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Abstract. We propose here a theory of cylindrical stochastic integration, recently
developed by Mikulevicius and Rozovskii, as mathematical background to the the-
ory of bond markets. In this theory, since there is a continuum of securities, it seems
natural to define a portfolio as a measure on maturities. However, it turns out that
this set of strategies is not complete, and the theory of cylindrical integration al-
lows one to overcome this difficulty. Our approach generalizes the measure-valued
strategies: this explains some known results, such as approximate completeness,
but at the same time it also shows that either the optimal strategy is based on a finite
number of bonds or it is not necessarily a measure-valued process.

Key words: Bond markets, term structure of interest rates, measure-valued port-
folio, cylindrical stochastic integration, covariance spaces, market completeness

JEL Classification: G10, E43
Mathematics Subject Classification (1991): 60H05, 60G60, 90A09

1 Introduction

“In the continuous-time bond market model there is naturally a continuum of basic
traded securities (zero-coupon bonds parameterized by their maturities) while in the
standard model of stock market there is normally only a finite number of securities.”

This statement, taken from [2], suggests to accept as admissible (though im-
possible to achieve in real markets) even portfolios containing an infinite number
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of traded securities. This gives rise to the problem of what exactly should be the
meaning of the word “portfolio”, at least in mathematical terms, or what processes
should be considered the relative strategies. It seems natural to consider as a theoret-
ical strategy, to be approximated by real strategies, a stochastic process with values
in a set of measures on the time set (see, for instance, [14]). The question is whether
there exists a satisfactory integration theory, which allows, from a mathematical
point of view, to treat interest rate models like stock market models.

A first answer has been given by Bjork et al. [2], who suggest two constructions
of a stochastic integral where the integrator process takes values in the space of
continuous functions and the integrand process (the portfolio strategy) is a measure-
valued process.

In this paper, we address this problem, making use of a recently developed
theory on cylindrical integration, due to Mikulevicius and Rozovskii [9, 10]. In
fact, the construction of this integral gives a precise meaning to such a process,
namely, a portfolio as an integral of measure-valued processes, and it also reveals
that if we consider only measure-valued processes, the space of integrands is not
complete. It is necessary to extend the notion of integrands to some processes
which take values in a Hilbert space, called “covariance space” by Mikulevicius
and Rozovskii.

This also allows to understand well a result due to Bjork et al. [2] (see also [3])
which relates uniqueness of the martingale measure to “approximate complete-
ness”, namely, the possibility of approximating every (sufficiently integrable) claim
with a sequence of portfolios based on measure-valued strategies. If the equivalent
martingale measure is unique, a perfect hedging can be obtained by portfolios
based on strategies which take values in the covariance space (this is just a straight-
forward application of Jacod-Yor Lemma, together with an extension of a repre-
sentation theorem of square integrable martingales as stochastic integrals to the
infinite-dimensional setting ).

In some sense, we obtain a negative result: in fact we show that measure-valued
strategies are sufficient to describe all possible portfolios only when the covariance
spaces have finite dimension, and, in this case, all strategies are “true” strategies,
namely, based on a finite number of bonds. Furthermore, the dimension of the
covariance space characterizes the minimal number of bonds (which varies with
(s,w)) which are in the best portfolio. In particular, if all covariance spaces have
dimension smaller than n, it would be completely useless (in the sense that it cannot
improve the performance of an investor) to have more than n bonds in a portolio.
It should be pointed out, however, that the maturities of these bonds are not fixed,
but depend on (s, w).

The paper is structured as follows. In Sect. 2, we recall some essential results
from functional analysis: in particular, we illustrate, for the set of continuous func-
tions on an interval, the main results on “reproducing kernels” of Schwartz [15],
which is at the basis of the theory developed by Mikulevicius and Rozovskii. The
Sect. 3 is devoted to briefly describe the main steps which lead to the construction
of the cylindrical stochastic integral, and of a good class of integrands. Once again,
we limit ourselves to the special case, which will be of use in financial applica-
tions, of integrals with respect to martingales in the space of continuous functions.
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In both these sections, we omit (but give precise references) the proofs of theorems
which can be found elsewhere and we develop only the proofs of new results. In
Sect. 4, we apply the previous theory to bond market models, pointing out the con-
sequences of the results we have obtained. Finally, in Sect. 5, we analyze a class
of models introduced by Kennedy [7, 8], who assumes the forward rate curve to
evolve as a Gaussian field: the covariance space can then be characterized uniquely
by the covariance of the Gaussian field. We prove that Kennedy’s model is approx-
imately complete, in the sense that every contingent claim can be approximated by
a sequence of measure-valued portfolios; however, each claim which depends on a
finite number of bonds can be replicated by a portfolio which is based exactly on
those bonds.

We wish to make it clear that this is only the first step in the use of cylindrical
stochastic integration in bond market models: we restrict ourselves to the so called
“martingale modelling” procedure (see, for instance, [1], p.253), since we at the
present can only deal with (locally square integrable) infinite-dimensional martin-
gales. To proceed further, it would be, for instance, really important to clarify the
notion of “cylindrical semimartingale”.

2 Preliminaries on functional analysis

Let X be a compact metric space. Consider the space C = C(X) of continuous
functions on X with the topology of uniform convergence; its topological dual is
the space M = M (X) of Radon measures on X, provided with the weak topology
o(M, C) with respect to which M is separable.

According to the terminology of [15], a kernel Q on C is a linear weakly contin-
uous (hence continuous) function from M to C. Denote by LT (M, C) the space of
symmetric, non-negative definite kernels from M to C, namely, the kernels Q such
that for all y,v € M, {u, Qv) = (v,Qu) and {u, Qu) > 0, where { , ) denotes
the canonical duality bilinear form.

Let Q € LT (M,C): the reproducing kernel generated by @ is the function
Q: X x X — IR, defined by:

Q(z,y) = (3, Qdy).

Denote by K+ (X) set of symmetric, non-negative definite functions on X x X,
i.e. the functions ' : X x X — IR such that F'(z,y) = F(y,z) forall z,y € X
and ), , ¢ F (x5, 25)c; > 0forall zq,...,2q € X,¢1,...,¢4 € R, d € IN,
Then, it is easy to see that Q € K+ (X). Furthermore, the function @ is separately
continuous and bounded on X x X.

