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OPTIMAL REGULARITY OF SOLUTIONS TO
NO-SIGN OBSTACLE-TYPE PROBLEMS FOR THE SUB-LAPLACIAN

VALENTINO MAGNANI AND ANDREAS MINNE

We establish the optimal C }1’1 interior regularity of solutions to

Agu = f Xu=xo},

where Ay denotes the sub-Laplacian operator in a stratified group. We assume the weakest regularity
condition on f, namely the group convolution f xI"is C ,11;1, where I is the fundamental solution of Ap.
The C}il regularity is understood in the sense of Folland and Stein. In the classical Euclidean setting, the
first seeds of the above problem were already present in the 1991 paper of Sakai and are also related to
quadrature domains. As a special instance of our results, when u is nonnegative and satisfies the above
equation, we recover the C };1 regularity of solutions to the obstacle problem in stratified groups, which
was previously established by Danielli, Garofalo and Salsa. Our regularity result is sharp: it can be seen
as the subelliptic counterpart of the C!! regularity result due to Andersson, Lindgren and Shahgholian.

1. Introduction

The main question we consider in this paper is the optimal interior regularity of distributional solutions to
the no-sign obstacle-type problem

Agu = f Xuzo) (1-1)

on some domain of a stratified group G; see Section 2 for notation and terminology. In the Euclidean
setting, the obstacle problem is among the most-studied topics in the field of free boundary problems;
see for instance [Rodrigues 1987; Friedman 1982; Petrosyan et al. 2012]. It asks which properties can
be deduced about a function with given boundary values that minimizes the Dirichlet energy, under the
constraint of lying above a given function. This is the classical obstacle problem, which can be studied
through the theory of variational inequalities, using the Dirichlet energy; see for instance [Kinderlehrer
and Stampacchia 1980; Frehse 1972]. The variational approach, after subtracting the obstacle from the
solution, leads to the PDE formulation of the problem
Au = fX{u>0} in By,

u>0 in By, 1-2)

u=g on d By,
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where B denotes the metric unit ball with respect to the Carnot—Carathéodory distance (Definition 2.1).
Our problem is a nonvariational counterpart of (1-2), that is,

{Au:fX{u;éO} in By,

1-3
u=g on dB. (1-3)

We point out that (1-3) — which is called a no-sign obstacle-type problem — naturally appears also when
considering the so-called quadrature domains [Sakai 1991; Gustafsson and Shapiro 2005].

Two important questions about this problem concern the regularity of solutions to (1-3) and the regularity
of the free boundary. In Euclidean space, the analysis of both questions is essentially complete [Sakai
1991; Caffarelli et al. 2000; Petrosyan and Shahgholian 2007; Andersson et al. 2013]. In particular, in
relation to the regularity of solutions, [Andersson et al. 2013] shows that « has the optimal C!! regularity
if the linear problem Av = f has a C!! solution. This is the minimal regularity assumption on f in order
to establish the C!! regularity of solutions.

The main result of this paper is the sharp regularity of solutions to (1-1) also in the subelliptic setting
of stratified groups.

Theorem 1.1 (C};' regularity). Let u € L°(B)) be a distributional solution to (1-1) in the unit ball By.
Let f : By — R be locally summable such that f xT" € C 11{’1 (B1). Then there exists a universal constant
C > 0 such that, after a modification on a negligible set, we have u € C }41 (B1/4) and

IDjull ooBy0) < CUDG(f % D)l ooy + lluell Lo (,))- (1-4)

In our setting, the natural counterpart of the Euclidean C!-! regularity is the C }1;1 regularity, where the
horizontal derivatives are required to be Lipschitz continuous (Definition 2.2). The function I" denotes the
fundamental solution of Ay (Definition 2.3). For further notation and terminology, we direct the reader
to Section 2.

We wish to emphasize that u satisfies (1-1) also in the strong sense. Indeed, the distributional equality
Ay (f *I') = — f, joined with the assumed C,l;l regularity of f = I", shows that f € L°°(B;). Therefore
f X0y € L°°(B1) and by the regularity result [Folland 1975, Theorem 6.1] we get u € Wi,’fl’oc(Bl) for
every 1 < p <oo. The C }{’1 regularity of solutions to the obstacle problem in stratified groups was obtained
in [Danielli et al. 2003], using the variational formulation of the problem. The regularity of the free
boundary was subsequently established in step-two groups [Danielli et al. 2007]. Further results in this area
have been obtained for Kolmogorov operators and parabolic nondivergence form operators of Hérmander
type [Di Francesco et al. 2008; Frentz et al. 2010; 2012; Frentz 2013]. The no-sign obstacle-type problem
in terms of (1-1) does not seem to have been considered before in the subelliptic setting.

Our arguments are remarkably different from the ones used for the obstacle problem. For instance,
in this problem without a forcing term the solution is automatically superharmonic with respect to Ay,
while in our setting we have no such sign condition that would yield a superharmonic solution. We initiate
our analysis observing that second-order horizontal derivatives of solutions to (1-1) satisfy certain BMO
estimates, which were established in [Bramanti and Brandolini 2005; Bramanti and Fanciullo 2013].
The subsequent step is to construct suitable approximating polynomials, starting from the second-order
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horizontal derivatives of the solution. Indeed these polynomials yield a subquadratic growth estimate (4-10)
at small scales. We point out that this estimate is valid for any bounded and W>? regular function, with
bounded sub-Laplacian, so it might be of independent interest. As a consequence, we perform a suitable
rescaling of the equation and then infer the crucial decay estimate of the measure of the coincidence
set (Proposition 4.6), when the horizontal Hessian of the approximating polynomial is sufficiently large.
More details on this procedure can be found at the beginning of Section 4.

Although our ideas mainly follow the path set up by [Andersson et al. 2013; Figalli and Shahgholian
2014], there are several difficulties related to the subelliptic setting. The basic one is concerned with
the fact that the sub-Laplacian Ay is degenerate elliptic. In addition, since the operator Ay is written
in terms of Hormander vector fields, we can only consider the horizontal Hessian (2-5) of the solution,
which is a nonsymmetric matrix. Then the construction of the approximating polynomials starting from
the average of the second-order noncommuting derivatives X; X;u becomes more delicate and requires
some preliminary algebraic work; see Section 3. Notwithstanding the technical complications, the proof
has become more streamlined: we can stay clear of the projection operator used in [Andersson et al.
2013], and this simplifies several technical points. A suitable quantitative decay estimate of the zero-level
set (4-14) can be obtained also in our setting. Finally, we adapt the polynomial iteration technique of
[Caftarelli 1989] to find explicit estimates of the second-order horizontal derivatives; see (1-4).

We finish the introduction by giving an overview of the paper. In Section 2 we introduce some basic
notions on stratified groups and the related function spaces. In Section 3 we construct suitable second-order
homogeneous polynomials (Definition 3.2), which have an assigned horizontal Hessian (Corollary 3.3).
Then some important W27 and BMO estimates are presented. Finally, we provide the crucial scaling
estimates of Lemma 3.8. In Section 4 we prove a subquadratic growth estimate of the difference between
a solution and its approximating polynomial. Then we apply the subquadratic growth estimate to get a
suitable decay of the measure of the zero-level set. Finally, we establish the C }1;1 regularity in quantitative
terms, according to (1-4).

2. Basic facts and notation

A stratified group is a simply connected, real nilpotent Lie group G whose Lie algebra G has a special
stratification. We denote by V; the subspaces of G having the properties

G=VieV,®d---®V, and [Vl’vj]=vj+l

for j=1,...,ctand V.41 =0. Let us denote by n the topological dimension of G and by m the dimension
of Vi. We choose a graded basis X1, X», ..., X, of G that is characterized by the property that

X 115 s X,

is a basis of V; forall j =1, ...,(, where we have set my =0, m; =m and m; = Z{Zldim Vi. We
notice that m, = n and with these definitions, if m;_; < j < my, then k € N is uniquely determined and
we define the positive integer

dj :==k. (2-1)
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Through the exponential mapping of G, one can construct a diffeomorphism from R” to G. Hence we
have defined a graded basis ey, ey, ..., e, of R" and graded coordinates x1, x», . . ., x, that define the
point x = (x1, X2, ..., x,) of G. This allows us to identify G with R", as will be understood in the sequel.

In addition, one may also verify that the Lebesgue measure of R" through the graded coordinates
yields the Haar measure of the group G. The notation |A| denotes the Lebesgue measure of a measurable
set A C R".

The diffeomorphism associated to graded coordinates has also the property that the group operation
on G, when read in R”, is given by a special polynomial group operation

xy=x+y+BCH(x, y), (2-2)

where the precise form of the vector polynomial BCH : R” x R" — R" is given by the important Baker—
Campbell-Hausdorff formula, abbreviated as the BCH formula; see for instance [Varadarajan 1974]. The
degree of x; is the integer d; defined in (2-1) and we define intrinsic dilations as

n

2 2 L L d;
X = (FX1, o s T Xy P X Ly oo s P Xy o oo s T Xy 41y oo s Pl X)) = E rxje;
j=1

for any r > 0. The notion of degree fits the algebraic properties of dilations, since
8r(xy) = (8,x)(8,y) (2-3)
for all x, y € R". By the form of dilations, for every measurable set A C R" we have
18- (A)] =r?|A|

for all r > 0, where Q = Z'}Zl d; can be proved to be the Hausdorff dimension of G.
The metric structure of R” is given by a control distance. We say that y : [0, T] — R", an absolutely
continuous curve, is admissible if, for a.e. t € [0, 1],

p() =Y bi(t)Xi(y (1)
i=1

and Y /L, b; (1)> < 1. We denote by H(x, y) the family of all admissible curves whose image contains
x, y. By Chow’s theorem, H(x, y) is nonempty for every x, y € R"*; hence the “control distance”

dx,y)=inf{T >0y :[0,T] > R", y € H(x, y)}

is well-defined. It is also possible to check that d is actually a distance, corresponding to the well-known
Carnot—Carathéodory distance.

