PROJECTIVE NORMALITY OF COMPLETE
SYMMETRIC VARIETIES

ROCCO CHIRIVI and ANDREA MAFFEI

Abstract

We prove that in characteristic zero the multiplication of sections of line bundles gen-
erated by global sections on a complete symmetric variety X = G/H is a surjective
map. As a consequence, the cone defined by a complete linear system over X or over
a closed G-stable subvariety of X is normal. This gives an affirmative answer to a
question raised by Faltings in [11]. A crucial point of the proof is a combinatorial
property of root systems.

Introduction

Let G be an adjoint semisimple algebraic group over an algebraically closed field of
characteristic zero, and let G be its algebraic simply connected cover. Given an invo-
lutorial automorphism ¢ : G — G, denote by H the subgroup of fixed points of &.
A wonderful compactification X of the symmetric variety G /H has been constructed
by De Concini and Procesi [9]. The main result of our paper can be stated as the
following.

THEOREM A

If & and ' are line bundles generated by global sections on X, then the multiplica-
tionT (X, )T (X, - I'(X, Z ®.L) is surjective.

The projective normality of X follows by a standard argument. Hence we give an
affirmative answer to a problem raised by Faltings in [11]. Our result has already been
proved in [15] by Kannan in the special case of the compactification of a group, in
which G = H x H and the involution exchanges the two copies of H, by a completely
different method that does not apply to this situation. We stress that it is necessary
to assume that the line bundles . and .’ are generated by global sections, as the
example after the proof of Theorem A in Section 3 shows.
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Complete symmetric varieties have been constructed also over any field of charac-
teristic different from 2 by De Concini and Springer [10], and the question of Faltings
makes sense and is particularly interesting in this case. However, Theorem A is false
in general; at the end of Section 3 we give a counterexample that has been explained
to us by De Concini.

Now we briefly describe the lines of the proof of Theorem A. We divide the G-
modules appearing in T' (X, .Z®.Z") into three classes, and we use different strategies
for each class to show that the G-modules appear in the image of the multiplication.
The first class is that of the modules appearing in a product of sections of line bundles
that, with respect to the dominant order, are less than . or .#’. These are easily
covered by induction on the dominant order on line bundles. The second class is
formed by the modules that do not vanish when restricted to some G-stable subvariety
Y of X. We recall that Y is a fibration over a partial flag variety with fiber isomorphic
to a complete symmetric variety F' with dim F < dim X, and we can suppose that the
multiplication map is surjective for F, using induction on dimension. In Proposition
2.9 we show that from the surjectivity of the multiplication map on the fiber we can
deduce that the multiplication for Y is surjective. So these kinds of modules also
appear in the image. We parametrize the remaining modules, which form the third
class, introducing the notion of low triple. Thanks to the result of Section 4, in which
we study such triples, we can prove the surjectivity of the multiplication map for this
class by a direct argument.

Our classification of low triples is purely combinatorial and makes sense for any
root system ®. Suppose we have chosen a base A, and let A™ be the corresponding
monoid of dominant weights for ©.

Definition 1

Given 4, u,v € AT, we say that (4, u, v) is a low triple if the following conditions

hold:

1) if A/, u’ are dominant weights such that A’ < A, u’ < u,andv < A’ + u’, then
A=du =

() v+ cpaa <A+

Then, if wq is the longest element of the Weyl group of @, the result in Section 4 is
the following.

THEOREM B
The triple (4, i, v) of dominant weights is a low triple if and only if A and p are
minuscule weights, © = —woA, andv = 0.
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The proof of this theorem is somewhat unsatisfactory. Although we succeeded in
developing a bit of general treatment, and although T. A. Springer suggested to us a
way to further simplify the computations required for the exceptional root systems, in
some steps we still have to use a case-by-case analysis.

1. Review of complete symmetric varieties

In this section we collect some preliminary results for the sequel, setting up notation
and reviewing the construction of the wonderful compactification of G/H (for details,
see [9], [10]).

Let g be a semisimple Lie algebra over an algebraically closed field k of character-
istic zero, and let ¢ be an involutorial automorphism of g. Denote by h the subalgebra
of fixed points of ¢ in g. If t is a o -stable toral subalgebra of g, we can decompose t
as to @ t; with tg the (41)-eigenspace of o and t; the (—1)-eigenspace. We recall that
any o -stable toral subalgebra of g is contained in a maximal one that is itself o -stable.
We fix such a o-stable maximal toral subalgebra t for which dim t; is maximal, and
we denote this dimension by ¢; we call it the rank of ¢.

Let ® C t* be the root system of g, and let g = t & €D, ¢ 9o be the root space
decomposition with respect to the action of t. Observe that o acts also on t* and that it
preserves @ and the Killing form (-, -) on t and t*. Let &9 = {a € ® | 6 (¢) = a} and
®; = @ \ . The choice of a o-stable toral subalgebra for which dim t; is maximal
is equivalent to the condition o |y, = id|g, for all & € ®y. Moreover, we can choose
the set @ of positive roots in such a way that o (¢) € ®~ for all roots & € @+ N Dy.
Let A be the base defined by @71, and put Ag = AN®y, Ay =ANOy.

Denote by A C t* the set of integral weights of @, and observe that o preserves
A. Let AT be the set of dominant weights with respect to ®*, and let m, be the
fundamental weight dual to the simple coroot a¥ for @ € A. For 1 € AT, letalso V,
be the irreducible representation of g of highest weight A.

We say that A € A™ is spherical if there exists h € V; ~ {0} fixed by b (i.e.,
h - h = 0); in this case the vector 4 is also unique up to scalar, and we denote it by /.
We denote the set of spherical weights by Q% and the lattice they generate by Q.

For a root a, define @ = a — o(a), and let ® = {a|a € ®;). This is a (not
necessarily reduced) root system, called the restricted root system, of rank £ with base
A = {a|a € A1}. As a consequence of a result of Helgason [13] (see also [18] or
[11] for an algebraic approach), QN AT = Q7 and Q can be identified with the lattice
of integral weights of the root system (®, Q ®7 R). Given a weight 4, we define its
Q-support to be the set suppo(1) = (@ € A|(4,@) # 0}). We introduce also the
lattice R generated by ® and the monoid R* = zei Na.

Now we come to the construction of complete symmetric varieties following De
Concini and Procesi [9]. Let G be a connected algebraic group over k whose Lie
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algebra is isomorphic to g. The action of o on g lifts to an automorphism of G, still
denoted by o. Let H be the normalizer in G of the Lie algebra ) C g. As explained
in [9], H is the maximal subgroup having f as a Lie algebra. If G is an adjoint group,
H coincides with the fixed point set of o in G. Hence G/H is a symmetric variety.
However, since G/H does not depend on the choice of the group G over g, we prefer
to choose G simply connected, so for the rest of the paper G is a simply connected
algebraic group with Lie algebra g. We introduce also the torus T (resp., Tp and T7),
whose Lie algebra is t (resp., tg and t;), and the parabolic subgroup P of G associated
to Ag. (In general, to a subset I C A we associate the parabolic subgroup whose Lie
algebra is given by t® P aed,up+ Ja, Where @ is the root subsystem of @ generated
by I.)

In our study it is useful to consider also the degenerate case G = {e} or, more
generally, ¢ = id. In this case, of course, G/ H is just a single point.

Let now A1, ..., 4, be spherical weights with disjoint Q-supports such that
suppg (A1) U - - - U suppg(Am) = A, and consider the point

xo = ([hy,]), ..., [ha,]) € P(Vy,) x - x P(V},).

We define the variety X = X () as Gxg C P(Vy,) x --- x P(V;,,). Notice that x is
the unique point fixed by H in X and that the map g — gxo induces an embedding
G/H — X which is called the “minimal compactification” of G/H. Moreover, the
construction is independent of the choice of the weights A1, ..., 4.

