the squares are all pullbacks:

n
1
P

t\ 7 n
(Q:Uhex )O'kl 6k1
n
2nq
(Q:UheXt)>n1 Pi 6>"1
m
(cohext) / p2'1 onh n
S>n]
k
B |
p}nl
(Cob3y)>™ = Coh>"
Cohext

// eXt)

qu q , (3.7)
. ug xid
Uy e X Coh; —— iy | X Coh -

Coh; x Coh1 *> Coh; x Cohy
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and

(QtoheXt)Z;kl

Jri nl

(QoheXt)OZ'knl

(3.8)

o Yy
¢ Dy —— (Coh$)>m

J{é; Lék =M

t0(X)° — to(X) —s (CobZ)

Lemma 3.4. Under Assumptions 0.1 and 0.2, the following hold:

>

(i) The maps xy, x; and yi, yy, as well as =",y ™ are open immersions.

(ii) ¢y and g}, are canonical equivalences.

(iii) The map pf"l is a proper representable map and pk" ! is a canonical equivalence.
(iv) G is derived Ici and q3 , . is a vector bundle stack of rank 71 - 2.

(v) The following relations hold
(57" 0 (pay")e 0 (M) 0 gy = (P™)e 0 (™) " 0 G 0 (g220)" o (i x id)",

(1) o (s7™) 0 (pagt)e o (™) 0 qay = (pi)« o ($))* 0 (G)" 0 (45.1,0)' © (ug x id)* o (g x id)*
in T-equivariant (motivic) Borel-Moore homology.

Proof. Claim (i) follows by base change since the maps uy x id, uy X id, sf"l, and s;! are all
open immersions. Since open immersions are representable, Claims (ii) and (iii) follow from
Lemma 3.1 by base change. The first part of Claim (iv) follows base change, while the second
part follows from Corollary 2.7. Finally, Claim (v) follows from (i)—(iv) through standard dia-
gram manipulations. g

4. AMALGAMATION MAP

In this section, we introduce the amalgamation map

HY (Cohfl (X7, 75)) Oyar - .@HA§21H.T(CohBiSI(le,71)) — HI(Cohpl (X7 7)) .
Xz~ 42

Here, to ease the notation we write HA)T( i-1 instead of HA)T( red 7i—1°

Moreover, we prove that the map is topologically surjective, i.e., the image is dense with respect
to the quasi-compact topology on the target, under a list of Assumptions (cf. Theorem 4.21).

The results presented below are stated for (constructible) Borel-Moore homology but also hold

for motivic Borel-Moore homology.
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4.1. Preliminary definitions. In this section, we shall continue to consider a one-step stratifica-
tion

z*: @=27z"'=20cZz'cz*=2

as in §2 satisfying the Assumptions 0.1. Using the notation in Lemma 3.1, we introduce the
following definition.

Definition 4.1.
(i) Let

@Z HI( Coh“'I XZZ;'yz,n —11) X Cohg,isl(f(zl;'yl,nl)) — H,T(Cohgisl(f(z;'y,n))
ne

be the unique homomorphism of Hr-modules which restricts to
>n >n > !
fitto (P211)* (e7M)" o 921
on the associated direct summand of the domain.

(ii) Foranya € Z let
ED HI CohnII XZZ;'yz,n —np) X Cohgisl(f(zl;'yl,nl)) — HT(Qo[)”"(XZ;'y,n)%’)

ny=a
be the unique homomorphism of Hr-modules which restricts to
FEM 0 (pry)s 0 (€7M) 0 g3y
on the associated direct summand of the domain, where
fu ny. HT(QOhmI(Xz;’)/, )>n1) N HT(Qof]nII(Xz,”)’,n)>a)

is the canonical closed immersion.

Note the following immediate consequence of Lemma 3.1.

Corollary 4.2. For any a € Z, the restriction of y, to
P HI(Cohll (Xz,;72,n — n1) x Cohll (Xz,;71,m1))

ny=a

factors as 2 o u7;". Moreover, for any pair a,b € Z, with a < b, there is a commutative diagram

0 >b
P HI( CohnII XZZ;'yz,n—nl) X CohB!(le;’yl,m)) N HT(Qioh”"(XZ;'y,nPb)

nq >b
| o

>u
@ HI(Cont! (Xz,; 72,1 — n1) x Coh (X7, 91,m1)) s HI(€o3! (X757, 1))

nq 2H
where the left vertical arrow is the canonical inclusion.

Using the notation in Lemma 3.4, we introduce the following definition.

Definition 4.3. Foranya € Z and any k € I, let
ve @ HI(8y k(72,n — my) x CohRl (Xz,;71,m1)) — HE (G (v, n)>7)

ni=a

be the unique homomorphism of Hr-modules which restricts to

(s¢™)x 0 (7™ w0 ($7™) 0 & 0 g
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on each direct summand of the domain, where
b, =b >
syt Gy, n)7" — Gk(y,n)”",

for a < b, is the canonical closed immersion. %)

Lemma 3.4 yields the following.
Corollary 4.4.

(i) Foranya,k € Z, with k > 0O, there is a commutative diagram

>a
o i< wi i<
€ HI(Cohpl(Xz,;72,n —my) x Cohfl (Xz,;71,m1)) —— HI(Cobfl(X7;y,m)>")

ny=a
| e

. —~ ]/>a
P HI (8 k(72 n — n1) x Cohlt (Xz,;71,11)) ———— HI(Sx(y,n)>7)

ni=a

where the left vertical arrow is the unique homomorphism of Hr-moduleswhich restricts to (id x
ug)* on each direct summand of the domain.
(ii) For any for any a, b,k € Z, witha < b and k > 0, there is a commutative diagram

>b

HI (4 — 1) x Cohl (X7, S HI(S(y, )Y
EB o (U k(y2,m —n1) x Co ps( zi;11,m)) —— He (& (7,1)77)

ny >b
l o

>a

. —~ 1%
B HI (W k(72,1 — n1) x Cohpd(Xz,;71,m1)) —— HI(&k(y,n)>?)

ny=a
where the left vertical arrow is the canonical inclusion.

4.2. Conditional surjectivity results. For any 4,0 € Z, with a < b, recall the locally closed
substack (fof)g'sl()?z;'y,n)“'b of Qof)g's'(}?z;”y,n) defined in the pullback diagram (3.1), which is
displayed below for convenience:

Qﬁohgis' (Xz;9,n)" —— Qfohgg (Xz;,n)>"

l b

Cobhl (X z;y, 1)<t ——— Cobld(Xz;7,n)

For any k € I, let & (7, n)*" be the classical stack defined by the pullback diagram

(7, m)" ————— &k(y,n)>"

| s

Cohgis'(}?z;fy,n)”'b — @ohgis'()?z;'y,n)%

Let ]Z’b: Si(y,n)" — & (7, n)>* be the canonical open immersion. Note that the open immer-
sion s?: (v, n)" — & (7, n)>* factors naturally through ]Z’b.
Assumption 0.3 (Surjectivity of restriction maps I).

(1) (Constructible version). The restriction maps (uy x id)* and (uy x id)* in the diagram (3.7)
are surjective in T-equivariant Borel-Moore homology for all k € I and for all values of
the topological invariants (7, n).
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(2) (Motivic version). The restriction maps (u} x id)* and (u x id)* in the diagram (3.7) are
surjective in weight zero T-equivariant motivic Borel-Moore homology for all k € I and
for all values of the topological invariants (v, 1).

@

We next show that Theorem B.3 and Propositions B.21 and B.24 provide two instances where
the above assumption is satisfied. First note that the open substacks

i’[Z,h (72/ 712) X LL1,}1(’)/11 nl) - COth‘I (XZZ; Y2, 7’12) X COhBISI (}?Zl" Y1, 711) ’ (41)
with i > 0, form a T-invariant open exhaustion.
Theorem B.3 yields the following:

Proposition 4.5. Assume that the open exhaustion (4.1) is T-equivariantly indstratifiable, i.e, each prod-
uct

"edi(y w(12,12) x "%y (71, 11)

is T-equivariantly stratifiable by global quotients for all h > 0 and for all values of the topological invari-
ants. Then, Assumption 0.3—(2) holds.

Proof. Under the stated assumptions, surjectivity of the restriction map
(g x id)*: HPOT (Cohpl (Xz,; 72, 12) x Cohlt (Xz,;71,11);0) —>
HTOMT (8 (72, 12) x CohRl (Xz,;71,11);0)

follows from Lemma B.6. Furthermore, the same result shows that the restriction map associated
to the open immersion

(ug x id) o (up x id): 43 (72, m2) x Cohla (Xz,;71,m1) — Cohly(Xz,;72,12) x Cohf (X7,;71,m1)

is also surjective. Since (1 x id)* is surjective, this implies that (u} x id)* is surjective as well. [

Remark 4.6. Note that the explicit admissible open exhaustion of CohgfsI (Xz;7,n) constructed in
[DPS*25b, §4.6] is T-equivariantly indstratifiable (cf. Remark A.3). A

Next, using the construction in §3, recall that the closed substack
COl‘lBisI (XZZ; Y2, n2)21 (- COhBisI (?Zz; Y2, 1’12)
nil
ps
Uy 1 (72,12)71 C 8 (72, m2) be the closed substack defined by the pull-back square

is a natural closed complement for the open substack Coh ()A(Zz ;v2,1m2)°. For any k € I let

0 i (72,m2)7N ————— (1, m)

l J{uk

CohgisI (XZZ,‘ Y2, 712)21 E— Cohg,isl (XZZ,' Y2, 7’12)
By construction, the open substacks
8 1 (72,12)71 x 8y (71, 11) C Cohli(Xz,;72,1m2)7! x Coh (Xz,;71,m1) ,

for h € ], also form a T-invariant open exhaustion. Then, Propositions B.21 and B.24 yield the
following.

Proposition 4.7. Assume that each of the open exhaustions

{4 1 (vis i) Yrer
for (7yi,n;) € (Z;) x Zand 1 <i <2, and

{8 k(12 m2)° teer  and  {Up (72, 12)7 brer
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for (7y2,n2) € (Zy) x Z, has a T-equivariant (-cellular structure in the sense of Definition B.22, for some
£ > 0. Then, Assumption 0.3—(1) and —(2) hold.

Proof. Under the stated conditions, surjectivity of the restriction map (u x id)* follows from
Proposition B.24. More precisely, from the surjectivity of the right vertical map in diagram (B.6).
Furthermore, Proposition B.24 also yields the commutative diagram

HI (4, (72, m2)) @p, HE (CohRd (Xz,;71)) —— HI (4,1 (72,12) x Cohll(Xz,;71))
l(u,‘j)*@id l(u,‘jxid)* ,

HE (4, k(72,12)°) B, HT (Cohl (Xz,;11)) —— HI (4, (72, m2)° x Cohgl(Xz,;71))
where the horizontal arrows are isomorphisms. Since the closed substacks redﬂzlk('yz, ny)>"! are
assumed to be T-equivariantly ¢-cellular, the negative weights of the motivic homology groups
of "d(, (772, m2)?! vanish, hence the restriction map (u3)* is surjective for any k € I by Theo-

rem B.3 and Proposition B.24. This implies that the left vertical arrow in the above diagram is
surjective. Hence, the right vertical arrow is also surjective.

Furthermore, under the stated assumptions, by Proposition B.21, the T-equivariant Borel-
Moore homology of each of the reduced classical stacks

{8tk (vio i) e
for (y;,n;) € (Z;) x Zand 1 <i <2, and
{4k (12, 12)° heer and {"hy (72, 12)” e
for (7y2,m2) € (Zp) X Z, is strongly generated by algebraic cycles (in the sense of Definition B.7).
Hence, Assumption 0.3-(2) also holds. (|
Now note the following consequence of Lemma 3.4.

Corollary 4.8. Suppose that Assumptions 0.1, 0.2, and 0.3 hold. Then, the restriction map (s§)* is
surjective both for (weight zero) motivic as well as constructible T-equivariant Borel-Moore homology for
alla € Z, k € I, and all values of the topological invariants.

Proof. By Lemma 3.4—(v), it suffices to prove that the composition
(PR« 0 ()" 0 (87)" 0 (4314 © (g x id)” o (g x id)":
HI (8, k(72,n — a) x Cohlt (Xz,;71,a)) — HI(Sk(v,n)")

is surjective. By Assumption 0.2—(2) i is an equivalence, while Lemma 3.4 shows that p; and
¢° are equivalences, and (qiz,p)! is a degree 71 - 72 isomorphism. Since (u} x id)* and (uy x id)*
are surjective by Assumption 0.3, the claim follows. O

Now, note that for any a2 < b one has a closed stratification

)bfl,b C.oC Gk(,)/’n)u,b

@ C Sk(y,n
with locally closed strata Sy (7, n)¢, witha < ¢ <b—1.Foranya <c¢ <b—1let
1% C Hy (& (y,m)™)
denote the image of the push-forward map associated to the closed immersion
Si(y,n) —— &i(y,n)* .

Note that one obtains a filtration

0=1"crtYWec...crtc...c1* :=HI(6(y,n)"). (4.2)
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Moreover, each complementary pair
Sy (y,m) ! S Sy(7,m) = Sy, m)°
yields a commutative diagram

—— HI (& (7, n)T) —— HI(&k(y,n)) —— HI(&(y,n) — -

[ [ (43)

Ic+1,h Ic,h

where the top row is the localization exact sequence, the vertical maps are the canonical surjec-
tions, and the bottom horizontal arrow is the canonical inclusion. This yields in particular an
induced map

s HY (S (7, n)C) — 197 /19717
for any a < ¢ < b — 1. By straightforward diagram chasing, one shows:

Lemma 4.9. 1€ is surjective.

Remark 4.10. For equivariant constructible Borel-Moore homology, Corollary 4.8 shows that the
restriction map HI (& (v, 1n)%?) — HI (S (7, n)¢) is surjective for all a < ¢ < b. Therefore, in this
case the top sequence in diagram (4.3) splits into three term short exact sequences. This implies
that the maps 7 and ¢ are isomorphisms for alla < ¢ < b. A

Using Lemmas 3.4 and 4.9. one obtains the following.

Proposition 4.11. Suppose that Assumptions 0.1, 0.2, and 0.3 hold. For any given (y,n) and k € I, let
b be the constant in Assumption 0.2—(1). Then, the convolution map

>a

PN vy
P HI k(72 n — 1) x Cohpl(Xz,;71,m)) —— HI(Sk(v,n)>7)

ny=a

is surjective for any a € Z.

Proof. By Assumption 0.2—(1), we have & (7, n)*" = &(v,n)>". In particular, HI (& (v, n)>?)
admits a filtration as in (4.2). Given Definition 4.1-(ii), the composition map ( ]Z’b )*o 1/k2 ? factors
through the canonical projection

b—1
EB H,T(le,k(')/z,n —np) X CohB!(XZl;'yl,nl)) — @ Hf(ilzlk('yz,n —np) X CohB'Sl(le;')q,nl)) .

niza ni=a

Moreover, by Corollary 4.4—(ii), the resulting map
b—1
D HI(8 k(72 — n7) x Cohll (Xz,; 1, m1)) — HE (&g (v, n)™") (44)

nij=a
maps the canonical subspace
b—1 o
@ Hf(uz,k(’Yz, n— 1’11) X Cohglsl (le; Y1, Vll))
ny=c
to I°? for any a < ¢ < b — 1. Hence the map (4.4) is a map of filtered Hr-modules, where we use
the filtration (4.2) for the target.

Using the second equation in Lemma 3.4—(v), it follows that the induced map of associated
graded spaces is diagonal, with components

r o (pR)e o ($1)" 0 (60)" 0 (431,0)" 0 (ug xid)" o (g x id) "
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Hf(u2,k(72,n —¢) X Cohgisl()A(zl;'yl,c)) .y [bypetLb
Since r¢ is surjective by Lemma 4.9, it suffices to show that the map
(P)+ o (9)" 0 ()" @ (q3,14)" @ (uf x id)" o (g x id)":
He (882,k(72, = €) x Cohgd(Xz,;m1,¢)) — HI(&F(7, 1))

is surjective for all 4 < ¢ < b —1. By Lemma 3.4—(iii) and Assumption 0.2-(2), each stratum
S (7, n)¢ is identified via p¢ o (¢)~! to the the upper left corner of the pullback diagram

x° CohS T (Xz; (11,m1), (12, 12))
J‘?Zu{ l
8l k(72,n — )° x Cohfl (X7,;71,¢) —— Cohll(Xz,; 72,1 — c) x Cohfl(X7,;71,¢)
Moreover, by Lemma 3.4—(iv), the left column is a vector bundle stack. By Assumption 0.2—(2),
¥} is an equivalence, while Lemma 3.4 shows that p} and §} are equivalences, and (45, ) isa

degree 71 - 2 isomorphism. Since (u} x id)* and (1 x id)* are surjective by Assumption 0.3, the
claim follows. O

In order to obtain a second “conditional” surjectivity result, we need to impose the following
assumption.

Assumption 0.4 (Surjectivity of restriction maps II). For any k € I and any invariant (v, n),

(1) there exists an open embedding (7, n) — S(v,n);

(2) there exists a constant a € Z so that:
(i) the open embedding Ll (y, n) — &i(7, n) factors via an open immersion

oc: (v, m) — Si(y,n)?"
forallb < g;
(i) a is maximal with this property.
(3) (Constructible version). For any b < a, where a is the constant in (2), the open restriction
pi: He (Sk(7,1m)7") — HI (84 (7, 1))
is surjective.
(4) (Motivic version). For any b < a, where a is the constant in (2), the open restriction
pi: HYOVT (Sk (7, m)7";0) — HPOVT (L(7,n); 0)
is surjective.
@

Remark 4.12. For any k > 0, let 0']? *: &(vy,n)>* — Sk(v,n) be the canonical closed immersion.
Then, p} = res o (c7")., where res} is restriction map res}: H (&x(y,n)) — HI (t(7,n)). Under
the above assumption, the res; is surjective as well. A

Fix k € I, for any £ € I, let By o(y,1)>" C Si(v,n)>" be the open substack defined by the
pull-back square

By o (7,1)70 ——— Si(y,n)>*

J L

Up(y,n) —— Cohgisl(}A(Z;'y,n)
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Note that the collection {2y ¢(7,1)>"}c; is a T-invariant open exhaustion of &y(v,n)>". Then
Lemma B.6 and Proposition B.8 yield:

Proposition 4.13. The following hold for arbitrary k € 1, a € Z and (y,n) € (Z) x Z.

(i) If the open exhaustion {90y o(y,n)>"}e; is T-equivariantly ind stratifiable, then Assump-
tion 0.4—(4) holds. More explicitly, the restriction map

oi+ HI T (8k(7,m)7";0) — HIT (t4(7,m);0)
is surjective for any b < a.
(ii) In addition, if the T-equivariant Borel-Moore homology of the reduced classical stack 94y (v, n)
is generated by algebraic cycles in the sense of Definition B.7, then Assumption 0.4—(3) also holds.

Remark 4.14. By Proposition B.21, Proposition 4.13—(ii) holds in particular if the open exhaustion
{4 (7, 1) }rer has a T-equivariant ¢-cellular structure in the sense of Definition B.22, for some
£>0. A

Now let
On: EDHT (8, (v2,n — my) x Cohll (Xz,;71,m1)) — HI (v, 1)) (4.5)

ny

be the unique homomorphism of Hr-modules which restricts to pf o vk> ~" on each subspace of

the domain defined by n; > a, where @ € Z is smaller or equal to the constant appearing in
Assumption 0.4.

In order to conclude this section, note that Proposition 4.11 yields:
Theorem 4.15. Suppose that Assumptions 0.1, 0.2, 0.3, and 0.4 hold. Then, for any values of the topo-
logical invariants and for any k € I, one has a canonical commutative diagram

P HI(€oh (2,572, 12) X CobM (X771, 1)) — s HI(Cobl (X759, 1))

ny eZ
J{(ukxid)* J'esk ,

Tkn
@ HI( (2,1 — m) x €0l (X7, 91,m1)) ———— HI (WU (7, 1))
nleZ

where the vertical arrows are restriction maps induced by the canonical open immersions, and the bottom
horizontal arrow is surjective. In particular, resy o y, is surjective.

4.3. Composition with the Kiinneth map. For any values of the topological invariants, one has
a natural Kiinneth map

HI (Cohpl (Xz,; 72, 112)) ®ne HI (Cohfl (X 7,571, m1)) — HI (Cohpl (Xz,;72,m2) x Cohpl(Xz,;71,m1)) -

By composition, this yields a multiplication map

@ H Cohml XZZ’72,nz))®H}HI(COhBISI(5ZZ1/71/nl))

nmez
l x
7

P HI(Cohl(Xz,;72,12) x Cohll (X7,;71,m1)) e HI (Cohhl(Xz; 7, 1))
nyEZ
for any decomposition (7, n) = (y1,11) + (72, 12).

Now recall that Z; , denotes the scheme-theoretic intersection of Z; and Z, in X. Let Cohg,isI (}A( 7,05 M)
denote the derived moduli stack of length m zero-dimensional coherent sheaves on X with set-
theoretic support contained in (Zj 5 ) eqd-
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For any ny,n3,m € Z, m > 1, one obtains analogously the multiplication maps
Koty m HT(COhmI(XZLZ;m))@?H;HT(COhBis'(le;’h,nl)) — HI (Cohl(X7,;y1,m +m)),
Ky Ha (Conpd (Xz,; 72,5 — m))@ps HY (Cohpl (X7, ,;m)) — HI(Cohl(Xz,;12,m2)) -
For any v; € (Z;) and n; € Z, with1 <i <2, let

K P @H CohnII Xzz;fyz,nz—m))@H}H.T(Cohg!(XZLZ;m))@H}HT(Cohgis'(}A(Zl;71,111))

nyt+ny=nm>1

— @ HI(Cohpl(Xz;711,m))Bhs HY (Cohpl (Xz,;12,m2))

ny+ny=n

be the unique homomorphism of Hr-modules which restricts to K%Z,m ®id — id ® x} ,m on each
direct summand on the left-hand-side.

The following holds from associativity of the Hall multiplication.

Lemma 4.16. One has m,, ok, = 0 forany n € Z.

Now, for any ¢y € (Z) and n € Z, let CohgisI (Xz; v, 1) be the derived moduli stack of coherent
sheaves on X, set-theoretically supported on Z, with first Chern class v and Euler characteristic
n, and similarly for Cohg;'()?zi; i, 1) withi =1,2. Set

CohnII Xz, |_| CohnII Xz;'y, n),
nez
and similarly for CohnII (Xz,;7:)- Then, for any 7 € (Z), we have

HI(Cohpl(Xz; 7)) = €D HI(Cohpl(Xz;v,m)) .
nez

Moreover, fix 1 < i < 2. Then, for any v; € (Z;), we have

HI(Cohl(X7,;7:)) = @D HI(Cohl(Xz,;vi,m;)) -
n,eZ

Also, let CohgisI (X 7,,; M) be the derived moduli stack of coherent sheaves on X, set-theoretically
supported on (Z;7)ed, with Euler characteristic m. Then, recall that HA;F(,ZU denote the coho-
mological Hall algebra whose underlying vector space is

@ HI( CohrIII le,z}m)) .

m>0

Recall that under the current assumptions, any numerical class v € (Z) has a unique decom-
position ¥ = 1 + 72 with 9; € (Z;) and 1 < i < 2. Then, let

ay: H] (Cohpd(Xz,;72)) s Hi (Cohpl (Xz,;71)) — Hi (Cohpd (Xz;7))

be the unique homomorphism of Hr-modules which restricts to m;, on the degree n summand of
the graded tensor product

H{ (Cohpd(Xz,;72)) @hs He (Cohpd (Xz,;m1)) =
D D HI(Cohyl(Xz,;m2 m2))Bhs HY (Cohpl(Xz,;11,m1)) -

neZ n+ny=n

Note the natural left/right actions
HA;Tg,zm@H;HT(COhBiSI(le;71)) — HI(CohB(Xz,;;m1)) .