Conversely, let Q € K+ (X) be separately continuous, continuous on the diag-
onal and bounded; then, it is jointly continuous (see [15] for details). We can define
akernel Q € L1 (M,C) by setting

Qu(-) = /X W(d)Q(z, - ):

then, obviously, (v, Qu) = [ v(dy) [ u(dz)Q(z,y).
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For a given kernel Q € L¥(M, (), a scalar product on Q (M) can be defined
by:
(Qn, Qu) = (1, Qu) = (v, Qp). (1)

Proposition 2.1 (/15], Proposition 10) The set Q(M) admits a (unique) comple-
tion Hg in C, with respect to the norm induced by (1). This completion Hg is a
separable Hilbert space and can be continuously embedded in C.

A mapping is thus defined from £ (M, C) to the set of Hilbert subspaces of
C. It was proved by Schwartz ([15], Sects. 5-6) that it is in fact an isomorphism; in
particular, each Hilbert subspace in C, more precisely, each Hilbert space which can
be continuously embedded in C, is the image by a proper kernel Q € LT (M, C).

Remark Let Q) be the reproducing kernel generated by Q: it is a symmetric and
non-negative definite function on X x X, hence it is the covariance of a Gaussian
process ([12], Proposition 1.3.7). We then notice that H, is a well-known object: it
is the reproducing kernel Hilbert space associated to the covariance ) ([12], pp. 37—
38), namely, H, is the Hilbert space of functions on X, which is the closure of the
subspace spanned by {Q(z, - ),z € X} (with respect to the topology induced by
(1)) and it is such that (h, Q(z, - ))u, = h(z), forevery h € Hg.

For the sake of simplicity, we will use the same notation for Q and Q: it will be
clear from the context whether @ refers to the element of £ (M, C) or of K*(X).

Example 2.1 Let @Q be of the form Q(z,y) = >, ., ai(x)a;(y) with a; € C. If the
functions a; are linearly independent, then Hy = span(ay, ..., a,).

Let us consider in detail the case n = 2. Because of linear independence, we
can find pi1, 1o € M such that [ a;dp; = 1, [a;dpj = 0fori,j =1,2,4 # j.
Then

a; = Q/Jh (a17a2)HQ =0, |al|%{Q =1

Furthermore, for any p € M, we have
Qut) = () [ardu+ as() [ aad

which means that Qu € span(ay, az), and |Qu3, = (f aldu)z +(f agdu)2.

One can also prove the converse, which however will not be used in this
paper: when the space Hg has dimension 7, then @ has the form Q(z,y) =
> i<n @i(x)a;(y) where a; are continuous and linearly independent functions.

Example 2.2 Let X = [0, 1] and Q(z, y) = min(z, y), the covariance of the Wiener
process. In this case ([12], pp. 20-21, 37-38), the set H is the subspace of C of
functions h such that h(0) = 0, h is absolutely continuous and its derivative h’
exists a.e. and belongs to L?(0, 1); furthermore, |h[3;, = 1|72 -

Indeed, given u € M,

Y

1 1
Quly) = / (dz) min(z, y) = / du p(u, 1] = h(y)
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where 1/ (y) = p(u, 1], h(0) = 0;

Qult, = (Qu,p) = /1u(dy) Quly) = /1du (u(u, 1])% = |1/ |72
Q 0 0 (0,1)

and moreover in general, for v € M, ¢'(u) = v(u,1],9(0) = 0, (Qu,v) =
(W, 9" ) L2(0,1)-

The set Hq is isomorphic to the subspace H' of the usual Sobolev space
H'(0,1) = W2(0,1) (see, for instance, [4]) of functions which vanish at 0. In
particular it contains H (0, 1).

It is not difficult to check that, if we consider Q(z,y) = 1 + min(z, y), we get

Quly) = u((0.1)) + / " du u(Ju, 1)),

In this case Hg, is exactly H'.

The kernel Q : M — C is in fact a mapping from M to Hg and Q(M) is
dense in Hg. We want to investigate when (M) is exactly H. For instance, this
happens in Example 2.1, but not in Example 2.2: in the latter case ()(M) consists
of all functions f such that f(z) = [ g(t)dt where g has bounded variation, and
hence it is strictly contained in H,.

It is easy to see that when H( has finite dimension, then Q(M) = Hg. We
will show that, if ) is continuous (which, however, happens in most interesting
examples), the converse is also true.

Theorem 2.2 Assume that Q) is continuous and Q(M) = Hg. Then dim Hg <
0.

Proof Consider M endowed with the total variation norm: the kernel @ is lin-
ear, continuous and onto H. By theorem of Stone-Weierstrass, each continuous
function Q € KT (X) can be uniformly approximated by functions of the form
Y i<n @i(x)a;i(y), with a; € C. The kernel @ is a limit of a sequence of operators
of finite rank, hence it is compact (see, for instance, [4]).

By the open mapping theorem ([4], Theorem IL.5), for some € > 0, we have
eBy C Q(U), where By is the closed unit ball in Hg and U is the closed unit
ball in M (with respect to total variation norm). Since @ is compact, Q(U) is a
compact set in Hq. It follows that also By is compact in H¢ and, thus, Hg has
finite dimension ([4],Theorem VL.5). a

In Example 2.2, we have seen that H, can be equal to H. In general, this does
not happen: if Q is sufficiently regular, then Hg, is a proper subspace in H! (and,
as an obvious consequence, the dual of H 1 is contained in H b) In particular, the
following result holds ([15], Proposition 25):

Proposition 2.3 If the kernel Q is C'(X x X), then the embedding of H¢, in
CY(X) is compact.

Since C'(X) is continuously embedded in H?, it follows that also the embed-
ding of Hg in H' is compact.
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3 Integration with respect to a cylindrical martingale
in the space of continuous functions

In this section, we shall recall briefly the theory developed by Mikulevicius and
Rozovskii [9, 10], adapted to our particular setting. We refer to [6] for all basic
definitions and notations.

Given a topological vector space E and its topological dual E’, the pair (E, E’)
is called a Schwartz pair if E is locally convex and quasi-complete (i.e., all closed
and bounded subsets of F are complete) and E’ is weakly separable (see Defini-
tion 2.1 in [10]).