We also need another description of the compactification. Let 4 be a spherical
weight with suppg (1) = A, and consider a finite-dimensional g-representation of the
form V =V, @ V'. Take h = (h,, hy/) € V to be a vector fixed by b such that all
T weights of hy are of the form ¢ = 1 — n with n € R* and u # L. Then, as
proved in [9, §4], the map G/H > gH +— g[h] € P(V) extends to an isomorphism
X — G[h].

The following proposition describes the structure of the compactification.

PROPOSITION 1.1 ([9, Theorem 3.1])
Let X = X (o) be the compactification of G/ H described above; then

6))] X is a smooth projective G-variety;

(i) X~\G-xq is a divisor with normal crossing and smooth irreducible components
Sty.ees Ses

(iii))  the G-orbits of X correspond to the subsets of the indexes 1,2, ..., ¢, so that

the orbit closures are the intersections S;; N S, N---NS;, with 1 < iy <ip <
S <oy <ixg 4
(iv)  the unique closed orbit Y = ﬂfz 1 Si is isomorphic to the partial flag variety
G/P.
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We go on to construct some line bundles on the variety X. Let 4 € AT be such
that P(V;) contains a point r fixed by H. One can show (see [9], [10]) that the map
G/H > gH — g -r € P(V,) extends uniquely to a morphism

v X — P(V)).

We define .Z; as the line bundle y; ¢ (1). In particular, .Z} is generated by its global
sections. If we restrict £, on G/P ~ Y < X, we have the usual line bundle G x p
k_, corresponding to 1 in the identification of Pic(G/P) with a sublattice of the
weight lattice A. Moreover, we have the following.

PROPOSITION 1.2 ([9, Proposition 8.1])
The map Pic(X) — Pic(Y) induced by the inclusion is injective.

So we can identify Pic(X) with a sublattice of the weight lattice. Further, the line
bundles constructed above account for all line bundles since we have the following.

PROPOSITION 1.3 ([10, Lemma 4.6])
Pic(X) corresponds to the lattice generated by the dominant weights A such that
P(V;)H is not empty.

Notice that by construction every line bundle has a natural G-linearization. Moreover,
if 1 is not dominant, then H(Y, .%;y) = Ind$ (k_;) = 0; hence .%; is generated by
global sections if and only if 4 is dominant.

Following the literature, we introduce now a particular behavior of a simple root.
The action of the involution ¢ on the set of roots admits the following description.
There exists an involutive bijection o : A} — A such that for every a € A we have

o(a)=—o(a) = fa,

where S, is a nonnegative linear combination of roots in Ag. We say that a € Aj is
an exceptional root if (o) # a and (a, o (a)) # 0. Notice that (o) is exceptional if
o is. Moreover, the symmetric variety G/H and its compactification X are said to be
exceptional if there exist exceptional roots.

PROPOSITION 1.4 ([10, Theorem 4.8])
Pic(X) is generated by the spherical weights and the fundamental weights corre-
sponding to the exceptional roots.

Now we describe the sections of a line bundle £ as a G-module. The first useful
remark is that any irreducible G-module appears in I'(X,.%) with multiplicity at
most one (see [9, Lemma 8.2]).
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We analyze first the case of the divisors S;, 1 < i < {. Letay,...,dr be the
elements of A. Then, up to reindexing the G-stable divisors, we have the following.

PROPOSITION 1.5 ([9, Corollary 8.2])
There exists a unique up to scalar G-invariant section s; € I' (X, £5,) whose divisor
is S,'.

For an element v = Zle nia; € R*, the multiplication by s¥ = His? " gives a linear
map
F(Xn g/’L*U) g F(Xa 9?11)

If 4 € Pic(X) is dominant, then by construction of .Z, we certainly have a submodule
of I'(X, .%,,) isomorphic to V/j‘ obtained by the pullback of the homogeneous coor-
dinates of P(V,) to X. Since, as already recalled, the multiplicity of any irreducible
submodule is at most one, we can speak of the submodule V;f 0£ I'(X, Z,) without
ambiguity. If now 4 € Pic(X) is any element such that 2 — x4 € R™, we can consider
the image of V;f under the multiplication by s*~# from ' (X, Z) o I'(X, . Z). We
call this image s*~# V;f. We have the following result.

PROPOSITION 1.6 ([9, Theorem 5.10])
Let ). € Pic(X); then

rx,.z)= & s

ue(A—RHNA+

Moreover, for all v = Zle nid; € R*, the set of sections vanishing on S; with mul-
tiplicity at least n; fori = 1, ..., ¢ is the image s' T (X, £, —,) of the multiplication
by s’ inT' (X, %)).

2. Stable subvarieties

In this section we study the closures of G-orbits of X, which we call stable subva-
rieties. Following De Concini and Procesi [9], we review the structure of a stable
subvariety, recalling in particular that such a variety is a fibration over a partial flag
variety with fiber isomorphic to a complete symmetric variety. We use such a result to
prove Proposition 2.9, lifting the surjectivity of the multiplication map from the fiber
to a stable subvariety. This is used in one inductive step for the proof of Theorem A
in Section 3.

We need to introduce some notation related to some special subgroups of G. If /
is a subset of A containing Ay and such that (I N Aj) C I N Ay, let &; C O be
the root subsystem of @ generated by /, and define G; C G as the semisimple group
associated to @; (the subgroup whose Lie algebra is generated by g, for a € ®@j).
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Also, let Pr = P N Gy be the parabolic subgroup of G associated to Ap, and let
Tr = T N Gy, a maximal torus of G;. We call gy (resp., t;) the Lie algebra of Gy
(resp., T7). Observe that o (O;) C @y, as guaranteed by the assumption on [; hence
G is stable under the action of o, and so we can define o;: G; —> Gy as the
restriction of o. We denote by h; the intersection h N gy and by H; the normalizer
of h; in G;. Observe also that o|g, = id |y, for all @ € D ns; hence dim(t;); is
maximal (where (t;); is the —1-eigenspace of o; on t;).

We denote by A; the lattice of integral weights of @; and by A;r C Ay the
monoid of dominant weights with respect to I. Given two subsets I, J of A such
that I C J, we have a natural pl"O_]eCtIOIl r 7+ Ay —> Ay induced by the inclusion
t; < ty, and a canonical immersion 1/ 7+ A = A mapping a fundamental weight
with respect to @; to the corresponding fundamental weight with respect to @ ;. If we
consider the case J = A, we see that A is identified with the set of characters of T;;
hence also G is simply connected. Analogously, as noted after the definition of H in
the previous section, H; is the largest subgroup having h; as Lie algebra, so it is easy
to see that Hy C H.

Now let 7 be a subset of A, and set I = {a € Ay |a € I} U Ag; notice that such
a set I satisfies the condition (I N Ay) C I N A above. Choose a one-parameter
subgroup y;: k* —> Ti such that

(yj.a)=0 ifaeA~T and (yj.a) <0 ifael,

where the pairing is given by the identification of a one-parameter subgroup of 7' with
an element of t. We can now define the stable subvartely X corresponding to ICA
as the closure Gx 7 j of the orbit of the point x; = lim; ¢ y7(t)xo.

PROPOSITION 2.1 ([9, Theorem 3.1, Corollary 8.2])

We have the following:

()  X@) =S forald; € A;

(i1) Xin =X;N Xi’ and in particular, X3 =Y is the unique closed G-orbit in
X;

(ii)) Xy is a projective smooth variety of dimension dim X — |1].

In De Concini and Procesi [9, §5], the geometric structure of X i is described. For the
convenience of the reader, we review their results below.

Fix I, as above, and define / = A~ 7T and J = (A . I) U Ay. Let also
R;f = > -7 Na, and let R; be the lattice generated by R;f. Ifie AJJ”, we denote
by Z, the irreducible representation of G ; of highest weight A.

Let A € A be a spherical weight, and consider a vector /; spanning the unique
line in V, fixed by H. By [9, §2], we know that h; = v, + Zﬂ627(§+\{0}) u,, where



100 CHIRIVI and MAFFEI

v, is a highest weight vector and u,, are eigenvectors of T of weight 1. We define

hﬁivg—}— Z Uy. (%)

ﬂez—(ﬁjf\{O})

One can easily see that the point x; defined above is

xp= (L) L)

as apoint of X C P(V;,) x --- x P(V;,).