HI (Cohpl (Xz,;72))@ms HAY 5, — HI(Cohll(Xz,;72))
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1
ny,m

defined by the Hall multiplication maps x
a, descends to a map

a il =~ s TP
B @ HI(COR(Rz,;m2)) By, Hi(CORR(Rz i) — HI(Cohfl(Rz;7))
T1+2=Y ,

and K%Z,m. Then, Lemma 4.16 implies that the map

We will formulate below a “conditional” surjectivity result for this map, depending also on
the following assumption.

Assumption 0.5 (Kiinneth isomorphism for open exhaustions). The Kiinneth map
He (4, k(72 12)) @ns Ha (4, (71,11)) — He (8,1 (72, 12) X 4 k(71,m1))

is an isomorphism for all k € I and for all values of the topological invariants (y1, 1) and (2, 12).
%)

Remark 4.17. We denote by () the disjoint union of the stacks (7, n) by varying of n € Z,
and similarly for ; i (7;) fori =1, 2.

We also denote by

o HY (8 1 (72) % COhBisl(PA(zl;’Yl)) — HY (U (7))

the unique homomorphism of Hr-modules with components ¢y ,, defined in Equation (4.5). More-
over, by composition with the Kiinneth map, 0y ,, determines an Hy-module homomorphism

Tn: €D He (8 k(72 m2))Bs HY (Cohfl (Xz,;71,m1)) — HI(Ue(7, 1))

ni+ny=n

foreachn € Z. Let
T HY (8, 5(72)) @is HE (Cohpl (Xz,571)) — HE (Lhe(7))
be the unique homomorphism of Hr-modules with components T,. A
Proposition B.21 implies the following.

Proposition 4.18. If both open exhaustions {4; i (i, n;) }xey with i = 1,2 are T-equivariantly (-cellular
in the sense of Definition B.22 for some £ > 0, then Assumption 0.5 holds.

Assumption 0.6 (Induced action on the homology modules of quasi-compact opens). For each
k € I and each 7, € (Z;), one has an action

He ($4(72))@ps HAY 7., — HI (8 (72)) ,
which is compatible with the action
H.T(COhBL.I(XZZ;”/2))®H;HA>T(,ZLZ — HI (Cohl(Xz,;72)) -
@

Theorem 4.19. Suppose that Assumptions 0.1, 0.2, 0.3—(1), 0.4—(1), 0.4—2), 0.4—(3), 0.5, and 0.6 hold.
Then, for any v € (Z) there is a natural commutative diagram

S N N a S s
HI(Cohll (X7, 72)) ®HA)T<,ZMHf(CohB's'(le;'yl)) — HI(Cohll(Xz;v))
l(”kXid)* lresk (4.6)

. N T
HE (4, k(72)) ®HA)T{/ZMH.T(COhB!(le;’Yl)) ————— HI(4 (7))

where the vertical arrows, as well as the bottom horizontal arrow are surjective. In particular, the compo-
sition resy o a., is surjective.
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Proof. Under the stated conditions, Theorem 4.15 and Proposition B.24 yield a commutative dia-
gram

@ HI(Cohi(Xz,; 712, m2)) s HI (Cohpl (X771, m)) —— HI(Cohpl(Xz;v,n))

ni+ny=n

~ PPN Thn
HE (80, (72)) BHI (Cohgd (X7,;m1)) - HE (4 (7, m))
for any 7; € (Z;), with 1 <i < 2. The top horizontal arrow factors through the projection
HI(Cohll (X7, 72)) ®H;H.T(C0hgisl(5§zl;%)) — HI(Cohp) (Xz,;72)) @A@HA)T(, HI(Cobh(Xz,5m1))

by Lemma 4.16. The same argument proves that the analogous factorization holds for the bottom
horizontal arrow. This yields the diagram (4.6) with the required properties. O

In view of Propositions 4.7, 4.13, and 4.18, we have the following.

Corollary 4.20. Suppose that Assumptions 0.1, 0.4—(1), and 0.4—(2) hold. If the admissible open exhaus-

tions {84; k(vi,ni) bker for 1< i < 2, {8 (72,12)  Yker, {45 1 (v2,12)° brer and {8 (v, n) ey are
T-equivariantly £-cellular in the sense of Definition B.22, then Theorem 4.19 holds.

4.4. Tteration. Let

O0=2z"'=2cz'c-..cz=2Z
be a stratification as in §2 satisfying Assumption 0.1. Recall that the scheme-theoretic closure
of the complement Z? := Z \ Z~! is denoted by Z;, for each 1 < i < s. Let Z’*1 denote the

scheme-theoretic intersection of Z*~! and Z;, which is zero-dimensional. Let HAT zi-1 denote the

X,
T-equivariant cohomological Hall algebra structure on the Borel-Moore homology of the derived

moduli stack of zero-dimensional sheaves on X with set-theoretic support contained in (Zf D) red-

Foreach 1 < i < s, let Wi C Z be the scheme theoretic closure of the complement Z ~\ Zi-1,
Hence W' is a reduced closed subscheme of Z, containing Z; as a closed subscheme and the
scheme-theoretic closure of the complement W' \ Z; coincides with Wi*1. Moreover, the scheme-
theoretic intersection of W' and Z;_; coincides with Z;fl. In particular, note that W! = Z and
WS — Zs.

Let v € (Z) and note that 7y has a unique decomposition ¢ = Y ;v; with 7; € (Z;), for
1 <i<s. Now,sety' = ;:i 7;. In particular, 7! = 7. Denote by 4; x(7') the quasi-compact
quasi-separated indgeometric stack defined by

Ui k(1) > th(7")

| |
Cohgy (Xpi;7') —— Cohpg(Xz;mi)
Let
resi: Hq (Cohpd (Xyyi; 7)) — HI (84 (7))
be the associated restriction map.

Applying Theorem 4.19 to the one-step stratification @ C Z; ; C W™, one obtains an amal-
gamation map

Qi1 HI(COhBII(XWU'}’ ))®HAT - T(COhBis'(??z,-_l;%_1)) — HI(COhgisl(}?Wi—l;’)’iil)) .

X,z
1
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By iteration, this yields an amalgamation map

@y HI(Cohl (X7, 7s)) ®ar "@HA}T(ZlHZ(COhB!(le/%)) — HI(Cohl! (X7, 7)) .
2

x,z5" 1

Furthermore, for any fixed k € I, an analogous construction using Theorem 4.19 yields a map

Thyy - HcT(ﬂs,k('Ys))@HA)T( ) HI(COhB'isI (XZS,lz')’s—l))@HA)T(Z T ®HAT HI(COhBQ (lez')’l)) — HoT(uk('Y)) .

5— 5—2 1
Zs 2o 7 X,Z5

Theorem 4.21. Suppose that Assumptions 0.1, 0.2, 0.3—(1), 0.4—(1), 0.4—(2), 0.4—3), 0.5, and 0.6 hold
for each one-step stratification Z; C W' for 1 < i <s. Then, for any vy € (Z) the composition

S - R S a i S
HI(Cohg's(Xzs,%))é@HA)T(ﬁl OmaT HI(Cohp! (X7, 11)) ———————— HI(Cohpi(Xz; 7))
14Lg v}
J{ Jresk
~ PN ~ ~ o Tk,
HE (k1) @par HI(COhG(Rz,  761))@par - Ogar  HI(COG (X2, 1)) —— HI(th(7))
s Cs—1 2

where the vertical arrows are determined by the restriction maps associated to the open immersions g (7y;) —

Cohgisl()A(Zs ;ys) and Ui (y) — Coh;isl()A(Z ;7v), respectively. Moreover, both horizontal arrows as well as
the bottom horizontal arrow are surjective. In particular the composition

o~ ~ ~ o~ a o~
HI(CohB'SI(XZS,WS))®HA}T(Z%1 " Omar HI(Cohld (X7, 11)) —— HI(Cohll(Xz;7))
1Lg )
lresk
He (the(7))

is surjective for all k € I and for all v € (Z).

Proof. By Theorem 4.19, for each 1 < i < s, one has the commutative diagram
N N N a; PN .
HY (Cohgd (Xyyii 7)) @gar — HI(COnpl(Xz, (;7im1)) —— HI(Cohpd(Xyii;v' 1))

) i1
J{resi@id Jresk

R o i 4
He (i, (7)) ©yar 1HI(C0hB's|(XZ,-,1;’Yi—1)) ————— HI (W k(1)

X,z
1

Here, the map ?}; is introduced in Remark 4.17. As shown in loc. cit. under the current assump-
tions, the maps res;‘( ®id, (T,i, and res;:1 in the above diagram are surjective for any k € I.

Iterating this construction, and using the abbreviated notation
HI(v') = HI(Cohl! (X yyi:7))
HI(7:) = HI(Coh}Y(Xz,; 1)),

HI (Y, vic1,7im2) = HI(Y') ®gar .1HI(%—1)®HAT C HI(7ie2),
~ T
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one obtains the following commutative diagram

resi ®id®id

HI (Y, vie1, vie2) HEM (8 k(7)) ®ggar 1"'?(%‘—1) OpaT ZHT(%’—Z)
X,z

i—

i i—1
a_;®id .
" J{I;<®id

resi1wid . e
£ Hz(uz’—l,k(')’l_l))(@HAT . ZHI(')’I?Z)
X773
Jfawi—l » lﬁjl
. res. .
HI(Y?) : HI (82, (7' %))

Theorem 4.19 yields that the vertical arrows on the left-hand-side, as well as the horizontal arrows
are surjective. Hence the composition

res}c_2 0T, 100, ® id

is surjective. O

We finish this section by providing a motivic variant of the previous theorem. For 1 <i <,
set

HT T (y;,..., 1) = HIOYT (Cohll (X7, 7i); 0) Dy gmott - @HAgoZtirH'.“°t'T(cOhg;'(le,%) ;0) .

i1
X,z Z5

Theorem 4.22. Suppose that Assumptions 0.1, 0.2, 0.3—2), 0.4—(1), 0.4—(2), 0.4—(4), 0.5, and 0.6 hold
for each one-step stratification Z; C W' for 1 < i <'s. Then, for any y € (Z) the composition

a N
HIOM T (g, .. 71) ! H'.“Ot’T(Cohg,'s| (Xz;7);0)
J{ J{resk
mot,T NS mot, T . Thyy mot,T .
Ho (us,k(’)/s)/ O)®HAmot,T1Hc (’)/3—1/‘ "/’)/]/O) — HO (uk(’)/),o)
X,Z5~

where the vertical maps are determined by the restriction maps associated to the open immersions s i (7ys) —

Cohgg()?zs; vs) and L (y) — Cohgisl(f(z ;7v), respectively. Moreover, both horizontal arrows as well as
the bottom horizontal arrow are surjective. In particular the composition

HPT (1, ) —s HIOVT (Coh™ (Ry;7);0)

lresk

HIY T (4(7);0)

is surjective for all k € I and for all v € (Z).

5. EXPLICIT CONSTRUCTION OF OPEN EXHAUSTIONS

In this section, we construct explicit examples of the open exhaustions {l(7, ) }ren and
{&k(7, n) }ken used in the previous sections.

We shall recall a notion of semistability for properly supported torsion sheaves on X. Let H
denote an ample divisor'’ on X and let B € Nj (X)g.

10When X is only quasi-projective, we fix an ample divisor on a smooth projective compactification of X.
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Definition 5.1. Given a pure one-dimensional sheaf £ on X with chy(€) # 0, the (H, B)-slope of
£ is defined as

E -chi (&
wem)(€) = X I);.rclzl(cg;( ) . (6.1)

%)

This yields a natural notion of (H, B)-stability. In particular, any one-dimensional sheaf £ with

chy(£) # 0 admits a unique Harder-Narasimhan filtration
0C’HOC’H1C"'C/Hg::5
where Hy C £ is the maximal zero-dimensional subsheaf. Employing standard terminology, the
minimal (H, B)-slope of £ is defined by
H(H,B)-min(€) = M) (He/Ho1) -
If Ho = 0, the maximal slope of E is defined by
V(H,B)-max(g) = K(H,B) (Hl) :

Let us recall the notion of Harder-Narasimhan polygons. In the present context, a Harder-Narasimhan
polygon is an ordered sequence vy = (xo,4o), - --, 0k = (i, yx) of points in R?, with k > 1, so that

O=xp<x1 <--- <X, y()ZO,

and

Yi—Yi-1 _ Vi1 — Vi
Xi— X1 Xig1 — X
forall1 <i <k — 1. As usual, we will identify such a sequence with the union of line segments
k-1
I = U 0;,0iy1 -
i=—1

where v_; = (0,0). Forany r € Z, r > 0, let P, be the set of all Harder-Narasimhan polygons
with x; = r. Note that any polygon I' € P is contained in the subset [0, ] x R and the comple-
ment ([0, r] x R) \ T splits naturally into a union of two disjoint components, I'y UT _. Here, I',
consists of all points above I', while I'_ consists of all points under I'. Let 'y := I'y UT. There is
a standard partial order relation on P, defined by

r<r'srcr._.
Definition 5.2. The Harder-Narasimhan polygon associated to a one dimensional sheaf £ with respect to
(H, B)-stability is the polygon I'(£) C R? determined by the vertices
(0, x(Ho)), (H - chy(H1), x(H1) + B-chi(H1)), ..., (H-chi(H), x(H¢) + B chi(Hy)) -
©

By analogy to [Sha77, Theorem 3], one has the following.

Proposition 5.3. Forany (7y,n) € NS(X) x Z, with vy # 0, the assignment £ — I'(y p) () determines
a constructible, upper semicontinuous function on the moduli stack of sheaves on X with invariants (vy, n).
In particular, let € be a flat family of one-dimensional sheaves on X parametrized by a connected, locally
noetherian scheme T so that chi(E;) # 0 for t € T. Let t, ty € T so that tg is a specialization of t. Then

Tir,8) () 2 T(p,py(Exp)-

Fix « € R and let 44 (X7; 7, 1) be the corresponding qcgs indgeometric derived stack intro-
duced in [DPS"25b, §4.6] with respect to the twisted slope (5.1) (cf. §A). Recall that, if v = 0, we
have

Yo (Xz5n) = 4s (X7;0,n) = Cohgisl()?z;o,n)
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for any a € R. In what follows, we shall use also the same notation for the classical truncation of
M,X()A(Z ;v,n). By fixing a sequence &g > a1 > ay > - - - of real numbers, we obtain an admissible
open exhaustion of Coh?! (X;v,n) formed by

ps
e(y,n) = ilk()A(Z;’y,n) = ilak()A(Z;'y,n) . (5.2)
Let
7% @=2z71=720cz'cz7?2=2

be a stratification as in §2 satisfying the Assumptions 0.1. Recall that Z; is the scheme-theoretic
closure of Z? := 7'\ Z'=1, and the scheme-theoretic intersection le._l = 7Zi-1n Z; is zero-
dimensional for i = 1,2. In particular Z; = Z1, hence we will set Z1p = Z%. Furthermore,
since Z and Z;, for i = 1,2, are reduced, all thickenings Zg{) and (Zi)gf), fori = 1,2, are effective
divisors on X for all k > 1.

The support Z°®-filtration of any coherent sheaf sheaf £ with set-theoretic support contained
in Z reduces to £! C £. Note that & = £ and set & = £/&;.

Fix topological invariants (7, 7). In the following, we shall consider the admissible open ex-
haustion {8l (y, 1) }ren Of Cohg'sl()?z ;v,n) introduced above (cf. Formula (5.2)). Similarly, we
shall consider the admissible open exhaustion {&; (i, ;) }xen Of Cohg!(f(zi ;i 1) given by
the same construction, fori = 1, 2.

By Proposition A.2, for fixed (v,n) and k > 0, "4, (,n) is T-equivariantly equivalent to a
quotient stack. In particular, the open exhaustion {£l(7y, n) }xen is T-equivariantly ind stratifi-
able. Furthermore, Proposition A.2 yields the following.

Corollary 5.4. For any decomposition (y,n) = (y1,n1) + (72, n2), the product

"edity (y1,m1) x "4l (2, 12)

is T-equivariantly equivalent to a quotient stack. In particular, the hypothesis of Proposition 4.5 is satisfied,
hence Assumption 0.3—(2) holds in this case.

Now, we prove that Assumption 0.6 is also satisfied by this choice of quasi-compact quasi-
separated indgeometric stacks.

Proposition 5.5. Let W be a reduced pure one-dimensional subscheme of X and let WO C W be a zero-
dimensional subscheme. Let Qﬁobgg ()A(Wo) be the classical moduli stack of zero-dimensional sheaves on X
with set-theoretic support contained in W°. For any v € (W) and any k € N, let {8 (y) }xen be the
admissible open exhaustion of CohgisI (Xw; ) defined in Formula (5.2). Let X be the stack of extensions

defined by the pull-back diagram

X CohZ! (Xw)
J{ J{evz Xevy

Ue(7) x Cohgd(Xyyo) —— Cohpd(X;y) x Cohpl(Xw)

Then 'the central projection evi: X — Cohgisl(}?w; ) factors through the open immersion . (y) —
Cohg;I (Xw;y). Moreover, the resulting convolution diagram

X ————— d(r)

!

e(7) x Cohpd (Xyyo)
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defines an action
H{ (L (7)) BHI (Cohgd (o)) — HI (L (7))
which is naturally compatible with the action
He (Cohps (Xw; 7)) EH, (Cohpi (X)) — He (Cohpi (Xw; 7)) -

Proof. It suffices to prove the stated factorization property for the central projection at the level
of the underlying classical stacks. If v = 0, by definition () coincides with the stack of zero-
dimensional sheaves with set-theoretic support contained in Z. Therefore, there is nothing to
prove.

Assume that v # 0. Let T be a parameter scheme, locally of finite type, and let
0—3F—E—G—0
be the exact sequence associated to an arbitrary morphism T — X. It suffices to prove that
W (H,B)-min (€t) = 1 (H,B)-min (5¢)

forany t € T. Since ¥ is zero dimensional, there is a natural one-to-one correspondence between
pure one-dimensional quotients of £; and pure one-dimensional quotients of G;. Hence the claim
is clear. n

Corollary 5.6. Assumption 0.6 holds.

Our next goal is the construction of the open exhaustion {Sy(7,n)}ren for any invariant
(7,n). We start with a preliminary result.

Lemma 5.7. Let k(y, n; &) be the integer as in [DPS™ 25b, Proposition 4.64] and set Dy = lec(%";“). For
any coherent sheaf € on X, set-theoretically supported on Z, with invariants (y, n), such that p g g min(E) >
a, let Tip C € ® Op, be the maximal zero dimensional subsheaf with set-theoretic support contained in
Zy. Then, there exists an isomorphism £ @ Op, /T1» — &, which fits in the commutative diagram

E —» E®OD2/7—1,2

~.

&

where the other two arrows are the canonical epimorphisms.

Proof. Set Dy := le((%";a) and let ; € H°(X,0x(D;)) be the defining sections of D; for i =
1,2, respectively. Note that the set-theoretic intersection of D; and D; coincides with Z; , and
¢ = (10> is a defining section of D = Zk(rma)  Moreover, £ is annihilated by ¢ by [DPS*25b,
Proposition 4.64]. Hence the same holds for & and &.

Since &, is pure at Z; » by Proposition 2.6, the multiplication map
G1: & — & ® 0x(Dy)

is injective. Since &, is annihilated by (, this implies that it must be annihilated by {,. Hence &; is
scheme-theoretically supported on D,. This implies that the canonical morphism & — & ® Op,
is an isomorphism. Then, applying — ® Op, to the short exact sequence

0—& —€&—&E —0,
one obtains a second exact sequence
51®OD2 —>5®0D2 — & — 0.

Let 71’ , be the image of the morphism &£ ® Op, — & ® Op,. Note that & ® Op, is zero-
dimensional, with set-theoretic support contained in Z; 5, since the set-theoretic support of &;
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is contained in Z;. Therefore, the same holds for 7;,. This implies that 7/, C 71,. One then
obtains a commutative diagram

0 7—1/,2 7—1,2 Q 0
| | |
0 1/,2 5®OD2*>524>0

where Q := T1,/7T{,, and central vertical arrow is the natural inclusion. Then, the snake lemma
implies that the morphism Q — &, must be injective. Since &; is pure at Z; », this further implies
that @ = 0. Applying the snake lemma again, this yields an isomorphism

E®O0p,/Tip — &
as claimed. O

Lemma 5.8. There exists an integer c(7y, n; ) € Z so that

(x(ED)] < c(y,m;a)
for any coherent sheaf € on X, set-theoretically supported on Z, with invariants (vy, n) such that p (g - min () >
«

Proof. Let k(vy,n;a) be the integer as in [DPS'25b, Proposition 4.64]. Using the notation in
Lemma 5.7, one has an isomorphism £ ® Op, /T1» ~ &. Applying £ ® — to the exact sequence
0 — Ox — Ox(Dy) — Op, ® Ox(Dy) — 0,

one obtains the exact sequence
0 — Tor1(£,0p, ® Ox(D2)) — &€ — E®Ox(D2) — £ ® Op, ® Ox(Dy) — 0.
Set &} := Tor1(&,0p, ® Ox(D5)). The above exact sequence yields
X(€ ® Op, ® Ox(D2)) = x(&) + x(€ ® 0x(D2)) — x(€) -
Using the Grothendieck-Riemann-Roch theorem, this further yields
X(E®Op,) + Dy - chy(€® Op,) = x(E5) + Dy - chy(€) .
By Lemma 5.7, one has
chi (€ ® Op,) = chi(&) = chy(€) —chy(&7) .

Hence one obtains

X(€®0p,) = x(&) + D2~ chi (&1) - (5.3)
Note also that

ch1(&3) = chi(€) 4 ch1 (€ ® Op,) — ch1 (€ ® Ox(Dy)) = chy (&) .

Recall that 7; = chy(&;) are uniquely determined by v by Corollary 2.7. Several cases will be

considered separately below, depending on v, 7».