Since left translations preserve the “horizontal velocity”, d is also left-invariant, namely d(x, y) =
d(zx, zy) for all x, y, z € R". Furthermore, dilations are Lie group homomorphisms; hence the Carnot—
Carathéodory distance is homogeneous in the sense that d(§,x, §,y) = rd(x, y) for every x,y € R"
and r > 0.
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Definition 2.1 (metric balls). For x € R" and r > 0, we denote by B, (x) the open ball with center x and
radius r > O with respect to d. Precisely, this is the set {y € R" : d(x, y) < r}. When x = 0, we use the
notation B, := B,(0).

From the properties of d and §,, it is easy to observe that
B, (x) = x6,(By).

Dilations also allow us to introduce a natural notion of homogeneity, so we may say that a polynomial
p :R" — Ris k-homogeneous if

p(8,x) =rfp(x) forall x € R" and r > 0.

The number k € N is the degree of p. Moreover, any vector field X; of the fixed graded basis can be
identified with a first-order differential operator of the form

n
Xj=0+ Y ady (2-4)
i:mdj +1
forevery j =1, ..., n. The functions a;; : R" — R are homogeneous polynomials of degree d; —d; > 1
and in particular X;(0) =¢; forall j =1, ..., n. In the sequel €2 will be understood as an open bounded

subset of G that can be also identified with an open subset of R”, if not otherwise stated.
Given a function u : 2 — R and considering the vector fields X; as differential operators, we may
introduce the horizontal gradient and the horizontal Hessian
X1 Xiu X1 Xou --- X1 Xu

XoXiu XoXou -+ XpX,u

Viu=(Xiu, ..., Xuu) and Diu= : (2-5)

XpXiu - oo Xy Xpmu

respectively, whenever they are pointwise defined. More generally, we can define higher-order differential
operators considering for I = (iy, ..., i,) € N" the function

X'u:=Xx0--Xlu.

Definition 2.2 (Folland—Stein spaces). Let 2 C R” be an open set. We denote by C}{(Q) the space of
all functions u : 2 — R such that the horizontal derivatives X;u exist on Q forall j =1,...,m and are
continuous. If 0 <« <1, then C }LI’O‘(Q) is the space of functions u in C }{(Q) such that there exists C > 0
with the property that

1X; fx) = X; f)I = Cd(x, y)*
forevery x,yeQand j=1,...,m.

Notice that D}Zlu is not symmetric, since the vector fields X; do not commute in general. We say
that X;u are the horizontal derivatives and X;X;u are the second-order horizontal derivatives. The
symmetrized horizontal Hessian is defined as

Dfl’su = %(Diu + DﬁuT).
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The sub-Laplacian is defined as
m
Mgu=)_ Xju.
j=1

Functions satisfying A yu = 0 are called as usual harmonic functions.

Definition 2.3 (fundamental solution). We say that I' € C*°(G \{0}) is a fundamental solution for Ay
if it is locally summable, it vanishes at infinity and satisfies AyzI" = —§y, where §y denotes the Dirac
distribution centered at the origin.

The fundamental solution I' defines a gauge dg = I''/?~9) which is 1-homogeneous with respect to
dilations and continuous on R". We can readily check that there exists a constant ¢y > 1 such that

¢y g (x) < d(x, 0) < codg (x) (2-6)
for all x € R™. Defining dg (x, y) :=dg(x~'y) we also introduce the gauge ball
BS(x)={y eR":dg(x,y) <r). (2-7)
The previous estimates clearly imply that
BF (x) C Beyr (x) (2-8)
for every r > 0 and x € R".

Proposition 2.4. Let Q C R" be an open set and let O be harmonic in Q2. We consider an open set Q' C Q
and h > 0 such that
distg (R, Q°) :=infldg(x, y) : x € Q', y € Q°} > h.

Then ¥ € C*°(R2) and for every multiindex I there exists a constant Cy , > 0 such that
X9 ()| < Crall® L o- (2-9)

Proof. We consider the function ¢ defined in [Bonfiglioli et al. 2007, (5.50e)], where we choose ¢
appearing in the definition of ¢ such that ¢ € Cfo(]3_1, 1), ¢ > 0and fR @(t)dt = 1. It follows that ¢ is
smooth and bounded on R”, along with all of its derivatives, and it is compactly supported in BC; see the
definition (2-7). We also consider ¢, (z) :=r~<2¢ (8, /rZ), which is compactly supported on BrG. We finally
set ¢?, (2) :=¢,(z"1) for all z € R” and r > 0. Thus, using [Bonfiglioli et al. 2007, (5.50a), (5.50d)], for
every x € B, we get

B (x) = f o) dy = / S P () dy.
BP (x) Q

We can differentiate the last integral an arbitrary number of times, due to the smoothness of (/3;,, getting
the smoothness of ¢+ and the estimate

X719 (x)| =

/ X G000 dy| < 1 $all e 19110,
Q

forall x € Q. O
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In our setting, we need the notion of Sobolev function adapted to the horizontal vector fields X1, ..., Xy;
see [Folland 1975]. The horizontal Sobolev space Wll;’p (£2) consists of those functions u € L?(2) for

which, for all j, € {1,...,m} and s € {1, ..., k}, there exists a function v;,  ; € LP(2) such that

.....

/Q U)X, - X9 () dy = (— D /Q U (GO dy

for any function ¢ € C2°(2). Also in the more general setting of Hormander vector fields some Sobolev
embedding theorems hold; see [Garofalo and Nhieu 1996, Theorem 1.11 and (3.19)] or [Lu 1996,
Theorem 1.1]. The next theorem specializes these embedding results for stratified groups.

Theorem 2.5. Let p > Q, where Q is the Hausdor{f dimension of G and let Q' € Q be any open and
relatively compact subset. Then there exists C > 0, depending on 2, such that for every u € Wllf’ P(Q), up
to a modification of u on a negligible set, we have

1-0/
lu(x) —u(y)l §C||u||W;p(Q)d(X,y) b
foreveryx,y e Q.

The (1,1)-Poincaré inequality
| we—uneldyser [ wamidy (2-10)
B, (x) B, (x)

holds for every u € C Y(B,(x)). This inequality follows from [Jerison 1986]; see also [Lanconelli and
Morbidelli 2000].
For any measurable function u that is summable on a measurable set A C 2, we use the notation

1
Up = ][Au(y)dyz W/AM()’)dy-

Definition 2.6. For u € L' (), we define the BMO seminorms

[ulgMO(Q) := sup ][ lu(y) —ug, ()l dy,
B, (xg)N2

x0€82,r>0

[4]1BMOc () := Sup ][ [u(y) —up, (x| dy
B, (xo)C2 J B, (x0)

and for 1 < p < oo the corresponding BMO? norms

lullBMOr (@) := [ulemo(e) + lullLr (@),

lullgmo? () := [ulBMOL.(@) + lullLr @)

The spaces BMO?(£2) and BMO{:)C(Q) consist of all L? functions on  with finitt BMO? and BMO?

loc
norm, respectively. See [Bramanti and Fanciullo 2013] for more information on BMO functions in the

subelliptic setting.
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3. Preparatory results

We first study the relationship between the coefficients of a 2-homogeneous polynomial and its second-
order horizontal derivatives. Then, by some W?I’p and BMO estimates, we show how to control the
horizontal Hessian of a Sobolev function by the horizontal Hessian of a suitable 2-homogeneous harmonic
polynomial (Corollary 3.7). Finally, in Lemma 3.8 we establish a quantitative control on the growth of
these polynomials at small scales.

We need first to find 2-homogeneous polynomials with assigned second-order horizontal derivatives.
To do this, we first observe that (2-2), combined with (2-3) and (2-1), setting

n

BCH(x. ) = ) ¢j(x. e,
j=m+1

implies that any g; is a homogeneous polynomial of degree d;. Due to the BCH formula, one can also
prove that g; is a 2-homogeneous polynomial with respect to the variables x1, ..., x;, y1, ..., yn, for all
l=m+1,...,mpand

qi(x,y)=—qi(y, x).

From the definition of left-invariant vector field, we get

0
aji(x) = a—;’f(x, 0)
J

forall j=1,...,mand/ =m+1,...,my. As a consequence, we get
daj _ P g day (3-1)
0X; 0x;dyj 0x;0y; 0x;

foralli, j=1,...,mandl=m+1, ..., my. Notice that the partial derivatives in the previous equalities

are all constant functions. Equalities (3-1) will be important in the proof of Proposition 3.1.

Every polynomial on R", thought of as equipped with dilations §,, is the sum of homogeneous
polynomials and the maximum among these degrees is the degree of the polynomial. Polynomials of
degree 1 are just affine functions £ of the form

Lx) =a+ (B, m(x)),
with 8 = (B1, B2, - .., Bm) € R, « € R and we have used the projection
7:R"—=R", 7a(x)=0q,...,%0). (3-2)

A homogeneous polynomial of degree 2 must have the form

m my
1
px) =35 > cjxixi+ Y ax, (3-3)
ij=1 I=m+1

where ¢;; and ¢; are real numbers, with ¢;; = ¢j; forall i, j =1,...,m.
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Proposition 3.1. Let p : R" — R be a 2-homogeneous polynomial of the form (3-3) and let us consider
the basis X1, ..., Xm, of Va. Then we have

ma
cij=35XiXjp+X;Xip) and X;X;p=cij+ Z Vi,
I=m+1

where yl.lj are proportional to the structure constants of the Lie algebra, namely

my
(X, X;1= ) 2v,X (3-4)
[=m+1
andi,j=1,...,m.