LEMMA 2.2 ) }
If 1 is a spherical weight, then [hﬁ] is fixed by Hj. Further, hi = v, if and only if
suppg(4) C I.

Proof
Notice that H; C H certainly fixes [/,]. Observe also that y 7 commutes with g.
Indeed, if « € ®; and ¢, € g,, then

[yi:ea] = <V]~, a>ea =0.

Hence y; commutes with G ; and in particular with H;. The first claim follows.

Suppose that nl = ;. Let S = A~ suppo(Ad) and S = {a € A |a € S} U Ao.
Since ]kh/]{ is stable under b, we have h; C stabgkv; = t @ @ae%ch go- Now
the inclusion suppg (1) C I follows since, by the particular choice of ®*, we have
by =t/ ® Boca, 9 ® Doco,no+ klea + o (ea)).

Now suppose that suppg (1) C I.If u is a weight such that there exists o € [
with (wg, A — 1) # 0, then u ¢ 1 + ﬁf. Hence, by the formula (x), it is enough
to show that for any weight 4 # 1 with (), # O there exists « € A such that
(A,a") # 0and (wy, A — 1) > 0.

We consider first the case ¢ = wl # A with w in the Weyl group of ®. Let
L(u) be the minimum of the length of w such that u = wAi. If L(x) = 1, then
1 = 54 (1) # A for some a and o satisfies our requests.

If L(u) > 1, we proceed by induction. Let u = s,u’, where a is such that
L(u’) = L(u) — 1. In particular, . — 4 = 1 — p/ + ma withm > 0. Thenif § € A
is such that (1, #¥) # 0 and (wp, 4 — 1’) > 0, we have also (wg, A — ) > 0.

Now in the general case, u is in the convex hull of {w4 | w in the Weyl group of
@}, and the claim follows. O

In order to describe X; we consider the realization of X as G([h.], [h,]) C
P(V;) x P(V,), where 4 and u are two spherical weights such that suppg (1) = I
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and suppg(u) = J. (Werecall that /] = A~ T)Letz : X —> P(V,) be
the projection onto the first factor. By Lemma 2.2, we have 7 (xj) = [v;]; hence
7 (X;) = Gv, ~ G/Q, where Q is the parabolic subgroup of G associated to J. We
denote by wj: X7 —> G/Q the restriction of 7 to X and by F; the fiber of 7 ; over

[va].

PROPOSITION 2.3 ([9, Theorem 5.3])

The fiber F is the closure G J[hi]. Moreover, it is isomorphic to X (o), the complete
symmetric variety associated to (G j, 07).

We apply this proposition to the computation of Pic(X;). By Lemma 2.2, we have
xx € Fy. The action of G; on Y; = G x5 induces an identification of G ;/P; with
Y; sending Py to xx; in particular, Y, is the unique closed orbit of F;. We identify Y
with Gx3, and we observe that the inclusion of Y in Y induces the natural inclusion
of G;/P; in G/P sending P; = P N Gy to P. We denote by ; the inclusion of
the closed orbit ¥ >~ G/P in X; and by ;; the inclusion of the closed orbit ¥; =~
G /Py in F;. We have the following commutative diagram (whose notation is in
force throughout the rest of the paper):

0 — Pic(G/Q) —— Pic(X}) —-— Pic(F)) ——=0

*

~ Pic(G/P) — "> Pic(G ; / Py)
0 A d AA<Ag 4 Ay ag 0

where we have the following.

1) Weset: =1 ﬁ:io, r= rJA\\ AAO(’, and the third row is exact by construction.

(i1) The map 15 is the inclusion of F; in Xj. As in De Concini and Procesi [9],
there exists a one-parameter subgroup of G with only isolated fixed points;
hence H*(X j»Z) = Pic(Xj) and odd cohomology vanishes. So by the spec-
tral sequence H”(G/Q, Rq”i*ZXi) = HPT4 (X7, ZXi) given by the fibra-
tion, we have that the first row is exactand I'(G/Q, Rzﬂ:i*ZXi) = H%(Fy, Z)
since G/ Q is simply connected.

(iii) ~ The map ;7 is injective by Proposition 1.2.

(iv)  The map ;. is the pullback of the natural inclusion G;/P; < G/P induced
by the inclusion Y; C Y, as observed above. Hence the square between the
first and second lines is clearly commutative.
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%) The isomorphisms mapping to the third row are the canonical identifications
with the weight lattices.

(vi)  The square on the left is commutative since j o z; is the canonical projection
induced by P C Q and the pullback of the line bundle G x o k_, gives the
line bundle G xp k_ .

(vii)  The square from the second and third rows is commutative since the line bun-
dle G x p k_; restricted to G /Py gives the line bundle G; xp, k_; G-

So ;* is an injective map. If we identify Pic(G/Q) ~ Aa\y and Pic(X) with a

sublattice of Aa\a, as in Section 1, then Pic(Xj) is identified with the sublattice

Pic(X) + Pic(G/ Q) of Aa\a,-

Moreover, observe that the inclusion 1y : X; —> X induces an injective map
1y : Pic(X) — Pic(Xj) and that, by the characterization of Proposition 1.4, the
map 1} o 1y is surjective. In particular, we see that every line bundle on X; has a
natural G-linearization.

PROPOSITION 2.4
Let ) € Pic(Xj). Then as a G-module we have

rxn 2= @ s
ye(x—k"]f)mm
Proof
Although, for I # {, this result is not explicitly claimed in [9], the proof of [9,
Theorem 8.3] applies to this case without changes. O

We analyze now the relation between the sections s; of the complete symmetric vari-
ety X and the sections s ; of the complete symmetric variety F.

LEMMA 2.5
Up to rescaling the sections s;; by a nonzero constant factor, we have si|r, = sy,
Joralla; € J.

Proof
Observe that s;|r, and s, ; are G j-invariant sections of the line bundle .} (z,). More-
over, s;|F, # 0 by Proposition 1.5 and the claim follows. o

Looking at the decomposition into irreducible modules of the spaces of sections
I'(Xj, ) and T'(Fy, Z(5)), we see that they are indexed by the same weights. This
suggests that one can prove the surjectivity of the multiplication map for sections on
X using that on F. In order to make a rigorous proof out of this idea, we analyze the
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lowest weight vectors as De Concini suggested to us. The following lemmas prepare
the work for this proof.

In the remaining part of this section we also make use of the following notation.
Set U~ to be the unipotent subgroup of G whose Lie algebra is @, .- ga, and set
U; = U~ NG ; moreover, if le At letV, =ko;® Vﬂf be a T stable decomposition
of V, with v, a highest weight vector.

LEMMA 2.6
Ifl e A+1, then the restriction map

Jr:T(G/P, L)) — T(Gy/Py, Lo 1))

induces an isomorphism between T'(G/ P, £)Y and T'(G;/ Py, Z(A))Ui

Proof

The map ; is G j-equivariant; hence ];‘,(F(G/P,‘,%)U_) c I'(Gy/Py, jﬁu))Ul_.
Since they are both one-dimensional vector spaces, it is enough to prove that
JE(T(G/P, £)V7) # (0).

We recall that the line bundle . on G/ P can be constructed in the following
way. The stabilizer of [v,] € P(V;) contains P; hence we have amap y: G/P —>
P(V;) and .Z; = w*&(1). In particular, I'(G/P, £;) = V' can be realized as the
pullback through the map y of the space V;* of coordinate functions on P(V;).

Let ¢ € V; be such that 9(v;) = 1 and ¢ = 0 on V;. Then ¢ is a lowest weight
vector in V}*; hence I'(G/P, Z)Y = kg. Observe that (7 (Py)) = w(P) = v;;
hence v; € w(jr(Gy/Py)) and ;7 (p) # 0. |

In the lemma below we make use of the following straightforward consequence of the
definition: the elements r(«) with @ € J form a base of the restricted root system of

(Gj,00).