Case (a). Assume that v # 0and v, # 0. Let 7 C & be the maximal zero-dimensional subsheaf
of £ and set F := £/7T. Note that the set of isomorphism classes of coherent sheaves £ on X,
set-theoretically supported on Z, with invariants (+y, n), such that yi(g )-min (€) > &, is bounded
since the set of associated (H, B)-Harder-Narasimhan polygons is finite. This implies that there
exists a constant ¢ (vy, ;&) so that

xX(T) <ci(v,ma) (5.4)
and a second constant c3(7y, ;) so that

V(H,B)—max(f) <c(r,ma). (5.5)
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Moreover, note that 75’ =TnN gé C Eﬁ is the maximal zero-dimensional subsheaf of &. Set
F} = &}/ T, . Then, one obtains a commutative diagram

0 T £l 7 0
| '
0 T E F 0

where the first two vertical arrows from the left-hand-side are the natural inclusions. Then, the
snake lemma yields an exact sequence

0—ker(F) — F) —T/T] — -

Since F} is purely one-dimensional, we get that ker(F} — F,) = 0, i.e., the morphism F} — F
is injective. This yields

) (F2) < prB)-max (F) -

Using inequalities (5.4) and (5.5), this implies
x(&) <cly,ma)+ (H-y2)e2(y,ma) = B-7z.
Using Formula (5.3), this further yields
X(€®Op,) <c(yma)+(H-72)e2(v,ma) = B-ya+k(y,m0)Z2- 71
Finally, since & ~ £ ® Op, /712, one obtains
x(&) <alyma)+ (H-r)e(y,na) —B-y2+k(y,ma)Z2- 7. (5.6)

At the same time, since & is a quotient of £, one also has y(&,) > a. This implies

x(&)> (H-1)a—H-7s. (5.7)
Since x(&1) = n — x(&2), the claim follows from inequalities (5.6) and (5.7).

Case (b). Now, assume that ¢y # 0, while v, = 0. Then, clearly, x(&€) > 0. Moreover, in this
case, & = T, hence &} is a subsheaf of 7. Using identity (5.3), this implies

X(E®Op,) <ci(y,ma)+k(y,ma)Zy -7 .
Since & ~ & ® Op, /T2, one further obtains
x(&) <aly,ma)+k(y,na)Zy v .
Since x(&1) = n — x(&), this implies the claim.

Case (c). Finally, assume that v = 0 and 7, = 0. Then, both & and &; are zero-dimensional
and x(&2) + x(&) = n. In this case the claim is obvious. O

We now explain the construction of the open exhaustion {Sy(+y, n) }xen- Fix a coherent sheaf
€ on X, set-theoretically supported on Z. Recall that the first Chern classes

i = chi (&),
for i = 1,2, are uniquely determined by 7y = ch; (&) via Assumption 0.1-(3) and Corollary 2.7.

Suppose 72 # 0. For any a € R, let S, be the subspace of ’(’lobgg(}?z; 7,n)| defined by the
condition

H(H,B)-min(E2) > &

In the remaining part of this section it will be proven that S, is an open subspace.
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Lemma 5.9. Assuming vy, # 0, let
0—F —E—F,—0
be a short exact sequence of coherent sheaves on X so that the set-theoretic support of Fi is contained in
Zy = Z', while the set-theoretic support of JF, is contained in Zp. Then, chy(F,) = v and
V(H,B)fmin(]:ﬁ) = V(H,B)fmin(‘(/é) .
Proof. By Proposition 2.10 , one has F; C & and &1/ F7 is zero-dimensional. Moreover, there is
an exact sequence
0—)51/]'—1 —>]'—2—>€2—>0.

which yields a one-to-one correspondence between pure one-dimensional quotients 7, — G and
& — G. This implies the claim. O

Lemma 5.10. Assume that o # 0. Let T be a scheme locally of finite type over C. Let € be a flat family of
sheaves on X, set-theoretically supported on Z, parametrized by T, with invariants (v, n). For any point
t € T, let &) C & be the support filtration of & and let €; 5 = &;/E}. Set also &; 1 := E}. Then, the
following inequality holds for any points t,ty € T so that tq is a specialization of t:

W (H,B)-min (€,2) = H(H,B)-min(Ety,2) -

Proof. It suffices to prove the claim for T = Spec(R), where R isa DVR over C. Let t and ¢y denote
the generic and the closed point, respectively. By [Gro95, Lemma 3.7], there exists a unique T-flat
quotient &€ —» Gso that §; = &; 5. Let JF := ker(& — 9), which is also flat over T. Note also that
It = €41 by construction. By restriction to to one obtains an exact sequence

0 —Fpy —>&x —> Gty — 0.

Corollary 2.16 shows that F;, and Gy, are set-theoretically supported on Z; x {to} and Z, x {to}
respectively. Then, Lemma 5.9 yields the identity

V(H,B)-min(gto) = V(H,B)-min(efo,z) :
Moreover, Proposition 5.3 shows that
Tr,8)(St) = Tir,py(St)
which implies
W (H,B)-min(9t) = 1 (H,B)-min(Sto) -
This proves the claim. O
Using Lemma 5.10, one obtains the following.
Lemma 5.11. Assume that vy # 0. Then, the subset of ‘Qohgis' (Xz:7, n)| consisting of those points'!
(€] defined by the condition
H(H,B)-min(E2) > &
is open.
Proof. We shall show that the locus we are considering is constructible and stable under gener-

ization. The latter follows from Lemma 5.10, while for the former we need to prove that the
function

(€] — 1(H,B)-min(&2) (5.8)
nil

is constructible on ‘Qohps (X 77, 1) ‘ . Asin [AB13, Example A 4], it suffices to prove the following
claim for reduced irreducible schemes T of finite type over C: let € be a flat family of coherent
sheaves on X, parametrized by T, set-theoretically supported on Z, and let ¢ € T be the generic

HThe notion of a point of the underlying topological space of an algebraic stack is given e.g. in [Sta25, Tag 04XE,
Definition 100.4.2].
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point. Then, there exists an open subscheme U C T so that 4 (g g)-min(€1,2) = #(H,B)-min(E¢,2)
for any u € U.

The claim follows from Lemma 2.19 and Proposition 5.3. Thus, the constructibility of the
function (5.8) follows. O

Lemma 5.11 yields the following.
Corollary 5.12. Under the same assumptions as in Lemma 5.11, for any a € R the condition
H(H,B)-min(£2) >
determines an open substack Sy (y,n) C Cohg;I (}A(Z ; 77, 1). Moreover, for any o’ € R, with o' < w, there

is a canonical open immersion Sy (y, n) <= S, (7, n).

For future reference, we also note the following.

Lemma 5.13. For fixed (v,n) and « € R there exists a constant ¢y so that x(E1) < ¢ for all [E] €
‘CobBQ(Xz;y,n)‘ so that p (g y-min(€) > a.

Proof. Since x(&1) + x(&2) = n, it suffices to prove that x(&;) is bounded below. For 7, = 0,
this is clear. For v, # 0, let T, C &, be the maximal zero-dimensional subsheaf of £, and let
&} = &/ T,. Then, the claim follows from the inequalities
x(&) > x(&) and  ppp) (&) >a.
O

Now, let ag > a1 > --- be a fixed descending sequence of real numbers x; € R, with k € IN.
We define the following two families of substacks {{y(, 1) }ren and {&y (7, 1) }re of the stack
Cohg'sI (Xz;v,n), respectively, as follows.

Definition 5.14. Fix invariants (v, n).

(1) Assume thaty, v, # 0. Foreachk € IN, let 4 (+y, ) be the open substack of Cohg,isI (Xz; 7, 1)
consisting of those sheaves £ satisfying the condition

W (H,B)-min(€) > -

nil

DS (Xz; 7, n) consisting of those sheaves

Similarly, let & (v, n) be the open substack of Coh
€ satisfying the condition

W (H,B)-min(E2) > @ -
(2) Assume that v = 0 (which implies that ¢y, = 0 as well). Set £l (0, 1) := CohgisI (Xz;n) and
Sr(0,n) := Cohgg(iz;n) for any k € IN.
(3) Assume that iy # 0, while 7, = 0. For each k € NN, let $lx(7y, n) be the open substack of
Cohgis| (Xz;,n) consisting of those sheaves £ satisfying the condition
V(H,B)-min(g) > K .
Set 64 (0,n) = Cohgis'()?z; v, ).
@

Theorem 5.15. For any given (v, n), we have:

(1) the family {U(y, n) trenN is an open exhaustion of Cohgis'(}?z;fy, n) formed by quasi-compact
quasi-separated indgeometric stacks;

nil

ps (Xz;,n) formed by indgeometric stacks

(2) the family {Sy(7y, n) }xen is open exhaustion of Coh
satisfying Assumption 0.2.
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Moreover, for any k € N and invariant (y, n), there is a canonical open immersion (v, n) — Sg(y,n);
in addition, there exists a € Z, so that (v, n) is contained as an open substack in Gy (v, n)=? for any
b < a, and a is maximal with this property. In particular, Assumptions 0.4—(1) and —(2) hold.

Proof. Claim (1) follows from [DPS"25b, §4.6], while the fact that Si(vy, n) is an open substack of
Cohg;' (}A( 7;7, 1) follows from Lemma 5.11. Moreover, Lemma 5.13 yields Assumption 0.2—(1).
For any k € IN and invariant (v, n), by construction there is a canonical open immersion
U (y,n) = S(v,n). In addition, Lemma 5.8 shows that there exists a € Z, so that L (y,n) is
contained as an open substack in &y (7, n)>"? for any b < a and a is maximal with this property.

Now, we are left to prove that & (v, n) satisfies Assumption 0.2—(2).

Since 17k> " and yj are open immersions in the diagram (3.8), to construct the open immersion
7™ it suffices to check that

=
|(€oh®®) ™ | C | Dkl -
For a field K, a K-valued point of (Qfof)'a(t)f"1 is a short exact sequence

0—F —&— F,—0 (5.9
of Ox,-modules so that [F;] € \Cohgisl()?zi;'yi, n;)| and [£] € \6?"1 |. Let
0—&E —E&E—&E —0 (5.10)

be the Z; g-filtration of £.

If v, = 0, by definition, &y (y,n)?! = Qobgg()?z;'y,n)%l and £ (72, 1m2) = Cohgisl(f(zz;'yz, ).

Then both 17k2 " and v are canonical equivalences, and the claim trivially follows.
Assume that v, # 0. Then Lemma 5.9 shows that

ﬂ(H,B)-min(gZ) - ‘u(H,B)-min(‘FZ) .
Since the defining condition of 6?"1 is

W (H,B)-min(E2) > ok,

this further implies that the exact sequence (5.9) determines a K-valued point of ). Moreover,
Proposition 2.10 shows that & = F, if x(&1) = x(F1) = n1. Therefore, if this is the case, the exact
sequences (5.9) and (5.10) coincide. In conclusion, one obtains a canonical open immersion 1,l)k2 "

such that its restriction 1,"! to (€oh™*);" is a canonical equivalence. Therefore, the commutativity
of the enhanced diagram is completely canonical. g

We conclude this section by showing that the open exhaustions { S (7, 1) }ren and {L (7, 7) Fken
satisfy the hypothesis of Proposition 4.13. As in loc. cit., for any fixed 2 € Z and k € I, let
By ¢(7y, 1) be the open substack of & (v, ) defined in Formula 4.2. The collection {Uy ¢ (7, )%} y¢;
is an open exhaustion of &y(7,n)>%. The next result shows that this open exhaustion is T-
equivariantly ind stratifiable.

Proposition 5.16. Given a, k as above, for any ¢ € I, the reduced stack "33y ,(y, n)>* is T-equivariantly
equivalent to the quotient stack [T>" /G|, where T> is a reduced quasi-projective T x G-scheme, and
G is a general linear group. In particular, the hypothesis of Proposition 4.13 holds in this case, hence
Assumption 0.4—(4) is satisfied.

Proof. Asshown in Proposition A.2, for any ¢ € I, the reduced stack 941, (+y, 1) is T-equivariantly
equivalent to the global quotient [Q/G], where Q is a reduced quasi-projective scheme and G
is a general linear group. By construction, Q is a locally closed subscheme of a Quot scheme
parametrizing quotients V ® Ox(—NH) — &, with V a finite-dimensional vector space and N a
positive integer. Moreover, G := GL(V) acting naturally on Q.
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By Corollary 5.12, there exists an open subscheme T C Q parametrizing quotients V ® Ox(—NH) —
€ so that 1 H,B)_mm(é’z) > way. Furthermore, by Proposition 2.20, there exists a reduced closed
subscheme T>? C T parametrizing quotients V ® Ox(—NH) — & satisfying the additional con-
dition x(&;) > a. Both T and T>“ are clearly preserved by the G-action, and the reduced stack
redg; ¢ (7, n)>* is T-equivariantly naturally equivalent to the quotient stack [T>?/G]. O

6. CONDITIONAL RESULTS FOR SUBSTACKS DEFINED BY SLOPE CONDITIONS

In this section, we shall show the cellular structure on the moduli stack of zero-dimensional
sheaves on X set-theoretically supported on Z. Moreover, we discuss the cellular structure of the

admissible open exhaustion of Cohgfsl (Xz;7,n) given by Harder-Narasimhan strata.

6.1. Cellular structure for the stacks of zero-dimensional coherent sheaves. Let C C X be a
smooth connected rational (—2) curve on X and let p € C be a closed point. Set C° := C \ {p}.

Forany ¢ € N, with ¢ > 1, let Cohgisl()A(C ;£) be the moduli stack parametrizing length ¢ zero-

dimensional sheaves on X with set-theoretic support on C. Let CohgisI (Xco3 b)) C Cohgg| (Xc; ) be
the open substack consisting of zero-dimensional sheaves with set-theoretic support contained
in C°. Similarly, let CohgisI ()A(p ; £) be the moduli stack of length ¢ zero-dimensional sheaves with
set-theoretic support at p. These are quasi-compact quasi-separated indgeometric derived stacks.
In particular, the corresponding reduced stacks are quasi-compact geometric classical stacks. In

addition, they are of finite type.

Eemma 6.1. The stack d¢oh g's' (Xco; €) is 1-cellular and the stack "9 ob g's' (}A(p ; 0) is 2-cellular for any
> 1.

Proof. Let T be the total space of the canonical line bundle on C. Abusing notation, we will
identify C with its image via the zero section C — T. By [Bal08, Lemma 3.14], the infinitesi-
mal neighborhood Xc is isomorphic as a formal scheme to the infinitesimal neighborhood T¢.
Therefore one has an equivalence of indgeometric derived stacks

Coh) (Xc; ) ~ Cohf (T¢; )

for any ¢ > 1. Moreover, Cohg,isI (Tc; ¢) is equivalent to the moduli stack Higgs,,;,(C; {) of length
£ nilpotent zero-dimensional Higgs sheaves on C. This equivalence identifies CohB!(}A(Co ;0) to
the open substack Higgsﬁ”p(C ; £) of zero-dimensional Higgs sheaves with set-theoretic support
contained on C°® ~ Al

By [SS20, Proposition 2.5], the moduli stack fedﬁiggsg”p(c ;¢) admits a stratification, where

each stratum is equivalent to an iterated vector bundle stack over a finite product

X "deah (C°, 4y)

k
where the k-the factor is the reduced moduli stack of length ¢ zero-dimensional sheaves on C°.
Since C° ~ A!, each factor "9Coh(C°; ¢;) is equivalent to the moduli space of £;-dimensional
representations of the one-loop quiver. In particular, each factor is a linear quotient stack, which
proves the claim for the moduli stack ™4Cob B,'S' (Xce; 0).

Next, note that the moduli stack QfobB!()A(p;ﬁ) is equivalent to the moduli stack of nilpo-
tent zero-dimensional Higgs sheaves with set-theoretic support at p. The construction of [SS20,
Proposition 2.5] provides again a stratification of "4¢ok B's' (Xp; £), where each stratum an iterated

vector bundle stack over a finite product

X "d¢ah (Cp, 4y) -
k

Furthermore, each stack "4¢oh (ép, {x) is equivalent to the reduced moduli stack of /x-dimensional
nilpotent representations of the one-loop quiver. The latter can be again stratified by Jordan type,
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so that each Jordan stratum is an iterated vector bundle stack over a product of linear stacks.

In conclusion, each factor 4ok (q,, l;) is 1-cellular, hence "d¢oh (ép,ﬁ) has a 2-cellular struc-
ture. O

Lemma 6.2. Let T be a scheme locally of finite type, and let F and G be T-flat coherent sheaves on T x X.
Assume that the restrictions Iy and Gy are set-theoretically supported on disjoint subsets of X; forall t € T.
Then, F and G have disjoint set-theoretic support as sheaves on X x T.

Proof. Assume that the intersection of the set-theoretic supports of F and G is non-empty, hence
it contains at least one point p. In particular the restrictions ¥ ® x(p) and § ® « () are non-zero.
Let ¢ be the image of p via the projection X x T — T. Then g belongs to the fiber X; (cf. e.g.
[Sta25, Tag 01T, Lemma 26.17.5]). By assumption, this implies that both restrictions have to be
zero, which leads to a contradiction. O

Corollary 6.3. Under the same assumptions of Lemma 6.1, the stack fedcobg;'(ic ;, ) has a 3-cellular
structure for all £ > 1.

Proof. First, note that {p} C C is a stratification of C satisfying Assumptions 0.1-(1) and —(2), and
0.7. Let [£] be a K-valued point of €oh"" (Xc, £), where K is an arbitrary C-field. Let

& Cé& 6.1)

be the support filtration associated to the stratification {px} C Cg. Note that one has in fact a
canonical decomposition

ExEDF (6.2)
where &) is set-theoretically supported at px while the set-theoretic support of F is contained in
Cg.

By Corollary 2.24, the stack Qob”'l (Xc; £) admits a locally closed stratification {60!)”" (Xc; )™y,
with m > 0, where the ¢-th stratum is defined by the condition x (&) = m. Let 8( ™) be the

restriction of the universal family to Qﬁoh”" (Xc; €)™ x X. By construction, & (") admits a one-step
relative support filtration

0cel™ cetm

which restricts to the filtration (6.1) on each fiber [£] x X. Let (") = g(m)/ Eém) and note that

the restrictions of 86’") and (™) to any fiber [£] x X are isomorphic to the summands & and F,
respectively, in Formula (6.2). By Lemma 6.2, this implies that the set-theoretic support of F(™) is
(m)

disjoint from the set-theoretic support of €;"’. Therefore one has a canonical decomposition

em ~ glm g gm)
This yields a canonical equivalence
Cohn(Xc; €)™ =~ ol (Xp;m) x Cobfhll (Xco; € — m) (6.3)
forany 0 <m < /.

In conclusion, note that one has a stratification
o c redc:ohml(x €)>f . redQ:Ol)ml(X f) _ redQ:Ol]mI(X E)

where red@ﬁob”" (Xc; £)>™ is the reduced closed substack consisting of zero-dimensional sheaves
such that x (&) > m. In particular, the m-th locally closed stratum is equivalent to redQZah nil(Xe; 0)™
forall 0 < m < {. Given the equivalence (6.3), Lemma 6.1 shows that all strata are 2 cellular
Hence red@oh nil(Xc; ¢) admits a 3-cellular structure. O
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Let Z C X be a reduced effective divisor and let
@=2z'czZlczlc...cz=2 (6.4)

be a stratification of Z by reduced closed subschemes satisfying satisfying Assumptions 0.1—(1)
and —(2) in §2. Recall that the locally closed strata are denoted by Z; := Z'\. Z'71,and Z; denotes
the scheme theoretic closure of Z? for all 0 < i < s. Moreover, the scheme-theoretic intersection
Zf_l .= Z=1 N Z; is zero-dimensional. In particular, Z; = Zifor0 <i <1, and Z? = Zpisa
zero-dimensional subscheme of Z;.

In addition, suppose the following holds.
Assumption 0.7.

(1) Forall1 <i < s, each connected component Z; , of Z; is a smooth rational (—2)-curve on
Xforl <a<g;.

(2) Forall2 <i <sand1 < a < ¢, the set-theoretic intersection of Zf_l and Z; , consists of
exactly one closed point of Z; ,.

(3) For 1 < & < ¢y, the set theoretic intersection of Zy and Z; , is either empty or consists of
a exactly one closed point of Z; ,.

%)

Remark 6.4. Assumption 0.7 implies that the scheme-theoretic intersection Z7 N Z; , is isomorphic
to Al forall2 <i<sand1l<a <cg;.

For 1 < a < ¢y, the scheme-theoretic intersection Z7 N Zy , is isomorphic to Z; , if the set-

theoretic intersection Zy N Z; , is empty, or it is isomorphic to A! if the set-theoretic intersection
Zy N Z1 4 is non-empty. A

Now, let CohniI (X7; £) be the derived moduli stack of length ¢ zero-dimensional sheaves on X
with set- theoretrc support on Z, with £ € N and n > 1. Let Coh”"(Xzo;é) C Cohgg(f(z;é) be
the open substack consisting of zero-dimensional sheaves with set- theoretic support contained in
Z° = Z ~. Z°. Using the construction in §3.1, we also have a closed substack CohnII (Xz;0)! C
Cohg'sI (Xz; £) consisting of zero dimensional sheaves whose support contains at least one point of
Zy. These are quasi-compact quasi-separated indgeometric derived stacks. In particular, the cor-
responding reduced stacks are quasi-compact quasi-separated geometric classical stacks. More-
over, they are of finite type.

Proposition 6.5. The stacks ’ed(’:ob”"(X 0), 'edQZoh”"(XZo;é), and Cohgis'()?z;é)>1 are T-equivari-
antly 4-cellular for all £ > 1.
Proof. We will provide the details only for red@ioh nil(X,; {), the remaining two cases being analo-
gous. Given a C-field K and a K-valued point [£] of Qoh”'l(Xz, ), let

0=¢"'céc -.ce&:=¢

be the support filtration associated to the stratification (6.4), i.e., each £ -1 is the maximal sub-
sheaf of £ with set-theoretic support contained in Zi7l for1 < i < s. By construction, each

quotient £/ £~ is a zero-dimensional sheaf with set-theoretic support contained in the stratum
(Z7 )k

Applying Corollary 2.24, for any m = (mg,mq,...,ms) € 75t with my,my,...,ms > 0 and
ms =/, let Coh”" (Xz; )™ Qob”'l (Xz; £) be the open substack defined by the conditions

X(é’i)gmi for 0<i<s.
Let also €oh"" (Xz;0)™ C €oh”" (Xz; £)=™ be the closed substack where

X(E)=m; for 0<i<s.
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All the above stacks are quasi-compact and quasi-separated.

By construction, the restriction &(™ of the universal family € to Qﬁoh”"(XZ ;O™ x X admits a
relative Z*-filtration

0= (M)l (gm0 c...c...cEemp.=gm,

Furthermore, each subquotient 8§m) = (&m)i/(e(m))i=1 s a flat family of length ¢; == m; —m;_,
zero-dimensional sheaves with set-theoretic support contained in Z?. Then, Lemma 6.2 shows
that one has a canonical decomposition

S
" el
i=0
This yields a canonical equivalence

Cohnl (Xz; )™ ~ X Cobpt (Xz0; ;) -
i=0

Using the notation in Assumption 0.7, one further obtains an equivalence

Cobpt (Xz; 0)™ ~ X X Cobpl (Xzp 5 4i) - (6.5)
i=0 a=1

As noted in Remark 6.4, one has Zflx ~ Alforall2 <i<sand1<a < ¢;. Moreover, Zi’a is

either isomorphic to A or it coincides with its scheme-theoretic closure Z1 . Moreover, for each
1 <a <, Z;, is a zero-dimensional scheme supported at a single closed point.

Now let
@ =X_1 CXgC - CXy:="Con (X7 ) (6.6)

be the stratification constructed inductively as follows. First, let Xy C red@obgisl(}?z ;0) be the
scheme theoretic-union of the closed strata redeio[) nil(X,; £)™. Since rG"G'Qioh nil(Xz, {) is quasi-compact,
there are finitely many such strata and Xy is a reduced quasi-compact geometric classical stack.