Proof. We first define the symmetrized second-order derivative
(XiX))" = 3(Xi X; + X;X0),
so that we can write
XiXj = (X X)) + 3[Xi, X;] (3-5)

forevery i, j=1,...,m. Since X;X; and X; are homogeneous differential operators of order —2 and p
has degree 2, the horizontal derivatives X; X; p and X, p are constants.
By (3-3) and (2-4), we get

m n o m mo
ij:ZCjixi+ Z ajiax,-< Z Clxl)zzcjixi+ Z ajici
i=1

i=m+1 I=m+1 i=1 i=m+1
for j =1,...,m. As a consequence, taking into account the form of the vector fields (2-4) and of the
polynomial (3-3), forany i, j=1,...,mandl=m+1,...,my, we get
my
XiXjp=cij+ Z Oy, @jsCs- (3-6)
s=m+1

To establish the previous equality, we have also observed that the polynomials a;; are homogeneous of
degree d; — d; = 1; therefore they are only dependent on their first m variables. In particular, all the
partial derivatives dy,a;; are vanishing whenever the integers / and i take values from m + 1 to m and
j=1,...,m. Combining (3-6) and (3-1), we also obtain the first of the equalities

X,-ij+X,-X,~p=2ci‘,- and X[p=C[,

with 1 <i, j <m and m + 1 <[ < m,. The latter directly follows from the form of (3-3). In conclusion,
by virtue of (3-4), (3-5) and (3-6), we have obtained

my ma
XiXjp=XiX)'p+ Y, viXip=cij+ Y v,
I=m+1 I=m+1

concluding the proof. U
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Definition 3.2. For B, (xg) € Q and u € WH (2), we define the matrix

loc
» ) 1 nxn
P = (Dh”)Br(XO) - Z(AH”)Br(Xo)Im eR ’

where [, stands for the identity matrix and the (i, j) entry of (D,Zlu) B, (xo) 18 the average (X; X;u)p, (x)-
Associated to the ball B, (xg), we also define the coefficients

0 L (Xl-Xju+XjX,~u>
By (x0)

ij > — =8ij (Agu)p,(xpy and ¢ = (Xju), (xy)-

m

These numbers define the 2-homogeneous polynomial

m
X _ 1 rxo r,X0
prO(X)—z E Xixj+ E ¢, "0xy,

which we will show to be related to P;.

Corollary 3.3. In the assumptions of Definition 3.2, the 2-homogeneous polynomial p;° is harmonic and

D py® = P,
Proof. By Proposition 3.1, we have
XiX;p =l + Z Ve,
l=m+1
where )/, = 0 and by the definition of ;™ we get

m
1
App® = Z e Z[(XiXiM)Br(xo) - Z(AHM)BV(XO)] =0.

i=1
Finally, we observe that

XiXju+X;Xu 1 —
Xip = ( / / ) — —06;j (AHU) B, (xy) + ( v Xiu
a 2 By M ’ 2 % B, (x0)

[=m-+1
X Xiu+X: X; 1 X X;
:( iXju+ Xj zu) __5ij (AHM)B,(x0)+(M)
2 By M 2 B, (x0)

1
= (X; Xju)p, (x) — E(Sij (Apu) B, (x)»
having taken into account that [X;, X;] = l 1 23’1 ; X; from Proposition 3.1. O

The following Wf,’p estimates go back to [Folland 1975]; see also [Bramanti and Brandolini 2000] for
more general hypoelliptic operators.

Theorem 3.4 [Bramanti and Brandolini 2000]. Let 1 < p < 0o and consider two bounded open sets 2
and Q' with Q' € Q. Then there exists a constant C > 0 such that, for every u € W;f,’p (),

1 X; XjullLry < CUIAgullLr@) + lullzre)- (3-7)
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It is well known that even for the classical Laplacian operator A, it is not true that L°° bounds on Au
imply the boundedness of second-order horizontal derivatives. Indeed our starting point is that bounds on
the BMO norm of the sub-Laplacian A yu show that the BMO norm of the horizontal Hessian of u is
bounded, according to the results of [Bramanti and Brandolini 2005; Bramanti and Fanciullo 2013].

Theorem 3.5 [Bramanti and Fanciullo 2013, Theorem 2.10]. Let 1 <p <00, O0<o <1, u € BMO? (B))

loc

and Agu € BMO?” (B)). Then X;Xju € BMO?(By) fori, j=1,...,m and there exists a universal

loc

constant C (o, p) > 0 such that

1Xi Xjullgmor(s,) < C(a, p)(IAnullgmor (s,) + lullzmor (s,))- (3-8)

Remark 3.6. Note that the nonvariational form of the operator in [Bramanti and Fanciullo 2013, Theo-
rem 2.10] needs a priori that the solution u# and its horizontal derivatives are BMO. For our purposes, it
is very important that the BMO regularity of u is established with no a priori assumptions. This can be
obtained for the sub-Laplacian operator, since its distributional form allows us to apply a mollification
argument.

In the sequel, we will also use the Frobenius norm |M| for a matrix M of coefficients m;;, setting
2
(M| =/ Imij|*.
ij
With this definition we easily notice that |[Agyu| < |Dﬁu|.

Corollary 3.7. Let 1 < p <oo and 0 < o < 1 be fixed. There exists C(o, p) > 0 such that for all u €
BMOIPOC(Bl) that satisfy the condition Ayu € L*°(B1), we have X; X ju € BMO?(By,) fori, j=1,...,m
and whenever xo € B,, 0 <r <1 —o0,

B1))> (3-9)

loc

][ |Diu(y) — P™|dy < C(o, p)(1Agull =) + lullgmor
B, (x0)NBy

where the matrix P;° is introduced in Definition 3.2.

Proof. Theorem 3.5 immediately implies that X; X;u € BMO”(B,,) and (3-8) holds. Thus, we obtain the
estimates

1
f |D}21M(y)—Prx0|dy§ f |Dl21u(y)_(szu)Br(Xo)|dy+_l(AHu)B,-(xo)Im|
B, (x0)NBo B, (x0)NBy m

1
< [Dyulemos,) + ﬁ”AHu”L“(BI)

< C(o, p)(HAHM”BMof")C(BI) + ”u”BMolpoc(Bl)) + | AngullL=(s)
< C(o, p)(1AmullL=s) + llullpmor_(s,))- O
Heuristically, if Dzu 1s not bounded around xg, since the difference of Diu and P/ is controlled, the
BMO estimate tells us that also P"° becomes unbounded as r — 0%. Hence we will turn our attention

to P°. In the following lemma, we will derive a general “scaling estimate” for the difference | ;" — Py
In particular, when r, = 2r; we get a uniform bound on the growth of | P;"°| on dyadic scales.
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Lemma 3.8 (scaling estimates). Let 1 < p < 0o and 0 < A| < 1 be fixed. Then there exists a universal
constant C (A1, p) > 0 such that for all u € BMO? (By) that satisfy the condition Agu € L™ (B}) the

loc

following holds. We have X; X ju € L. (By),wherei, j=1,..., mandforxg € By, /3 the matrices of the

loc
form

1
P = (Dju) B, (xp) — n_i(AHM)B,(xo)Im,

with0 <r; < min{%kl, 1— Al} and ry <rp < 1 — Ay, satisfy the inequality

0
n
|Pi — PY| < (;) C, P NI ARUl L) + lullBmor (8)))-
Proof. Due to the BMO estimate (3-9) with o = A1, we can estimate | P;,’ — P;)’| as
][ |P;50—P,§0|dx5][ |Diu(y)—P,’j°|dy+][ | Dju(y) =P dy
By, (x0)NBy, By, (x0)NBy, By (x0)NBy,
| Br, (x0) By, |

| Dju(y)— P\ dy
B, (x0)NBy, | T, o, "

< ][ |D2u(y)— P2 dy+
By, (x0)NB,

Q
r
=C@A1p) <1+( ) )(”AH””L"O(Bl)"‘”””BMOP

Z loc(Bl)).

The last inequality follows by taking into account our conditions on the radii r; and r;. Indeed, we have

|By(x0) N By, | _ |Bry(x0)| _ (r_2>Q
| By, (x0) N By, | ~ 1By, (x0)]

r

Finally, with a slight abuse of notation, we denote the constant 2C (A1, p) again by C(X{, p) in the
inequality of the lemma, concluding the proof. ]

4. Proof of C;;l regularity
This section represents the core of the paper. We establish the subquadratic growth of the difference

u(y) — u(xo) — (Vau(xo), m(xy 'y)) — p(x'y)

on the ball B, (xg), where p;° is the harmonic polynomial introduced in Definition 3.2. We show that
when the norm of D,% pr0 is sufficiently large, the measure of the coincidence set {# = 0} decays in a
quantitative way. This is one of the central facts that leads us to the dichotomy argument of [Andersson
et al. 2013] to reach the C };] regularity. There are indeed two cases:

(i) When |D,% | is uniformly bounded as r — 0%, we immediately infer the regularity from the
subquadratic growth.

(i1) If otherwise |D% pr°| grows without bound as r — 07, then the coincidence set is “small” and we show
that a suitable adaptation of Caffarelli’s polynomial iteration technique can lead us to the C };] regularity.

In the sequel, whenever we consider a function u with essentially bounded sub-Laplacian Agu, it is
understood that u is chosen to be of class C }I The following remark rigorously justifies this convention.
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Remark 4.1. Let Q2 C R" be an open set and let u : 2 — R be a locally summable function such that
Agu € L°°(2). From [Folland 1975, Theorem 6.1], we have u € lei’f(;c(SZ) for every p’ > 1. In view of
Theorem 2.5, by standard arguments, we can modify u# on a negligible set such that u € C ,lf‘(Q’) for any
relatively compact open set Q' € €2, where we have fixed some p’ > Q and @« = 1 — Q/p’. In particular,

we have shown that, after the modification, u € C }{(Q).