Suppose given a filtered probability space (£2, F, (Ft):e[o, 1], IP) satisfying the
usual assumptions and denote by P the predictable o-field. We denote by H?(IP)
(resp. H7,.(P)) the set of square integrable martingales (resp. locally square inte-
grable martingales).

A cylindrical process in E is a linear mapping on E’ with values in a proper
set of stochastic processes. In particular, a locally square integrable cylindrical
martingale in E is a linear mapping M : B/ — H2 (P).

Let X be as in the previous section and denote by 5(X) the Borel o-algebra
on X . Consider a family ((Mt”“ )teo,1] ) - of locally square integrable martingales

(forallz € X, M® € H? .(P)) and we make the following assumption:

loc

Assumption 3.1 There exist an increasing predictable process A; and a function
Q defined on 2 x [0, T] x X x X, measurable with respectto P @ B(X) @ B(X),
such that:

(i) the function Qs , is in KT (X) and is continuous, for all (w, s) € 2 x [0,T7;

(ii) the function fot Qs,wdAs(w), is in KT (X) and is continuous, for all (w, s) €
2 x100,7);

(iii) for fixed x,y € X, forallt € [0, T),

¢
< M MY >, (w) :/ Qs.w(z,y)dAs(w)  for P-ae w.
0

We can define a linear mapping on the set of linear combinations of Dirac
measures, which we denote by D: for p = . ¢;d,,, we set

M(p) = M} = e M} )

i<n

The process M(p) is a locally square integrable martingale; in fact the mapping
M can be extended to a cylindrical martingale in C. The pair (C, M) is a Schwartz
pair; furthermore, Mikulevicius and Rozovskii proved ([9], Lemma 41) that for all
v € M, there exists a sequence 1" € D and a process M” € HZ (IP) such that

loc

T
sup |M;_M;"|+/ W — 1", Qu(v — 1™ dA, 50 (n — 00)
0<t<T 0

and < MH*, MY >;= fg(qu,IAdAs, forall u,v € M.
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The mapping M can be extended to a mapping on M, still denoted by M,
with values in 7 .(P), and such that M(v) = M" for v € M , where M" is
defined as above. Thus, M is a locally square integrable cylindrical martingale in
C. According to the terminology of Mikulevicius and Rozovskii, the kernel @ is
called covariance operator function, while the kernel [ QdA is called predictable
quadratic variation for the cylindrical martingale M.

Our aim is to give a sense of an integral of the form [ F'dM, hence to find a
proper class of integrands. We shall follow the procedure of the construction due
to Mikulevicius and Rozovskii. Let v be a process with values in M of the form:

ve(w) =Y flw)p 3)

where 11; € M and f? are predictable bounded processes. Then, we set:

t d t
L(v) = / vedM, =" / flams; )
0 i=1 70

Then Z(v) is a locally square integrable martingale and its predictable quadratic
variation is given by the formula:

<I(V)7I(V) >t :/0 <V37QSVS> dA,.

We denote by L?(M, M) the set of processes v such that v takes values in M, and
is predictable, in the sense that for all f € C the process (v;, f) is predictable, and

< o0. 5)

T
E |:/0 <V57Q5V5> dAs

The processes of the form (3) are dense in LQ(M7 M), with respect to the norm
(5). Then the map Z defined by (4) can be uniquely extended to the set L?(M, M),
and by stopping also to the set L? (M, M), which is defined in the natural way.

This extension, still denoted by v — Z(v), is linear, Z(v) € H? .(P) and

<T(0),Z(n) >o= / (Vs Qo) dA,

for all v, u € L? (M, M). Furthermore, if v, v € L? (M, M), and

loc loc

t
[or-vi@.or-vpyaa, o o)
0
then,
sup |Z, (V") — T, (v)| = 0 (n — o0).
s<t

This construction is however not satisfying since L?(M, M) is not complete with
respect to the norm defined by (5): a Cauchy sequence v™ in L?(M, M) does
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not necessarily converge to an element of that space. However, if v™ is a Cauchy
sequence in L2(M, M), then Z(v™) converges in 72 (IP) to some square integrable
martingale. In order to describe the limit process, we need to complete the set
L2(M, M).

Let @ be the covariance operator function for the cylindrical martingale M. For
fixed (w, t), Q¢ isin LT (M, C): by Proposition 2.1, there exists a unique Hilbert
space H; ,,, which can be continuously embedded in C and which is the completion
of the set Q¢ .,(M) with respect to the norm induced by the scalar product:

(Qt,wﬂa Qt,wV) = <H7 Qt,wy>-

In this way, we build a family (H, t,w)(t,w)e[O,T] « r» of Hilbert subspaces in C, which
is called the family of covariance spaces for the cylindrical martingale M.

Let h be a process on {2 x [0, T, such that h,(w) € Hy, for all (¢,w); we say
that h is predictable if the process (w,t) — (h(w), Q¢.wit)m, , is predictable, for

any u € M.
<oo}

We define the set
which is clearly a Hilbert space; the set Z%OC(M7 H) can be defined in the natural
way. A mapping Q from L? (M, M) to L7, (M, H) can be defined by associating
to the process v, the process h such that hy(w) = Q¢ v (w) for all (t,w). A new
type of integral, called normalized integral, can be defined on Q(Lfoc (M, M)), by

setting
/h * dM = /ydM

for h = Q(v). The set Q(L?, (M, M)) is dense in E%OC(M, H) and the closure
of L?

2 (M, M) is isometric to the space LZ,.(M, H), which is complete ([9],
Proposition 10). It seems natural then to take this set as completion of the set of
integrands: for all h € L? (M, H), there exists a sequence v € L? (M, M)

loc loc
such that

T
L*(M, H) = {hpredictable D l / Il 3, dAs
0

t
/ Qs — hsﬁqsdAs 0 (n — o) (6)
0

In particular, the sequence v" is a Cauchy sequence in L? (M, M) and, as a
consequence, the sequence Z(v") is a Cauchy sequence in 77, .(P). We denote the

limit of this sequence by [ h * dM.