Next, for any j > 1, let X; C red@fob”"(XZ,E) be the scheme-theoretic union of all strata
rEdQOh"" (Xz;£)™ such that the scheme-theoretic closure of red@of)”" (Xz; €)™ is contained in the
scheme theoretic union

Xj-

LU red@of)ml(XZ,‘E)m

Since red(‘lob"" (Xz;¢) is quasi-compact, this yields a finite stratification as above. Furthermore,

each stratum X7 = X; \ X;j_1 is a disjoint union of locally closed substacks red@io[) Xz 0)™.
Given the equlvalence (6.5), Lemma 6.1, and Corollary 6.3 show that the stratification (6.6)

defines a 4-cellular structure on redQﬁoh nil (XZ ). O

6.2. Cellular structure for open substacks defined by slope conditions. In the framework of
§6.1, let (H, B) be a twisted stability condition for sheaves on X. Fix ¢ # 0 and « € R, and let
Uy (y,n) C Cohgg()?z;'y,n)
be a quasi-compact quasi-separated open substack parametrizing those coherent sheaves £ for
which
W(H,B)-min(E) > a.

As shown in [DPS*25b, §4.6] and §A, this is a quasi-compact quasi-separated indgeometric de-
rived stack. In particular, the corresponding reduced stack is a quasi-compact quasi-separated
geometric classical stack. Moreover, it is of finite type.

We will assume that Z admits a stratification (6.4) satisfying Assumptions 0.1-(1) and —(2), and
0.7. Note that Z° C Z defines a coarser stratification of Z satisfying Assumptions 0.1-(1) and —(2).
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Let CohBiSI (Xz0;7,1)° C CohgisI (Xz0; 7, n) be the substack parametrizing those coherent sheaves
€ such that the maximal zero-dimensional subsheaf of £ with set-theoretic support contained in
70 , is identically zero. This is an open substack by Corollary 2.24. Set

Ua (7,1)° = Ua (1) X congt (R ,m) COMps (X2 7im)°”

Note that U, (7, 7n)° is an open substack of l,(y,n). Similarly, the construction in §3 provides
a closed substack QOIJBQ ()A(Zo ;y,m)2t C Cohg,i.'(f(zo; 7, n) consisting of those coherent sheaves &£
such that the maximal zero-dimensional subsheaf of £ with set-theoretic support contained in
ded is nonzero. Let

(’Sof)””(}?z; ')/,n)>1 .

ps

ila("y,n)2l = utx(’)’rn) XCth!()A(Z)%”)

Moreover, for any pair (7/,m) € (Z) x Z, with o/ # 0, let Coh**(Xz;',m) denote the de-
rived moduli stack of (H, B)-semistable sheaves on X with set-theoretic support contained in Z.
Again, this is a quasi-compact quasi separated indgeometric derived stack. Its reduced stack

red@ohs(X; !, m) is a quasi-compact quasi-separated geometric classical stack. In particular, it
is of finite type.

In addition to Assumptions 0.1-(1) and —(2), and 0.7, suppose the following conditions hold.

Assumption 0.8. There exists a twisted stability condition (H, B) and an integer ¢ > 1 so that
for any (7/,m) € (Z) x Z, 7 # 0, the reduced moduli stack "*d¢oh(X;+',m), is f-cellular for
some ¢ € IN. %

Assumption 0.9. There exists a Zariski open subscheme U C X containing Z as a closed sub-
scheme, so that wx | ~ Oy. %)

Proposition 6.6. Suppose Assumptions 0.1-(1) and —(2), 0.7, 0.8, and 0.9 hold. Let (H, B) and ¢ > 1 be
as in Assumption 0.8. Let ¢' := max{5,¢ + 1}. Then, for any (7y,n) € (Z) x Z, and for any « € R, the
stacks

U(y,m), Ua(y,m)°,  Ualy,n)!

is '-cellular with respect to the Definition B.16. In particular, for any sequence ag > a1 > - -+ of real
numbers, the open exhaustions

{u“k(7/n)}k€N ’ {uﬂék (r)/rn)o}kE]N ’ {ﬂﬂék (7/”)21}k€]1\]

are T-equivariantly ind ¢'-cellular as in Definition B.22.

Proof. We will show that l, (1, n) is ¢'-cellular. The remaining two cases are analogous.
We will fist show that one has a stratification

D =Xy C - C X =" (7,n) (6.7)

so that each stratum X7 := X; \ X;_ is T-equivariantly equivalent to an iterated vector bundle
stack over a product of 4-cellular stacks and (-cellular stacks. In particular, "4, (v, n) is ¢'-
cellular.

For each m € Z, let Qohgis' (Xz;m) be the moduli stack of length m zero-dimensional sheaves
with set-theoretic support contained in Z. By construction, $l,(7y, n) has a Harder-Narasimhan
stratification where each stratum [} (vy, ) maps naturally to a product

N hy R
Cohhl (X z;mo) x ﬁ@thS(Xz;yj,mj)
]:

with Vi # 0, for 1 <j < h). Using Serre duality, Assumption 0.9 implies that the above map has
an iterated vector bundle stack structure. This implies that "44(, (v, ) has a stratification where
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each stratum is an iterated vector bundle stack over the product

h
rEdQ:ohBiS'()A(Z;mo) X )2 red@iohss(}?z;’yj,mj) .
j=1
By Proposition 6.5, the first factor above is 4-cellular, while the remaining factors are /-cellular by
Assumption 0.8.

The stratification (6.7) will be constructed inductively as in the proof of Proposition 6.5. Let
X1 be the scheme-theoretic union of all closed Harder-Narasimhan strata in redLll,‘(')/, n). Then,
for each j > 2, let X; be the scheme-theoretic union of all strata redg((«y,n), whose closure is
contained inX; 1 U redg(A («y, ). By construction, each locally closed stratum is a union of disjoint
reduced Harder-Narasimhan strata 442 (v, n) as above. This proves the claim.

To prove the second claim, for any k,h € IN, k < h, let Zj ;, be the reduced closed complement

of the open substack "4, (7, 1) C 94, (7, ). Note that the Harder-Narasimhan stratification
is naturally compatible with the open and closed immersions, respectively,

redil,xk (y,n) — 'edil,xh (v,n) and Zy, — redﬂ,xh (y,n) .
Repeating the argument in the above paragraph, this implies that the induced stratifications
d
X; x rEdﬂuh (v,n) re ﬂtxk (’)/,71) and X; x redﬂah (7.1) Z'k,h

are T-equivariantly ¢'-cellular. Therefore the conditions (1) and (2) in Definition B.22 are satisfied.
0

7. FIRST EXAMPLE: ADE QUIVER

Starting with this section, we will present several explicit examples where Theorem 4.21 holds.
In all these examples, Z will be a reduced tree of rational (—2)-curves on X so that the equiva-
lence classes of the irreducible components of Z generate a free abelian subgroup (Z) C NS(X).
Moreover, we will impose that Assumption 0.9 holds, i.e., Z is contained in a Zariski open sub-
scheme U C X so that wx|y ~ Oy. We first introduce the notion of generic twisted stability
conditions.

7.1. Generic stability conditions. As in §5, let H be an ample divisor on X and let B € NS(X)R.
Recall that the (H, B)-slope of a pure one-dimensional coherent sheaf £ on X, with chy (&) # 0, is
defined as

_ X(E) + B chy(€)

Given any one-dimensional coherent sheaf &, the pair v(E) := (ch1(£), x(£)) € NS(X) x Z is by
definition the Mukai vector of E. For any vector v = (7, n) € NS(X) & Z, with v # 0, let

n+B-
#(H,B)(U) = Hiy’y .

Definition 7.1. We say that the twisted stability parameter B € NS(X)R is generic if given any
element y € (Z), the condition 7 - B € Q implies vy = 0. @

Remark 7.2. 1t is straightforward to show that B is generic if the intersection numbers of B with
the irreducible components of Z are sufficiently generic irrational numbers. A

Note that Definition 7.1 implies the following.

Lemma 7.3. Let B € NS(X)R be generic. Let H € NS(X) be an ample class and let v = (7y,n),v' =
(v, n") € (Z) x Z, with vy, # 0. Then

H(H,B) (v) = ,”(H,B)(vl)
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if and only if

H.-+
70/'
H-«v

7.2. Preliminary results on (H, B)-semistable sheaves. For future reference we record some ba-
sic results on (H, B)-semistable sheaves on X with set theoretic support on Z.

Lemma 7.4. Let £ be a nonzero purely one dimensional (H, B)-stable sheaf on X. Then, the following
hold.

(i) Ifch?(&) = 0, then dim Exty (&, &) = 2.
(ii) If chy (€)% < —2, then chy(£)? = —2 and dim ExtL(£,€) = 0.
Proof. Given that Z satisfies Assumption 0.9, one has an isomorphism wx ® £ ~ £. In particular,
Kx - chi(€) = 0. Then the Grothendieck-Riemann-Roch theorem yields
X(€,E) = —chi(E)*.
Since £ is assumed to be (H, B)-stable, Extg((é‘ ,€) ~ C. Hence, Serre duality, one obtains
X(E,€) =2 —dimExty(&,€) .
Therefore one obtains
dim Ext} (€,£) =2+ chi(£)?.
Keeping in mind that dim Ext} (£, £) > 0, this implies the claim. O

Forany v = (y,n) € (Z) x Z, withy #0, let S FIS{ B) (v) denote the set of isomorphism classes

of (H, B)-semistable sheaves on X with Mukai vector v, which are set theoretically supported on

Z. Let S(SH,B) (v) be the subset of isomorphism classes of stable objects.

Lemma7.5. Let v = (v,n) € (Z) x Z, with 4> = —2. Then, for any twisted stability condition (H, B),

the set S(SH,B) (v) is either empty or it has one element.

Proof. Assume that £, F are (H, B)-stable sheaves with v(£) = v(F) = v so that £ % F. Then
Ext%(,F) =0 and Ext%(F,&)=0.
Moreover, since Assumption 0.9 holds, one has
wx®E~E and wx®F >~ F,
as well as
Kx - chi(€) = Kx - chy(F) = 0.

Then, the Grothendieck-Riemann-Roch theorem yields x(&,F) = —9? = 2. Hence, by Serre
duality, one obtains

dim Exty (€, F) = -2,

leading to a contradiction. g
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7.3. ADE trees. In this section, X will be the minimal resolution 7t: X — Xcon Of a canonical
ADE singularity, and Z will be the reduced exceptional divisor 777 1(0),eg. We will assume that
Assumption 0.9 holds, i.e., Z is contained in a Zariski open subscheme U C X so that wx |y =~ Oy.
Moreover, we will also assume that there is a torus action T x X — X preserving Z, allowing the
case T = {1}.

First note the following.
Lemma 7.6. The subgroup (Z) is naturally isomorphic to the associated ADE root lattice, the intersection
pairing being identified with the negative of the Cartan matrix.

Moreover, if D is a nonzero effective divisor on X so that [D] € (Z), then the set-theoretic support of
D is contained in Z.

Proof. 1t is well known that Z is a reduced ADE tree of rational (—2)-curves. By [Han14, Propo-
sition 1.5], the Chow group CH;(Z) is freely generated by its irreducible components. Moreover,
by [Han14, Proposition 2.2], one has an exact sequence

0 —— CH1(Z) —— CHy(X) = CHy(Xeon) — 0, (7.1)

where the first arrow from the left-hand-side is the natural push-forward map. In particular, this
induces an isomorphism CH;(Z) — (Z). This proves the first part.

Given a nonzero effective divisor D so that [D] € (Z), suppose the set theoretic support of D
is not contained in Z. This implies that the restriction of D to X \ Z is nonzero in CH{(X \ Z).
Since the projection X — Xcon identifies X \ Z to the complement of the singular point, it follows
that 77, ([D]) # 0. This is in contradiction with the exact sequence (7.1). O

Lemmas 7.4 and 7.6 yield the following.

Corollary 7.7. Let & be a nonzero (H, B)-stable sheaf with chy(E) € (Z). Then ch?(€) = —2 and
Extk (€, &) = 0. Moreover, the set-theoretic support of £ is contained in Z.

Furthermore, using Lemma 7.5 and Corollary 7.7 we next prove the following.

Lemma 7.8. Assume that B is generic. Then, for any v = (y,n) € (Z) x Z, with v # 0, the set
S (SIZ,B) (v) is either empty or it consists of a unique polystable sheaf with set-theoretic support contained in

Proof. Suppose S7, B)(U) is not empty. Let £ be a purely one dimensional (H, B)-semistable

sheaf on X with v(€) = v, and let &; be its Jordan-Holder subquotients with 1 < i < {. Since
chy (&) € (Z), the set theoretic support of £ is contained in Z by Lemma 7.6. Thus, the same holds
for each &;, with 1 <i < {. Then, Corollary 7.10 shows that chl(&-)2 = —2foralll <i < /. Since
B is generic, forany 1 <i,j < ¢, with i # j, one has

chi(&) = Achi (&) and  x(&) = Ax(&)),
for some A € Q, with A > 0. Then A2 = 1, hence A = 1. Therefore
chi(£) =4 and x(&) ={m,

for some (B,m) € (Z) x Z, with B> = —2, so that v(&;) = (B,m) forall 1 < i < {. Then,
Lemma 7.5 shows that all &; are isomorphic to some (H, B)-stable purely one-dimensional sheaf
&, with Mukai vector (B, m). Moreover, as shown in loc. cit., & is uniquely determined by (B, m).
By Lemma 8.20, one has Ext%((é’v, &y) =0, hence, indeed & ~ 55‘% .

In order to complete the proof, note that given any two (H, B)-semistable sheaves &, &’ with
Mukai vectors v(€) = v(&’), one has ¢ = ¢'. This follows from the above argument, which
implies that ¢y can be simultaneously written as

y=Lp="F
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with g2 = (8/)> = —2. This implies /2> = (¢')2, hence ¢ = (' since they are both positive. In
conclusion, £ and (B, m) are uniquely determined by v. This proves the claim. O

In conclusion, we obtain the following.

Proposition 7.9. Assume that B is generic. Then, for any v = (vy,n) € (Z) x Z, with v # 0,
the natural map @oh?;,B)(Xz;v) — @ob?SH,B)(X; v) is an isomorphism. Moreover, the moduli stack
€obyy ) (X;0) is either empty or it is isomorphic to the classifying stack of a general linear group. In
particular, Assumption 0.8 holds with £ = 0.

Fixa € Rand ¢y € (Z)~ 0}. Now, let Uy (y,n) C Cohgisl()?z;'y,n) be the open substack
parametrizing those coherent sheaves £ such that (g7 ). min (€) > . Then, Propositions 6.6 and
7.9 yield the following.

Corollary 7.10. Let (H,B) be a twisted stability condition with B generic. Then, "4, (7, n) has a
5-cellular structure for all v € (Z) ~ {0} and n € Z.

Next we show that Z admits a stratification satisfying Assumptions 0.1 and 0.7. We first recall
the dual intersection graphs associated to such fibers on a case by case basis. We shall denote by
C; the irreducible components of Z, with 1 <i < N.

o Type Ay, with N > 1:

Cy - — Cn

e Type Dy, with N > 4:

CN-1

C — Cn2

Cn

e Type Eg:
Cy
Cl C C3 CS C6
e Type E7:
Cy
C C, Cs Cs Co Cr
e Type Eg:
Cy
G Cy Cs e Cs

For the A series we will assume N > 2 below, since in the case N = 1 amalgamation is trivial.
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Set ZN := Z, and let Z'~! be the scheme-theoretic closure of the complement Z' \. C; for any
1 <i < N. Note that Z° = @. We get the following stratification of Z:

o=2czlc...czN=2. (7.2)
Lemma 7.11. The following hold.
(i) Forany 1 <i < N the stratification
©=2cz'c...cztcz
of Z! satisfies Assumption 0.1 and Assumption 0.7.
(ii) Each stratum Z7 = VAR AR T isomorphic to Al while its scheme-theoretic closure Z; =
Zi\ Z1=1 coincides with C;, for 2 < i < N. Moreover, Z; = Z! = C;.

(iii) The scheme-theoretic intersection Zi_| := Z'~1 N Z; is a length one zero-dimensional subscheme

contained in the smooth loci of Z=1 and Z;i forany 2 < i < N, while 7Z9=@. In particular, the
one-step stratification

Zfil C Z;
satisfies Assumptions 0.1 and 0.7 for any 2 < i < N.
Proof. In order to prove (i), note that conditions (1) and (2) in Assumption 0.1 follow immediately

by construction, while condition (3) in Assumption 0.1 follows from Lemma 7.6. Statements (ii)
and (iii) listed above are also are clear by construction. (|

Using the construction in §4.4, let W' C Z be the scheme-theoretic closure of the complement
Z ~ Z=1. As observed in loc. cit., Wi is a reduced closed subscheme of Z, containing Z;, and
the scheme-theoretic closure of the complement W \ Z; coincides with Wi*!. Moreover, the
scheme-theoretic intersection of Wi and Z;_; coincides with le:*l.

Given topological invariants ;1 € (Z;_1), 7' € (W'), and ny,n; € Z, let
{1k (ricm) by and {8 k(Y m2) } o

be the admissible open exhaustions of Cohgg(}?zi%;’yi,l,nl) and Cohgisl()/zwi;’yi, ny), respec-
tively, formed by quasi-compact quasi-separated indgeometric derived stacks, which are intro-
duced in Definition 5.14. Let also &; (7', 12)° C 4; x(7', n2) be the open substack consisting of

sheaves pure at Zf‘l for k € N, and let £(; (7', 12)>! C U; (7', n2) be its natural closed comple-
ment constructed in §3.1.

We now check that the one step stratification
OcZicW (7.3)
satisfies all the condition required for Theorem 4.21 to hold forall 1 <i < N.

First note that lemma Lemma 7.11 yields:

Corollary 7.12. The one step stratification Z; C W' satisfies Assumption 0.1 forall 1 <i < N.

Next note that the following:

Remark 7.13.

(i) Theorem 5.15 implies Assumption 0.2, as well as Conditions (1) and (2) in Assumption 0.4
for all stratifications (7.3).

(ii) Corollary 7.10 yields condition (3) in Assumption 0.4 for all stratifications (7.3).
(iii) Assumption 0.6 for all stratifications (7.3) holds thanks to Corollary 5.6.
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Finally, we note that Assumptions 0.3 and 0.5 are also satisfied for each one-step stratifica-
tion (7.3) thanks to Corollary 7.10. More precisely, we have:

Proposition 7.14. Let (H,B) be a twisted stability condition with B generic. Then, the open exhaus-

tions {861, k(Yi-1,11) Yren, {4 k(7 12) ke, {4 k(7' 12)° bren, and {84 k(7' n2) =" brew are T-
equivariantly ind 5-cellular for any 1 <i < N.

Using Propositions 4.7 and 4.18, the above proposition yields:
Corollary 7.15.

(i) Forany 1 < i < N, the restriction maps in T-equivariant (motivic) Borel-Moore homology
associated to the natural open immersions

8 (7', n2) x Cohfd (X7, ;vi—1,m1) — Cohfl (Xyyi; 7', m2) x Cohll (X7, i vio1,11)
and
8 (7', 12)° x Cohl(Xz, ;vio1,m1) — i k(7' m2) x Cohl(X7, ;vi1,m)

are surjective for any k € IN and any values of the topological invariants. In particular, Assump-
tion 0.3 holds in this case.

(ii) Forany 1 <i < N the Kiinneth maps

HE (84 k(7 12) ) BHY (W1 1 (vim1,m1)) — HI(S k(7 m2) X L k(7im1,m1))
and

Ha (84 1 (7, 12) ) BHE (W1 1 (7im1,m1)) — HI (U (7, 12)° X i i (i1, m1))
are isomorphisms for any k € IN and any values of the topological invariants. In particular,
Assumption 0.5 holds.

Using the construction in §4.4, the stratification (7.2) yields an amalgamation map

by HI(COth(XZN,WN))@)HA;ZM @HAileI(COhgg(le,%)) — HI(Cohf} (X7, 7))

N 2
for any v € (Z), where 7; € (Z;) are uniquely determined by the relation ¢ = Y-V | 7;. For the
sake of exposition, set:

Hl(vi,.oom) = HI(COhBisI()A(Z,-,%))@HA; @HA;F(Z HI(CohhY (X2, 11))

i—1 1
g4 z}

foralll <i<N.

In conclusion, since the assumptions of Theorem 4.21 hold by Remark 7.13 and Corollaries 7.12
and 7.15, we obtain the following.

Theorem 7.16. For any y € (Z) there is a commutative diagram

a. 0o~
HI (N, ..., M) —————— HI(Cohll(Xz; 7))

l | (7.4)

~ Tk,
HI(uN,k)®HAT N 1HI(’YN1/-~-/71) % Hz(uk(()/))
X2

N

where the vertical maps are determined by the restriction maps associated to the open immersions Uy r(yn) —
Cohgfsl(}A(ZN;'yN) and i (y) — CohB'S'(}A(Z;'y), respectively.
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Moreover, both horizontal arrows as well as the bottom horizontal arrow in the diagram (7.4) are sur-
jective. In particular the composition

a. o~
HI (YN, ... 71) —— HI(Cohli(Xz;v))

l

HY (U (7))
is surjective for any k € IN and for all v € (Z).

In addition, note the following consequence of the proof of Theorem 7.16.

nil

Corollary 7.17. The T-equivariant Borel-Moore homology of the stack Cohgg (Xz; ) is strongly gener-

ated by algebraic cycles for all values of the topological invariants.

8. SECOND EXAMPLE: SINGULAR ELLIPTIC FIBERS

In this section, we construct a second explicit example for which Theorem 4.21 holds. Here Z
will be a reduced tree of rational (—2)-curves of affine DE type.

8.1. Elliptic surfaces. Let r: X — C be a smooth projective elliptic surface with a sectiono: C —
X over a smooth projective curve C. The scheme-theoretic image of C via o will be denoted by
Co.

Definition 8.1. We say that X is called relatively minimal over C if there are no (—1)-rational
curves on X whose scheme-theoretic image via 77 is zero-dimensional. %)

From now on, we assume that X is relatively minimal.

Recall that the multiplicity of any irreducible effective divisor D on X is defined as the unique
positive integer m so that [D] = m[D,q] in the Picard group of X. Note that the existence of a
section implies that all irreducible fibers of 7w have multiplicity one as divisors on X. In particular,
any irreducible fiber is reduced. Furthermore, one has:

Lemma 8.2. Suppose that E is a reducible fiber of 7t. Then
(i) Any irreducible component of E,eq is a rational (—2)-curve on X.

(ii) The section C intersects nontrivially a unique reduced irreducible component Eg of E, which has
multiplicity one. Moreover the scheme-theoretic intersection of Co and Ey is a single closed point
contained in the smooth locus of E.

(iii) There exists a contraction §: X — X, where X is a Weierstrass model over C with a rational
singular point v C X of type ADE so that 1 (v) coincides with the scheme-theoretic closure of
the complement E . Eg as subschemes of X.

Proof. Claim (i) is proven in [Fri98, Chapter 7, Lemma 11]. Claim (ii) follows from the fact that
Cy is a section of 7r, and Claim (iii) follows from [Fri98, Chapter 7, Lemma 12]. O

By [Fri98, Chapter 7, Theorem 15], one also has the following.
Lemma 8.3. The dualizing sheaf wyx is isomorphic to the pull-back of a line bundle on C via .