Lemma 4.2 (subquadratic growth). Assume u € BMOf:)C(B 1) such that Agu € L®°(By). Let ., 0 € (0, 1)
and fix p > 1. Then there exist ro > 0 and a universal constant C(\, o, p) > 0 such that for any xo € B;,
and 0 < r < ry, assuming that

u(xo) = Xiu(xo) =0, 1=<i=<m,
and considering p;°, as given in Definition 3.2, the following estimate holds:

sup  [u(y) = p(xg ' VI < COh 0, PYUIA gl oosy) + lullgmop (3,7
Y€Bor(x0)

Proof. We fix xo € By, and A’ = (1 4+ 1) /2, so that for 0 < r < A’ — A we have the inclusion
B, (x0) C By (4-1)

Let us introduce the translated and rescaled function

 uxod, 0 — p )
Ur,xq (x):= 2 ,

observing that it is well-defined in B;. Taking into account that u € Wli,”p (B)) and B, (xq) C By C By, we

loc
have u, ,, € Wfl’p (B1). We are in the position to apply Corollary 3.7 to u with o = A’. As a consequence

of both Corollary 3.3 and (3-9), taking into account (4-1), it follows that

I Djttr ol 213y = |Bil 4 |Djty 5o (x)] dx = | By | |Diu(y) — P™|dy
B By (x0)

= CO. p)IAgulL=) + lullmor (s,))- 4-2)

Now we wish to apply the Poincaré inequality (2-10) to u, y, — £/ x,» Where £, , is an affine function to
be properly defined. If we let

er,xo(x) = (”r,xo)Bl + ((vh”r,XO)Bla 7T()C)),

where 7 (x) = (x1, ..., x), it follows that
ey xg — €r xo ”LI(BI) =<c f IVittrxg — (Vitty x) B, | dx,
B

since the average over Bj of the linear part of ¢, , is zero. Again, from the Poincaré inequality, using
(4-2), we get
2
lr,xg — €r.xo ”L'(Bl) = C”Dhur,xo ”L](Bl)
< CO, p)UIAguli=s) + lullgmor (s,))- (4-3)
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For the sequel, we set i, y, 1= U, x, — £r.x,- Since both pr® and £, x, are harmonic, we observe that
Aty xy(x) = (Agu)(xodrx) = f(x0d,x)

for a.e. x € By, where we have set f := Apu € L°(B1). We set g x,(x) = f(x0d,x) x5, and we consider
the decomposition #, y, = Uy x, + Wr.x,, Where

Ur.xg = —&rxo * I' and Wy xg = Ur,xg + &rxo ¥ r

and I' is the fundamental solution for A g, introduced in Definition 2.3. The explicit form of v, , allows
us to get the estimate

< CllgrxollLoos)

wr,xo(xn:‘ f (') gy (2) d =‘ / (08 (2) dz
Rn B

for every x € By, where Qg = Q +1 and C > 0 can be seen as a universal constant. The previous estimate
follows from the Holder inequality, setting ¢ = Q¢/Q and taking into account the (2— Q)-homogeneity

of I'. Indeed,
1/q
= (f |1—~|q) ||gr,x0”LQ0(B]) (4-4)
By

for every x € B;. As a consequence, we have proved that

f L) g (2) d2
B

0rxo o8y = Cl AR, L20s,)- (4-5)

Since W, x, is harmonic, from [Bonfiglioli et al. 2007, (5.52)] we have the mean-value-type formula

Wy, () = ][ W(x " 2) iy (2) dz
B((l;—rr)/ro(x)

for any x € B,, whenever 0 < o0 < 1 and with ¢g > 1 defined in (2-6). We point out that the

function W is 0-homogeneous with respect to dilations and smooth on R" \{0}; see [Bonfiglioli et al.

2007, Definition 5.5.1] for more information. Notice that with our assumptions we have the inclusion

Bg_g)/c()(x) C Bj. For every x € By,

~ 1 \A ~
|wr,xo(x)| = ‘fG \Ij(x Z)wr,xo(Z) dz| < ||"IJ||L°°(Bl) fG |wr,x0(Z)| dz
B(lfa)/co(x) B(lfa)/co(x)
”uA)r,x ||L1(B) ~
<Nl g < C@) [yl 11(5))-
1B ) /ey ()

The constant C (o) only depends on o and it blows up as 0 — 1. By the triangle inequality and (4-5)
we obtain
Wyl (B,) < C(@) N Wr 2ol L1 (8

< C)NrxolLrmy + 10rxollL18y))

< C1(@)(lirxoll L1 sy + 1A Hr ol 00 5,))- (4-6)
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We conclude from both (4-5) and (4-6) that

Nir ol Lo,y < N0 xollLoo(B,) + 1 Wrxo llLo(B,)

= CZ(U)(||12r,xo||L1(B1) + ||AHﬁr,x0||LQ0(BI))- 47

Differentiating ¥, ,, seen as an integral, it turns out that 9, ,, € C}I(Bl). Again arguing as in the proof of
(4-4), from the Holder inequality and the (1—Q)-homogeneity of X;I", we get the estimate

X500 = | [ X707 sy (3) | = g luoncay (4-8)
B
forevery j =1,...,m, x € By and a fixed geometric constant C > 0. By Proposition 2.4, we get a
constant C3(o) > 0 such that
Vi xoll L (B,) < C3(0)||lbr,xo||L'(Bl)- (4-9)

Combining (4-7), (4-8) and (4-9), along with the third inequality of (4-6), we establish the first of the
inequalities
||’2r,xo||(j;l(30) = C4(0)(”ﬁr,x0”L1(B|) + ||AH’2r,xo||LQo(31))
< Cs(o, p, M1AguliLes) + lullgmop (s,))-
The second inequality is a consequence of (4-3). Since u, ,(0) = X;u, ,(0) = 0, by our assumptions

on u, and taking into account that p;°(0) = X | pr°(0) = 0, we immediately infer from the C }q estimate
above that

g O + D 1Xilr 1y (O] = [€r,1,(0) = sy O] + Y 1Xi Ly 5y (0) — Xithy 1, (0)]

i=1 i=1
< llirxllci(s,) = Cso, p, MU AUl L) + 1ullzymoy (a,))-
It follows that
1€rxoll LB,y = Colo, p, MU AUl LBy + lullgmor, 8,))-

As a consequence,

1 _ u(xod,x) — pr(8,x)
= sup |u(y) — p°(xy ' y)| = sup | = sup |uy 4, ()]
4 Y€Bq, (x0) X€B, r X€By

< Sup |y x, ()| + sup [€ , (x)]

x€B, x€B,

<C(o, p, )| AngulL=B,) + ”u”BMOf;c(Bl))' U

Corollary 4.3. Assume u € L (B}) such that Ayu € L°°(By) and fix 0 < A, 0 < 1. If we consider w as
in (3-2), then there exists ro > 0 such that the affine function

€7(2) :==u(x0) + (Vpu(xo), (2)),  xo € By,
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satisfies the following property: there exists a universal constant C (A, o) > 0 such that for every r € (0, r¢]
the estimate

sup u(y) — €°(xy " y) — pR (g 'V < COn o) (1A gull (s + el ooy (4-10)
yEBar(XO)

holds, where p;° is as in Definition 3.2.

Proof. Our assumptions allow us to apply Lemma 4.2 to y — u(y) — £ (x, ! y) with p = 2. Then there
exist ro, C(A, o) > 0 such that

sup  [u(y) =005 ') = PGy ' < COL o) (I A Ul + 1 = €0 lgyez ()7
yEBJr(x())
for every r € (0, ro]. In addition, we have
llu =€ llgmoz, gy < Cllu — €0l LBy < C'(IlullLe(s)) + Vit (x0)]).-
We set f = Agyu € L°°(By) and write v = f * I, getting
IViu(xo)| < Vi (u~+v)(xo) |+ | Vi (f %) (x0)].

Arguing as in [Gilbarg and Trudinger 2001, Lemma 4.1], we establish

IViv(xo)| = Vi (f *T)(x0)| < [|Agullzeom) I VAl L1y
therefore we have

IViu(xo)| < |V (u+v)(xo) | + | ArullLeos) I VAT I L1(8,)-
Since u + v is harmonic in By, by (2-9), it follows that

[Vi(u +v) (x0)| = Colllull Lo,y + lvilLes,))

< Co(llullLo(sy) + 1A gullLoB)IT | L1(8B,))-

This immediately leads us to our claim. (Il

Remark 4.4. Notice that under the assumptions of Corollary 4.3, we can assume that, for every A, o €
(0, 1) and any xg € B,, there exist 7y > 0 and C > 0, only depending on A and o, such that for all
r € (0, 7y] the estimate

sup  |u(y) — €90y y) — pR(xg 'Y < COL o) (1A gull sy + el oo py))r?

yeBg . (x0)

holds for o9 =0/co € (0, 1/co) and additionally we have the inclusion B,G0 (xp) C By. This is a consequence
of the definition of ¢ in (2-8). If we set rg := 7y/co, replacing r by cor, we may rephrase the previous
estimate as

sup  [u(y) — €90y ' y) = p. ey ' W < COL oG Agull oy + lulle@)r®  (@-11)

y€BE. (x0)

for every 0 < r <ry.
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We introduce now the important definition of coincidence set:
A:={x e B;:u(x)=0}.

We will perform a blow-up of A around a fixed point xo € By, considering the rescaled and translated
coincidence sets

A, (x0) := {x € BE : u(x08,x) = 0}

for 0 < r <rg and some r¢ > 0 such that B,G (x0) C Bj. Notice that in the previous definition the gauge
distance is used for technical reasons, related to the existence of solutions to the Dirichlet problem with
respect to the sub-Laplacian.

The next result is a technical lemma, which will be used both to get the decay estimates in Proposition 4.6
and to establish the regularity in Theorem 4.8.

