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My general aim is to discuss several examples of proofs in elementary mathematics.

1.
First, with reference to well-known statements (as for instance: «in any triangle, the sum of the internal angles equals a straight angle», «0+1+2+...+n = n(n+1)/2»), I will compare different kinds of proving: examining some particular cases, formal proof, generic proof, proof without words, and so on. Some questions arise naturally, as: Are proofs without words "correct"? Is an informal proof acceptable only if it can be formalized? What is the role of the Induction Principle? In some cases, concrete models also can help to obtain a formal proof. Consider for instance the question: «Is it possible to construct a tetrahedron with four congruent triangles?». It is very unlikely that one can answer this without a paper model: a paper model allows us to see and understand before proving.

2.
Most of the statements in our books are of the form «x[A(x)B(x)]». Hence, we distinguish between hypothesis and thesis, and we speak of counterexamples. However, not all theorems share this structure – in fact I argue that it is only an epistemological (and implicit) choice. For instance, there is no specific hypothesis in statements like: «ei = –1», «there are infinitely many prime numbers», «the square root of 2 is not a rational number», «in three dimensional space, two skew straight lines exist ».

3.
As a consequence of the previous point, there is a frequent misunderstanding about the structure of a proof. In an exam to enter the SSIS in Rome (the Italian teacher training School), students were asked to explain what is a proof by contradiction (or by reductio ad absurdum), and to give an example. I expected answers like the following: «I have to prove p; if I prove that, assuming (p, a contradiction follows, then I am allowed to conclude p». In fact, most students limited themselves to a particular case: to prove by contradiction a statement of the form p  q, assume the negation of q and deduce the negation of p from it.

The point is that one of the most popular examples was «the square root of 2 is not a rational number»: the proof by contradiction was explained correctly, but it did not fit the general schema introduced just a few lines above!

4.
I should like to mention some unnecessary applications of reductio ad absurdum. Consider the statement «a binary operation has at most one (two-sided) identity element». Often, the proof is by contradiction: «Let a and b be two distinct identity elements; then a = ab = b, that is a contradiction because we assumed a ≠ b». But the hypothesis a ≠ b is not needed. In my opinion, there is an obstacle in the fact that different letters can denote the same number.

It must be added that a proof is either by contradiction or not by contradiction depending on the way we state the theorem. For instance, to prove that «there are infinitely many prime numbers», we often start by saying: «assume that there are only finitely many prime numbers». But, if we express the theorem by saying «for every n, there is a prime number p greater that n», a direct proof is very short: any prime factor of n!+1 is greater that n.

In my opinion, brevity of proofs has a didactical value (whereas some students seem to believe that the longer a proof is, the better).

5.
Sometimes, it is useful to make the logical structure of a proof explicit. Consider the following problem (taken from Coxeter-Greitzer, Geometry revisited): «If an isosceles triangle PAB, with base angles 15°, is drawn inside a square ABCD, then the points P, C, D are vertices of an equilateral triangle». The problem is not easy, while the converse is trivial.

But, ... there is just one point P satisfying the given construction, and there is just one point Q such that QCD is an equilateral triangle: if Q coincides with P, then P must coincide with Q. From a logical point of view, the deduction schema is: from «!x P(x)», «!x Q(x)», and «x [Q(x)  P(x)]», it follows that «x [P(x)  Q(x)].»