LEMMA 2.7
For all . € Pic(X7), the restriction map

i T(Xf, L) — T(F;, L))

induces an isomorphism between I' (X, L)Y and T (Fy, DS,’@(;))U;.

Proof

The map 1}, is G j-equivariant; hence 1 ¢ (I' (X}, L)YV cT(Fy, %(i))uf.
Suppose now that 4 is dominant, and consider V; C I'(Xj, ;) and Z,(;) C

['(Fy, Z)). Let ¢ € VI be a lowest weight vector, and notice that 1}.(p) €
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T'(Fy, %)), if itis nonzero, is a vector of weight —r(4); hence it spans (Z:‘(A))Uf C

I'(Fy, ,%(i))UJ_. So it is enough to prove that ¢|g,,p, # 0.
By the description of the sections of .Z; on X; (Proposition 1.6), we have
¢lG/p # 0; hence by Lemma 2.6, we have ¢|g,/p, # 0. In particular, ¢|r, # 0.
Consider now the general case. Let M = (1 — ﬁ;f) NAt and N = (r(/l) -

aei N r(@)n A}r, and observe that there is a bijection between the two sets given

by M > u +——> r(u) € N (whose inverseis N o r(A) =D ngr(a) —> A=Y nga €
M). Also, T'(X;, %) = @yeM sA—H V;f; hence

r(xp;, 20" = P ks’ o,
HEM

where ¢, € V;‘ C I'(Xj, Z),) is a lowest weight vector. Hence, by the discussion
above, wr(u) = 15(p,) # 0 is a lowest weight vector in Z;“(#) Cc I'(Fy, £ ) and,

by Lemma 2.5, ll*p(s)‘_” Q) = s}(ifﬂ) Wr(y) Up to a nonzero scalar factor. Finally,

X527 ) = @B ks v = PR = T(F, L)'
HeM veEN

as claimed. O

If [ is a Lie algebra, we denote by U([) its universal enveloping algebra, and if [ is a
subalgebra of m, we consider U(l) as a subalgebra of U(m).
We introduce also the Lie algebrau; = P, cq,no+ da-

LEMMA 2.8

Let V, V' be two finite-dimensional representations of G, and let Z, Z' be two finite-
dimensional representations of Gj. Let ¢: V. —> Z (resp., ¢': V! —> Z') be a
G j-equivariant map such that ¢|,,y- (resp., ¢/|V’U7) is an isomorphism between

VU and ZY5 (resp., V'V and 2’V ). Then p @ ¢'(V @ V)V ) = (2 @ Z')Y .

Proof

Since the map is G j-equivariant, the left-hand side is contained in the right-hand
one. Notice also that it is enough to study the case in which V, V', Z, and Z’ are
irreducible.

Choose ¢ and ¢’ to be two lowest weight vectors of V and V', respectively.
Observe that, since G is linearly reductive, we can consider Z and Z’ as the G-
submodules generated by ¢ and ¢’, and the maps ¢ and ¢’ are just the projections
along the G j-invariant complements of Z and Z’' in V and V’. So we need to show
that (Z ® 2V c (Ve V)V .
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Letx € (Z®Z)Ys  and writeitasx = >, emp®el, ¢, where ey, e}, € U(uy).
To check x € (V® V)V, we verify g_,-x = Oforalla € A.If f, € g_g,, we have
the following:
@) ifa € J,theng_, C gy; hence f,x =0sincex € (Z ® Z’)Ul_;
(i) ifa ¢ J,then f, commutes with e, and e;,; hence fox = > enfop ®
e, +> . emp e, fop' =0. mi

‘We come now to the main result of this section.

PROPOSITION 2.9
Let ., p € Pic(X 7). If the multiplication map

L(Fy, Zr0) U (Fy, L) — T(Fy, L)
is surjective, then the multiplication map
I'( X7, £) @' (X5, L) — T'(Xf, ZLotp)

is also surjective.

Proof
Consider the following commutative diagram, whose horizontal maps are given by
multiplication and whose vertical maps are given by restriction:

I'(X;, £) I (Xj, Zy) ——— T (X}, Zop)

| |

L(F;, 40) @ T(F1, Lr(w) —=T(Fr, LrG4w)

If we look at U™ and U invariants, we obtain

(FX;. 2) 9T (X5, £) —TXp, Zir)”

i X

u- _
(T(F1, %)) ® T(Fy, Zru) ! —> T (Fr, L)V

where, by Lemma 2.7, the vertical map on the right is an isomorphism; by Lemma
2.7 and Lemma 2.8, the vertical map on the left is surjective; and by the assumption
on the multiplication on F;, G being a linearly reductive group, the horizontal map
on the bottom is surjective.

Hence also the horizontal map on the top has to be surjective. Further, since
(X7, £+ /,)U_ generates I'(X7, £+ ,) as a G-module, we deduce that the multi-
plication map on Xy is surjective too. O
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3. Projective normality

In this section we prove the surjectivity of the multiplication map for line bundles
generated by global sections, that is, for line bundles .#; with 1 € Pict(X) =
Pic(X) N A™. The main ingredients are Proposition 2.9, which allows us to set up
an induction on the dimension of the symmetric variety, and Theorem B (proved in
Section 4).

We denote by W the Weyl group of @ and by wy the longest element of W. Given
two weights 4, u € Pic(X), we call m; , the multiplication map from I' (X, %) ®
I, .2, to I'(X, £+ ). The following lemma deals with a very special case of
Theorem A.

LEMMA 3.1
Given a weight ). € Pic™(X), set 1 = —wol. Then u € Pic™(X) and s** 1V} C
Imm; .

Proof
We can identify V;* with V, and V;f with V,. By Proposition 1.3, there exists s, €
V;\{0} such that [#;] € P(V;)" . Hence there exists a one-dimensional H-submodule
x of V,. H being reductive, we have that y* is a submodule of V,,. So there exists
hy € V, \ {0} such that [h,] € P(Vﬂ)H and (h,, h,) = 1. By Proposition 1.3, we
deduce that u € Pic(X). Clearly u € A™; hence u € Pic™ (X).

Now complete the vectors i, € V) and h, € V: to dual bases h, vy, ..., 0,
and hy,uy, ..., u,. Consider the following element of V' ® V;‘:

n
F=h, ®hi+zvi®”i~
i=1
If we identify V' ® V; with End(V)}), the element F corresponds to the identity map;
in particular, it is a G-invariant vector. Hence f = m, ,(F) € I'(X, £4,) is G-
invariant. We claim that f # 0, proving the lemma. Indeed, consider the morphism
w X — P(V;) x P(V,) defined by w(x) = (wa(x), w,(x)) (see Section 1 for the
definition of y,, ). Notice that

Fhashy) =Ry (hp)hi () + D vith)ui(hy) =1

i=1

since we have chosen dual bases. Hence the section f does not vanish on
([h:], [hy]) € Imy. O

We recall that a complete symmetric variety X = X (o) is said to be simple if g
has no o stable proper ideal. It is known (see, e.g., [14, Table VI, Chapter X]) that a
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simple complete symmetric variety corresponds to an irreducible root system ® and
that either G is simple or X is the compactification of a simple group. Further, any
complete symmetric variety is the product of simple complete symmetric varieties.

We need to make some preliminary remarks on the various lattices and on the
relations between the Weyl group W of @ and the Weyl group W of ®@. As recalled in
Section 1, the lattice Q generated by the spherical weights is identified with the lattice
of integral weights of the restricted root system ®. Further, the set Q1 of spherical
weights is equal to AT N Q and corresponds to the dominant chamber defined by A.
So the longest element wq of the Weyl group W and the longest element wq of the
Weyl group W act in the same way on Q.

Before giving the proof of the surjectivity of m;_ ,, we introduce some notation
and make some remarks to treat the exceptional case. If X is an exceptional simple
complete symmetric variety, then @ is of type BC, and there exist exactly two (simple)
exceptional roots that we denote by o and 8. Also, we denote by a, the unique simple
root in A such that 2a; € ® and by @¢ the fundamental weight dual to (2ay)" (see
Section 4.2). We have Pic(X) = Q®Zwq, Pic™ (X) = Qt +N o, +Nog, o, +wp =
w¢, and —wo(w,) = wp (see [6]). We recall also that if X is nonexceptional, then
Pic(X) = Q and Pict(X) = Q™.