Assumption 0.10. There exists at least one point 0 € C so that the fiber E := 7~ 1(0) is singular
and reducible. ©

Remark 8.4. Note that a surface satisfying Assumption 0.10 can be constructed as a minimal res-
olution of a singular Weierstrass model. See for example [Fri98, Chapter 7] or [SS10, §4]. In
addition, one of the isotrivial rational elliptic surfaces listed in [SS10, §9.7, Case (3)] provides
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an example admitting a nontrivial C*-action. The associated singular Weierstrass model is the
hypersurface

y2z = 3 + uv?x2? + U3

in the total space P of the projective bundle Proj(Op1 @ Opi1(—4) @ Op1(—6)). Here (x,y,z) are
the canonical relative homogeneous coordinates with respect to the canonical projection P — P!,
and (u,v) are homogeneous coordinates on IP!. The torus action is defined by the assignment

EX (u,0,x,Y,2) — (tzu, v, £2x, t3y,z) .

It is straightforward to check that this action lifts to a C*-action on the minimal resolution X of
the above Weierstrass model. Moreover, X is a rational elliptic surface over P! with singular
fibers of type affine Dy at (1,v) = (0,1) and (u,v) = (1,0), all other fibers being smooth.

For completeness, note that one construct more examples of Weiestrass models over A! which
admit non-trivial C*-actions using for example the classification of isotrivial elliptic fibrations
in [VA11]. However, in all cases except the one listed above, the projective completions of these
models exhibit non-rational singularities at infinity. This makes the use of Fourier-Mukai functors
in §8.2.3 problematic. A

Let NS(X) be the Neron-Severi group of X. By [SS10, Theorem 6.2], NS(X) is torsion-free and
finitely generated. Furthermore, by [SS10, Theorem 6.5], it coincides with the group Nj(X) of
numerical equivalence classes of divisors on X. Let E; denote the irreducible components of E,.q
for 0 <i < N —1, and let m; be their multiplicities, for 0 <i < N —1,1i.e.,

N-1
E= Y mE;
i=0

as divisors on X. Set Z := E,q. Under the current assumptions one has the following result,
which follows from [SS10, Theorem 6.3 and Proposition 6.6].

Lemma 8.5.

(i) The subgroup (Co,Z) C NS(X) generated by Co and E;, with 0 < i < N —1, is free as a
Z-module.

(ii) The subgroup (Z) C NS(X) coincides with the root lattice of an affine Lie algebra of type ADE.
Moreover, the intersection pairing is identified with the negative of the affine Cartan matrix and
the multiplicities m; are the dual Coxeter numbers of the associated affine Dynkin diagram for
0<i<N-1

Remark 8.6. As a consequence of Lemma 8.5, note the intersection numbers
fP=fE=0for0<i<N-1, f-Cy=1,
Co-Eh=1, Cp-Ei=0for 1<i<N-1.
Here f := [E]. A
8.2. Cellular structure for moduli stacks of semistable sheaves. Let (H, B) be a twisted stability
condition on X with B generic as in Definition 7.1. The goal of this section is to prove that moduli

stacks Qlob?;l B) (Xz;,n) of (H, B)-semistable sheaves on X with set theoretic support on Z have
cellular structure as in Definition B.16. As a first step we will establish the existence of coarse

moduli spaces by relating twisted stability to parabolic stability.
8.2.1. Twisted stability and parabolic structure.
Definition 8.7.

(1) We say that a coherent sheaf on X of dimension at most one is vertical if any each irre-
ducible component of its reduced set-theoretic support is a closed subscheme of a fiber of
TT.
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(2) We say that coherent sheaf on X of dimension at most one is horizontal if it does not
contain any vertical subsheaves.

(38) We say that a closed subscheme S C X is vertical (vesp. horizontal) if its structure sheaf is
vertical (resp. horizontal) respectively.

@

Remark 8.8. Note that any zero-dimensional coherent sheaf on X is vertical. A

The goal of this section is to show that for certain twisted stability parameters B € NS(X)g any
moduli stack of vertical (H, B)-semistable sheaves on X with fixed topological invariants admits
a coarse projective moduli scheme'?. This will be done by identifying these moduli stacks with
certain moduli stacks of parabolic sheaves on X.

We start with some preliminary results. Let I' C NS(X) be the subgroup spanned by vertical
divisor classes. Clearly, if £ is a vertical sheaf as in Definition 8.7, then ch;(€) € I'. The result
below shows that the converse is also true.

Lemma 8.9. Let £ be a nonzero purely one dimensional sheaf on X with chy(E) € T. Then € is a vertical
sheaf.

Proof. Let (Cp,I') C NS(X) be the subgroup generated by Cy and I'. By [SS10, Theorem 6.3 and
Proposition 6.6], the quotient NS(X)/(Co,I') is isomorphic to the Mordell-Weil group MW (X)
generated by the sections of 7, excluding Cp.

Let &, C &£ be the maximal horizontal subsheaf of £ and let £, := £/&,. Suppose that &, is
nonzero. Hence chy (&) is a nonzero horizontal effective divisor class on X, while chy(&,) € T.
Moreover, the image of chy(&),) in MW(X) coincides with the image of chy(€), which is zero by
assumption. Hence chy (&) € (Co, T).

By [SS10, Proposition 6.6], the subgroup (Co, I') is freely generated by Cy, the fiber class f, and
the equivalence classes of all irreducible components of singular fibers which do not intersect
Co. Since &y, is horizontal, this implies that chy (&) € (Cp). At the same time, chy (£) and chy (&)
belong to the subgroup I', which implies that chy (&) also belongs I'. This leads to a contradiction
since (Cp) NI = 0 by [SS10, Proposition 6.6].

O

Next note the following transversality result.

Lemma 8.10. Let D be an horizontal effective divisor on X. Let £ be a vertical pure one-dimensional
coherent sheaf on X with chy(E) # 0. Then

Tork(S, OD) =0
forall k > 1. In particular, the canonical morphism € ® Ox(—D) — & is injective. Moreover, € ® Op is
a zero-dimensional sheaf of length D - ch1(E).

Proof. Since D is horizontal, the set-theoretic intersection of D with the support of £ is zero-
dimensional. Since £ is purely one-dimensional, the claim follows from the long exact Torx (£, —)-
sequence associated to the short exact sequence

0— Ox(—D) — O0x — Op — 0.

Using Lemma 8.10, we next prove the following.

Lemma 8.11. Let D be an horizontal effective divisor on X. Let &£ be a vertical purely one-dimensional
sheaf with chy(€) # 0and let 0 C F C & be a proper nontrivial saturated subsheaf of £. Then F N (€ ®
Ox(—D)) = F ® Ox(—D) as subsheaves of £.

12Note that a similar result was proven for torsion free sheaves on surfaces in [MW97].
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Proof. First, note that the quotient £/F is a pure one-dimensional sheaf since F is saturated.
Moreover, it is vertical. Lemma 8.10 shows that Tory(€/F,Op) = 0. Therefore, the short exact
sequence

0 —F —=E&—E/F—0
yields an exact sequence
0—FR0p —EROD —E/FR®0Op —0.

Then, one has a commutative diagram

0 —— FR0x(-D) — F — F®0p —— 0

! o

0 — ER0x(-D) —— & —— E®0Op —— 0

with exact rows, where all vertical arrows are injective. This yields the identifications
FN(E®@0x(—D))=ker(F =& —=E®0Op) =ker(F = FR0p = E®0p)
=ker(F - FR0p)=F® Ox(—D)

as subsheaves of £. O

In the following D will be a fixed horizontal effective divisor on X. Given any purely one
dimensional vertical sheaf £, the natural morphism £(—D) — £ is injective by Lemma 8.10.
Moreover, by Lemma 8.9, any purely one dimensional sheaf £ with 0 # chy(€) € T is vertical.
This allows us to formulate the following.

Definition 8.12. A vertical parabolic sheaf on X with respect to D is defined by the datum (&,, as ),
where £ is a purely one dimensional nonzero sheaf on X with chy(€) € T, &, is a filtration

EROx(-D) =& C& 1C---C& =&,
and ae = (ag,...,as_1) € QF is a collection of rational weights so that
0<ay<---<ag_1<1.
@

Remark 8.13. In Definition 8.12, let S C X be the reduced set-theoretic support of £ ® Op, which is
a zero dimensional subscheme of X by Lemma 8.10. Then the monomorphism & — &;_1 restricts
to an isomorphism on the complement X \ S. This implies that each successive quotient &;_1/&;
is zero dimensional forall 1 <i <s.

In conclusion, the topological invariants of a vertical parabolic sheaf as in Definition 8.12 con-

sist of the Mukai vector v(€) € T x Z and the numerical invariants

Xeo = (X(gi))lgigsfl ’
where

X(Es-1) < < x(&) -
In particular, x(&1) = x(£(—D)) if and only if all monomorphisms £(—D) — &; are isomor-
phisms for1 <i <s—1. A
Definition 8.14. Let H be an ample divisor. Let (&,, 4 ) be a vertical parabolic sheaf with chy (£) #
0. The parabolic slope of (., as) is defined as

1

i (e tte) = Hc:n(E) (X(g) +2)0<i7((5i/5i+1)> .
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Let (€., e ) be a vertical parabolic sheaf, where £ is pure one-dimensional and ch; (£) # 0. Let
0 € F C & be a proper nontrivial saturated subsheaf of £. Then, one has a canonical induced
filtration

Fo: FsCFe1C--CFo=F
where F; = FNé&iforl <i<s.

By Lemma 8.11, one has F N &; = F @ Ox(—D) as subsheaves of E, hence the pair (F., &)
defines a parabolic structure on F. For convenience this parabolic structure will be denoted by

F N (s, tte).
Definition 8.15. We say that a vertical parabolic sheaf (&, as) with chy(€) # 0 is (semi)stable if
HH(Fortte) (<) pri(E, te)
for any proper nontrivial saturated subsheaf 0 C F C £. ©
For any v = (7,n) € ([ x Z)*%, and any xe € Z°~!, with ¢ # 0, let €oh$3(X; 0, Xe, e ) be
the moduli stack of H-semistable parabolic sheaves with fixed invariants (v, ) and parabolic

weights ae. Let Coh};(X;0, Xe, 0e) C CobF(X;0, X, &e) be the stable locus. By [Tall7, Theo-
rem 3.2.29], one has the following.'

Proposition 8.16. For any (v, Xe, &) as above, €oh3}(X; v, Xe, e ) is a global quotient stack which ad-
mits a coarse projective moduli scheme M33(X; v, Xo, Ko ), parametrizing S-equivalence classes of semistable
objects.

Now, set

withp e Z,p > 2.

Remark 8.17. Let & be a vertical pure one-dimensional sheaf with chy (£) # 0. Then, note that the
data

Eo: g@OX(—D) :ng:~":51Cg (8.1)

. (’”‘11)
p p

determines a parabolic structure on £. The choice of weights is justified by the correspondence

between parabolic sheaves and sheaves on the root stack X — X determined by the pair (D, p).
In the present form this was proven in [BV12]. Note also that
werB)(E) = Hu(Ee, ta) .

A

Lemma 8.18. Under the conditions of Remark 8.17, £ is (H, B)-(semi)stable if and only if (€., as) is

H-(semi)stable. Moreover, given any semistable parabolic sheaf (€., xe) with x(&;) = E(—D) for all
1 <i <s, the monomorphism E(—D) — &; is an isomorphism for all 1 < i < s, as in equation (8.1).

Proof. For the first part, it suffices to note that the construction in Remark 8.17 is compatible with
induced parabolic structures by Lemma 8.11. Given a saturated subsheaf 0 C F C & of £, the
parabolic structures F, and J N &, coincide.

The second part follows from Remark 8.13. O

Let Qobﬁ{ B)(X; v) be the moduli stack of (H, B)-semistable pure one-dimensional vertical
sheaves with Mukai vector v = (1, n), where y # 0. Then Lemma 8.18 yields the following.

1BNote that moduli spaces of torsion-free parabolic sheaves were constructed in [MY92].
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Corollary 8.19. Using the construction in Remark 8.17, the assignment
Er— (€, tte)
determines an equivalence of stacks
P: Qﬁof)ﬁ{,B)(X;v) — CobF3(X; U, Xe, tte)

with xe = (n—D-7,...,n — D - ), which preserves the stable loci. In particular, Qioh??{,B)(X;v)
is a global quotient stack which admits a coarse projective moduli scheme Mﬁ{ B) (X, v) parametrizing
S-equivalence classes of semistable objects.

8.2.2. Stable vertical sheaves. For any effective divisor class v € NS(X), let A, be the set of all
nonzero effective classes 7/ € NS(X) \ {0} so that v — 7/ is a nonzero effective class. Recall that
Z = E,¢q for E a fixed reducible singular fiber of 7: X — C, and f = [E] € NS(X).

Lemma 8.20. Let £ be an (H, B)-stable sheaf on X so that chi(€) € (Z). Then, one of the following
cases holds:

(i) ch1(&) = kf, withk > 1, and dim Ext%(€,&) = 2.

(ii) ch1(£)* = —2 and dim Extk(E,&) = 0. Moreover, the reduced set theoretic support of £ is
contained in Z.

Proof. By Lemma 8.5, the subgroup (Z) C NS(X) is freely generated by the reduced irreducible
components of Z. Furthermore, it is naturally isomorphic to the root lattice of the associated
affine ADE Lie algebra, the intersection form being identified with the negative Cartan matrix.
This implies that chy(€)? is even, chi(€£)? < 0, and chi(£)? = 0 if and only if chi () € (f).
Furthermore, by Lemma 8.3, Z satisfies Assumption 0.9, i.e., there exists an open subscheme
U C X, containing Z, so that wx|; =~ Oy. Then the claim follows from Lemma 7.4. O

Forany v = (vy,n) € I x Z, with v # 0, let S(SISJ B) (v) denote the set of isomorphism classes of

S

(H, B)-semistable sheaves on X with Mukai vector v. Let S (H.B)

(v) be the subset of isomorphism
classes of stable objects.
Below we determine the set S p, (v) for any Mukai vector v = (7, n) € (Z) \ (f) withy # 0,

assuming B € NSg (X) to be generic.

Lemma 8.21. Assume that B € NSg(X) is generic. Let v = (y,n) € (Z) ~ (f) with v # 0. Then
St p) (v) is either empty, or it consists of a unique polystable element E$*, with &, an (H, B)-stable sheaf
with set theoretic support contained in Z.

Proof. Suppose S, 5, (v) is not empty. Let £ be a purely one dimensional (H, B)-semistable sheaf

on X so that v(€) = v. Let &; be its Jordan-Holder subquotients with 1 < i < j. By Lemma 7.3,
foreach 1 <i < jthere exists A; € Q, with A; > 0, so that

chi1(€) = Ajchi (&) and  x(€) = Aix(&) -

In addition note that £ is a vertical sheaf by Lemma 8.9. Therefore each &; is a vertical sheaf
as well for 1 < i < j. Moreover, since &; is (H, B)-stable, its reduced set theoretic support is
connected for 1 <i <.

By [SS10, Proposition 6.6], the subgroup I' C NS(X) consisting of vertical classes is freely
generated by the fiber class f and all irreducible components of the singular fibers which do not
intersect the section Cp. In particular I' admits a direct sum decomposition

r~(Z)erl,
where I” is freely generated by the irreducible components of the singular fibers contained in

X ~\ Z which do not intersect the section Cy. Then, as ch1(€) € (Z) C T, relations 8.2.2 imply that
chy(&;) € (Z) aswell, forall 1 < i < j. Moreover, given the above direct sum decomposition, the
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reduced set theoretic support of £; is a union of reduced fibers and irreducible components of Z.
Since it is also connected, the reduced set theoretic support of &; is therefore contained in Z. In
conclusion, by Lemma 8.20, for each 1 < i < j, one has two cases:

(1) chi(&) € (f), or
(2) chi(&)? = —2and &; is rigid as in Lemma 8.20—(ii).

In both cases, the set theoretic support of &; is contained in Z.
Suppose (1) holds for some 1 < i < £. Since B is generic, Lemma 7.3 implies

Achy (&) € (f)

for some A € Q, with A # 0. Then chi(€ )2 = 0, leading to a contradiction. In conclusion
all Jordan-Holder subquotients of £ are of type (2). Then, in completely analogy to the proof
of Lemma 7.8, one concludes that & ~ &,%‘ for an (H, B)-stable sheaf &, with chy(£,)? = —2.
Moreover, £, and ¢ are uniquely determined by v. O

Lemma 8.21 yields the following.

Theorem 8.22. Assume that B € NSg(X) is generic. Then, for any v = (y,n) € (Z) X Z, with vy ¢
Zf), the natural map Cohﬁﬂg) (Xz;v) — (’.‘obﬁ{/B) (X;v) is an isomorphism. Moreover, Qioh?fq’B)(X;v)
is either empty or it is equivalent to the classifying stack of a general linear group. In particular, Assump-
tion 0.8 holds in this case, with ¢ = Q.

We next concentrate on moduli of stable vertical sheaves with first Chern class in (f), starting
with primitive Mukai vectors as defined below.

Definition 8.23. We say that a Mukai vector v € (f) x Z is primitive if v = (kf,n) with k > 1 and
(k,n) coprime. %)

Then note the following.

Lemma 8.24. Let B € NS(X)R be generic. Let v := (kf,n), withk,n € Z, k > 0, be a primitive Mukai

vector. Then, for any ample class H € NS(X) one has S(SIS_I B) (v) = SESH B) (v).

Proof. Assume that & is strictly (H, B)-semistable, with v(E) = v. Then, there exists an (H, B)-
semistable subsheaf 0 C F C & of & with pp 4(F) = pp,p(E) and the quotient £/ F is a nonzero
(H, B)-semistable sheaf of the same slope. Hence chy (F) € Ayy.

Since B is generic, by Lemma 7.3, the slope identity p (g gy (F ) = H(n,B) (€ ) implies that
kf =Achy(F) and n=Ax(F) (8.2)

for some A € Q, with A > 0.

Since k > 1 and k, n are coprime, one has either (k,n) = (1,0) or n # 0. If (k,n) = (1,0),
Lemma 8.5 implies that A = 1 and chy(F) = f. This contradicts the condition chy(F) € Ay,
which requires chy (F) = k'f, with 0 < k' < k.

Assume now that n # 0. Lemma 8.5 implies that chy(F) = {f for some positive integer
¢ € Z,with ¢ > 1. Since chy(F) € Ayg, one has £ < k — 1. Furthermore, the relations (8.2) yield
nl = kx(F). Since (k, n) are coprime, this implies that ¢ is a multiple of k which leads again to a
contradiction. O

Next, let g (X) C NSg(X) be the real Kéhler cone of X and let Kq(X)q = Kr(X) N NSq(X).

Lemma 8.25. Let B € KR(X) be generic and let v == (7y,n) € (f) X Z be a primitive Mukai vector.
Then there exists B' € Kq(X) (depending on v) so that S; p, (v) = S§; /(0) and S§; p(v) = S§ (0).
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Proof. Recall that A, € NS(X) is the set of all nonzero effective classes 7' € NS(X) ~\ {0} so that
v — 7' is a nonzero effective class. Note that this is a finite set since NS(X) is finitely generated.
Forany (7v',n') € Ay x Z,let W,y ,y C NS(X)R be the affine hyperplane defined by

n—-B-v n—B-vy
H-o  H-y

Let

WR = U Wy w and Wg = WRNNSq(X) .
(' n')eAy xZ

Note that B ¢ WWg by the genericity assumption. Let Cg C K(X)R be the connected component
of the complement of K(X)r \ Wr containing B. We show below that S35, (v) = Sj; p/(v) and

SIS_[S,B/ (v) = SISJSIB(U) for any B’ € Cp.

The first claim follows immediately from the fact that B’ does not belong to Wg. This implies
that there are no strictly (H, B')-semistable sheaves with Mukai vector v for any B’ € Cp.

The second claim follows by a standard argument (see for example [Yos96, Lemma 2.2]). The
details are provided below for completeness. We will first show that S37 ,(v) C Sifp(v). Sup-
pose & is an (H, B)-semistable sheaf which is not (H, B')-semistable. Let £&; C & be the first step
in the Harder-Narasimhan filtration of £ with respect to (H, B')-stability. Let v(&1) = (71, 11).
Under the current assumptions, £ /&, is a non-zero purely one dimensional sheaf. Hence 71 € A,
and

11 —B -7 - v—B -y
H-m H-vy

Moreover, since £ is (H, B)-stable, one has

7 —B-m <7—B~’r
H-m H-vy

Let
tel0, 1] — B¢

be a linear path in NSk (X) so that $(0) = B and B(1) = B’. Then the above inequalities imply
that the linear function

=Bt -mn  r—BE) v
H-m H-vy

t—>

changes sign in the interval (0, 1). Therefore there exists ¢y € (0, 1) so that

n—pllo) n_r=plo)- v _,
H-m H-vy '

In conclusion, B and B’ are separated by the wall Wy 4, ), in contradiction with the assumption
that B’ € Cp. The inverse inclusion, S (v) C 83} /(v) is proven by an identical argument.
Hence, indeed, S3; 3(v) = S§ p/(v).

In conclusion, note that the intersection Kg(X) N Cp is nonempty since A, is a finite set, hence
Ay x Z =~ 7™\, Then any B’ € Kq(X) N Cp satisfies the conditions stated in Lemma 8.25. O

We conclude this section with:

Proposition 8.26. Assume that B € NSRr(X) is generic. For any primitive vector v = (kf,n) €
NS(X) x Z, with k > 1, the moduli stack €ob},; g (X; ) is a smooth global quotient stack which ad-

SS
(H,B

Moreover, the latter is a two dimensional smooth projective scheme with symplectic structure.

mits a coarse projective moduli scheme M ) (X;v) parametrizing isomorphism classes of stable objects.
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Proof. The first part follows from Corollary 8.19 and Lemma 8.24 using Lemma 8.25. In particular,
since B’ in Lemma 8.25 is a rational ample class, it can be written as
B = @
p
where D is a smooth connected ample divisor on X and p € Z, with p > 1. The ampleness
condition implies that D ¢ I, hence Corollary 8.19 applies.

The second part is analogous to [Muk84], or, alternatively, follows from [PTVV13]. g

In the next surface it will be shown that the coarse moduli space in Proposition 8.26 is in fact
isomorphic to X as an elliptic surface over C.

8.2.3. Moduli via Fourier-Mukai functors. In this section, H is a fixed ample class and B is a fixed
generic twisted stability parameter. We shall show below that the moduli space M?;/B) (X;v),
with v primitive, admits a natural projection to C and it is isomorphic to X as a C-scheme. This
is analogous to [Bri98], where the same result is proven for H-stable vertical sheaves. First recall

the following well known result.

Lemma 8.27. Let £ be an (H, B)-stable vertical sheaf with set-theoretic support contained in a (scheme-
theoretic) fiber Xp, with p € B . Then the scheme-theoretic support of £ is a closed subscheme of Xp. In
particular, if X, is irreducible, £ is the pushforward of a torsion-free sheaf on X,,.

Moreover, let X, be an irreducible fiber of 7r. Under the current assumptions, X, is reduced.
Recall that a nonzero torsion-free sheaf £ on X}, is (semi)stable if and only if

X(F) oy X(E)
<
rk(F) (=) rk(€)
for any proper nontrivial subsheaf 0 C 7 C £. Then, Lemma 8.27 yields the following.