Remark The kernel () : M — C can be continuously extended to the canonical
isomorphism from H’ to H, where H’ is the topological dual of H. Moreover
H' is the completion of the set M /ker ) with respect to the norm induced by
the scalar product (u,v)g = (u, Qu). Then, denoting by L7 (M, H') the set
of processes F' which satisfy a weak predictability condition and such that the

process ( fg |Fs|%, dAS) are locally integrable, it turns out that the closure
: t<T
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of L2(M, M) is exactly L?(M, H') and the mapping Q can be extended to an
isomorphism from L?(M, H') to L?(M, H).

Example 3.1 Consider the Brownian sheet (Wiener noise in space and time) W =
(th)(m)e[o,;p] x[0,1]» hamely, the Gaussian process with covariance:

Cov(W?, WY) = min(z, y) min(s, t).

We take X = [0, 1]; then, W can be viewed as a cylindrical martingale on C'(X),
on the time set [0, 7. It is easy to see that, for z,y € X,

d < W* WY >,=min(x,y) dt.

Hence, if we take A; = ¢, we find that Q is as in Example 2.2. The set of (normalized)
integrands consists in all predictable C-valued functions h, such that h, .,(0) = 0,
n, . € L*(0,1) and

T
/0 |h;|%2(0’1)d145 < OQ.

When h = Q(v) for some v € L*(W, M), namely, h} ,(z) = vy (z,1], we

have
¢ ¢ t 1
/ hs *x dW g :/ vsdW 4 :/ (/ Vs(dz)de> .
0 0 0o \Jo

If (IVy)¢<7 is a compensated Poisson process, with intensity 1, independent of W*
for all z, the cylindrical martingale M;* = N, + W admits as covariance operator
function Q; ,(7,y) = 1 + min(z, y) and as covariance space H'(0, 1), hence:

T
L} .(M,H) = {h predictable : /o |hs|3dAs < 00 IP’-a.s.} .

We also notice that in this case, for all s, H, = H*(0,1) = IR & H' (where H'
has been defined in Example 2.2) and consequently H/ = IR @ (H')’. Hence an
integrand can be viewed, for the normalized integral, as a pair k = («, h) with «
predictable IR-valued process and h predictable and H'-valued, or equivalently,
for the standard integral, as G = (o, F), where F is predictable and (H')’-valued
and:

t t t
/ ks xdMg = as dNg + / hs x dW g
0 0 0

t t t
:/ Qs dNS—i—/ F dWS:/ G dM;.
0 0 0

We denote by S(M) the stable subspace generated by M in the set of square
integrable martingales, that is, the smallest closed set in 72 (IP), stable for stochastic
integration and containing all the M, possibly stopped (see, for instance, [11]).
Then, the normalized integral is an isometry on S(M).

Though the following result is not explicitly stated by Mikulevicius and Ro-
zovskii, it is just an extension to the infinite-dimensional case of the characterization
of stable subspaces ([5], Theorem 4.35):



96 M. De Donno, M. Pratelli
Proposition 3.1 Each N € S(M) can be represented in the form:
t
Nt:No—i—/ hs x dM @)
0

for some predictable h such that IE [fOT |hs |§I dAS} < o0.

We have seen that, in general, the set QQ(M) is a proper subset of H.

Thus, we cannot expect to obtain a representation of any element of S(M) as
integral of a measure-valued process. This may however happen in some cases,
depending on the structure of the covariance spaces.

Theorem 3.2 Assume that for all (s,w), dim H(s,w) = n(s,w) < oo. Then any
N € §(M) can be written in the form:

t
N = Ny —|—/ vedM, ()
0

where vs(w) is a measure on X with finite support and the cardinality of the support
is exactly n(s,w).

The proof of this theorem is given in the appendix.

4 Applications to “bond markets”

We consider a model of bond markets based on a family of optional processes
(P(-,T))r<r~, which represent the bond prices for all maturities T". For basic
definitions, assumptions and notations we refer mainly to [14] and [1]. Furthermore,
we assume that Fy is the trivial o-algebra.

We define the bank account B; = exp ( fot rsds), where r is the short rate

process, and denote by P(t,T)) the discounted bond process P(t,T)/B;.
The process P(t, T') is defined only for ¢t < T'. To work with processes which are

defined for all ¢, we set P(t,T) = exp (f; rsds) fort > T, as already suggested

in [2]. In economic terms, this means that we suppose that the owner of a zero
coupon bond invests the money received at the bond maturity in the bank account.

In a bond market, unlike in a stock market, an investor can choose among a
“continuum” of traded securities. For this reason, Bjork etal. [2] suggest considering
as possible strategies “measure-valued” processes; a rigorous definition can be
found in [14] (Definition VIL.5.2). According to this definition, a strategy = = (3, )
in a bond market consists of two processes:

(i) a predictable process (8;):<7+, which represents the quantity invested in the
money market account;

(i) a family of Radon measures (;);<r- such that for all (¢,w), ((dT)) is a
measure on B([0,7*]), with support concentrated on [t, 7*] and for all B €
B(]0,T*]), the process (y;(B))i<r~ is predictable; v, (dI") can be interpreted
as the “number” of bonds with maturity date in the interval [T, T + dT.
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The value of the portfolio generated by such a strategy is described by the
process

.
Vi = BB, + / P(t,T)y(dT).
t

The self-financing condition takes the form

-
dVy" = BidBy + (/ dP(t,T)fyt(dT)> ©)
t

in a symbolic notation which needs to be given a certain meaning. In [14], an
interpretation of this expression is given in the HIM framework. Bjork, Kabanov,
Runggaldier give a mathematical interpretation to (9) in [3] in the case of bonds
driven by a marked point process (see also Example 4.2).

For the general definition, it seems to be necessary to have a stochastic integral
for measure-valued processes with respect to a process with values in the set of
continuous functions. In order to apply the results of the previous section, we need
the following assumption:

Assumption 4.1 There exists an equivalent martingale measure for the bond mar-
ket, namely, a measure P, equivalent to P, such that for every fixed T € [0, T*], the

discounted bond price process (P(t,T))o<t<r~ is a local martingale under P.

The process P(-,T) is not necessarily a true martingale (the interest rate may
take negative values). However, we assume that P(-,T) is locally bounded, and,
since B; is continuous and strictly positive, for all ', P(-,T) is a locally square
integrable martingale.

