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We will prove the following lemma:

Lemma. Let H be a real Hilbert space with norm ‖ · ‖. Suppose that
f ∈ C1(H,R) satisfies the mountain pass geometry with respect to x1

and x2, that is, there exist r ∈ R+ such that ‖ x1 − x2 ‖> r and

max{f(x1), f(x2)} < inf
‖y−x1‖=r

f(y).

Let
Γ := {γ ∈ C([0, 1], H) : γ(0) = x1 ∧ γ(1) = x2}

and
k1 := inf

γ∈Γ
max
t∈[0,1]

f(γ(t)).

Then

∀γ ∈ ?Γ
[ [

γ(?[0, 1]) ⊆ ns(?H) ∧ max
t∈?[0,1]

f(γ(t)) ≈ k1

]

⇒ ∃t0 ∈ ?[0, 1]
[

f(γ(t0)) ≈ k1 ∧ ‖ f ′(γ(t0)) ‖≈ 0
] ]

.

From this lemma we deduce two new mountain pass theorems which
cannot be obtained from the well known classical Mountain Pass The-
orem of Ambrosetti-Rabinowitz.
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