Corollary 8.28. Let £ be an nonzero purely one dimensional vertical sheaf, set-theoretically supported
on an irreducible fiber X,, with p € B. Then, £ is (H, B)-stable if and only if £ is isomorphic to the
pushforward of a stable torsion-free sheaf on Xp,.

Proof. Under the stated assumptions, chi(F) € Z(f) for any nontrivial subsheaf 0 C F C €.
Then, the claim follows from the slope identity
X(F) B-f
F) = ,
P‘(H,B)( ) H-chi(F) + H-f
observing that the second term in the right-hand-side is independent of F. O

Now let H(X;kf,0) denote the Hilbert scheme of pure one-dimensional closed subschemes
Z C X with

ch1(0z) =kf and x(0z)=0.
Recall the construction of the determinant of a pure one-dimensional sheaf £ on X. Given any
locally free resolution
Fi1—F—E&
of £, one obtains an injective morphism
det(F_1) @ det(Fp) ! — Ox.

The image of this morphism is the 0-th fitting ideal Fitty(E), as defined in [Sta25, Tag 0C3C],
which is independent of the chosen resolution. Moreover, the cokernel of the above morphism is
the structure sheaf of a divisor A¢ so that

ch1(0a,) = chi(€).

This is called the determinant of £. Then we have the following result.
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Lemma 8.29. For any primitive vector v = (kf,n) € NS(X) x Z, with k > 1, there is a canonical
morphism

A M (X;0) — H(XGK,0) (8.3)

mapping the isomorphism class of a sheaf £ to its determinant Ag.

Proof. Given a vertical (H, B)-semistable sheaf £, with chi(€) = kf, using Lemma 8.3, the ad-
junction formula implies that

X(OAg) =0.
Therefore A¢ determines a point in the Hilbert scheme H(X;kf,0). In order to prove the claim,
we have to show that this construction works for flat families.

Let T be a parameter scheme of finite type over C, and let € be a T-flat family of (H, B)-
semistable sheaves on X with Mukai vector v. Since € is a flat family of pure one-dimensional
sheaves, [HL10, Proposition 2.10] proves that £ admits a two term locally free resolution

F_ 1 — F

as an Oxxr-module. Furthermore, this resolution restricts to a locally free resolution of &; for all
t € T. The 0-th fitting ideal of € is again defined as the image of the morphism

det(frll) ® det(g'uo)il — OxxT -
Note that this morphism is injective since its restriction to any t € T coincides with the morphism
det(‘rfr,l/t) ® det(g:o,t)il — Ox, ,
which is injective. Then its cokernel is the structure sheaf of a T-flat divisor Ag on X x T. More-
over, Ag restricts to Ag, on each fiber X;. Therefore, one obtains a morphism T — H(X;kf,0). O
Recall that under the current assumptions the projection 7t: X — C has a sectionoc: C — X
whose scheme-theoretic image is denoted by Cy. As a consequence of Lemma 8.29, we obtain:

Corollary 8.30. For any primitive vector v = (kf,n) € NS(X) x Z, with k > 1, there is an additional
morphism

§: €ob?; ) (X;0) — Sym*(C) (8.4)
mapping the isomorphism class of a sheaf € to the scheme-theoretic inverse image o1 (Ag).

Proof. Lemma 8.5 implies that any closed subscheme Z which belongs to #(X; kf,0) is pure one-
dimensional and set-theoretically supported on a union of fibers of 7r. Hence, its scheme-theoretic
intersection with Cp is a length k zero-dimensional subscheme of Cy. It is straightforward to check
that this construction works for flat families, hence, it yields a morphism H(X; kf,0) — Sym (C),
mapping a closed subscheme Z C X to ¢~!(Z). The morphism (8.4) is obtained by composition
with (8.3). O

On the other hand, by Lemmas 8.27 and 8.27, for any primitive Mukai vector v, one also has a
set-theoretic map
Siip(v) — C (8.5)

mapping the isomorphism class of a sheaf £ to the unique point p € C so that the scheme theo-
retic support of £ is contained in X.

Lemma 8.31. For any primitive vector v = (kf,n) € NS(X) x Z, with k > 1, the morphism (8.4)
determines a proper morphism Mﬁ{ B)(X; v) — C so that the induced map of closed points coincides

with (8.5).
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Proof. We first note that the morphism (8.4) factors through the projection €obf, ) (X;0) —

M p) (X;v) since the coarse moduli space co-represents the functor of points [HL10, Theo-

rem 4.3.4]. Hence one obtains a morphism M??{/B) (X;v) — C.

Since both the domain and the target in (8.4) are projective, J is proper. Since the moduli

scheme M??{ B) (X;v) is smooth, hence reduced, the scheme-theoretic image of ¢ is a reduced

closed subscheme of Symk(C ). Furthermore, by Lemma 8.27, the induced map of sets of closed
points coincides with (8.5). This further implies that the scheme-theoretic image of ¢ is a closed
subscheme of the reduced small diagonal in Sym*(C). Hence, one obtains a proper morphism, as
claimed. 0

Next, let U C C be the irreducible locus of 7, i.e., the open subscheme of C so that Xy is
irreducible for any p € U. Let Xy; := X x¢c U and let 7ry;: Xy — U be the canonical projec-
tion. Note that 7y is projective, with irreducible reduced fibers and Xj; is smooth. For any
coprime pair (k,n), with k > 1, let €ob®(mry;; k,n) — U denote the relative moduli stack of rank
k stable torsion-free sheaves on the fibers of 7ry;: Xy — U with Euler characteristic n. Note
that strictly semistable objects are absent for (k, 1) coprime, hence €ob*(7r; k, 1) coincides with
Cob* (mry; k,n). As shown in [Sim94, Theorem 1.21], this stack admits a quasi-projective relative
coarse moduli scheme M (7r;k,n) — U. Since (k,n) are assumed to be coprime, this scheme
is in fact projective over U. Moreover, the following result follows from [HRLMSGTP09, Corol-
lary 1.28]:

Theorem 8.32. For any coprime pair (k, n), the relative moduli space M?(mty; k, n) is isomorphic to Xy
as an U-scheme.

Now, let €ob{}; 5y (Xu; v) and Mip) (Xu;v) be defined by the pullbacks

60()??—],3) (XU; U) — coh??{,g) (X} U)

1) (Xuiv) —— M35, (X0)
| |s
u C

By Corollary 8.28, taking pushforwards yields a morphism of stacks over U:
Cob® (s k,n) — QUh?;,B) (Xu;0) .

By composition, one obtains a morphism

QUbs(ﬂu;k,I/l) — M??J,B) (Xu,’ U) (8.6)
to the coarse moduli space. Since the coarse moduli space M3(7y; k, n) co-represents the functor
of points by [Sim94, Theorem 1.21], the morphism (8.6) factors through a morphism

M3 (s k,n) — M?;’B)(Xu;v) . 8.7)
of schemes over U.

Lemma 8.33. The morphism (8.7) is an isomorphism of schemes over U.

Proof. By Corollary 8.28, the morphism (8.7) induces an isomorphism on sets of points. Further-
more the domain is a smooth surface by Theorem 8.32, while the target is a also a smooth surface
by Proposition 8.26. This implies that (8.7) is an isomorphism, as claimed. g

Let Y ,, be the connected component of M?ﬁ_[ B) (X;v) containing the open subscheme M?;[’B) (Xy;0).

Note that the latter is isomorphic to Xy by Theorem 8.32 and Lemma 8.33, hence it is in particular
connected.
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Let p: Yi, — C be the restriction of the morphism 4: M?E,B) (X;v) — C in Lemma 8.31 to
Yin-

Proposition 8.34. For any coprime pair (k,n), with k > 1, the component Yy ,, is isomorphic to X as a
C-scheme.

Proof. First, p: Yy, — Cisa proper morphism by Lemma 8.31. By Theorem 8.32 and Lemma 8.33,
the inverse image p~!(U) is isomorphic to X;; as an U-scheme. Furthermore, by Proposition 8.26,
Yi n is a symplectic smooth projective surface. Therefore, Y}, is a smooth symplectic elliptic
surface over C, which is isomorphic to Xj; over U. In particular, it is also relatively minimal over
C. Since both X and Y} ,, are relatively minimal over C, they are isomorphic as surfaces over C by
[BPVAV84, Proposition I11.8.4] or [SS10, Theorem 5.1]. O
The next result proves the existence of a universal family.
Lemma 8.35. For any primitive vector v = (kf,n) € NS(X) x Z, with k > 1, there exists a universal

family P over M, g, (X;v) x X.

Proof. This follows from [Muk87, Theorem A.6]. As proven in loc. cit., it suffices to show that the
greatest common divisor of all (€ ® V), with V a vector bundle on X, is one. Note that

X(E®0x(Cy)) =n+k

by the Grothendieck-Riemann-Roch theorem. Since (k, 1) are coprime, it follows that x (€ ® Ox)
and x(€ ® 0x(Cp)) are coprime. O

We shall also denote by P the restriction of the universal sheaf to Yj , x X. Now, let

Yin x X
% X
Yin X
denote the canonical projections. Set
PV = ]RHomXka/n((P,OXka,n) and Q:=?P'®p*wx[1].

By analogy to [Bri98, Lemma 5.1], we have the following.
Lemma 8.36. Q is a perfect complex of amplitude [0,0]. Moreover both P and Q are flat over X and Yy .

As in [Bri98], let
®: D°(Y;,) — DP(X) and ¥:DP(X) — DP(Yi,)
be the Fourier-Mukai functors
®(-) =Rp. (P& Lg*(-)) and ¥(-):=Rg.(Q@"Lp*(-)).
Then, in complete analogy to [Bri98, Theorem 5.3], one has the following.
Theorem 8.37. The functors ® and Y are equivalences of derived categories so that
Yod =idpsy, )[—1] and Po¥ =idpsx)[—1].

The next result determines the action of the Fourier-Mukai functors in Theorem 8.37 of (H, B)-

stable vertical sheaves.

Lemma 8.38. For any closed point y € Yy ,,, one has
D(0y) ~ Py and Y(Py) =~ 0y[-1].
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Proof. Consider the cartesian diagram

X, — X x Y,
J'Jy Jq
y —— Yiu
where i is the canonical morphism. By construction,
®(i,0y) = Rp. (P @ Lg*i,0,) .
Since g is flat, we get
Lq*i.0y ~ %10y ~ j.q,0y ~ j,Ox, .
The projection formula yields an isomorphism
P @ Lg*i.0, ~ Rji.(Lj*P @ 0y, ) .

Moreover, since P is flat over Y by Lemma 8.36, [Bri02, Lemma 3.1.1] shows that Lj*P ~ j*P.
Then, Lj*P @ 0x, ~ j*P. Hence, P @ j,Ox, =~ j.Py. Therefore,

D(i.0y) ~ Rp:(j:Py) = Py,
since the composition p o j: X, — X is the identity.

The second equality follows from Theorem 8.37. O

We next prove a scheme-theoretic support result for P. For simplicity, set Y;, = Y in the
following. We start by proving the following.

Lemma 8.39. The canonical morphism X xcY — X X Y is a closed immersion.

Proof. Let W be defined as the upper left corner of the pull-back square

W ———C

| ls

XXYLXP>C><C

Since the diagonal morphism §: C — C x C is a closed immersion, [Sta25, Tag 01JU] shows that
the morphism W — X x Yis a closed immersion. Therefore, it suffices to prove that the canonical
morphism X X¢ Y — X x Y factors through an isomorphism onto W.

Let T be the fiber product defined by the following pull-back square

T X . XxC

Tyl lnxidc . (8.8)
CxY — CxC
idcxp
Note the commutative diagram
XxY P X
\ qu
IdxXp

2% T —% 3 XxC

mxidy JTY Jnxidc

Y+—CxY — CxC
qy |dC><p
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where px, py and gx, gy are the canonical projections. Using the defining properties of the fiber
product, this determines two unique morphisms

f:XxY—=T and g:T =+ XxY (8.9)
satisfying the relations
Txof=idxxp and Tyof=mXidy,
respectively
pxog=¢gxotx and pyog=gqyoTy.
The above relations yield:
pxogof =qxotxof=qxo(idx xp)=px
and
pyogof=qyotyof=qyo(mxidy) = py.

Then the defining properties of the fiber product uniquely identify go f = idxxy. A similar
argument shows that f o ¢ = idr, as well. Thus, f and g are canonical isomorphisms.

Next let X’ and Y’ be defined through the pull-back diagrams

X —— XxC Y — CxY
n’l lnxidc and p’l lidcxp .
C SN CxC C SN CxC

Then note that the canonical morphisms X’ — X and Y’ — Y defined by the compositions

X — 3 XxC -y X and Y —5CxY -y y (8.10)

are isomorphisms of schemes over C. This follows from the double commutative diagrams

X — s XxC X, x Y — s CxY M,y
ln’ lnxidc lﬂ and Lo’ lidcxp l ’
cscxc-P.c c 2i.cxc ¢

observing that p; 06 = pp 04 = idc.

By base change with respect to the diagonal immersion 6: C — C x C, the pull-back square
(8.8) yields a cartesian diagram

T Xcxc C — X
| }T, :
pl
Y ——— C
Since the morphisms (8.10) are isomorphisms over C, one obtains a commutative diagram

T XcxC C

ﬁ‘xf

L

Y —— C

where the square is cartesian, and the map T xcxc C — W is an isomorphism.
On the other hand, since the morphisms (8.9) are isomorphisms, one also has an isomorphism
TxcxcC=W
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of schemes over C x C. This concludes the proof. O

Given Lemma 8.39, we next prove the following.

Lemma 8.40. The universal sheaf P is scheme-theoretically supported on the closed subscheme X xcY C
X x Y. In particular, Py is scheme-theoretically supported on the fiber X, for any closed point y € Y.

Proof. LetZ C Oxyy be the defining ideal sheaf of the closed subscheme X XY C X x Y. Then,
one has to show that the multiplication map y: Z® P — P is identically zero.

First note that it suffices to prove the claimed vanishing result for the restriction of y to a certain
open subscheme of Y. Recall that the open subscheme U C C was defined as the irreducible
locus of 7t. Then it is also the irreducible locus of p: Y — C since X and Y are isomorphic over
C. We claim that it suffices to prove that the restriction of y to X x Yy is identically zero, where
Yy := Y x¢ U. If this is the case, its image is a subsheaf of P with reduced set theoretic support
X X Sted, where S C Y is the scheme-theoretic union of the reducible fibers of p: Y — C. Since P
is flat over Y, and S,y C Y is a closed subscheme of codimension 1, this implies that the image
of y is identically zero.

Next note that X x ¢ Y'is flat over Y since X is flat over C. This implies that the restriction Z, :=
T|, coincides with the defining ideal sheaf of (X x¢Y), C X x {y} for any y € Y. Therefore,
since Y{; is reduced, it suffices to prove that Py is scheme theoretically supported on (X x¢ Y),
foranyy € Y.

For any y € Y, one has a canonical isomorphism (X xc Y)y — X,(,) induced by the double
cartesian diagram

(XxcY)y — XxcY — X
| L
v} Y c

Then Lemma 8.33, shows that P, is indeed scheme-theoretically supported on (X x¢ Y), for any
y € Yy. Since X X Y is a flat over Y and P is flat over Y, we get that P is scheme-theoretically
supported on X xc Y. O

Using Theorem 8.37 and Lemmas 8.38 and 8.40, we next prove some structural results for the
moduli stacks (Cohﬁ{ B) (X;v) of vertical (H, B)-semistable sheaves.

Lemma 8.41. Let £ and F be (H, B)-stable sheaves on X with Mukai vectors v(E) = (kf,n) and
o(F) = m(kf,n), where k,m,n € Z, k,m > 1, and (k,n) are coprime. Assume that € and F are not
isomorphic if m = 1. Then Ext’, (€, F) = 0 forall k € Z.

Proof. Under the stated conditions, £ and F are non-isomorphic (H, B)-stable sheaves of equal
slope. Then, one has
Ext%(§,F) =0 and Ext}(F,&)=0.

Moreover, by Grothendieck-Riemann-Roch theorem, one has x (&, F) = 0since ch1(€) - chy (F) =
0 and Kx - ch1(£) = Kx - ch1(F) = 0. Then the claim follows by Serre duality, keeping in mind
that £ ® wx ~ £ and F ® wx ~ F by Lemma 8.3. O

Theorem 8.37 and Lemma 8.41 yield:
Corollary 8.42. For any primitive vector v = (kf,n) € NS(X) x Z, with k > 1, the moduli space
M (1,8 (X;v) consists of only one connected component Yy ;.
Proof. Suppose € is an (H, B)-stable sheaf on X which does not belong to Y} ,,. In order to obtain
a contradiction, it suffices to show that ¥ (&) = 0. Note that
Y(€) ~ Rg:RHomxxy,, (P, Lp*E)[1] .
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since £ ® wx ~ £. Since p: X x Yi, — Xis flat, one has an isomorphism ILp*E ~ £. Moreover,
p*€& is flat over Y} ,,. Since P is also flat over Y} ,,, in complete analogy to [HT10, Lemma 4.2], we
conclude that ¥(&) is isomorphic in DP(Y; ,,) to a finite locally free complex F* so that

HI(F*) ~ Ext]X_yl(ny, &)

By Lemma 8.41, we have Extlg(y(?y, &y) = 0 for all k € Z since £ and Py are non-isomorphic for
all y € Yy ,,. Therefore, the complex F* is exact, which proves the claim. O

A similar argument using Theorem 8.37 and Lemma 8.41 also proves the following.

Corollary 8.43. The set of isomorphism classes of (H, B)-stable sheaves with Mukai vector v = ({f,m),
with {,m € Z and { > 1, is empty for (¢, m) not coprime.

Finally, using Lemmas 8.38 and 8.40, and Corollary 8.42, we show below that the Fourier-
Mukai transform preserves set theoretic support. More precisely, recall that E = 7~ 1(0) is a
reducible scheme theoretic fiber of 7: X — C, where 0 € C is a closed point. Since Y, and X
are isomorphic as elliptic surfaces over C, the fiber F := p~!(0) is isomorphic to E. Note any
(H, B)-stable sheaf on X with Mukai primitive Mukai vector v = (kf, 1) is isomorphic to Py for
some closed point y € Y} ,. Then, the following holds.

Lemma 8.44. The point y € Y belongs to F if and only if £ is scheme theoretically supported on E.

Proof. The direct implication follows immediately from Lemmas 8.38 and 8.40.

In order to prove the inverse implication, suppose £ is scheme-theoretically supported on E
whiley ¢ F. In particular, p(y) # o. At the same time, by Lemma 8.40, Py is scheme theoretically
supported on the fiber X, ), which is disjoint from E. Since £ ~ Py, this leads to a contradiction.

O

We next analyze the structure of semistable objects.

Lemma 8.45. Let & be an (H, B)-semistable sheaf on X with Mukai vector v = (¢kf, {n) where k, £ > 1
and (k,n) are coprime. Let £y, ..., &; be its Jordan-Holder subquotients with respect to (H, B)-stability.
Then, v(&;) = (kf,n) forany 1 <i <.

Proof. Since B is generic, the identity
V(H,B)(gi) = V(H,B)(U)
implies that for any 1 < i < j one has
chi(&) = AMkf and x(&) = Mn,
where A € Q, with A > 0.

If n =0,onehask =1, and chy (&) = Alf forall1 < i < j. Hence Al € Z by Lemma 8.5.
Since &; is a (nonzero) subquotient of &, it follows that A¢ = 1. This proves the claim in this case.

Assume that nn # 0. Let Alk = a and note thata € Z, with a > 1, by Lemma 8.5. Moreover,
an = kx(&;)
forall 1 <i < j. Since (k,n) are coprime, this implies that
a=ck and x(E;)=cn
for some ¢ € Z. This yields
chi(&)=ck and x(&)=cn.
Then, ¢ = 1 by Corollary 8.43. O

Let Z := E,.g and W := F.o4. For simplicity, set Y := Y} ,. Then, Theorem 8.37, Lemma 8.38,
Lemma 8.44, and Lemma 8.45 yield the following.
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Theorem 8.46. For any v = ((kf,¢n) with k, £ > 1 and (k,n) coprime, the Fourier-Mukai functor
¥: DP(X) — DP(Y) yields an equivalence of indgeometric derived stacks

Y Cohﬁ{,B)(}A{Z;v) —~ 5 Coh(Yy; ()

where €ob(Yy; £) is the indgeometric derived stack of length { zero-dimensional sheaves on Y with set-
theoretic support on W.

Remark 8.47. Note that similar results were proven in [HRMnP02, HRLMSGTP09] for relative
moduli spaces of semistable sheaves associated to elliptic fibrations. For ¢ > 1, a generic (H, B)-
semistable sheaf & with Mukai vector (¢kf,¢n) as in Theorem 8.46 is not necessarily scheme-
theoretically supported on the fiber E. Therefore, loc. cit. do not imply Theorem 8.46. A

In conclusion, note that Theorems 8.22 and 8.46 provide a complete complete characterization
of moduli stacks of (H, B)-semistable sheaves £ with set-theoretic support contained in Z.

8.3. Stratifications and amalgamation. In this section we will construct a topologically surjec-
tive amalgamation map as in Theorem 4.21 for reducible elliptic fibers of type DE.

Using the same notation as in §8.1, let Z := E,¢q, where E is a singular fiber of 7: X — C of
affine type D or E. Then note that Z satisfies Assumption 0.9 by Lemma 8.3.

Proceeding as in §7, we first construct a stratification of Z satisfying Assumptions 0.1 and 0.7.
We first recall the dual intersection graphs associated to affine DE trees on a case by case basis.
We shall denote by E; the irreducible components of Z. Recall that E; ~ P.

o Type affine D:

Ep En-—
Eq — En-3
En-2 En

o Type affine E4:
E4
E;

Eo Eq E; Es Ee
o Type affine E;:
E4
Ep Ey E; Es Es Eq E;

o Type affine Eg:
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Then one constructs a stratification
0=72czlc...czN*l =7, (8.11)
by first setting ZN+1.— 7 The foreach 1 < i < N +1, let ZI! be the scheme-theoretic closure

of the complement 7!\ E;_4 for any 1 <i < N+ 1. Note that 70 =@. Using Lemmas 8.2 and
8.5, one obtains:

Lemma 8.48. The following hold.
(i) Forany 1 <i < N + 1 the stratification
0o=2czlc...czlcZ
of Z! satisfies Assumption 0.1 and Assumption 0.7.
(ii) Each stratum Z{ := Z'\ Z'~1 is isomorphic to A, while its scheme-theoretic closure Z; :=
Zi . Zi=1 coincides with E;_q, for 2 < i < N + 1. Moreover, Z5 = 71 = E,.

(iii) The scheme-theoretic intersection Z! | := Z'~1 N Z; is a length one zero-dimensional subscheme

contained in the smooth loci of Z'~' and Z; for any 2 < i < N + 1, while Z° = @. In particular,
the one-step stratification

le:_l C Z;
satisfies Assumptions 0.1 and 0.7 forany 2 <i < N+ 1.
Next, as in §4.4, let W' C Z be the scheme-theoretic closure of the complement Z \ Zi=1. Then
W' is a reduced closed subscheme of Z, containing Z;, and the scheme-theoretic closure of the

complement W' \ Z; coincides with W1, Moreover, the scheme-theoretic intersection of W’
and Z;_, coincides with Zz_l. Therefore, Lemma 8.48 yields:

Corollary 8.49. The one step stratification Z; C W' satisfies Assumption 0.1 forall 1 <i < N + 1.