Finally, we notice that, given two weights 1, u € Pic(X), we have 4 € (4 — RY)
if and only if 4 < A with respect to the dominant order of ® (see Section 4.3 for the
definitions in the exceptional case).

Now we come to the main result of the paper.

THEOREM A
Let 1, i be two weights in Pict (X). Then the multiplication map

miu DX, ) @T(X, Z) — T'(X, Zjyy)

is surjective.

Proof
We prove first the case in which A, 4 € QT. We proceed by induction lexicograph-
ically on dim X and on the dominant order on 4 and u with respect to the restricted
root system ®. If dim X = 0, that is, if X is a point, then 1 = x = 0 and the claim is
obvious. Also, if X is not simple, say, X = X| x X, with dim X, dim X, > 0, then
the claim follows by induction on the dimension using the description of the sections
of the line bundles on X in Proposition 1.6. So we can assume that X is simple and
hence that ® is irreducible.

We fix notation. Given a weight 5 € Pict(X), set A(7) = AT N(n— RT). Notice
that clearly I'(X, .£)) = ®s"~"V," where the sum runs over v € A(). Our thesis is
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that s# T4V V) cImm, , forallv e A(A+ u). We divide the set of v € A(4 + u)
into three different classes.

First class. This is the class of weights v € A(4+ 1) such that the following condition
is fulfilled: There exist A/, ' € QF such that (2, u') # (A, u), ' € A(A), 1’ €
A(u),andv € A(A' + ). Consider the commutative diagram

T(X, Z) @ T(X, Lu) — T (X, Lyry )

isl}/@my/ﬂ lslﬂﬁuy/

I'(X, 2) ®T(X, %) —L~ T (X, Zi14)

Notice that m , is surjective by induction on the dominant order on 4 and u. Also,
s#TH=VV* is contained in the image of the right vertical map since s* t#' =V V* C
I'(X, Zy4u). So s*TE=VV* is contained in Im mj .

Second class. This class is formed by the weights v € A(A4u) suchthat A+ —v =
Zf;l c;a; with an index i such that ¢; = 0.

If we consider the restriction of sections to the stable subvariety X(z,, we have
the following commutative diagram:

T(X, %) ®T(X, %) — " > T(X, L4 )

| |

m),u
I (Xi@y, -2) @ T (X @), L) —>TX@ys Lotn)

Notice that the bottom horizontal map is surjective by Proposition 2.9 and induction
on dimension since dim(F;) < dim X, where J = {a € A | o # a;} U Ag. Also
notice that the left vertical map is surjective by Lemma 2.7. Finally, observe that
s*FH=VV* appears in the decomposition of T'(X(z,}, -Z+ ) described in Proposition
2.4 since ¢; = 0. Hence s**#~VV* C Imm,_, since G is reductive and all modules
appear with multiplicity at most one.

Third class. This is the set of the remaining v € A(4 + u); what is left is described
by the triples of weights (1, u, v) of Q7 such that
(1) Ve A, u € Alp),v e A(A + p) implies /' = 4 and p' = p and
(i) A+u—v=>27,ca withe > 1foralli =1,...¢.
So (4, u, v) is a low triple for the root system .

By Theorem B applied to the root system ®, we have v = 0 and x4 = —wgA. So
we conclude using Lemma 3.1.
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This finishes the proof for 4, 4 € Q% and in particular the case of X nonexcep-
tional. So we are reduced to studying the case of X exceptional and, using what has
already been done, we can assume that the theorem is true for all 4, u € Q. We
proceed again by induction on dim X and on the dominant order on Pic* (X) defined
by ®. As in the case of Q, we can assume X simple.

We consider first a particular case. Let 1 = wy, u = ' + hw, for some A > 0
and i’ € Q. By Proposition 1.6 and Lemma 4.9, we have the decompositions

F(Xs gwa) = V(;)ka’
rx, 9211) = GaveA(u)S'uiu V)

Vo

rx, fwu+u) = EBVGA(/[)S#-HO“ v

Wy +v*

Denote by ¢, a lowest weight vector of the module V,;‘. So to prove the surjectivity
of mg,, , in this situation, we observe that ¢, ® s#~"¢, is a nonzero lowest weight
vector of weight w, + u and hence a multiple of s# Vg, .

Now we proceed as in the case of Q. The arguments given in the “first class” and
in the “second class” above hold without any change, and so we are reduced again to
studying the low triples of weights (4, u, v) of Pic™ (X) with respect to the dominant
order defined by o. Hence, by Corollary 4.11, we have, up to symmetry, A = aw,, and
u = bwgp for some integersa > b > 1.

We analyze first the particular case @ = b = 1. In this case, by Corollary 4.11, we
have v = 0. Hence we can apply Lemma 3.1 since wg = —wom, and conclude that
5Ot Vi is contained in the image of M, ¢y, as claimed.

Now we deduce the surjectivity in the remaining cases of 1 = aw, and u = bwg
with a > b > 1 using the associativity of multiplication. We consider the commuta-
tive diagram

T (X, %0, )@ @ (T(X, L) ® T(X, L)) = == T'(X, L0, )®* @ T (X, L) ®"
mli i
T(X, Zu,)®0™D) @ (D(X, L)) ®" T(X. Zao,) ®T (X, Lhoy)

my i Mgy ,bw/): l

['(X, Z0,)®9 ™D @ T (X, Zpz,) (X, Lia—b)w,+ba)

where

O m =idemd’
casea=b=1;

(i)  my is the multiplication of the sections in I'(X, ,,2%[)@’ which is surjective

using what has been proved for weights in Q;

is surjective using what has been proved in the particular
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(iii) mg3 is the multiplication of sections in I'(X, ,Zwa)@(“_b) and I'(X, %a,)
which is surjective using recursively what has been proved in the case 1 = w,
and 4 = u’' + hw, analyzed above withh =1,2,...,a —b — 1.

Hence maqw, boy is also surjective. O

COROLLARY 3.2
Forall I C A and for all \, u € Pic+(XI~) = AT N Pic(X), we have that the
multiplication map

I'(X7, 2) QT (Xj, L) — T (X, Lop)

is surjective.

Proof
This follows at once by Theorem A and Proposition 2.9. O

As a consequence (see, e.g., Hartshorne [12, Exercise 11.5.14]), we have the following.

COROLLARY 3.3

Let I be a subset of A, and let £, € Pict(X ) be a dominant line bundle. Consider
the map X; — P(I'(X;, £,)*) defined by the line bundle ;. Then the cone over the
image of Xj is normal. In particular, this applies to X.

We see an example showing the necessity to assume that the line bundles are domi-
nant for the surjectivity of the multiplication map. Simply take a complete symmetric
variety with ® of type Az, and let 2 = @y, u = . ThenImm, ,, = 5152V, whereas
X, Z4u) = Vé’:l +i, BS152 V. As another example with 2 = u, consider the case
of the compactification of the group of type C, and let A = u = —wp—1 + w¢. Then
I'X,%) =TI'(X,%,) =0, while I'(X, Z,4,) = s¢V, as one can easily see by
Proposition 1.6.

We finish this section with some remarks about the positive characteristic case.
The wonderful compatification of De Concini and Procesi has been constructed by
De Concini and Springer also over Z[1/2] in [10]. In particular, it can be defined over
any field of characteristic different from 2. Although the description of the boundary,
of the Picard group, and of the sections of a line bundle does not change substantially,
Theorem A is false in general. The following counterexample has appeared for the
first time (in a characteristic 2 version) in [8] and appears also in [7]. We report it here
for the convenience of the reader.