Lemma 4.5. Let f be such that f xI" € C}Ll’l(Bl) and let u solve (1-1) in By. Then for every 0 < i, o <1,
there exists ro > 0 such that for every xy € B) we have BrG0 (x9) C By and the following holds. Let us
consider the translated and rescaled function

_u(x08,x) — £(8,x) — pegr (8,X)

Up x(X) 1= 5 4-12)

r

where pf(?r is introduced in Definition 3.2 and £*°(z) = u(xg) + (Vyu(xg), 7 (z)). For eachr € (0, rg] we
also define v, x, as the solution to

{AHU”‘O = frx in B, (4-13)

_ G
Vr.xo = Urx, on 9B,

where f ¢, (x) = f(x08,x)x BG- Then there exists a universal constant C(\, o) > 0, depending on X\
and o, such that

1D vrxo |l 5y < C O ) IDRCS * D loeoy + Nl oocs)-

Proof. Due to Remark 4.4, there exists ro > 0 such that for every xo € B, we have Bg (x¢9) C B; and
(4-11) holds for every r € (0, rg]. We write the solution to the Dirichlet problem (4-13) in the form

Vr.xo = Nr,xo + Crx0
where ¢ 5, solves
{AHCr,xo =0 in BUG,
Crxo = Ur,xg — Nr,xy  ON aBGG
and we have defined

Nr,xg = _fr,xo *x I

Indeed, the open set BY is regular with respect to Ag; see [Bonfiglioli et al. 2007, Proposition 7.2.8].
From the identity

D]%Ur,xo = _D%(fr,xo *IM) + D%g‘r,xo,
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taking into account the equality D,zl( fx)(xpb,x) = Dﬁ( Srxox)(x) forae. x € BGG2 and the estimate
(2-9) we obtain
1Dj0rx0ll 1056,y < I1D3 (frwo * D o0,y + 1 DRrxo (55,

<UD % D)L, xgy) + €O ol (s9).
Now we combine the maximum principle and the Dirichlet problem (4-13) to get
1Dj0r Wl o0,y < IDH(S * D llee(sy) + C(@)llttrxg + frng * Tl o)

Due to the version of the subquadratic growth in (4-11), taking into account the definition (4-12) and the
immediate estimate

I frxo * TllLeo(sgy < Cllf L)),
where C > 0 only depends on I, it follows that
1 D3 r ol g6, < DS % D)llzecpy + C o o) (el ooqayy + 1L lzees)-
In conclusion, we have established the estimate
1 Djvr ol sy < €O YIRS * Dlloe oy + el eea),
concluding the proof. O

Proposition 4.6 (decay of the coincidence set). Let f be such that f xT" € C ,1_,’1 (B1) and let u solve (1-1).
Then for every B > 0, there exist Cg > 0 and ro > 0 so that if 0 <r <ro, xo € B2, and the estimate

|PX| > Ca(I1 D7 (f * D) lloe(my) + llullLees,))

holds, we have
[Ar(x0)]

250 (4-14)

[Ar/2(x0)| <

Proof. Our assumptions allow us to apply Lemma 4.5 with A = 1, where we choose o € [1/+4/2, 1). Let

1
2 9
ro > 0, v, and u, x, be as in the same lemma and define

Wr,xog = VUr,xg — Ur,xg-
Lemma 4.5 yields a constant C (o) > 0 such that
1 Djvrs 56,y < C@UDRS * Tl + lullz=cs)
for every r € (0, ro]. In addition, from the definition of w, ,, we observe that

Agwyxy = fr,XOXA,(xo) in B(S;,
Wy xy =0 on dBY.
By uniqueness, it follows that

Wrxg = —(fr.xo XA, (x0) * G pg,
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where G po 1s the Green’s function of BY, according to [Bonfiglioli et al. 2007, Definition 9.2.1]. From
the definition of the Green’s function, we have G gs > 0. In addition, taking into account [Bonfiglioli
et al. 2007, Proposition 9.2.12(iv)], we also notice that the maximum principle gives

Gpo(x,y) <T(x"'y)

for every x, y € BS with x # y. Then a standard convolution estimate yields

lwrxoll 289y < CILfllze(BG eop XA, oo 122y < CILF oo(sy) | Ar (x0) [/ € (4-15)
for some geometric constant C > 0. The lei’p estimates (3-7) give a universal constant C, depending
on o, such that
/B DR ()P dx < Colll frso X o 1220 (86) + 1o 1220 (86))*
’ < CIFITE 5y (A G0+ 1A, (x0) )

< Gl £172 5, 1A (0.

The second inequality is again a consequence of a convolution estimate, joined with (4-15). Since
A (x0)] < |BlG |, the third inequality is also established. Furthermore, taking the second-order horizontal
derivatives in the definition (4-12), we get the equality

o

P2 = (Dju)(x08,x) + DEwy 5o (x) — Ditvy (X)),

cor

and also A, 2(xg) = 6,-2(A,(xp) N sz). In addition, arguing as in [Gilbarg and Trudinger 2001,
Lemma 7.7], we can establish that (D,zlu)(xo(S,x) = 0 a.e. on the coincidence set A, (xg). Taking into
account all previous facts, we get

cor cor cor

O'2Q|Ar02(x0)| | PYo 20 _ IA, (x0) N szl | PXo 20 _ / | PXo 20 gy
Ar(x0)NBY,
= / |(D7u) (x08,X) + Diw, ¢, (x) — D3v, ., (X)]*€ dx
A¢(XONWB§Z
= / |D}21wr,x0(x) - Dﬁvr,xo(XNZQ dx
Ar(xo)ﬁsz

<4¢ / | Djwyxy (0)1*€ + | Djvr, ()]*2 dx
Ar(x0)NBY
2
< Ca @) (IF 172 ) | Ar 0) |+ 1A, 2 ) (1D (F 3 D)l Loy + el oo ()22
Consequently,
022 Py |7 — Ca(0) (1D} (f % D)l oocsy) + N1l Loo(8,))*2
2
Co £ 25,

We see that the coefficient in front of |A,,2(xo)| is bigger than 2°€ if

[Aro2(x0)| < [Ar(x0)].

22 [PX 0 > Cy(0)2P2)| f1172 (5, + C2 (@) UIDF(f % D) Loy + oo ()22 (4-16)

cor
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By the simple inequality ||D%(f * )|z = I fllL~s,), a few more computations lead us to the
sufficient condition

P01 = %/ Ca(0)0~20(2PC 4221y (| D} (f * D)l (ay) + lull oo ca)

or

to get (4-16) to hold. Finally, we choose o = 1/+/2, then the proof follows by choosing the constant C 8
in our statement equal to zg/ C2(1/~/2)22 (282 4 222-1) and replacing cor by r. U

To carry out the proof of the C };] regularity, we need a Calderdn-type second-order differentiability,
according to the next definition.

Definition 4.7. We say that u € LIIOC(Q) is twice L' differentiable at x if there exists a polynomial ¢ of
degree less than or equal to 2 such that

1
) lu(z) —t(z)|dz — 0 asr— 0T,
r By (x0)

The polynomial ¢ has the form

m m my
1
t(x) = CO+ZUI(XZ —Xor) + 5 Z cij(xi — x0i) (xj — xo;) + Z c1(x; — xor),
=1 i,j=1 I=m+1

x=(x1,...,X,), X0 = (Xo1, . .., X0n) and co, ¢;j, ¢; € R.

1

1oc (§2) 1s twice L! differentiable a.e. in . Furthermore, if the

function is twice L' differentiable at a Lebesgue point xo € 2 of all functions X; Xju, Xju and u, then

It is possible to show that any u € WIZJ”
the corresponding polynomial is unique and it has the form
m 1 m my
uxo)+) | Xjulxo) (xj—x0)+3 > (Xi Xj+X; Xi)u) (o) (i —x00) (g —x0;)+ Y, Xiu(xo) (xa—xxo1);

j=1 ij=1 f=mrl

see [Magnani 2005] for more information. We are now in the position to prove the optimal interior
regularity of solutions to the no-sign obstacle-type problem (1-1).

Theorem 4.8 (C!! regularity). Let u € L°°(B}) be a distributional solution to (1-1) in the unit ball B.
Let f: By — R be locally summable such that f «I" € C }{’l (By1). Then there exists a universal constant
C > 0 such that, after a modification on a negligible set, we have u € C 111’1 (B1/4) and

| Dl Lesyy) < CUIDG(f * D)l + lullz=s).
Proof. We consider Cg as in Proposition 4.6 and fix 8 = 4. We consider a priori the constant
K = C4(I D (f * Dl + lullzs)))-

Combining the Holder inequality and Theorem 3.4, and taking into account that the constant Cg in
Proposition 4.6 is bounded from below by a universal positive constant independent of 8, we can find a
universal constant C; > 0 such that

IDjull 1, ) < CiK. (4-17)
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Let ro > 0 be the minimum among the ry’s of Remark 4.4, Lemma 4.5 with A = % and Proposition 4.6
with 8 = 4. We fix an integer iy such that

io > 3+ log, co, (4-18)

such that 27 < rg, where cq is the geometric constant appearing in (2-6). Then (4-17) provides us with a
universal constant C; > 1 such that

1P| <CiK (4-19)
for all y € By 4. Notice that C actually depends on ig. However, this integer is fixed throughout the proof.
We have chosen i to satisfy also (4-18) in view of the subsequent application of Lemma 3.8 with A; = %.
We can fix xo € By/4 such that u is twice L' differentiable at xo. Using [Magnani 2005, Theorem 3.8] for
p =1 and k = 2, the set of these differentiability points has full measure in B;. We can further write
u = v — w such that

AHU = f and Agw = fXA

on By, where v = —f xI". By assumption v € C;I’I(Bl); hence it is also a.e. twice L' differentiable.
Therefore we can further assume v is twice L' differentiable at xo, since the set of these points has full
measure in B;. Now, only two cases may occur.

Case 1: lim infk_)oongka < CK. At our point xg, we have

| Dju(xo)| =

(Anu)B, 4 (xo) )
—Im
m

— 00

lim ][ Diu(y) dy‘ = lim ‘(szi’k +
k B, (x0) k=00
. . 1
< l}cn_l)ggfo szfkl + ﬁKAHM)BH (X0)|>
X0

1
= —=|Apu(xo)| +liminf | P% | <
k—00

Jm
< IDF(f *D)llrep,) +CiK.

1

wgy+C1K
\/ﬁ”f”L (B)) 1

Therefore
|Diu(xo)| < (C1Ca~+ D)IDj(f * D)l Loocsy) + lullzoo(sy))-

Case 2: lim infk_>oo|P;9k| > C1K. Then the following integer is well-defined:
ko :=min{k € N: k > io, |P,%;| > CK forall j > k}.