Moreover, using Proposition 6.5, Theorems 8.22 and 8.46 yield the following.

Corollary 8.50. Let (H,B) be a twisted stability condition on X with B generic in the sense of Defi-
nition 7.1. Given v € (Z) and n € Z arbitrary, any nonempty moduli stack Qﬁoh (XZ,')/, ) is
equivalent to either:

(i) a classifying stack BGL(¢,C), with ¢ € N and £ > 1, if v & Z(f); or
(ii) a moduli stack Cob? ( T B) (Xz;€) of length € zero-dimensional sheaves on X with set-theoretic sup-
porton Z, if y = Lf.

In particular, in the first case, €oh( 1,8 (Xz;,n) is T-equivariantly O-cellular, while in the second case it
is T-equivariantly 4-cellular. Furthermore, Assumption 0.8 holds.

For any « € Rand v € (Z) \ {0}, let Up(y,n) C Cohn'l()A( , 1) be the open substack
parametrizing those coherent sheaves & such that j(y p) mm(f ) > «. Then, Proposition 6.6
yields:

Corollary 8.51. Let (H, B) be a twisted stability condition with B generic. Then, Uy (vy, n) has a 5-cellular
structure foralla € R, vy € (Z) ~ {0} and n € Z.

In conclusion, as in §4.4, the stratification (8.11) yields an amalgamation map

H.T(COhBrisl(?A(ZNH,’YNH))@HAT v ®HA)T(21H.T(C01132(221,’)’1)) — HT(COhBQ(Xz,“Y))

"“N+1 2

for any 7y € (Z), where v; € (Z;) are uniquely determined by the relation y = Zfi *11 Vi
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Set
HI(Yi,-..,m) = HI(Cohld (X7, 7)) ®yar L ®HA)T(ZIH.T(C0hBis|(?A(Z],71))

x,zl’f >
foralll <i< N-+1.

Given Lemma 8.48 and Corollaries 8.49 and 8.50, one checks that all assumptions of Theo-
rem 4.21 are satisfied in complete analogy with Remark 7.10 and Corollary 7.15. Then, we obtain
the following.

Theorem 8.52. For any vy € (Z) there is a commutative diagram

@ 4o
HY (N1 1) ————— HI(Coh{(Xz;7))

J !

T 35 T Tky T
He (Unsrk (Y1) 8yar - Helrns - m1)) —— He(8h(7))

XZN 11

where the vertical maps are determined by the restriction maps associated to the open immersions Uy 1 k(YN+1) —

Cohg!(}A(ZN o YNt1) and L (y) — Cohgis'(}?z;'y), respectively. Moreover, both horizontal arrows as
well as the bottom horizontal arrow are surjective. In particular the composition

a. o~
HY (yn41,- - m) —— HI(Cohjl(Xz;7))

|

HZ (4 (7))
is surjective for any k € IN and for all v € (Z).
By analogy with Corollary 7.15, one also obtains the following.

Corollary 8.53. The T-equivariant Borel-Moore homology of the stack CohgisI (Xz; ) is strongly gener-
ated by algebraic cycles for all values of the topological invariants.

8.3.1. Motivic variant. We conclude this section with the observation that the assumptions of The-
orem 4.22 hold for more general configurations of rational (—2)-curves on X. The main reason is
that topological surjectivity of the motivic amalgation map in loc. cit. only requires the moduli
stacks Qoh?E,B)()A(Wi ;v,n) to have a cellular structure for 1 < i < N. In the view of Propo-

sition 4.13—(i), a cellular structure is not required for the moduli stacks o, p) (Xz;,n) with
v #0foralll <i< N+1.

For example, if X is a smooth elliptic K3-surface, one can take Z to be the scheme-theoretic
union of the reduced fiber E,.q and the section Cy. The resulting dual intersection graphs are
listed below.

o Type affine D:
Co

N

E En-1
2

Eq

/
- —— En-3

\
En— En
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e Type affine Eg:

E,
Es
Co Eo Eq E4 Es E; Es Eg
o Type affine E;:
E4
Co Eo E E, Es Es Eg E;
o Type affine Eg:
Es
Co Eo Eq E; E4 Es Eq E; Eg

In all of the above examples we construct a stratification
0=2cz'c...czN*2 =7 (8.12)

starting with ZN*2 = Z and ZN*! = Z \Cy. In particular, note that ZN*! coincides with the
reduced fiber E .4.Then the remaining closed subschemes Z!, with 1 < i < N, are constructed as
in Formula (8.11).

Set

HTOt/T(’Yi/ sy 'Yl) = H:nOt’T(COhglsl (}?Z,'/ ’Yl')>®HA; Zi—l o ®HA§ 71 HTOt,T(COhBQ ()?Zl’ 71))

2r )

foralll1 <i< N-+2.

Given the stratification (8.12), in complete analogy with Theorem 8.52, we obtain the following.

Theorem 8.54. For any vy € (Z) there is a commutative diagram

a il
HTT (yno, oo 1) ! H*%T (Cohll (X z; 7))

J !

~ Tk,
Un2k(TN42))Bpgar  HEOT (rns, 1)) HET (44(7))
XZNi2

Hr.‘not,T(

where the vertical maps are determined by the restriction maps associated to the open immersions Uy 2 k(YN+2) —

CohB!()A(ZN 2 IN+2) and h(y) — Cohgis'()?z;'y), respectively. Moreover, both horizontal arrows as
well as the bottom horizontal arrow are surjective. In particular the composition

HET (Y41, -, m) —— HIOUT (Cohfl(X2;7);0)

|

HOT (L (7);0)
is surjective for any k € IN and for all v € (Z).
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APPENDIX A. TWISTED STABILITY FOR COHERENT SHEAVES ON SMOOTH SURFACES

Let X be a smooth projective complex surface. In this section, we provide a finer characteriza-
tion of the explicit admissible open exhaustion {8y (Xz;7, 1)} of CohggI (Xz;y,n) constructed in
[DPS*25b, §4.6].

One can define a twisted version of the Hilbert polynomial depending on a fixed divisor B €
N 1 (X )I
Here, N1 (X) denotes subgroup of numerical equivalence classes of divisors on X.

Thanks to the Grothendieck-Riemann-Roch theorem, this polynomial depends on the Chern
classes of £, 0x(H), and Ox(B), and the Todd classes of X. In particular, we can assume that
B € N1(X)q or even B € Ni(X)R and extend the definition of Py p (€, t) accordingly. Then, one
can define a corresponding twisted semistability a la Yoshioka [Yos03], which is a generalization
of the semistability introduced in [MW97].

When X has dimension two and Z has dimension one, we can replace Gieseker semistability
with y-semistability. In particular, we can consider the following notion of (H, B)-slope of a pure
one-dimensional sheaf &:

X(&) +B-chi(€)
&)=

Lemma A.1. Let X be a smooth projective surface, let H € Ni(X) be an ample divisor class and B €

Np(X)R be a real divisor class. Then, for any « € R, and any (y,n) € N1(X) x Z, with v # 0, the set

of isomorphism classes of torsion sheaves with fixed invariants (vy, n) satisfying the slope inequality
H(H,B)-min(€) > & (A1)

is bounded.

Proof. We first reduce to the case of purely one-dimensional sheaves. Let £ be a one-dimensional
sheaf satisfying the inequality (A.1). Let 7 C E be the maximal zero-dimensional subsheaf of £
and let 7 := £/T. Then condition (A.1) implies that . g)(F) > &, ie.,
xX(F)zaH-v=B-7,
hence
X(T)<n—aH-y+B-7.

Since the number of possible values of x(7) is finite and 7 is obviously semistable, the set of
isomorphism classes {[7T]} is bounded by [HL10, Theorem 3.3.7]. Then, by [Gro95, Proposi-
tion 1.2.ii], it suffices to show that the set of isomorphism classes {[F]} is bounded. Since

aH-y—B-y<x(F)<n,

it follows that x (F) takes finitely many values. Since boundedness is closed under finite unions,
this further implies that it suffices to prove the Lemma under the assumption that £ is pure one-
dimensional.

Let H C & be the maximal destabilizing subsheaf of £ with respect to H-stability. By [HL10,
Theorem 3.3.7], it suffices to prove that the set {y(#)} is bounded above. Note that

terBy (M) < H(n,B)-max(€E) ,
which yields
. B- Chl(H)
.uH(fH) < V(H,B)-max(g) H- Ch1(7’[) :

Let A, C Nj(X) be the set of nonzero effective classes 7' € Nj(X) so that y — 7' is also effective.
Note that this is a finite set since the Mori cone of X is finitely generated. Therefore it suffices to
prove that the set {1/ p)-max(€) } is bounded above.
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Let &' C & be the maximal destabilizing subsheaf of £ with respect to (H, B)-stability. Let
E" .= &£/&" and note that £” is pure one-dimensional.

If £ = 0, it follows that € is (H, B)-semistable, hence i p)-max(€) = #(n,p) (). Hence, the
claim follows.

Assume that £” is nonzero. Then condition (A.1) implies that iy 5)(£”) > a. By a straight-
forward computation, this yields

) (E') < (110 (€) = ) froanbE

Since the set A, is finite, this implies that the set {}/(f;,p)-max () } is indeed bounded above. [

Proposition A.2. Fix (y,n) € Ny(X) x Z and « € R. Then, there exist an integer N and a reduced

quasi-projective G-scheme Q, where G is a general linear group, so that "9, (Xz; y, n) is equivalent to
the global quotient [Q/ G].

Proof. Given any a € RR, the set of isomorphism classes of properly supported coherent sheaves
€ on X with invariants (1, n) satisfying the slope inequality

H(H,B)-min(E) > a

is bounded by Lemma A.1. Using the standard construction, this implies that there exists a
parameter scheme P for all such sheaves, which is an open subscheme of a Quot scheme con-
sisting of quotients V ® Ox(—NH) — &, with V a finite dimensional vector space and N a
positive integer. Recall that parameter scheme P is defined as the open subscheme of the Quot
scheme where the induced global section map V — HY(£(NH)) is an isomorphism. The stack
Uy (X; 7y, n) is then naturally equivalent to the global quotient [P/GL(V)] with respect to the nat-
ural action of GL(V') on P. Let Q C P be the reduced closed subscheme parametrizing quotients
V ® 0x(—NH) — & so that £ is set theoretically supported on Z. Clearly, Q is GL(V)-invariant,
and the stack "4, (X;,n) is equivalent to the global quotient [Q/GL(V)]. O

Remark A.3. Under the Assumptions of [DPS*25b, Theorem 4.65], let T be an algebraic torus
acting on X such that the action lifts to a T-action on Y and Z is T-invariant. One can show
that the equivalence in Proposition A.2 is T-equivariant. Thus, $l(Xz;v,n) is T-equivariantly
equivalent to a quotient stack. Therefore, Cohgg(f(z ;v,n) is admissibly ind-stratifiable derived
T-stack in the sense of Definition B.4'* for any (v, 1) € Ni(X) x Z with v # 0. A

APPENDIX B. SURJECTIVITY RESULTS IN BOREL-MOORE HOMOLOGY AND KUNNETH
ISOMORPHISMS

This section focuses on surjectivity results for (motivic) Borel-Moore homology and Kiinneth
isomorphisms for specific classes of admissible ind-geometric derived stacks.

In this section, we shall use the notation HI(—) and HT'%T(—;n), with n € Z, following
those introduced in [DPS*25b, Example 5.10]. Moreover, we set Hy = HI(pt) and Hpet =
HT°%T(pt; 0). Note that the cycle map HP® — Hr is an isomorphism since both rings are canon-
ically isomorphic to the character ring of T. Therefore we will not distinguish between HJ'°* and
Hr in the following, and we will implicitly use the identification with the character ring.

1450e Notation B.5.
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B.1. Generation by algebraic cycles and (motivic) Kiinneth property.

Definition B.1. Let X be a quasi-compact and quasi-separated geometric derived stack and let
T x X — X be an algebraic torus'® action on X. We say that X is T-equivariantly stratifiable by
quotient stacks if "*3X admits a T-invariant stratification {X;} into reduced locally closed substacks
such that each X; is T-equivariantly isomorphic to a quotient stack [U;/G;], for a scheme U;
equipped with a T x Gj-action, where G; is a linear algebraic group. @

Remark B.2. The above condition is quite mild. If instead of requiring the strata of the stratifica-
tion to be quotient stacks we limit ourselves to require them to be gerbes and T to be trivial, then
any quasi-compact geometric stack of finite presentation admits such a presentation, see [Sta25,
Tag 06RB] or [MT10, Corollary 11.3.3.4]. AN

Theorem B.3. Let j: X — Y be an open immersion of quasi-compact and quasi-separated geometric
derived stacks. Let Z C Y be the canonical closed complement of red inside Y. Let T x Y — Y be an
algebraic torus action on ) preserving X and Z. If the negative weight T-equivariant motivic Borel-Moore
homology groups HovT (2, n) vanish for all n < 0, then the restriction map

i HPOVT (Y;0) — HIOVT(X;0)

in weight zero T-equivariant motivic Borel-Moore homology is sutjective.

In particular, this is the case if Y is locally of finite type and T-equivariantly stratifiable by global
quotient stacks.

Proof. The first statement follows immediately from the localization sequence.

In order to prove the second statement, notice that Z is again T-equivariantly stratifiable by
global quotients, so it is enough to prove that negative weights of the motivic homology groups
vanish for this class of stacks. Proceeding by noetherian induction, and using once more the
localization sequence, we immediately reduce to the case of a single quotient stack [U/G] as
in Definition B.1. In this case, HI"" ([U/G];0) ~ HI°"T*C(U;0) coincides with equivariant
Edidin-Graham cycles thanks to A'-homotopy invariance (cf. [Khal9, Example 2.10]). The con-
clusion in this case then follows from the vanishing of Bloch’s cycle complex for negative codi-
mension. '© O

Now, we see the implication of the previous theorem in the theory of Borel-Moore homology
of admissible indgeometric derived stacks.

Definition B.4. Let X be an admissible indgeometric derived stack and let T x X — X be an
algebraic torus action. We say that X is T-equivariantly admissibly ind-stratifiable by global quotients
(or simply T-equivariantly admissibly ind-stratifiable) if it admits an admissible open exhaustion
{Vi} preserved by the torus action such that each "4V is T-equivariantly stratifiable by global
quotients as in Definition B.1. %)

Notation B.5. For ease of exposition, a (admissible ind)geometric derived stack X equipped with
an algebraic torus action T x X — X will be called a (admissible ind)geometric derived T-stack.
Furthermore, if X is T-equivariantly admissibly ind-stratifiable as in Definition B.4, X will be
called an admissibly ind-stratifiable derived T-stack. @

Lemma B.6. Let j: X — Y be a T-equivariant open immersion of admissible indgeometric derived T-
stacks. In addition, assume that Y is T-equivariantly admissibly ind-stratifiable as in Definition B.4. Then

the induced restriction map j*: HT°YT (Y;0) — HIYT (2; 0) is surjective.

15The case T = {1} is allowed, in which case one recovers the usual definition of a stratification by global quotients.
16This argument was suggested to us by A. A. Khan and Y. Bae.
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Proof. Let {Vi}kej be a T-equivariant admissible open exhaustion of Y such that redy, is T-
equivariantly stratifiable by global quotients. For any k € ], let {Vi,},c1 be a T-equivariant
presentation for Vy. For each pair #, k, set

uk’n = Vk,n Xyn xn . (Bl)

For any k € ], let Uy be the quasi-compact quasi-separated indgeometric derived stack having as
presentation {Uy , }ner. Then {Uj }ren is a T-equivariant admissible open exhaustion of X.

Moreover, note that ™ and "4V, are quasi-compact geometric derived T-stacks for any
k € J. By construction, {9 }reny and {9V, }ren form direct systems of stacks where the
transition functions are canonical induced T-equivariant open immersions. Furthermore, one
also has the canonical T-equivariant open immersions " : ", — "4V, induced by the fiber
product (B.1). In particular, since redy), is T-equivariantly stratifiable for each k € J, so is redy(,.

Since "4V, and "4 are reduced stacks, for each k € | there is a canonical closed geometric
T-stack Z; C "9V so that (Zy, "9U;) form a complementary pair in redy, . Note also that

I red
Z’k ~ Zk Xredvk, Vk

for any pair kK < k, hence the stacks Zj also form a direct system, where the transition functions
are T-equivariant open immersions. In addition, Zj is also T-equivariantly stratifiable for all
ke].

Since we have

HIOVT(350) ~ lim HIUT (U5 0) - and - HI'HT(Y;0) ~ lim HIT ("*,50)

the restriction map j* is identified with the map of inverse systems determined by "% for k € J.
Theorem B.3 shows that each map "¢ ] is surjective, and one has an exact sequence

red ;
HTot,T(Zk; 0) Hr.not,T(redel_ 0) Tk Hr.not,T(reduk; 0) 0

for each k € J. Moreover, again thanks to Theorem B.3, for any k' — k there is a commutative
diagram

red ;s

HIMOT (2450) ———— HIOWT (redy0) L& gt T (redy0) 0

| | l '

HIOUT (240;0) ———— HTOVT(edv;0) — s HTOT(redny;0) ——— 0

where the vertical maps are the restrictions maps associated to the canonical T-equivariant open
immersions. The latter are surjective since "4V}, s, and Zy are T-equivariantly stratifiable.
In conclusion, the above diagram shows that the kernels ker("dj) c HY°%T("dv;;0) form a
surjective inverse system. In particular, it satisfies the Mittag-Leffler property, hence the map j*

is indeed surjective. O

Definition B.7. Let X be an admissible indgeometric derived T-stack. We say that the T-equivariant
Borel-Moore homology of X is generated by algebraic cycles if

(1) the odd degree T-equivariant Borel-Moore homology of X is trivial, and
(2) the cycle map cl: HT'YT(2;0) — HI (X) is surjective.

We say that the T-equivariant Borel-Moore homology of X is strongly generated by algebraic cycles
if (1) holds and

(2') the cycle map cl: HI®%T(X;0) — HI(X) is an isomorphism.

We say that the T-equivariant (motivic) Borel-Moore homology of X is flat (or, equivalently, locally
free) if it is flat as an Hr-module. @
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The following is a direct consequence of the above definition and Lemma B.6.

Proposition B.8. Let j: X — Y be a T-equivariant open immersion of admissible indgeometric derived
T-stacks and let the reduced closed substack 2 C %Y be the canonical complement of the open immersion
redj, redy — redy  Assume that Y is T-equivariantly admissibly ind-stratifiable, and the T-equivariant
Borel-Moore homology of X is generated by algebraic cycles. Then, the map
j* i He(¥) — Ho (%)
is surjective and the long exact sequence associated to the complementary pair (Z,79X) in Y splits into
a short exact sequence
0 — HI(2) — HI(Y) — HI(X) — 0.

Corollary B.9. Let X be an admissible indgeometric derived T-stack and let {4l }ren be a T-equivariant
admissible open exhaustion of it. Assume that X is T-equivariantly admissibly ind-stratifiable and "9, . i
is T-equivariantly stratifiable by global quotients for all k € |.

If the T-equivariant Borel-Moore homology of "4y is generated by algebraic cycles for any k € J, then
the odd degree T-equivariant Borel-Moore homology of X is trivial, and the restriction map HL (X) —
HI (84) is surjective for all k € .

If in addition, the T-equivariant Borel-Moore homology of ™44l is strongly generated by algebraic
cycles for any k € ], then the T-equivariant Borel-Moore homology of X is strongly generated by algebraic
cycles.

Proof. First, the odd degree T-equivariant Borel-Moore homology of X is trivial since this is the
case for il; for any k € J. Moreover, Proposition B.8 implies that the restriction map HZ (X) —
HI (84;) is surjective for all k € J.

The second claim is evident. O

Now, we give the definition of (motivic) Kiinneth property.

Definition B.10. Let (X1, ...,X,) be a sequence of admissible indgeometric derived T-stacks. We
say that (X1,...,X,) has

(1) the Kiinneth property if the Kiinneth map
He (X1)®py -+ - @ HE () — HI (1 x -+ x Xy)
is an isomorphism.
(2) the (weight zero) motivic Kiinneth property if the Kiinneth map
HEOET (X01;0) @y -+~ B IO (X04;0) — HPOHT (20 x -+ x 04;0)
is an isomorphism.
©

Remark B.11. Note that in the above definition, ® denotes the completed tensor product discussed
in [DPS22, Remark 11.1.45] and [DPS*25b, Remark 3.1]. When the tensor product is between
(T-equivariant) Borel-Moore homologies of quasi-compact quasi-separated geometric derived T-
stacks, we shall simply use ® since there is no completion involved in this case.

AN

Proposition B.12. Let X; be an iterated vector bundle stack'” over an admissible indgeometric derived
T-stack Y; for 1 < i < L. Assume that the T-action on Y; lifts to a T-action on X; so that the canonical
projection 7t;: X; — Y; is equivariant forall 1 <i < /L.

If the sequence of T-stacks (Y1, - - ,Yy) has the (motivic) Kiinneth property, then the same holds for
(X, -, Xp).

17i.e., an iterated stack of cosections.
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Proof. By functoriality of Kiinneth maps, one has a commutative diagram
HI (Y1) ®hy, - - - @ HE(Y0) —— HI(Y1 x - x Yy)
|m@-an, [y
HI (1) ®ny - - - @, HE () —— HI(X x -+ x X))
where the horizontal arrows are Kiinneth maps. By the iterated vector bundle stack property (cf.

[DPS22, Remark I1.1.32]) the vertical arrows are isomorphisms. Since the top horizontal arrow is
an isomorphism by assumption, the bottom horizontal arrow is also an isomorphism. O

B.2. l-cellular stacks. In this section, we shall introduce the notion of /-cellularity for quasi-
compact quasi-separated geometric classical T-stacks. As we shall see, this leads to a Kiinneth
formula for T-equivariant Borel-Moore homology.

Definition B.13. A quasi-compact quasi-separated geometric classical T-stack X is called a linear
quotient T-stack if it is T-equivariantly equivalent to a quotient stack [V /G], where V is a finite-
dimensional vector space equipped with a linear T x G-action, where G is a finite product of
general linear groups. @

Proposition B.14. Let X be a linear quotient T-stack. Then the negative weight T-equivariant motivic
Borel-Moore homology of X is trivial, and its T-equivariant Borel-Moore homology of X is flat and strongly
generated by algebraic cycles.

Proof. Assume that X ~ [V /G] as in Definition B.13. By [Kha19, Example 2.10], the motivic Borel-
Moore homology HT'*([V /T x GJ; n) is isomorphic to the equivariant Chow group CHI*¢ (V; 1)
for any n € Z. Hence it vanishes for n < 0.

Moreover, one has a commutative diagram

HIotT (36;0) —S— HT ()
CHI*G(v;0) —<s HI*G(V)

with k € Z, where the vertical arrows are canonical isomorphisms. There is also a second com-
mutative diagram

CHI*C(v;0) —< HI*C(V)

l l

[ ] I [ ]
CHY 6 (V;0) — HI o (V)

where the vertical arrows are again canonical isomorphisms. The right vertical arrow is just
Poincaré duality, while the left one is provided by the bivariate formalism for equivariant Chow
groups (cf. [EG98, §2.6]). Then the claim follows from the observation that both CH}, - (V;0) and
HY (V) are canonically isomorphic to the character ring of T x G. O

Since any direct product of linear quotient T-stacks is a linear quotient T-stack, Propositions B.12
and B.14 yield the following.