Let X be the wonderful compactification of PSL(6) over a field k of characteristic
3; this corresponds to the case where G = SL(6) x SL(6) and o (x,y) = (¥, x).
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Observe that any line bundle on X trivializes on the cover SL(6) of the open subset
PSL(6) of X. Hence we may identify I'(X,.Z}) with a submodule of k[SL(6)], and
the multiplication of sections corresponds to the usual multiplication of functions over
SL(6) (see Kannan [15] for details on this identification).

Giventwosequences | <ij <ip <---<ip<6bandl <ji < jp <--- < j, <
6, we denote by [i1, i3, ..., inlj1, j2, - - - » ju] the function on SL(6) given by the deter-
minant of the minor formed by the rows i1, i2, . .., i and the columns ji, jo, ..., ji;
such a minor is said to be of rank h. We may identify the space I'(X, %,,) with
the subspace of k[SL(6)] spanned by the determinants of the minors of rank 3 and
I'(X, £4,) with the subspace spanned by the products of the determinant of a minor
of rank 3 — % and the determinant of a minor of rank 3 + 2 with 0 < h < 3.

So the function [1, 2|1, 2][3, 4, 5, 6|3, 4, 5, 6] is an element of I'(X, %5,,). But,
using the computer program Macaulay (see [1]), it is easy to see that such a function
does not belong to the vector space generated by the products of the determinants of
two minors of rank 3. Hence the multiplication map I"(X, $w3)®2 — I'(X, Da,) is
not surjective.

By the construction of De Concini and Springer and by semicontinuity, it is clear
that Theorem A holds for almost all primes once the type of involution has been fixed.
It should be interesting, but probably difficult, to understand for which primes Theo-
rem A is true. Results in this direction for the compactification of PSL are implicit in
[5], [3], and [4].

4. Low triples

In this section we introduce and study low triples for an irreducible root system. As
seen in Section 3, these are the triples of dominant weights that furnish the base
step for the inductive proof of the surjectivity of the multiplication map. In the first
paragraph we consider only reduced root systems, developing a bit of general theory
as far as we are able to. Then we consider the case of a nonreduced root system that
presents no extra difficulty using what has already been done in the first paragraph.
Finally, we give a little more general and technical result concerning low triples for an
enlarged weight lattice for type BC; this is needed for exceptional complete symmetric
varieties.

4.1. Reduced root system

Let @ be an irreducible reduced root system with base A, let ®* be the associated set
of positive roots, and let A be the lattice of integral weights for ®. For a simple root a,
@y is the fundamental weight dual to oV The lattice of dominant weights is denoted
by AT, and we order such a set with the usual dominant order: u < A if and only if
A—u € RT, where RT is the monoid generated by the simple roots and R is the lattice
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generated by the simple roots. If wq is the longest element of the Weyl group of @, we
say that two dominant weights A, u are dual to each other if u = —wpA. We number
the simple roots aji, ..., ar as the tables in [2, pages 250—275] and w1, ..., we are
the corresponding fundamental weights. Also, weset & = a; + a2 + - - - + ag.

Given a weight 1 = Zle a;w;, we define its support as the set supp(4) of funda-
mental weights w; such that a; # 0, and we define supp™ (1) as the set of fundamental
weights w; with ¢; > 0. Sometimes we identify the elements of supp™* (1) with the
corresponding vertices of the Dynkin diagram of ®.

As we may see by Definition 1 given in the introduction, a low triple (4, u, v)
is of a very special kind; indeed, v must be very close to 4 + x by Definition 1(i),
whereas v must be quite far from 4 + u by Definition 1(ii). The rest of this section is
devoted to giving precise meaning to this idea, proving the following.

THEOREM B
The triple (1, i, v) is a low triple if and only if A and u are minuscule weights dual
to each other and v = 0.

For I C A, let ®; denote the root subsystem generated by the simple roots a for
o € I.Given a subset I C A, we say that / is irreducible of type A, B, ... if ®@; is,
and we identify / with its type if this does not raise any confusion.

If @y is irreducible, we denote by §; the highest short root (we notice that in [17]
the root 6 is called the local short dominant root relative to I), considering all roots
short if ®; has just one root length. In particular, # = 65 denotes the highest short
root of ©.

Given two weights 4, u € AT, we say that A covers u if
@) u < Aand
(i) wu<n<ineAt implyn=pory=2
Of particular importance for the sequel is the following characterization of the cover-
ing relation for the dominant order < restricted to the dominant weights (see [17] for
details).

PROPOSITION 4.1 ([17, Theorem 2.6])
If X covers u, then either A — u = 0 for an irreducible I C A, or ® ~ G, and
A—u=o01+as.

We explicitly write down the highest short root for each type of root system. This is
an easy computation using the tables in [2]. We make the following remarks reading
out of Table 1. If I C A is irreducible and not of type A, then there exists a unique
fundamental weight in @, denoted by wy, such that ; = w; — # with # a dominant
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Table 1
type of ® highest short root
A¢ a)+ - +ar =0 + o
Be a1+ +oar=w;
Ce ar+2(ax+ -+ ae—1) +ar =
D¢ ar+2(ar+ -4+ ar2)far—1+or =w
Eg o1 + 200 + 203 + 304 + 205 + 06 = @)
E~ 200 4+ 202 + 303 + 4og + 3as + 206 + a7 = w0y
Eg 2011 + 3an + 4oz + 604 + Sas + dog + 307 + 208 = wg
F4 o1+ 2a2 + 3a3 + 204 = w4
Gy 2000 + ar = wq

weight with support in A \ 1. We stress that such a weight w; is defined only for @,
of type not A.

Another remark is the following: If 7 and J are subsets of A not of type A, then
0 <@jyifandonlyif I C J.

Our first simple observation about low triples is the following.

LEMMA 4.2

Let (A, u,v) be alow triple, and let I C A with I # @. Then we have the following:
() A=t €A andu =3 i & AT

(i)  if I isirreducible and i+ u —v > 0y, then A — 0y ¢ A" and u — 0; ¢ A™.

Proof
For the first claim, set ' = A — >_._; a;, and suppose A’ € AT. Then 2/ + u =
A= ier @i+ p =v+( =, @) = v against the first condition for a low triple,
and similarly for u.

For the second claim, set A’ = 1 — 6, and suppose A’ € A*. Our hypothesis
gives A/ + u > v, and we conclude as above. ]

If (4, i, v) is a low triple, we consider the weight § = A + u — v. Our strategy is to
find out some crucial properties of such a weight £ (Lemma 4.3) and then to study all
weights with such properties (Proposition 4.4).

We write f = Zf: | biai = Zle a;w;. For a weight expressed in this form, we
define the positive height as

ht™ p) = mlax Z a;,

iesuppt(B)NI
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where I ranges over all connected simply laced subsystems of A.
The property of / we investigate is given in the following lemma.

LEMMA 4.3

Given a low triple (1, u,v), set f = A + u — v. Then the weights A and u are either
SJundamental or the sum of two fundamental weights dual to simple roots of different
lengths. In particular, ht*(B) < 2.

Proof
If we suppose the contrary of the first claim, we have two possibilities up to symmetry:
either A = a,w, +nforsomey € A, 5 € AT, anda, > 2,0r A = ayw, +asws+1n
for some y, 0 € A with y, J of the same length, 5 € At, and ay,as > 1. In the first
case, L —y € AT, and by Lemma 4.2, this is impossible, (1, i, v) being a low triple.
In the second case, notice that y and J are joined by a type A segment / in the
Dynkin diagram of ®. Then A — 0; = 2 — w, — ws + i’ for some 5 € A™T; hence
A —60; € AT Further, 8 > 6 = >,_; a; by the second property of low triples. By
Lemma 4.2, this is impossible.
The claimed property of S follows now by ht*(8) < ht* (1) + ht™(u). O

We can now make the main step toward the proof of Theorem B.

PROPOSITION 4.4

Suppose that ® is not of type Go. If a weight f > (¢ is such that htt(f) < 2, then
either > 0 or there exists an irreducible, not of type A subset I of A such that
oy € supp™(B) and B > 0;.

Proof for type not E
We perform a case-by-case check.

Type A¢ and By. For these types we have f > ¢ = 6 by the definition of low triple.