Set X = [0, T™]: we assume the existence of predictable processes A; and Q,
which satisfy Assumption 3.1, so that for all 77,75 € X

d<P(-,T)),P(-,Ty) >t (0) = Qus(T1, To)dAs(w).

Notice that this requirement is fulfilled by all known models. We also observe that
when min(77,73) < ¢, then Q, ((T1,T2) = 0.

We can associate to the family (P(-,T))r<r~ a cylindrical martingale P in
C. The theory developed in the previous section permits us to give a meaning to
the integral of a measure-valued process, independently of the model. So, we can
formulate the self-financing condition for a discounted portfolio, generated by a
measure-valued strategy:
Definition 4.1 A strategy © = (3,) such that vy € L% (P, M), is self-financing

loc

if the discounted portfolio value V: = V™ / B; satisfies the condition:

t
V::V&T—'—/ ’Yédﬁé
0
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The self-financing condition and the initial value of the portfolio uniquely deter-
mine the value of the money holding 3. So we will specify a self-financing portfolio
by the pair (Vp, ).

We can give a financial interpretation to the results we have obtained in the
previous sections. We assume that the filtration is generated by the processes
(P(-,T))r<r- B

A contingent claimis an element of L2 (F, P), thatis, a square integrable random
variable, with respect to the equivalent martingale measure, and measurable with
respect to F. We then introduce the following definition:

Definition 4.2 A claim C is attainable if there exist Vo € R and v € L*(P, M),
such that
C
Br-

T* o
=W +/ Vs dPs.
0

From Theorem 2.2 and Proposition 3.1, it follows that the space of measure-
valued strategies may be not satisfactory when discussing of hedging portfolios
and completeness: we can find a sequence of measure-valued portfolios which
converges in the set of locally square integrable martingales, but the limit process
cannot be represented as a measure-valued portfolio. This means that measure-
valued strategies are not sufficient to describe all possible portfolios in the market.
For this reason we give a new notion of attainability (see also [2]):

Definition 4.3 A claim C' is asymptotically (or approximately) attainable if there
exist Vo € R and h € L*(P, H) such that

C
Br-

T* o
:V0+/ hs * dPs.
0

This means that there exists a sequence of self-financing measure-valued port-
folios V™ such that V.. converges to C/By- in L?(F,P).

In the given representation, i may not be the image of a measure, but Theo-
rem 3.2 implies the following result:

Theorem 4.1 Let C be an asymptotically attainable contingent claim. Assume that
all the covariance spaces associated to () have finite dimension: then, there exists a
replicating strategy which is, in each point, a finite combination of Dirac measures.

Note that the replicating portfolio may involve a continuum of bonds.

Remark One might imagine that the good strategy is the strategy based on integrands
with values in (H1 (0, T*)) /, but this is not possible. In fact, () usually satisfies the
assumptions of Proposition 2.3, hence for all (s,w), the embedding of Hj,, in
H'(0,T*) is compact and this implies that (H*(0, T*))/ is a proper subspace of
HY .
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Example 4.1 Stochastic volatility models Assume that the zero coupon bond pro-
cess evolves, under an equivalent martingale measure, according to a dynamics of
the form:

dP(t,T) = P(t,T) (r(t)dt +) ai(t.n, T)de)
i=1
where W are independent Wiener processes and 7 is an element of some mea-
surable space (E, &) (usually 7 is a stochastic process). Such models are called
stochastic volatility models, driven by an n-dimensional Wiener process.
Computing the quadratic variation of the discounted process, we obtain:

d< P( . ,Tl),?( . ,TQ) >r= f(t, Tl)?(t, TQ) <Zn: O'i(t, 7, Tl)O'i(t, m, TQ)) dt.

i=1
Then, omitting w for simplicity, we can set

n

A=t Qu(T1, Tp) = P(t, T)P(t, To) Y oilt,n, T)oi(t,n, Ta).

i=1

We assume tha o;(t, 7, - ) is continuous for all fixed (¢,7); then, @ has the same
structure as in Example 2.1 and for all (¢, w), the associated covariance space has
dimension less than or equal to n.

In most cases, these models are not complete. Theorem 4.1 tells us that for an
investor it is not worthwhile to use at each point the whole rate curve, in the sense
that the best performance can be obtained by a portfolio which, at each point (¢, w),
has n bonds with different maturities and any more bond in the portfolio does not
improve the replicating possibilities.

Example 4.2 Bond market in presence of marked point processes Consider a market
where the bond prices are allowed to be driven by an n-dimensional Wiener process
as well as a marked point process. This model has been carefully analyzed by Bjork
etal. ([3], p. 224), and we refer to them for assumptions and notations. They proved
that, under an equivalent martingale measure, the discounted bond price dynamics
is given by

dP(t,T) = P(t—,T) (zn: Si(t, T)dW; + / (eDWT) - 1) ﬂ(dt,dw))
i=1 E

where W are independent Wiener processes, ji(dt, dz) = p(dt,dx) — \(dz)dt
is a compensated marked point process on (E, £) (which is assumed to be a Lusin
space) and A is the intensity of 1 under an equivalent martingale measure. The
quadratic variation is:

n

> Si(t, T1)Si(t, Tz)

i=1

b [ (ePtenm 1) (P 1) At<dx>] .
E

d< P( . ,Tl),ﬁ( . ,TQ) > = ﬁ(t—, T1>F(t—7T2)
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Dropping ¢ and w, we can represent () as follows:

Q(T,Ts) = Zai(Tl)Oéi(TQ) +/Eﬂ($7T1)ﬂ($7T2)>\(dI)-

=1

When ) is not concentrated at a finite number of points, the covariance space
associated with @) has infinite dimension, and all possible strategies cannot be
obtained using only measure-valued processes.

Our result allows us to explain the notion of “approximate completeness” and
its relation with uniqueness of the martingale measure. We recall that a market is
said to be complete if every contingent claim is attainable. In this setting, we need
to extend this notion of completeness:

Definition 4.4 The market is approximately (or asymptotically) complete if all
claims are asymptotically attainable.

Theorem 4.2 [fthe martingale measure is unique, then the market is approximately
complete.