Corollary B.15. The following hold for any sequence (X1, ..., Xy) of linear quotient T-stacks.
(i) The sequence (X1, ...,X,) has the (motivic) Kiinneth property.

(ii) The T-equivariant Borel-Moore homology of the product Xy X - - - x X, is flat and strongly gen-
erated by algebraic cycles.

(iii) The negative weight T-equivariant motivic Borel-Moore homology of X1 x - - - x X is trivial.
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Now, we are ready to give the definition of /-cellular (classical) stacks.
Definition B.16.

(i) A quasi-compact quasi-separated geometric classical T-stack X is 0-cellular if X is equiva-
lent to a T-equivariant iterated vector bundle stack over a linear quotient T-stack.

(ii) A quasi-compact quasi-separated geometric classical T-stack X is ¢-cellular, with £ > 1, if
X admits a T-invariant stratification by closed substacks

D=XgCXyC---CXsg:=X (B.2)
with s > 1, such that each stratum
I)Cf = DCi AN DCi,l

is equivalent to a T-equivariant iterated vector bundle stack over a finite product of (¢ —
1)-cellular T-stacks, for s > 1.
We call the stratification (B.2) a T-equivariant {-cellular decomposition of X.

@

Remark B.17. Let X be a O-cellular T-stack, i.e., X is isomorphic to an iterated vector bundle
stack over a linear quotient stack. Then the following hold by [DPS22, Remark I1.1.32], Proposi-
tion B.12, and Proposition B.14:

(1) The negative weight Borel-Moore homology of X vanishes.
(2) The Borel-Moore homology of X is flat and strongly generated by algebraic cycles.
Furthermore, the same statements hold for any finite product Xy X - - - x X,; of 0-cellular T-stacks

by [DPS22, Remark I1.1.32]), Corollary B.15, and Proposition B.12. A

The goal of this section is to show by induction that properties stated in Remark B.17, as well
as both Kiinneth properties hold for ¢-cellular T-stacks with ¢ > 1. The proof of the inductive
step consists of several lemmas, as follows.

Lemma B.18. Fix ¢ € N, with { > 1, and assume that for any finite product Y of T-equivariant (£ —1)-
cellular stacks, the following properties hold:

(i) The negative weight Borel-Moore homology of Y vanishes.
(ii) The Borel-Moore homology of Y is flat and strongly generated by algebraic cycles.
Let X be a {-cellular T-stack and let
OQ=XgCX1C--CXs:=X
be a T-equivariant {-cellular decomposition of X, with s > 1. Then the following hold:
(1) The negative weight T-equivariant motivic Borel-Moore homology of X vanishes.
(2) The T-equivariant Borel-Moore homology of X is flat and strongly generated by algebraic cycles.

(3) Foreach 1 < i < s, the long exact sequence associated to the pair (X;_1,X7) in X; splits into
short exact sequences

0 — Hy(Xi1) — HE () — HE(X7) — 0.
(4) Statement (3) also holds for weight zero motivic homology groups.

Proof. By definition, for 1 < i < s each stratum X7 is equivalent to a T-equivariant iterated vector
bundle stack over a finite product of (¢ — 1)-cellular T-stacks. By the iterated vector bundle
stack property (cf. [DPS22, Remark II.1.32]) and using the current assumptions, it follows that
Claims (1) and (2) holds for X? by Corollary B.15-(ii) and —(iii). In particular, the odd degree
T-equivariant Borel-Moore homology Hgd ¢(X7) is trivial for all 1 < i < 's. This implies Claim (3)
for the closed substacks X; with1 <i <s.
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Note that the negative weight Borel-Moore homology of all strata DC;?, with1l < i <sg,isalso
trivial for any n < O and forall 1 < i < s. By induction on 1 < i < s, using the the exact
sequences

oo — HPOVT (X015 n) — HOVT (0 n) — HT°t'T(DCf;n) — e,
we obtain that Claim (1) holds for all closed substacks X; for 1 < i < s. In particular, Claim (1)
holds for X.

Furthermore, we obtain a commutative diagram with exact rows

HTOYT(X21;0) —— HIYT(X;0) —— HIOYT(X7;0) —— 0

lcl lcl lcl
0 —— HI(%;oy) ——— HI(%) ——— HI(X7) ——— 0

foreach 1 <i <'s. Asa consequence of the snake lemma, note that if the outer vertical arrows are
isomorphisms, then the same holds for the middle one, and the top row is exact to the left. Under
the current assumptions, the right vertical arrow in the above diagram is an isomorphism for all
1 <i <'s. Therefore, by induction on 1 < i <, this implies Claim (2) for all closed substacks X;,
with 1 <i <s. In particular, Claim (2) holds for X. In addition, it also implies that the top row in
the above diagram is exact to the left forall 1 <i < s, i.e., Claim (4) holds. O

Lemma B.19. Fix { € IN, with £ > 1, and assume that any finite product Y of T-equivariant (¢ — 1)-
cellular stacks satisfies properties (i) and (ii) in Lemma B.18, and

(iii) Y has both the Kiinneth property (Definition B.10—(1)) as well as the weight zero motivic Kiinneth
property (Definition B.10—(2)).

Let X be an l-cellular T-stack and let ') be a (T-equivariant iterated vector bundle stack over) a finite
product of (¢ — 1)-cellular T-stacks. Then, the negative weight T-equivariant motivic Borel-Moore ho-
mology of the product X x Y is trivial, and its T-equivariant Borel-Moore homology is flat and strongly
generated by algebraic cycles. Moreover, the pair (X,Y) has the (motivic) Kiinneth property as well.

Proof. Let
OD=XgCX7C---CXg:=X
be a T-equivariant ¢-cellular decomposition of X. Then
=Xy xYCX1xYC---CAs3xY=XxY
is a T-equivariant ¢-cellular decomposition of X x Y. Therefore, under the current assumptions,
Lemma B.18 shows that X x Y has indeed the first two properties stated in Lemma B.19.

In order to prove the (motivic) Kiinneth property, note that the long exact sequence associ-
ated to each pair (X;_1, X7) in X; splits into short exact sequences, as shown in Lemma B.18—(3).
Moreover, the same holds for each pair (X; 1 x Y, Xj x Y) in X; X Y. Thus, one then obtains a
commutative diagram

0 —— HI(Xi—1) ®n, HI(Y) —— HI(X;) @p, HI(Y) —— HI(X?) @p, HI(Y) —— 0

| | | '

0 — HI(x_y xY) ———— HI(X; xY) ———— HT(DCZO xY) —0

where the vertical arrows are Kiinneth maps. By assumption, the right vertical arrows are iso-
morphisms for all 1 < i <s. Thus, by inductionon 1 < i <'s, we get that the pair (X, Y) has the
Kiinneth property.

The weight zero motivic Kiinneth property for the pair follows from its Borel-Moore counter-
part using the strong generation condition. O
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Lemma B.20. Fix ¢ € IN, with ¢ > 1, and assume that any finite product of T-equivariant (£ — 1)-
cellular stacks satisfies properties (i) and (ii) in Lemma B.18, and property (iii) in Lemma B.19.

Let Xy and Xy be {-cellular T-stacks. Then, the negative weight T-equivariant motivic Borel-Moore ho-
mology of the product X1 x Xy is trivial, and its T-equivariant Borel-Moore homology is flat and strongly
generated by algebraic cycles. Moreover, the sequence (X1, Xy) has the (motivic) Kiinneth property.

Proof. Let
D =Xy C -+ CXys, =Xy

be an /-cellular decomposition of X, for n = 1,2. Lemma B.19 implies that the negative weight
T-equivariant motivic Borel-Moore homology of X; x X3 ; is trivial and its T-equivariant Borel-
Moore homology is flat and generated by algebraic cycles. In particular, since the odd degree
T-equivariant Borel-Moore homology of each product X; x X3 ; is trivial, one obtains a short
exact sequence

0 — HI(Xy x Xp,;-1) — HI(X x Xy;) — HI(X; x X3;) — 0

for each 1 < i < s;. Since the odd T-equivariant Borel-Moore homology of each stratum X3 ; is
also trivial, by Lemma B.18—(3), we also obtain an exact sequence

0 — HJ(X1) ®@p, He (Xg,i-1) — HI(X1) ®p, HE (Xo,i) — HI(X) ®@p, HI (X5 ;) — 0
foreach 1 <i <'s;. Moreover, by Lemma B.18—(3), we also have an exact sequence
0 — HJ(Xyi1) — HI(Xpi) — HI(X5,) — 0

for each 1 < i < s,. Since HI (X;) is flat as an Hr-module by the same lemma, this yields an exact
sequence

0 — HI(X1) ®p, He (Xg,i-1) — HI(X1) ®@p, HE (Xo,i) — HI(X1) ®@p, HE(X5 ;) — 0

foreach1l <i <s,.
In addition, the above sequences fit in a commutative diagram

0 — HI(X1) ®p, HE (Xg,i-1) — HI(X1) ®p, HE (Xp,1) — HI(X1) ®@p, HE(X3 ;) — 0

! ! | '

0 —— HI(% x Xp,;-1) ———— HI(X; x Xp;) ——— HI(X; x X5 ,) —— 0

where the vertical arrows are Kiinneth maps. By Lemma B.19, the right vertical map in the above
diagram is an isomorphism for each 1 < i < s, and each term HI(DC1 x X3 l-) is flat.

Finally, note that the right vertical map is an isomorphism for each 1 < i < s5, and each term
HI(x; x x;,) is flat by Lemma B.19. By induction on 1 < i < s, we obtain that the pair (X, X)
has the Kiinneth property. In addition, HI (X1 x X,) is also flat.

Similarly, since the negative weight motivic Borel-Moore homology of each product Xy x X3 ;
vanishes by Lemma B.19, by induction on 1 <7 < sy, we obtain the exact sequences

HT°t’T(DC1 v DCQI[,];O) N HTOt'T(xl X xz,i;()) — HTOt,T(f)Cl X x;,i) — 0 .
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Hence, in conclusion, we have a commutative diagram

HIOMT (X % %y 1 1;0) — HIOT (X1 x %y 150) — HIOT (X x %

lcl lcl lcl

0 —— Hf(xl X xZ,i*l) E— H,T(f)Cl X xZ,i) _— H,T(DCl X DC;,Z.) —— 0

0) — 0

14

foreach 1 <i < sp. By Lemma B.19, the right vertical map is an isomorphism forall 1 <i < s;.
Then, by induction on 1 < i < s, using the snake lemma, one obtains that the T-equivariant
Borel-Moore homology the middle vertical arrow is an isomorphism as well. Moreover, the top
row is also exact to the left.

Finally, note that the strong generation condition implies the Kiinneth property for weight
zero T-equivariant motivic Borel-Moore as well. g
Proposition B.21. Any sequence (X1, ..., Xy) of ¢-cellular T-stacks has the (motivic) Kiinneth property
forany £ > 0andn > 2.

Moreover, the negative weight T-equivariant motivic Borel-Moore homology of the product X1 X - - - X
Xy, is trivial, and its Borel-Moore homology is flat and strongly generated by algebraic cycles.

Proof. We shall prove the proposition by induction on £ > 0. When ¢ = 0, the claims hold as
already discussed in Remark B.17.

Now, let us assume that the claim is true for (£ — 1)-cellular stacks and for all values n > 2 and
let us prove it for ¢-cellular stacks and for all values n > 2. This inductive step will be proved
by induction on n > 2. Note that case n = 2 follows from Lemmas B.18 and B.20. Therefore, it
remains to prove the inductive step on n, keeping ¢ fixed.

As an intermediate step, we shall first show that the properties stated in the proposition hold
for any sequence of ¢-cellular T-stacks Xy, ..., X,_1 and Y, with Y a T-equivariant iterated vector
bundle stack over a finite product of (¢ — 1)-cellular T-stacks. Let

& = xn—l,O c--C xn—l,s = Xy—1
be an (-cellular decomposition of X,,_1. Then note that
®:xn_110XHC”' an_l,sx’g}:xn_l xY

is an ¢-cellular decomposition of X,,_; x Y. Applying the inductive hypothesis with respect to n,
it follows that the properties stated in the proposition hold for the sequence (X, ..., X,_2, X, 1 X
Y). In particular, the negative weight T-equivariant motivic Borel-Moore homology of the prod-
uct Xy X -+ X Xy X (X,—1 X Y) is trivial, and its Borel-Moore homology is flat and strongly
generated by algebraic cycles. Moreover, the Kiinneth map

HI(X) ®py -+ @ HD(Xy22) @p, HI (0,21 x Y) —> HI (7 X -+ X Xyop X Xpymq X Y)
is an isomorphism. In addition, Lemma B.19 shows that the Kiinneth map
He (1) @ HE(Y) — HE (a1 x )
is an isomorphism. By composition, it follows that the Kiinneth map
He (X1) @ -+ @ He (X2) ® He (Xn1) @ He () — He(Xg -+ X Xyg X Xy < )
is also isomorphism. This completes the proof of the intermediate step.

In order to complete the proof of the inductive step on #, (hence also of the inductive step on
0), let

D =XpoC - CXys=Xy
be an /-cellular decomposition of X;; and let
=Xy X+ XX;_1.
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One has the induced stratification
D=2 XxXygC - CZXXys=2xXy,
with strata Z x X°

n,i’
a finite product of (¢ — 1)-cellular stacks, the above intermediate step applies to all collections

(Xy, ... » Xn—1, X l-), for 1 < i < s. In particular, the odd degree T-equivariant Borel-Moore

for 1 <i <'s. Since each stratum X; ; is an iterated vector bundle stack over

homology HZ,,(Z x X¢ ,) is trivial for all 1 < i < s. Hence the long exact sequence associated to
each complementary pair (Z x X,,;—1, Z X Xj, ;) in Z x X,,; splits into short exact sequences

0 — HI(Z x Xppiq) — HI(Z x X,0) — HI(Z x X5 ;) — 0. (B.3)

Moreover, the negative weight motivic T-equivariant Borel-Moore homology of Z x X7 ; is also
trivial for all 1 < i < 's. By induction over 1 < i < s, this yields an exact sequence

HPOT (2 X im1;0) — HPOT (2 X,150) —> HTH(2 % 0 ;50) —> 0 (BA)

n,i’

foreach 1 <i <s. In addition, for each 1 <i <'s, and each k < 0, one has an exact sequence

HIOUT (2 x Xy m15k) — HIOVT (2 x X, 5k) — HDOVT(2 x X5 k)

n,i’
By induction over 1 < i < s, this implies that the negative weight motivic T-equivariant Borel-
Moore homology of Z x X, ; is trivial forall 1 <i <s.
Next note that the exact sequences (B.3) and (B.4) fit in the commutative diagram

HIOYT (2 x Xy, 121;0) — HIVT(Z x 2y, 150) — HOVT(2x X2 50) — 0

n,i’

Jo Jo Jo ,

0 —— HI(Z x Xy ;1) —— HI(Z X X, ;) —— HI(Z; x X2 ) — 0

where the right vertical arrow in the above sequence is an isomorphism for all 1 < i < s. Then,
using the snake lemma, an inductive argument over 1 < i < s, proves that the T-equivariant
Borel-Moore homology of Z x X, is flat and strongly generated by algebraic cycles. Moreover,
the top row is exact to the left.

Finally, in order to prove the Kiinneth property, note the commutative diagram

0 — H(2) @n, HY (Xpio1) — HE(Z) ©p, HE (X)) — HI(Z) @, HO(X ) — 0

l ! | '

0 —— HI(ZxX,,;-1) —— HI(ZxX,;) —— HI(ZxX?.) —— 0

where the vertical arrows are Kiinneth maps. The right vertical arrows are isomorphisms for
all 1 < i < s by the intermediate step proven above. Then the claim follows by induction on
1 < i < s. This completes the proof of the inductive step on n, as well as the proof of the
inductive step on /.

Given the strong generation property, we conclude that the weight zero motivic Kiinneth prop-
erty also holds for an arbitrary finite sequence of /-cellular stacks. O

Definition B.22. We say that a T-invariant admissible open exhaustion {Uj } ¢ of an admissible
indgeometric derived T-stack X is T-equivariantly ¢-cellular for some ¢ > 0 if, for each k € ], the
reduced stack "*9U; admits a T-equivariant ¢-cellular

Q= reduk,o C 'edum c---C reduk,g = 'Eduk (B.5)
satisfying the following conditions:

(1) The stratifications (B.5) are naturally compatible with the open immersions redif, —
red)( forany 0 < k < K.
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(2) For any pair 0 < k < k’ the induced stratification
Z’k,k’,i = Z’k,k/ Xreduk, reduk/’i

for 0 < i < s, of the canonical reduced complement 2y = redy( ~ "N, is a T-
equivariant ¢-cellular decomposition.

We shall call {Uj }xcj a T-invariant /-cellular open exhaustion of X. @

An immediate consequence of Theorem B.3 and Proposition B.21 is the following.

Corollary B.23. Let X be an admissible indgeometric derived T-stack which admits a T-invariant (-
cellular open exhaustion {Uy }rcj. Then the transition functions of the inverse systems

T t,T
{Ho (uk) }ke] and {HTO (uk) }kE]
are surjective. Moreover, the restriction maps
Ho(X) — HO(W) and  HTOVT(X) — HPOVT (1)

are surjective for all k € J.

We next show that Definition B.22 leads to a well-behaved Kiinneth map in the presence of
T-invariant ¢-cellular open exhaustions.

Proposition B.24. Let X and Y be an admissible indgeometric derived T-stacks which admits a T-
invariant admissible open exhaustions {Uy }xey and { Vi }rej, respectively. Then, the following hold:

(i) Foranyk € ], one has a commutative diagram

H (X0) @, HE(Y) —— HI(X x Y)

l J , (B.6)

HE (X) &, HE (Vi) —— HI(X x V)
where the vertical arrows are the canonical projections, and the horizontal arrows are Kiinneth
maps.
(i) If {Ui}rey and {Vi}iey are T-invariant {-cellular open exhaustions for some £ > 0, then the

vertical maps in diagram (B.6) are surjective, and the bottom horizontal arrow is an isomorphism.

Proof. Recall that the Borel-Moore homology of X (resp. Y) is isomorphic to the limit of Borel-
Moore homologies of the Uy’s (resp. Vy's) by [DPS22, Remark II.1.44] and [DPS*25b, Remark 3.1].
Hence, the top horizontal arrow in diagram (B.6) coincides with the natural composition map

(tim HI (") ) By, HE(4) — lim (HI (") @p, HE(9) ) — lim HI(e0, x ) ,
where the first map from the right-hand-side is induced by the Kiinneth maps
He (") @ He (¥) — Ho (" x V)
for h > 0. This yields the diagram (B.6), where the bottom horizontal map is a similar composi-
tion,
(tim HI (=) ) @, HE (V) — lim (HI (W) @n, HI (V)
— lim HI("edu, x "4v,), (B.7)

for any fixed k € J. Thus, claim (i) follows.

Now, we prove claim (ii). Surjectivity of the left vertical map in diagram (B.6) follows from
Corollary B.23. Surjectivity of the right vertical map will follow once we prove that the bottom
horizontal map is an isomorphism, as we shall show now.
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First note that any pair ("%, "*9V}) has the Kiinneth property under the stated conditions.
This implies that the first map from the right-hand-side in (B.7) is an isomorphism of Hr-modules.
Hence it suffices to prove that the first map from the left-hand-side, i.e.,

(tim HE (") ) By, HE (V) — tim (HI (W) @y HI (V). (B.8)
is also an isomorphism of Hr-modules. This will be proven by induction on ¢ > 0.
For each k > 0, let
QO =: redvk,O c redvkr1 C-o-C redvk,s — redvk

fors > 1, be a T-invariant {-cellular structure of "4V satisfying the conditions of Definition B.22.

For ¢ = 0, the reduced stack redy k is a linear quotient T stack in the sense of Definition B.13, in
particular it is T-equivariantly equivalent to quotient stack [V /G], where V is a finite dimensional
vector space equipped with a linear T x G-action, where G is a finite product of general linear
groups. Note also the canonical isomorphism

He*C(V) 2 He (pt) @c HY (V) = (H7*)  @c HY (V).
Then one obtains an isomorphism
HE ("*Uy) @n, He (") = HI("Uy) @ HE(V)

for each h > 0. Moreover the above isomorphisms are clearly compatible with the restriction
maps associated to the open immersions feduh — feduh/, for 0 < h < . Similarly, one also has
an isomorphism

(tim HE (") ) By, HE (V) = (HmHI () ) @cHE (V).
Therefore the case ¢ = 0 reduces to the claim that the natural map
(Hm HI (%) ) BcHE (V) — lim (HI(*U) ©c HE(V))
is an isomorphism. Making the homological degrees explicit, the map in question reads
@B (ImH () BHE (V) — @ lim (H] (W) @ HF(V))
itj=m i+j=m

for each fixed degree m € Z. This follows from the fact that H]G(V) =0forallj > 2 dim¢(V),
and that H]G(V) is a finite dimensional vector space for j < 2 dim¢ (V). In particular, the direct
sum over (i,j) in the above equation is finite. This proves the case ¢ = 0.

In order to prove the inductive step, note that for each 1 < i < s we have an exact sequence

0 — HI (" q) — HI("MVyi;) — HI(™VR) — 0 (B.9)

of flat Hy-modules. Here, ’ed\?,ﬁ ;= red\?k,i N red\?k,i_l is equivalent to a T-equivariant iterated
vector bundle stack over a finite product of (¢ — 1)-cellular T-stacks, for 1 < i <s.
The sequence (B.9) yields an exact sequence
0 — HI("™Wy,) @, HI (V1) — HI(™U),) @p, HT ("9 ;)
— He (W) @ny Ho (V) — 0
for each i > 0. For ease of exposition, we will denote the above exact sequence by

0 — Hp;1 — Hy; — H,; — 0.
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Then, for any 0 < i < h’ we have a commutative diagrams

0 — Hh’,i*l e Hh’,i }i’,i 0
0 — thi,1 Hh,i H;,i 0

where the vertical arrows are the natural restriction maps. In particular, the data {Hj, ; };cz and
{Hﬁ,i}hez define inverse systems of Hr-modules for any 1 < i < i — 1. Moreover, given the
above commutative diagrams one obtains an exact sequence

0 — lim Hy,;—y —> lim Hy,; — lim Hj, (B.10)
for each 1 < i < s. Moreover, the inverse system {HI ("9U},) },,¢; is surjective by Corollary B.23.

Hence, the inverse system {H},; };c; is also surjective for any 1 < i < s. This further implies that
the sequence (B.10) is exact to the right. In conclusion, we are left with an exact sequence

0— h}Iln Hh,i*l — h}Iln Hh,i — hﬁn Hlji —0
foreachl <i<s.
Next note that the exact sequence (B.9) also yields the exact sequence

0 — (HmHE (") ) By, HE (V1) — (Tim HI (=) ) B, HI (V1)
h h
— (lmHI(w,) ) @, HI (V) — 0
forany 1 <i <s. Again, for ease of exposition, this sequence will be denoted by
0— H | — H — H —0.

In order to conclude the proof, note that for each 1 < i < s one has a commutative diagram

~

0 H 4 H; Hy 0

| J | '

where the vertical arrows are natural maps as in Formula (B.8). Then the inductive step on / is

proven by straightforward inductionon 1 < i <s. O
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