The positive integer ko possibly depends on x5. We notice that from the definition of kg, we have
|P2xf)ko+1| < C K. The strict inequality ko > iy follows by (4-19). In view of our choice of iy, which

satisfies (4-18) and then iy > 3, we can apply Lemma 3.8 with 1| = 3. Indeed, we have By,4 = B;, /3 and

3
1
2—kotl min{%)q, 1— M} = 2_2,
so Lemma 3.8 with r; = 2750 and r, =27%*! yields

|P2x£)k0| < |P2x9k0+1| + CUIDj(f * Dllzoeesy) + Nl (s,))

< (C1Ca+O)YUID;(f * Tl zoe(my) + lutll L (s)))- (4-20)
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We consider the “rescaled function” defined in Lemma 4.5:

U(x08y-kg X) — £X0(85-kgx) — pj(?szo (85-kx)
4—ko ’

This function coincides with u,-, ,, of the same lemma. Now we set fo(x) := f(x08,-4x), which is

(4-21)

up(x) :=

also defined on BIG. We can find a harmonic function /¢ such that
vy = 22k0U(X082—k0X) + hyg
and v satisfies the Dirichlet problem

{AHv0=f0 in Bac, (4_22)

vop=1uy on 8BJG,

with 0 < o < 1. Notice that vy is also twice L' differentiable at 0, a consequence of the twice L'
differentiability of v at xo. For the same reason, the twice L' differentiability of u at xq gives the twice
L' differentiability of uq at 0. From Lemma 4.5 with A = le’ there exists C, > 0 such that

I1DRvoll oo 56,y < Co(ID(f * Dl + el Lees))- (4-23)
For the sequel, it is now important to remark that the difference
wo =V — Ug (4—24)
is twice L' differentiable at the origin. Then we know the existence of a polynomial
m m my
1
R0 =wo©0) + Y Xjwo0)xj + 5 3 (XiX; + X; Xwo) O) xixj + ), Xpwo(0) x,

j=1 ij=1 I=m+1
such that we get

1
) ][ lwo(z) — R(z)|dz — 0 (4-25)
Byr

as r — 07 and for an arbitrary k > 0. The definition of wy immediately gives
{AHwo = foxa, s 0 BY,
wo =0 on 3BS.
Claim. Fora fixed 0 <« < 1, there exist lo > 1 and C > 0, depending on o and on universal constants,
such that for T =27 and for every k € N\{0}, there exist harmonic polynomials q; with the property
lwo = gill L8y = CUID;(f * D)l oo(sy) + lull L) T@FOED, (4-26)
where the constants are independent of x.

To prove (4-26) by induction, we need first to establish the case k = 1. Here we choose the null
harmonic polynomial g; = 0. We consider the decomposition (4-24) and observe that standard L
estimates for vy are available, since it solves (4-22). Indeed, we may further decompose vg into the sum of
zo = — fo*I" and of a harmonic function h¢ such that ig|yps = uo — zo. Then we apply the subquadratic
growth estimate (4-11) of Remark 4.4 where we fix A = zlt' This leads us to the estimate

lvollze(s,) < Cio (1D (f * D) llzoe(my) + el Lo (s)))-
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Then using again estimate (4-11), we obtain
lwoll L= (o) < ||Uo||L<><>(B,Gl) + ||”0||L°°(BrGl)
2
< Coo (1D, (f * D)l Loy + Nlull o (B)))-

Taking o = 7 = 275, the estimate (4-26) is established for k = 1. We may take /y € N possibly larger
such that

1
=2« — 4-27
< 560 (4-27)
In view of Proposition 2.4, there exists a universal constant ¢ > 0 such that
3
”DhH”LOO(BSz) = C”HHLOC(BIG) (4-28)

for any harmonic function H on BIG. Now we assume the statement (4-26) is true for any fixed £ > 1 and
define
w0(8rkx) —qk (61"‘)6)

T Q) (k—1)

wi(x) :=

on B ? We choose the harmonic function /4 such that
Aphy=0 in Bf,
hy =w; on 8BIG.

From the definition of wy, we get
Apgwe =77 £ (00851000 XA g 0 ()
on BIG, and the induction assumption yields
lwill oo BS) = CUIDR(f * D)llzeosy) + llull Los)- (4-29)

Clearly wy — hy vanishes on aBlG. Taking into account our choice of iy such that 27 < ry, the decay
estimate of the coincidence set (4-14) applies in particular for 8 = 4 and for every r € (0, 27%], that s,

|Ar(x0)]

Ti0 (4-30)

[A/2(x0)] <

Arguing as before for vg, we can decompose wy —hy, into the sum of a harmonic function and a convolution
with the fundamental solution; therefore standard convolution estimates yield the first of the inequalities

lwk = hill o 9y < CIT?™*C T £ (x08yto-t00) XA g0 oo | Lo 89
< Ct DY £l LooBy) | A gttt (x0) |/ @
< €2V £ 2704 A i (3001 €
< CIBC|V2|| f | pay TH

1 2
< 5CI fllLem)t™ e,
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where the third inequality is a consequence of (4-30) and the last inequality follows from (4-27). Combining
the estimate (4-28) for harmonic functions, the maximum principle and our induction assumption as
stated in (4-29), we get
3
||thk”L°°(B,G/2) =< C”hk”Lw(B]G) =< C”wk”LM(BlG)

< cCUD;(f * DIz + lull o s))-
Define gy (x) as the second-order Taylor polynomial of /; at the origin. In particular, g is harmonic. The
previous estimates joined with the application of the stratified Taylor inequality stated in [Folland and
Stein 1982, Corollary 1.44 with k =2 and x = 0] give
Ik = Gill L (s0) < Che CAIDECS * Dllzoecay + el sy >
< 3CUDR(f * D llzoeay + luell oz T,

where we have chosen [y possibly larger, such that the conditions

1/(1—a)
bt =p32"0 < % and t=2"l< -
2¢Cy

also hold. The constants b and C} are from [Folland and Stein 1982, Corollary 1.44 with k =2 and x = 0]
and this corollary is applied with the gauge distance dg. We stress that /p does not depend on kg or xg.
This is very important for the final estimate of Dﬁu(xo). As a consequence, we obtain

A

lwe = GrllLo sy < llwe — hill L6y + I1hi — Gill Lo (Bs)
LCN o)t + ACUDR(f * D)lloesy) + lull Loocs)) >
< CUIDF(f * D)llzoecmy) + llullLoos))T>™.

IA

Taking into account the definition of wy, we have proved that

w()((S-[k : ) - Qk(atk ) =
£t (—1D) %

< CUID(f * D)l zcay + lull L)) >,
L>(BY)

from which we infer
lwo = gic = T ®* DG Dl aq ) = CUDR * Dl + lutllzoesy)z
If we define the new polynomial
Qa1 (%) 1= g () + THHOENG (5 ),

then the induction step is proved and this concludes the proof of our claim. By the same previous argument,
we have another universal constant ¢ > 0 such that

2
maX{Hhk”Lw(Bf/z)» ”vhhk”LOO(Bgz)» ”thk”Loc(BSZ)} = C/”wk”LOO(Bf)

< CUDR(f * D)) + lullLes,).  (4-31)
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‘We introduce the notation

m
ge(x) =a* + > blxi+ Z clixixj + Z cfxi,

i=1 l] 1 I= m+1
m
- —k Tk 1 ~k ~k
qr(x)=a +Zbix,~+§ Z CijXiXj + Z CXx].
i=1 i,j=1 l=m+1

From the definition of g; and taking into account the estimates (4-31), we get

max(a, o &y, 2f) < ' CUDE(S * Dl + el o) (4-32)

Consequently, differentiating the equality

Grr1(x) — qr(x) = T@TOEDG (5 x),

with the differential operators X;, X; X; fori, j=1,...,mand X; forl =m+1, ..., m,, and evaluating
all the equalities at the origin, we get
! —a*| < ! CUIDR(S * D)l L(sy) + lull oo )T 34D,
max b = bf| < 'CT DS # Dlleqay + a7 D,
I=m

k+1 k -2 2 k—1
max |ci = ;| < /Co 2D (f % Dl ooy + llutll oo )T,
1<i,j<m i

k+1 _ -
max |¢ + cfl <dCt 2(||D,21(f*F)||LOC(BI) + ||u||L°°(Bl))Ta(k )

Representing any of these coefficients as ¥, we notice that they are Cauchy sequences converging to
some y. In addition, for any of them we have

/ -2
— DS D llzeqmy + ullzooqy) T 4D, (4-33)

|J/k—)/|§

In these estimates, we have set / = 0 when y* = Cz , U, I =1 for y* = b. and [ =2 for y* = af. Asa
consequence, the polynomials g; uniformly converge on compact sets to a polynomial g that has the form

q(x)—a+be,+ Zcux,xj—l- Z Cixj.

1]1 I=m+1

Any coefficient y of §, can be written for instance as y2 + y — 2. By (4-33), we can find a universal
estimate for y — y2 that depends on «. We also observe that the coefficients of g, are given by the
formula g» = g1 0 8,-1. The estimate (4-32) for k = 2 and the fact that T = 27/ can be universally fixed,
independently of x, finally lead us to the estimate

D3| < Cro(ID;(f % D)llzoc(sy) + lullLos)) (4-34)

for a suitable geometric constant C; , > 0 depending on the constants of (4-33) and (4-32). From (4-33),
defining
Ct2(IDF(f * D)llzcsy) + ||u||L°°(Bl))

1 —t¢

Cr,a,f,u =
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we can establish the following quantitative estimate on small balls:

m
= ~ (@+2)(k—1) (a+1)(k—1) .
g =Gl x5, ) < cf,a,f,u(r +T 2 il s,

i=1

m m2
a(k—1) . a(k—1)
+T Z llxi x; ||L00(BTGH1)+T Z “xl”LOO(BTGkJrl)>
i,j:l I=m-+1

<C¢c,, fu TEFOED

where we have used the proper intrinsic homogeneity of all the monomials x;, x;x; and x;, with i, j =
I,....mandl=m+1, ..., my. We would like to prove that

1 -
lim — ][ lwo(z) —q(z)|dz =0.
BS

r—0 }"2

Let us consider r = 7¥ and then

1 . 1 1 ~
- lwo(z) —q(2)|dz = — lwo(z) —gr(2)|dz+ — 1g(z) — g (2)| dz
r BTGr r Bg r Bg

=72 ]ic Iwo(z)—CIk(z)Iderr_Zk][G 1g(2) — qr(2)dz

B
k1 k1

< CUID;(f * DIz + lull )T + 1 = qell o (s9)

goes to zero as k — oo. If we choose ko > 0 sufficiently small, then we have proved that