Proof By Proposition 3.1 and the well-known Jacod-Yor Lemma (see e.g., [5],
Chap. XI), when the martingale measure is unique, each square integrable random
variable C' has a representation of the form

-
C:IE‘@[C]—%/ he * dPs,
0

where h € L2 (P, H).Inother words, any claim is asymptotically attainable. Hence,
the market is approximately complete. a

This result has already been proved, with different techniques, by Bjork et al.
([3], Proposition 4.7) and Bjork et al. ([2], Proposition 6.11), for the the model
considered in Example 4.2. As for the converse part, if the market is approximately
complete, we can only deduce that the equivalent martingale measure is extremal
in the set of all martingale measures. In [3], it is also shown that, in the case of
Example 4.2, when A is concentrated at a finite number of points, completeness
and approximate completeness coincide. This is, in fact, the case where all the
covariance spaces associated to () have finite dimension. In this case, completeness
is equivalent to uniqueness of the martingale measure.

A relation can be established between approximate completeness and complete-
ness on a special set of claims.

Definition 4.5 We say that a contingent claim C is a finite (market observable) con-
tingent claim if there exists an integer d and maturities Ty < ... < Ty suchthat C'is
measurable with respect to the o-algebra generated by the process (P(-,T;)), <,

We shall see in the next section that, in the class of (infinite-dimensional) models
introduced by Kennedy [7], such contingent claims can be hedged.
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Theorem 4.3 The market is approximately complete if and only if every finite
contingent claim is asymptotically attainable.

Proof Necessity is trivial. As for the converse part, it is not difficult to see (for
instance by a Monotone Class Theorem) that the set of finite contingent claims is
dense in L?(F,P), that is in the set of all contingent claims. O

5 Kennedy’s model

We focus our attention on the forward-rate curve, assuming, for the sake of sim-
plicity, that 7* = 1. Kennedy [7, 8] models the instantaneous forward rate
{F(t,T) : 0 <t <T < 1} as a Gaussian field with independent increments
in the ¢-direction. In particular, F' has the form:

F(t,T)=o(t,T)+ Y(t,T), 0<t<i1

where « is deterministic and continuous in ¢; Y (¢,7) is a centered continuous
Gaussian random field with covariance structure specified by

Cov (Y (t1,T1),Y (t2,T2)) = c(t1 AN ta, T1,T3), 0<<T;, 1=1,2,
(10)
where ¢ is symmetric and non-negative definite in (7%, 7%) and ¢(0,77,T%) = 0.
The dependence of c on t; A to ensures the independent increments property for
Y in the ¢-direction: that is, the increment Y (¢2,T) — Y (¢1,T) is independent of
Fi, = o{Y (u,v),u <ty,u<v},whent; <ty <T.
The zero-coupon bond price process at time ¢ is given by:

P(t,T) = exp (— /tT F(t,s)ds) ;

the short rate is 5 = F(s,s)). Kennedy proved ([7], Theorem 1.1) that the dis-
counted bond price P(¢,T) is a martingale for all T if and only if

T
a(t,T) = a(0,T) +/ c(t Ns,s,T)ds.
0

We work directly under the martingale measure P. The discounted bond P(t,T)
has the form (¢, T") exp(D(t,T)), where ((t,T') is a deterministic function, and

T t
D@ﬂ:—[}%@%—AY@@w. (1

The process D( -, T) is a martingale for all T and

dD(t,T) = —

BT dP(t,T). (12)
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Indeed, fort; <ty < T,

T
D(tQ,T) — D(tl,T) = —/ (Y(tg, S) — Y(tl, S)) ds

_ /f (Y(s,8) — Y(t1,5)) ds.

Taking the conditional expectation with respect to 7, on both sides and exchanging
the conditional expectation operator with the integral, we find that the right-hand
side is zero; hence, IE [D(t,T) — D(t1,T)|Ft,] = 0and D(-,T') is a martingale.
Moreover, by Ito’s formula, we have

dP(t,T)

= P®T) (dg(uT) +¢(t,T)dD(t,T) + %C(uT)d < D(-,T),D(-,T) >t) .

Since F(t,TLiS a martingale, the sum of all finite variation terms vanishes: it
follows that dP(t,T") = P(t,T)dD(t,T) or equivalently (12).

Lemma 5.1 Let M be a continuous positive martingale, such that M; = as M,
for s < t, where a,; is independent of F. Set N, = fot M;ldMS and assume
N to be square integrable. Then N is a continuous martingale with independent
increments and the process < N, N > is deterministic.

Proof The process N is a continuous martingale. The increment
t
N;— N, = / M dM,
S

is the limit of processes of the form » 7, _ - M (M, — My, ), where (), isa
sequence of finite partitions of [s, 1], such that mesh(7,,) tends to 0. By hypothesis,
D otiem, Mtil (My, — My, ) = >4 en (@t 1, — 1); these random variables
are independent of F; and so is their limit. Finally, a square integrable continuous
martingale [V, with independent increments, has deterministic predictable quadratic

variation: notice that this is just < N, N >,= IE [N?]. O

For all T', the process ?(;, T) satisfies the hypotheses of the lemma: it is
continuous and P(¢,T) = a,P(s,T), where

P (- /: (1) — als,u)) du — /: (Y (1) — Y (s,1)) du)

T T
- exp (—/t (a(t,u) — a(s,u)) du —/t (Y(t,u) —Y(s,u)) du) .

