A model for analysing mathematical objects, theorems and proofs: theoretical and empirical considerations.
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The presentation is deeply connected with that of Boero, especially for the notion of Cognitive Unity introduced there. In this presentation, pupils’ processes of conjecturing and proving are tackled analysing also the mathematical contexts where they are developed and the possible mediation of suitable software functions to improve them:

1. Conjecturing and proving (C&P) activities are deeply influenced by the very nature of the mathematical context within which they are developed. E.g. things are very different for (Euclidean) Geometry and for (elementary) Calculus, because of the different nature of the mathematical objects involved. 

2. According to the mathematical context, the very nature of mathematical objects may be more or less direct and intuitive; in fact, objects may or may not be consonant the experiences of one’s biological brain.  In such a sense, the same genesis of mathematical objects poses serious didactical problems for generating a parallel cognitive unity. 
3. Also the relationships among the mathematical objects appear different if we compare Geometry and Calculus: C&P activities assume specific features. In Geometry, it is possible a configurational approach based on constructions which have a direct and transparent perceptual counterpart. The possible algebraic translation of such operations (i.e. the geometry of co-ordinates) consists in verifying equalities, whose logical complexity is very simple (so called (-formulae). In Calculus, constructions are mainly based upon mental-imaging, which has no direct perceptual counterpart and a configurational analysis is not any longer possible. The necessary algebraic translation is based upon computations of inequalities of an incomparably bigger complexity (namely (((- formulae). Moreover many formal definitions of objects are contrary to the direct embodied experiences. 
4. A picture of the typical strategies for C&P for Geometry can be given within a frame of continuity, e.g. the Cognitive Unity of Boero; but such a model is still an open problem for Calculus. 
5. The problem of Cognitive Unity is particularly interesting from a didactical point of view, if the question of possible mediators is put forward. The problem is related to the fact that some low-level cognitive actions can also provide support for high-level theoretical concepts. We will discuss the mediating functions of dragging and trace in Cabri géomètre environments and of zooming in TI-92 environments. Dragging concerns mainly the C&P activities in Geometry contexts where the various types of dragging can support the different relationships among the mathematical objects and help students in the transition back to theoretical aspects of geometrical figures and forth to the perceptual features of drawings on the screen. Trace and Zoom concern mainly the genesis of Calculus mathematical objects according to a ‘natural’ and embodied approach where the typical formal complexities described under 3. are not so present. In both cases there is a Cognitive Unity which support the whole process. But while in Geometry there is a clear evidence that such a unity encompasses the genesis of the mathematical objects and of their mutual relationships up to formal proof, in Calculus the empirical results we have concern only  the genesis of the mathematical objects and the intuitive conjectures about them. It is still a research issue whether there are powerful mediators which can enhance thought experiments in Calculus context up to the formal deduction level.