Type C;. We may assume S # 0. Notice that f > Oc, by f > (. So let i be maximal
such that f > 6c, and § # fc,,,, and sett = £ 4 1 — h. Notice that we clearly have
B = Oc, forall k = 2,3,..., h. Further, § # 0c,., gives b, = 1; also, by > 2 if
h > 3. Hence

—14+byyy ifh >3,

ary1 t a2+ - +ap = .

—1+4+2bp ifh=2.
In any case, this sum is positive; hence there existsat + 1 < j < £ such thata; > 0.
Sow; = wc,,,_; € supp™ fand f > Oc, = bc,,,_;-



NORMALITY OF COMPLETE SYMMETRIC VARIETIES 115

Type Dy. We may suppose f # 6. First assume also f > 0p,. So let 1 > 4 be maximal
such that 8 > 6p, and g # 6p,,,. Settingt = {+1—h, wehave b, = 1 and by > 2.
Also, f > bp, fork =4,5,...,h.

Suppose that a1 +ar = 2(b¢ +be—1 — be—3) is not positive. Then a; 41 +a; 42 +

coodap_g=—by +bi41 +br—> —bp_1 — by > 1, and we conclude as in type Cy.
On the other hand, if a;—1 +ay is positive, it is at least 2. Buta;+ax+- - -+a;—1 =
by + b;—1 — 1 > 1; that now is impossible since ht*(ﬂ) <2.

If § # 6p,, we have by_» = 1; hence as—1 + a¢ > 2 and we finish as above with
t=¢-2.

Type F4. We first observe that f > ¢ > 6O, > 0Og,; hence we may assume that
ay, ay < 0since w| = wp, and wy = wg,.

If B # Oc,, wehave b3 = 1, and so a3 = 2—b4—2b, < 0. Otherwise, if > Oc;,
we may assume as well a3 < 0 since w3 = wc,. In any case, f = asw4 — 7 for some
as < 2byht™(B) <2, and n € AT orthogonal to a4. Notice also that € R since
wg =6 € R. Using f > ¢, we find

n < (aa — Vo1 + 2as — Doz + Bas — az + 2as — 1)aa.

Then in # the coefficient of a; is at most 1. Using the tables in [2, pages 250 —275],
this forces # = 0, n being orthogonal to a4. Hence f = aswq > 6. O

Although the same line of proof may be used for type E, we prefer to follow a different
strategy using a suggestion by T. A. Springer.

We begin by introducing some notation for the two lemmas below. Notice that a
Dynkin diagram of type E is a tree with three branches and one central node. When
we fix a branch, we number its vertices from the endpoints to the node as 1, 2, .. ., n,
where n is the length of the given branch; we accordingly number the roots, the fun-
damental weights, the coefficients b; of f with respect to the simple root a; in the
given branch, and the coefficients @; of f with respect to the fundamental weights w;
of the given branch.

LEMMA 4.5

Fix a branch of the Dynkin diagram of ®.

1) Assume that no element of supp™ (f) lies on the given branch. Then b; > i for
1<i<n.

(ii)  Assume that only the vertex h of the given branch is in supp™ (B), and assume
thatap = 1. Then b; > i fori < handb; > hforh <i <n.

(iii)  Assume that supp™(B) intersects the given branch in h and k with 1 < h <
k < n, and that ap, = ay = 1. Assume further that there exists h <t < k such
that by < byyy; thenby < by < by <bry1 <bgga < --- < by
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Proof

Notice thata; = 2b; —b;_1—b;41 fori =1, ..., n—1,setting by = 0. The hypotheses
are

@) a; <Oforalli=1,...,n—1;

(i) a; <Oforalli=1,...,n— 1buti = h, in which case a, = 1;
(iii)) a; <Oforalli =1,...,n—1buti = handi = k,in whichcasea, = a;, = 1.
Now the claims follow easily by induction. O

The following intermediate result is due to Springer.

LEMMA 4.6

Suppose that ® is of type E and that a weight B > ( is such that ht* (B) < 2. Then
either there exists a fundamental weight of the form wy with > 07, or suppJr B is
formed by endpoints of the Dynkin diagram and ht* (B) = 2.

Proof

If ht"(B) = 1, then f = w, — 5 with # € AT orthogonal to «. Notice that w, — f €
At and w, > w, — ff since B € R\ {0}. By Proposition 4.1, there exists I C A
such that w, > w, —0; > w, — fand w, — 07 € AT. We get B > 0;; also, I is not
of type A and w; = w, because otherwise w, — 0 & A™T.

For the general case, observe that any fundamental weight that is not an endpoint
is of the form w; for a suitable subset / C A of type D. We now study the various
configurations of the elements of supp™ (/) with respect to the three branches.

First notice that there exists a branch that does not intersect supp™(f) since
ht+w) < 2. So, by Lemma 4.5(i) and f > ¢, we have f > Op,. So if the node
is contained in supp™ (f), we have finished since wp, is the node.

Assume that we have a branch intersecting supp™ () only in &, with a;, = 1, and
assume that 4 is not an endpoint, so 4 > 2. Then b; > 2 fori > 2 by Lemma 4.5(ii).
This gives > ; for I the type D subset comprising the roots a1, ap, ..., a, and
the other two roots adjacent to a, in the Dynkin diagram. Also, w; = @y, and the
lemma is proved.

So we may assume that supp™ (f) is contained in a branch with = wy, + @y — 5
for some n € AT orthogonal to o, and 1 < h < k < n. Also, if h = k = 1,
then supp™(f) is contained in the endpoints, so we can suppose k > 1. Further, we
can suppose k < n since we have already disposed of the node. We claim that in this
situation f > 67 with w; = wy.

By Lemma 4.5, we have 1 <b; <by < --- < by <--- < by. We want to show
that by > 2. Indeed, supposing otherwise, we have by_; = 1, and using a; > 1, we
get byt <0, contrary to ff > (.
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Assume now that there exists 4 < t < k satisfying the hypotheses of part (iii) of
Lemma 4.5. We find b; > 2 fori = k,k+1,...,n,and so f > 6; with I the type

D subset comprising ax—_1, o, - . . , &, and the other two roots adjacent to a,. Hence
wy = wy, and the claim follows.
So we may suppose that b, = by =--- =bp > 2.Let f/ = f—(an+- - -+ap).

Then B > ¢, and it is such that ht*(8’) < 2. By descending induction on k, whose
base step k = n (the node) has already been proved, we may assume S’ > 6; with
wj = wi4+1. Butthen f > 0; + ap + - - - + ax > 0; with w; = wy, and the claim is
proved. O

We return to the global numbering of the simple roots, and we introduce other nota-

tion. If A covers p in At and 1 — u = 6;, we write A SR 4 (Proposition 4.1). A
covering diagram for a weight 2 € A™ is a direct graph whose vertexes are dominant
weights # < 1 and whose arrows are the covering relations. If a covering diagram
contains all weights # < 4, then we say it is complete. We give an example. Let ® be
of type B3, and let A = 2w3; then its complete covering diagram is

a¢ B, B3
2w3 ) w1 0

since 203 — w2 = a¢, w2 — W1 = O(4y,43), and w1 = 6. Also notice that it is easy
to write down the complete covering diagram of a given dominant weight; use Propo-
sition 4.1 and the remark after the list of highest short roots. Finally, given a linearly
ordered covering diagram

I I I

A1 A2

j'i’-‘r] >

we have 11 — 4,41 > ¢ ifand only if | J;_, I; = A.

Proof of Proposition 4.4 for type E

By Lemma 4.6, we may assume that supp™ () is formed by endpoints of the Dynkin
diagram and that ht* (8) = 2. In the sequel we write f = 2w;, — 5 or f = wp+wr —1
if, respectively, supp™(B) = {h} or supp*(B) = {h,k}, with n € AT, supp(y) C
A\ supp™ (B).

Suppose = 2w; — 5. First notice that < 2w since f# € RT. If f > Og,, we
have wg, = w; € supp™ (), proving the proposition. So we may assume S # 0g,;
we want to show that this is not possible. Indeed, the weight # should verify
@) n < 2wy — ¢ since f > (¢, and
(i) n % 201 — O, since f # Og,.