1 1
7f lwo(z) — R(2)dz = — lwo(z) — R(z)[dz — 0.
T 2% T Ber

KT

By the uniqueness of the second-order polynomial R satisfying (4-25) with x = kg, we get ¢ = R. Taking
into account (4-23) with o = t and (4-34) with o = %, we obtain a new constant C > 0 such that

|D7uo(0)] < [D3vo(0)| + | D7wo(0)| < CID(f % T) ooy + lullzs,))-

As a consequence, since kg > ip and i satisfies (4-18) we can apply Lemma 3.8 with r; = 2~k and
r» = cp27 %0, so that taking into account the estimate (4-20) and the definition (4-21) of ug, we finally
obtain a possibly larger constant, which we still denote by C > 0, such that

| Djiu(xo)| < | DjuoO)| + P 4| < CUD;(f * DLz + Nl o).

concluding the proof. O

Acknowledgements

A substantial part of this work was accomplished during the time Minne spent at Scuola Normale Superiore
in Pisa, with the support of the Knut and Alice Wallenberg Foundation. Magnani gratefully thanks Henrik
Shahgholian, along with KTH Royal Institute of Technology, for support and hospitality during December
2018, where important parts of the present work were carried out. He also acknowledges the Institutional



OPTIMAL REGULARITY OF SOLUTIONS TO NO-SIGN OBSTACLE-TYPE PROBLEMS 1455

Research Grant from the University of Pisa. The authors wish to thank Marco Bramanti for fruitful
discussions concerning some a priori BMO estimates. They are also indebted to the referee for several
useful remarks.

References

[Andersson et al. 2013] J. Andersson, E. Lindgren, and H. Shahgholian, “Optimal regularity for the no-sign obstacle problem”,
Comm. Pure Appl. Math. 66:2 (2013), 245-262. MR Zbl

[Bonfiglioli et al. 2007] A. Bonfiglioli, E. Lanconelli, and F. Uguzzoni, Stratified Lie groups and potential theory for their
sub-Laplacians, Springer, 2007. MR Zbl

[Bramanti and Brandolini 2000] M. Bramanti and L. Brandolini, “LP? estimates for nonvariational hypoelliptic operators with
VMO coefficients”, Trans. Amer. Math. Soc. 352:2 (2000), 781-822. MR Zbl

[Bramanti and Brandolini 2005] M. Bramanti and L. Brandolini, “Estimates of BMO type for singular integrals on spaces of
homogeneous type and applications to hypoelliptic PDEs”, Rev. Mat. Iberoam. 21:2 (2005), 511-556. MR Zbl

[Bramanti and Fanciullo 2013] M. Bramanti and M. S. Fanciullo, “BMO estimates for nonvariational operators with discontinuous

coefficients structured on Hérmander’s vector fields on Carnot groups”, Adv. Differential Equations 18:9-10 (2013), 955-1004.
MR Zbl

[Caffarelli 1989] L. A. Caffarelli, “Interior a priori estimates for solutions of fully nonlinear equations”, Ann. of Math. (2) 130:1
(1989), 189-213. MR Zbl

[Caffarelli et al. 2000] L. A. Caftarelli, L. Karp, and H. Shahgholian, “Regularity of a free boundary with application to the
Pompeiu problem”, Ann. of Math. (2) 151:1 (2000), 269-292. MR Zbl

[Danielli et al. 2003] D. Danielli, N. Garofalo, and S. Salsa, “Variational inequalities with lack of ellipticity, I: Optimal interior
regularity and non-degeneracy of the free boundary”, Indiana Univ. Math. J. 52:2 (2003), 361-398. MR Zbl

[Danielli et al. 2007] D. Danielli, N. Garofalo, and A. Petrosyan, “The sub-elliptic obstacle problem: cle regularity of the free
boundary in Carnot groups of step two”, Adv. Math. 211:2 (2007), 485-516. MR Zbl

[Di Francesco et al. 2008] M. Di Francesco, A. Pascucci, and S. Polidoro, “The obstacle problem for a class of hypoelliptic
ultraparabolic equations”, Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 464:2089 (2008), 155-176. MR Zbl

[Figalli and Shahgholian 2014] A. Figalli and H. Shahgholian, “A general class of free boundary problems for fully nonlinear
elliptic equations”, Arch. Ration. Mech. Anal. 213:1 (2014), 269-286. MR Zbl

[Folland 1975] G. B. Folland, “Subelliptic estimates and function spaces on nilpotent Lie groups”, Ark. Mat. 13:2 (1975),
161-207. MR Zbl

[Folland and Stein 1982] G. B. Folland and E. M. Stein, Hardy spaces on homogeneous groups, Math. Notes 28, Princeton Univ.
Press, 1982. MR Zbl

[Frehse 1972] J. Frehse, “On the regularity of the solution of a second order variational inequality”, Boll. Un. Mat. Ital. (4) 6
(1972), 312-315. MR Zbl

[Frentz 2013] M. Frentz, “Regularity in the obstacle problem for parabolic non-divergence operators of Hormander type”,
J. Differential Equations 255:10 (2013), 3638-3677. MR Zbl

[Frentz et al. 2010] M. Frentz, K. Nystrom, A. Pascucci, and S. Polidoro, “Optimal regularity in the obstacle problem for
Kolmogorov operators related to American Asian options”, Math. Ann. 347:4 (2010), 805-838. MR Zbl

[Frentz et al. 2012] M. Frentz, E. Gotmark, and K. Nystrom, “The obstacle problem for parabolic non-divergence form operators
of Hormander type”, J. Differential Equations 252:9 (2012), 5002-5041. MR Zbl

[Friedman 1982] A. Friedman, Variational principles and free-boundary problems, Wiley, New York, 1982. MR Zbl

[Garofalo and Nhieu 1996] N. Garofalo and D.-M. Nhieu, “Isoperimetric and Sobolev inequalities for Carnot—Carathéodory
spaces and the existence of minimal surfaces”, Comm. Pure Appl. Math. 49:10 (1996), 1081-1144. MR Zbl

[Gilbarg and Trudinger 2001] D. Gilbarg and N. S. Trudinger, Elliptic partial differential equations of second order, Classics in
Mathematics, Springer, 2001. Reprint of the 1998 edition. MR Zbl


http://dx.doi.org/10.1002/cpa.21434
http://msp.org/idx/mr/2999297
http://msp.org/idx/zbl/1286.35270
http://dx.doi.org/10.1007/978-3-540-71897-0
http://dx.doi.org/10.1007/978-3-540-71897-0
http://msp.org/idx/mr/2363343
http://msp.org/idx/zbl/1128.43001
http://dx.doi.org/10.1090/S0002-9947-99-02318-1
http://dx.doi.org/10.1090/S0002-9947-99-02318-1
http://msp.org/idx/mr/1608289
http://msp.org/idx/zbl/0935.35037
http://dx.doi.org/10.4171/RMI/428
http://dx.doi.org/10.4171/RMI/428
http://msp.org/idx/mr/2174915
http://msp.org/idx/zbl/1082.35060
https://projecteuclid.org/journals/advances-in-differential-equations/volume-18/issue-9_2f_10/BMO-estimates-for-nonvariational-operators-with-discontinuous-coefficients-structured-on/ade/1372777765.short
https://projecteuclid.org/journals/advances-in-differential-equations/volume-18/issue-9_2f_10/BMO-estimates-for-nonvariational-operators-with-discontinuous-coefficients-structured-on/ade/1372777765.short
http://msp.org/idx/mr/3100057
http://msp.org/idx/zbl/1292.35064
http://dx.doi.org/10.2307/1971480
http://msp.org/idx/mr/1005611
http://msp.org/idx/zbl/0692.35017
http://dx.doi.org/10.2307/121117
http://dx.doi.org/10.2307/121117
http://msp.org/idx/mr/1745013
http://msp.org/idx/zbl/0960.35112
http://dx.doi.org/10.1512/iumj.2003.52.2088
http://dx.doi.org/10.1512/iumj.2003.52.2088
http://msp.org/idx/mr/1976081
http://msp.org/idx/zbl/1030.35091
http://dx.doi.org/10.1016/j.aim.2006.08.008
http://dx.doi.org/10.1016/j.aim.2006.08.008
http://msp.org/idx/mr/2323535
http://msp.org/idx/zbl/1114.35050
http://dx.doi.org/10.1098/rspa.2007.0090
http://dx.doi.org/10.1098/rspa.2007.0090
http://msp.org/idx/mr/2434049
http://msp.org/idx/zbl/1137.35017
http://dx.doi.org/10.1007/s00205-014-0734-0
http://dx.doi.org/10.1007/s00205-014-0734-0
http://msp.org/idx/mr/3198649
http://msp.org/idx/zbl/1326.35137
http://dx.doi.org/10.1007/BF02386204
http://msp.org/idx/mr/494315
http://msp.org/idx/zbl/0312.35026
http://msp.org/idx/mr/657581
http://msp.org/idx/zbl/0508.42025
http://msp.org/idx/mr/0318650
http://msp.org/idx/zbl/0261.49021
http://dx.doi.org/10.1016/j.jde.2013.07.055
http://msp.org/idx/mr/3093377
http://msp.org/idx/zbl/1328.35115
http://dx.doi.org/10.1007/s00208-009-0456-z
http://dx.doi.org/10.1007/s00208-009-0456-z
http://msp.org/idx/mr/2658144
http://msp.org/idx/zbl/1200.35307
http://dx.doi.org/10.1016/j.jde.2012.01.032
http://dx.doi.org/10.1016/j.jde.2012.01.032
http://msp.org/idx/mr/2891355
http://msp.org/idx/zbl/1242.35105
http://msp.org/idx/mr/679313
http://msp.org/idx/zbl/0564.49002
http://dx.doi.org/10.1002/(SICI)1097-0312(199610)49:10<1081::AID-CPA3>3.0.CO;2-A
http://dx.doi.org/10.1002/(SICI)1097-0312(199610)49:10<1081::AID-CPA3>3.0.CO;2-A
http://msp.org/idx/mr/1404326
http://msp.org/idx/zbl/0880.35032
http://dx.doi.org/10.1007/978-3-642-96379-7
http://msp.org/idx/mr/1814364
http://msp.org/idx/zbl/1042.35002