Clearly, a,, is independent of Fj, since for all u, both Y (u,u) — Y (s,u) and
Y (t,u) — Y (s,u) are independent of F. By the lemma, < D(-,T),D(-,T) >;
is deterministic and is explicitly computed as a function of the covariance of the
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Gaussian process; the same can be done also with < D(-,Ty),D(-,Tz) >,
(of course, D(¢,T1) + D(t,T») is a square integrable continuous martingale with
independent increments). Recalling that D(¢, T') is a martingale zero at 0, we have:

<D(~ T1),D(-,Ts) >
[D(t Tl)D(t Tg)] CO’U t T1 D t Tg))

T
/du/ ds c(s ANu,s,u) /du/ ds c(t Au,u,s)
T2 Tl T2
+/ du/ dsc(t/\u,u,s)Jr/ du/ ds c(t, u, s)
0 ¢ ¢ ¢
t u t Ty
= 2/ du/ ds c(s,s,u)—i—/ du/ ds c(u,u, s)
0 0 0 ¢
t T2 Tl T2
+/ du/ ds c(u,u,s)Jr/ du/ ds c(t,u, ).
0 ¢ ¢ ¢

From (12), it follows that

d<D(-,T1),D(-,T3) >=

Suppose that there exist processes () and A, such that
d < P(-,Th),P(-,Ty) >= P(t,T1) P(t, T5) Q:(T1, T2)dAy;
then, we shall have

t
< D(-,T1),D(- . Ty) >t:/ Qu (T}, To)dA,. (13)
0

We now impose an additional hypothesis on the covariance function c: we take ¢
to be of the form

C(t7T1’T2) = f(t)g(TlaT2)7

where f is non-decreasing and g(77, T%) is symmetric and non-negative definite in
(Th,T>). This is the case, for instance, when the random field of forward rates is
Markoyv, in the sense of [8], Definition 3.3, and satisfies the independent increments
property ([8], Theorem 3.1). Further, we suppose that f is C'(0, 1) with f’(¢) > 0
for all ¢. Then both sides of (13) are differentiable in ¢ and we easily find, by simple
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computations, that, for all 71,75 > t:

d t
1 sTaT As
& |

o / ds f(s)g(s,0) + /(1) / ds g(t, ) - / du f(u)g(u, )
Ty t T>

+f@) [ dsg(t,s) = [ duf(u)g(ut) = f(t) [ dug(u,t)

t 0 t

-1 [ s glt8) 1 10 / Y / " s gl 9

T T
= f’(t)/t du ds g(u, s).

t

Setting dA; = f’(t)dt, we obtain

Ty T,
Qi(T1,Tz) =/ du/ ds g(u, s). (14)
t t

We have thus found A and @) satisfying Assumption 3.1. Let p belong to M:
there exists an absolutely continuous function & on [0, 1], such that 4(0) = 0 and
1 (s) = u(s,1] (see, for instance, [12]). If we define k(s) = (s, 1], we see that k
isin L2(0,1) and

Qip(y) = /1 w(dz)Qy(x, / (dx) / ds/ du g(s,u)
/dsusl/dugsu /dsk /dugsu

1 1
Q) = [ ds [ dub(sk(g(s.0)

Example 5.2 Suppose that g(s,u) = b(s)b(u). Then, we have

and now

T, T
Qi(Ty, ) = ( t dsb(s)) ( t dub(u)) = B:(Th) B:(T3).

Hence, the associated covariance space has dimension 1 (see Example 2.1). This is
the case considered by Kennedy in [8], Theorem 3.3, when A = 2.

Example 5.3 Suppose that g(s,u) = s A u. This situation corresponds to the case
where Y is the Brownian sheet and f(¢) = ¢. Let 1 belong to M and h and k defined
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as above. Then we can explicitly compute @ and (Q:p, ). For simplicity we
consider ¢ = 0. After some calculations, we obtain:

Quats) = | s k(s) / " du(s Au)

- /v dsh(s)s + h(l)y—2
o 2

[ st -

(Qou,,u}:/o dsk(s)/o duk(u) (s A u)
1
= [ ) = hopPas

= |h|2L2(0,1)

where h(s) = h(1) — h(s). The covariance space associated to Q is isomorphic to
the closure in L2(0, 1) of the set of continuous functions A, such that 2(1) = 0 and
R’ is in L?(0, 1). Since this set contains the space of functions on [0, 1] which are
infinitely differentiable and with compact support, (which is dense in L?(0, 1)), the
set Hg is isomorphic to L?(0, 1), hence it has infinite dimension.

From the previous examples, we see that this class of models includes both
the cases where the covariance space has finite and infinite dimension; in the latter
case, in order to hedge some claims, one may need “theoretical” portfolios, which
are impossible to achieve in a real financial market. The class of finite contingent
claims has an interesting property:

Theorem 5.1 Let C be afinite (market observable) contingent claim, depending on
thebonds P(-,T1),...,P(-,Ty),forsomed € N, for some maturitiesTy < ... <
Ty. Then, it can be replicated with a portfolio based on B, P(-,T1), ..., P(-,Ty).

Proof By definition, C = C'/B; is measurable with respect to the o-algebra gen-
erated by the IR%-valued martingale D = (D(-,T}))i<4. By Lemma 5.1, D is a
continuous martingale with independent increments. Hence, by Theorem I11.4.34
in [6], it has the predictable representation property; namely, all square integrable
random variables C, which are measurable with respect to the o-algebra generated

by D, can be written in the form:
— 1 ~
C:]Eﬁ[a]—i—/(; Spthta

for some predictable process ¢ with values in RY and integrable with respect to
the martingale in D. The equality

/01 ordDy = /01 (P(ﬁTﬂ""’P(ZZ)) d(P(t,Ty),..., P(t,Ty))
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shows that C' is an attainable claim and the replicating portfolio is a self-financing
portfolio based only on B, P(-,T1),...,P(-,Ty). O

We would like to remark that this theorem holds in general, without any assump-
tions on c. What we have proved is that, in this class of models, a claim depending
on a finite number of bonds can be hedged with a portfolio based exactly on those
bonds and the bank account, and this is independent of the number of random
sources which are involved, even when the market contains a continuum of random
sources as, for instance, in the case of the Brownian sheet. Furthermore this result,
together with Theorem 4.3, allows us to state the following:

Theorem 5.2 Kennedy’s bond market is approximately complete.

6 Conclusions

The main purpose of this paper is the development of a mathematical technique,
which permits one to use stochastic integration with respect to a family of “zero-
coupon bonds”, which can be seen as a stochastic process with values in the set of
continuous functions. To this end, we adapt to this particular case the cylindrical
stochastic integration theory introduced by Mikulevicius and Rozovskii in a more
general setting [9, 10]. The class of integrands is interpreted, from a financial point
of view, as the set of all possible strategies in the bond market. Bjork et al. [2]
have suggested considering “measure-valued portfolios”; we prove that, in order to
obtain completeness, or even replication of some contingent claims, it is necessary
to consider a larger set of strategies. As an example, we give a detailed analysis of
a model introduced by Kennedy [7, 8]: in this case, we can explicitly characterize
the set of strategies, which usually properly includes measure-valued processes.
However, in this particular example, options depending on a finite number of bonds
P(t,Ty),...,P(t,T},) (as, for instance, swaps, caps and floors), can be replicated
by using portfolios which are based on these n bonds and the money market account.
We also prove that this model is complete.