1456 VALENTINO MAGNANI AND ANDREAS MINNE

[Gustafsson and Shapiro 2005] B. Gustafsson and H. S. Shapiro, “What is a quadrature domain?”, pp. 1-25 in Quadrature
domains and their applications, edited by P. Ebenfelt et al., Oper. Theory Adv. Appl. 156, Birkhiuser, Basel, 2005. MR Zbl

[Jerison 1986] D. Jerison, “The Poincaré inequality for vector fields satisfying Hormander’s condition”, Duke Math. J. 53:2
(1986), 503-523. MR Zbl

[Kinderlehrer and Stampacchia 1980] D. Kinderlehrer and G. Stampacchia, An introduction to variational inequalities and their
applications, Pure Appl. Math. 88, Academic, New York, 1980. MR Zbl

[Lanconelli and Morbidelli 2000] E. Lanconelli and D. Morbidelli, “On the Poincaré inequality for vector fields”, Ark. Mat. 38:2
(2000), 327-342. MR Zbl

[Lu 1996] G. Lu, “Embedding theorems into Lipschitz and BMO spaces and applications to quasilinear subelliptic differential
equations”, Publ. Mat. 40:2 (1996), 301-329. MR Zbl

[Magnani 2005] V. Magnani, “Differentiability from the representation formula and the Sobolev—Poincaré inequality”, Studia
Math. 168:3 (2005), 251-272. MR Zbl

[Petrosyan and Shahgholian 2007] A. Petrosyan and H. Shahgholian, “Geometric and energetic criteria for the free boundary
regularity in an obstacle-type problem”, Amer. J. Math. 129:6 (2007), 1659-1688. MR Zbl

[Petrosyan et al. 2012] A. Petrosyan, H. Shahgholian, and N. Uraltseva, Regularity of free boundaries in obstacle-type problems,
Grad. Stud. Math. 136, Amer. Math. Soc., Providence, RI, 2012. MR Zbl

[Rodrigues 1987] J.-F. Rodrigues, Obstacle problems in mathematical physics, North-Holland Math. Stud. 134, North-Holland,
Amsterdam, 1987. MR Zbl

[Sakai 1991] M. Sakai, “Regularity of a boundary having a Schwarz function”, Acta Math. 166:3-4 (1991), 263-297. MR Zbl

[Varadarajan 1974] V. S. Varadarajan, Lie groups, Lie algebras, and their representations, Prentice-Hall, Englewood Cliffs, NJ,
1974. MR Zbl

Received 5 Jul 2019. Revised 20 Jan 2021. Accepted 11 Mar 2021.

VALENTINO MAGNANI: valentino.magnani@unipi.it
Dipartimento di Matematica, Universita di Pisa, Pisa, Italy

ANDREAS MINNE: minne@kth.se
Department of Mathematics, KTH Royal Institute of Technology, Stockholm, Sweden

:'msp

mathematical sciences publishers


http://dx.doi.org/10.1007/3-7643-7316-4_1
http://msp.org/idx/mr/2129734
http://msp.org/idx/zbl/1086.30002
http://dx.doi.org/10.1215/S0012-7094-86-05329-9
http://msp.org/idx/mr/850547
http://msp.org/idx/zbl/0614.35066
https://www.sciencedirect.com/bookseries/pure-and-applied-mathematics/vol/88/suppl/C
https://www.sciencedirect.com/bookseries/pure-and-applied-mathematics/vol/88/suppl/C
http://msp.org/idx/mr/567696
http://msp.org/idx/zbl/0457.35001
http://dx.doi.org/10.1007/BF02384323
http://msp.org/idx/mr/1785405
http://msp.org/idx/zbl/1131.46304
http://dx.doi.org/10.5565/PUBLMAT_40296_04
http://dx.doi.org/10.5565/PUBLMAT_40296_04
http://msp.org/idx/mr/1425620
http://msp.org/idx/zbl/0873.35006
http://dx.doi.org/10.4064/sm168-3-5
http://msp.org/idx/mr/2146126
http://msp.org/idx/zbl/1097.26013
http://dx.doi.org/10.1353/ajm.2007.0042
http://dx.doi.org/10.1353/ajm.2007.0042
http://msp.org/idx/mr/2369892
http://msp.org/idx/zbl/1133.35108
http://dx.doi.org/10.1090/gsm/136
http://msp.org/idx/mr/2962060
http://msp.org/idx/zbl/1254.35001
https://www.sciencedirect.com/bookseries/north-holland-mathematics-studies/vol/134/suppl/C
http://msp.org/idx/mr/880369
http://msp.org/idx/zbl/0606.73017
http://dx.doi.org/10.1007/BF02398888
http://msp.org/idx/mr/1097025
http://msp.org/idx/zbl/0728.30007
http://msp.org/idx/mr/0376938
http://msp.org/idx/zbl/0371.22001
mailto:valentino.magnani@unipi.it
mailto:minne@kth.se
http://msp.org

Massimiliano Berti

Zbigniew Btocki

Charles Fefferman

Isabelle Gallagher

Colin Guillarmou

Ursula Hamenstaedt

Vadim Kaloshin

Izabella Laba

Anna L. Mazzucato

Richard B. Melrose

Frank Merle

William Minicozzi IT

Analysis & PDE
msp.org/apde

EDITORS-IN-CHIEF

Patrick Gérard

Université Paris Sud XI, France

patrick.gerard @universite-paris-saclay.fr

Clément Mouhot

Cambridge University, UK

c.mouhot@dpmms.cam.ac.uk

BOARD OF EDITORS

Scuola Intern. Sup. di Studi Avanzati, Italy
berti @sissa.it

Uniwersytet Jagielloniski, Poland
zbigniew.blocki@uj.edu.pl

Princeton University, USA
cf@math.princeton.edu

Université Paris-Diderot, IMJ-PRG, France
gallagher @math.ens.fr

Université Paris-Saclay, France
colin.guillarmou @universite-paris-saclay.fr
Universitdt Bonn, Germany
ursula@math.uni-bonn.de

University of Maryland, USA
vadim.kaloshin @gmail.com

University of British Columbia, Canada
ilaba@math.ubc.ca

Penn State University, USA

alm24 @psu.edu

Massachussets Inst. of Tech., USA
rbm@math.mit.edu

Université de Cergy-Pontoise, France
merle @ihes.fr

Johns Hopkins University, USA
minicozz@math.jhu.edu

Werner Miiller

Gilles Pisier

Igor Rodnianski

Yum-Tong Siu

Terence Tao

Michael E. Taylor

Gunther Uhlmann

Andris Vasy

Dan Virgil Voiculescu

Jim Wright

Maciej Zworski

PRODUCTION
production @msp.org

Silvio Levy, Scientific Editor

Universitidt Bonn, Germany

mueller @math.uni-bonn.de

Texas A&M University, and Paris 6
pisier@math.tamu.edu

Princeton University, USA

irod @math.princeton.edu

Harvard University, USA
siu@math.harvard.edu

University of California, Los Angeles, USA
tao@math.ucla.edu

Univ. of North Carolina, Chapel Hill, USA
met@math.unc.edu

University of Washington, USA
gunther @math.washington.edu
Stanford University, USA

andras @math.stanford.edu

University of California, Berkeley, USA
dvv@math.berkeley.edu

University of Edinburgh, UK
jr.wright@ed.ac.uk

University of California, Berkeley, USA
zworski@math.berkeley.edu

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2022 is US $370/year for the electronic version, and $580/year (+$60, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscriber address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Univer-
sity of California, Berkeley, CA 94720-3840, is published continuously online.

APDE peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY

:I mathematical sciences publishers

nonprofit scientific publishing

http://msp.org/
© 2022 Mathematical Sciences Publishers


http://msp.org/apde
mailto:patrick.gerard@universite-paris-saclay.fr
mailto:c.mouhot@dpmms.cam.ac.uk
mailto:berti@sissa.it
mailto:zbigniew.blocki@uj.edu.pl
mailto:cf@math.princeton.edu
mailto:gallagher@math.ens.fr
mailto:colin.guillarmou@universite-paris-saclay.fr
mailto:ursula@math.uni-bonn.de
mailto:vadim.kaloshin@gmail.com
mailto:ilaba@math.ubc.ca
mailto:alm24@psu.edu
mailto:rbm@math.mit.edu
mailto:merle@ihes.fr
mailto:minicozz@math.jhu.edu
mailto:mueller@math.uni-bonn.de
mailto:pisier@math.tamu.edu
mailto:irod@math.princeton.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:j.r.wright@ed.ac.uk
mailto:zworski@math.berkeley.edu
mailto:production@msp.org
http://msp.org/apde
http://msp.org/
http://msp.org/

ANALYSIS & PDE

Volume 15 No.6 2022

Van der Waals—London interaction of atoms with pseudorelavistic kinetic energy
JEAN-MARIE BARBAROUX, MICHAEL C. HARTIG, DIRK HUNDERTMARK
and SEMJON VUGALTER

Optimal regularity of solutions to no-sign obstacle-type problems for the sub-Laplacian
VALENTINO MAGNANI and ANDREAS MINNE

Multichannel scattering theory for Toeplitz operators with piecewise continuous symbols
ALEXANDER V. SOBOLEV and DMITRI YAFAEV

Time optimal observability for Grushin Schrodinger equation
NI1COLAS BURQ and CHENMIN SUN

Singular perturbation of manifold-valued maps with anisotropic energy
ANDRES CONTRERAS and XAVIER LAMY

Commutator method for averaging lemmas
PIERRE-EMMANUEL JABIN, HSIN-YI LIN and EITAN TADMOR

Optimal rate of condensation for trapped bosons in the Gross—Pitaevskii regime

PHAN THANH NAM, MARCIN NAPIORKOWSKI, JULIEN RICAUD and ARNAUD TRIAY

1375

1429

1457

1487

1531

1561

1585



	1. Introduction
	2. Basic facts and notation
	3. Preparatory results
	4. Proof of C^{1,1}_H regularity
	Acknowledgements
	References
	
	