Appendix: Proof of Theorem 3.2

We first observe that a compact metric space X is separable. For the sake of sim-
plicity, we prove the theorem, assuming that X is an interval (this is, in fact, the
only case we consider for applications): in particular, we take X = [0, 1]. The proof
in the general case is easily obtained replacing the set Q N [0, 1] with a countable
dense subset in X.

In the next two lemmas we will use the notations of Sect. 2.

Lemma A.1 Let z1, . ..z, € [0,1]. The set {Q(x;, - ) }i<n is a basis for Hg (and
dim Hg = n) if and only if the following conditions hold:

(i) det [(Q(wi,25))1<i,j<n] # 0
(ii) det [(Q(xi,x}))1<i,j<n+1] = 0 for all x,41 € [0,1].
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Proof Recalling that (Q(z, -),Q(y, - ), = Q(x,y), it is easy to check that
conditions (%) and (i¢) hold if and only if Q(z1, -),...,Q(z,, -) are linearly
independent and all h € H are of the form h = 3, A Q (i, -). O

Remark When () is continuous, condition (i¢) can be replaced by
(ii/) det [(Q(-ria-rj»lgi,jgrwrl] =0forall x4 € Qn [07 1].

Lemma A.2 Assume that Q) is continuous and dim Hg = n. Then there exist
x1,... T € [0,1) NQ such that {Q(x;, - ) }i<n is a basis for H.

The proof of this lemma is easily obtained by using the continuity of ) and the
Hilbert-Schmidt orthogonalization procedure. In the two lemmas which follow, we
use the notations of Sect. 3 and suppose that Assumption 3.1 is fulfilled.

Lemma A.3 Assume that dim H, ., = n, and that there exist x1, ...,z € [0,1]
such that the set {Qs ., (T, - ) Yi<n is a basis for Hs , for all (s,w). Then, S(M™*,
oo MTn) = S(M).

Proof Set M* = (M®* ... M®*). It will be sufficient to prove that MY €
S(M?), for all y € [0,1]: that is, there exists a measure-valued process v of the
form v(s,w) = >, ., Ai(s,w)dz,, where X = (\;);<p is a predictable process,
such that the local martingale MY has a representation of the type

MY = /le\/[,

or, equivalently,
MY = / AdM®.
We recall that )\ is integrable with respect to the locally square integrable martingale

M (and that the stochastic integral is still a locally square integrable martingale)
if and only if the process

> /)‘de<M“aM“'" >= ) /)‘i)‘jQ(ﬂ%xj)dA
ij<n ij<n

is locally integrable (see, for instance, [6], Sect. II11.4a).
Since Qs (y, -) € Hs ., by Lemma A.2, it can be written in the form

n

Qs,w(ya ) = Z)‘i(svw)Qs,w(fL‘iv )

i=1
for some \;. In particular, for all j,
Qs,w(y>$j) = Z/\i(saw)Qs,w(xiaxj)' (15)
i=1

In virtue of Lemma A.1, X is a solution of a system of linear equations with pre-
dictable coefficients, hence, it is predictable.
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Setv =Y., Aidz, and ¥ = §, — v. Then, for all (s,w)

n

|5(57‘4‘1)|12L1fw = Qsw(y,y) + Z Ai(s,w)A; (s, w)@s 0 (@i, ;)

ij=1
—2 Z )\i(s,w)stw(azi, xj)
=1

which is zero by (15). This implies that o is M-integrable and | #dM = 0. Since

/DdM:My—/udM,

it follows that v is integrable with respect to M and MY = [vdM = [ XdM*
belongs to S(M?). O

Remark For a given predictable set B, we denote by 15 - M the cylindrical mar-
tingale associated to the family (15 - M*),¢|o,1) (Where, according to a standard
notation, 15 - M* = [ 15 dM?®).

The previous lemma can be applied, with the proper restrictions to S(15 - M).

Lemma A4 Let x1, . ..,x, € [0,1]. Denote by B(x1, . .., xy,) the set of all (s,w)
such that {Qs ., (i, ) }i<n is a basis for Hg . Then, B(x1,...,2y,) is a pre-
dictable set.

Proof The set B(x1,...,2,) is the set of all (s,w) such that

det [(Qs,w(Ti, Tj))1<i,j<n] # 0

and
det [(Qs,w (i, ¥j))1<ij<nta] = 0
for all x,,+1 € QN [0, 1]. Hence, it is predictable. O

Proof of Theorem 3.2 By Lemma A.2, {2 x [0,T] is the (countable) union of all
sets B(x1,...%y,) as defined in Lemma A4, forn € IN, zy,...,z, € [0,1] N Q.
From this family of sets, we can construct a countable family of predictable and
disjoint sets (B, )nen, such that 2 x [0,T] = |J,, B, and H, , is generated by
some (Qs,0 (27, *))1<icp - 27 € Q, forall (w,s) € B, .

Let N be an element of S(M). Then

t
Nt:/ hg*dMg:
0

> / hs % dM,
el Bn[0,t]

for some predictable h such that IE { fOT I3 dAS} < 00.
By the remark on Lemma A.3,

/ he % dMg = ArdME"
B, N[0,t] B,,N[0,t]
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where M*" = (M*7,. .. M%w)and A" = (A, ..., \¥»)isapredictable process,
integrable with respect to 15, - M®".

Putv?(w) = Zf;l A7 (8, w)dgn on By, zero otherwise: clearly, v™ is integrable
with respect to 15, - M, since

IE/ V2, dA :IE}/ |hs|3r. dAs
B,N[0,T] ° B,N[0,T] ‘
T
<IE / |hs|3. dAs| < 0.
0

Thus, the stochastic process v which coincides with ™ on B,, is well-defined and
satisfies the requirements of the theorem, since

/ydM:Z/ ydM:Z/ u"dM:Z/ h*dM:/h*dM.
n Bn n Bn n By

O
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