For type Eg, the covering diagram of 2w begins as

aq Ds D¢
2w 3 we w1 + wg,
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and in p = w;+wsg we have already 201 —p = a1+0ps+0p, = O, but2w1—p # ¢.
So there is no weight # with the properties (i) and (ii) above. For type E7, the same
proof with wg = 0 in the diagram above works. For type Eg, the covering diagram
stops in the minuscule weight wg, and so no weight # verifies (i); this disposes also of
the case supp™ (B) = {ws} by symmetry.

If supp™ (B) = {w1, w7} or supp™ (B) = {w1, wg}, we conclude in the same way.
Further, if wy € supp™(B), we may argue as above with g, instead of 6g, in (ii).
Also, the case supp™ (B) = {ws} is similar with g, in (ii).

So we are left with two cases, for which we claim that f > 6. The first is
suppt(B) = {w7} for E7. Using the same strategy as above with only property (i),
we consider the complete covering diagram

az D¢ E;
27 we w1 0.

So the unique weight # < 2w7 — ¢ is 0; hence f# = 2w7 > 6.
Finally, for type E¢ and supp™ () = {w1, wg}, we have the complete covering
diagram
As Es
w] + wg ——> wy —— 0.
So also in this case, # = 0 is the unique weight with # < @ + we — ¢, and we get
ﬁ =w] +we > 0. O

We return to a generic reduced root system.

COROLLARY 4.7
Let (A, u,v) be alow triple, and set f = A+ p —v. If ® is not of type Go, then > 6.

Proof

If in the conclusion of Proposition 4.4 we have an irreducible, not of type A subset
I such that w; € supp™ (), then either w; € supp™ (1) or w; € supp™(u). By
symmetry, we can suppose @; € supp’ (1). Hence A — 6; € A™; further, # = A +
i — v > 07, and this is impossible by Lemma 4.2. O

We can now prove the main result of this section.

Proof of Theorem B

We show first that any triple of the form (4, —wg4, 0) with A minuscule is a low triple.
Since A is minuscule, —wgA4 is also minuscule and the property (i) in Definition 1 is
obvious. We have also wg4 < /A since A is dominant. Hence 4 — wgl = f, where
p is some nonnegative linear combination of simple roots, say, f = > . bga. We
want to show that b, > 0 for all simple roots a, proving property (ii) in Definition 1.
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Suppose that this is not the case, and let y be a simple root with b, = 0 and with y
adjacent in the Dynkin diagram to a simple root 6 with b5 > 0. Thenin >, b«
the fundamental weight w, , dual to y ¥, appears with a negative coefficient; this is not
possible since 4 and —wg4 are dominant.

Let us see the other implication. First we prove that A and x are minuscule weights
if @ is not of type G». If we suppose that 1 is not minuscule, by Proposition 4.1, there
exists an irreducible I with A—8; € A™. Also, by Corollary 4.7, we have f > 60 > 0;;
that is impossible by Lemma 4.2.

We perform now a case-by-case analysis. We see the details only for types A, B,
and G since the other types are similar.

Type A¢. In this case, 4 and p are fundamental weights, say, A = w;, 4 = w; for
some 1 <i,j <{.Since A + ¢ — v > , the complete covering diagram of 1 + u
must be of the form

AG,j AG—1,j+1 AQ,l—1 A(L,L
wi+wljijl—>wi—l+wj+l @-Lj+D ( ) wl—i—wg#)()’
where A(h, k) = {ap, 0pt1, ..., 0k} andv = 0. Soi + j = £ + 1, proving our claim.

Type By. In this case we have A = u = wp, which is the unique minuscule weight. We
have the complete covering diagram

o B, B3 Be-1 Be
2 —> wp—1 —> Wp_) w1 0.

Since A + ¢ —v > ¢, we have v = 0.

Type Gy. We do not know that 4 and u are minuscule weights. Instead, notice that
a1 + ay = —w1 + wy; so we apply Lemma 4.2 with I = {a1, a2} and I = {a1} to
obtain A = u = wj. So we have the complete covering diagram

o G
2m1 ! w2 d w1 °5 0.

Sincev < A4 u — ¢, we find v = @ or v = 0. In both cases, setting 1’ = 0, we have
v <A + uand A’ < ) against the first condition for a low triple. o

4.2. Nonreduced root system

We still need to treat the case of the irreducible nonreduced root system, that is, @
of type BC,. We begin with a word of explanation about this type. We think of ® as
the union of B, with square root lengths 1,2 and C, with square root lengths 2, 4.
The base A = {ay,...,ar} for @ is the same for B, with indexing from [2], so a,
is the unique simple root such that 2o, € ®. One can define the set A of integral
weights A requiring that (1,a") € Z for all a € ®. As one can easily see, this
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condition is equivalent to (A,a,’) € Zfori = 1,...,¢£ — 1 and (4, 2ar)") € Z.
Hence the fundamental weights wy, ..., @, are those of C,. Further, we order A as
usual, defining x4 < 4 if and only if 2 — u € R™. So the same definition of low triples
seen for reduced root systems applies to this situation.

Notice that for this type there are no minuscule weights; that is, the weight lattice
coincides with the root lattice. In the following proposition we see that Theorem B is
valid for nonreduced root systems too.

PROPOSITION 4.8
If © is an irreducible nonreduced root system, then there is no low triple.

Proof
Suppose that (1, i, v) is a low triple. We proceed as in the proof of Lemma 4.2. We
have Zf=h o = —wp—1+w, for1 < h < €. (Notice that oy = —w¢_1 + w¢ since the

fundamental weights are those of C; and the simple roots are those of B,.) Suppose
h € supp 2. Using 2+ u > v +¢, we find (2 — >¢_, a;) + u > v. This is impossible
since A — Zf:h ai = A — wp—1 + wy is a dominant weight and (4, u, v) is a low
triple. This forces A = 0. By symmetry, u = 0 too; hence (1, u, v) cannot be a low
triple. O

4.3. Enlarged weight lattice
In order to treat the exceptional complete symmetric varieties, we need a slight gener-
alization of Theorem B for @ of type BC,.

Fix a base A of @, and consider a realization of this root system in a Eu-
clidean space E. Suppose that E < F is an immersion of Euclidean spaces with

codimgp E = 1. Let wy, ..., wg be the fundamental weights with respect to A, and
choose two vectors u, v € F \ E such thatu + v = wy.
Consider the monoids A' = (w1, ..., w/)N, PT = (w1, ..., w1, u, v)N and

the related lattices A = A% and P = Pg . We order P by declaring 4 < A if and
only if  — u € R*, where RT C E is the monoid generated by A. We may define
low triples for “weights” in P using Definition 1.

LEMMA 4.9
Letv e Ptand A=A +au € P forsome ' € A* anda € N. Thenv < ). if and
only ifv =V’ + au for some AT 3 v’ < A'. The same holds for A = )/ + av.

Proof
This is clear from the definition of the order since Rt C A. o
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We want to show the following.

PROPOSITION 4.10

Let A, i, v be three weights in P*. If (1, u,v) is a low triple, then up to symmetry,
A=au, u =bvwitha,b > 1.1fa > b, thenv = v’ + (a — b)u with AT 3 v’ < bawy.
Moreover, if A = u, u = v, thenv = Q.

Proof

Notice that Zf:h a;j = —wp—1 +op forh =1,...,¢, as already seen for type BC,.
This shows that 1 = aju + av, © = bju + byv. Also, aja, = 0 since otherwise
A = w¢ + A for some A’ € P and this is not possible, as one can see in the proof
of Proposition 4.8. This shows that A, u € Nu U No. Further, if A = au, u = bu,
then using Lemma 4.9, A + 4 = (a + b)u is a minimal element in P, against
P 3 v < A+ u. So we must have A = au, u = bv up to symmetry.

Now suppose thata > b. Then A4+ u = au+bv = bwg+ (a —b)u, and the stated
form of v follows by Lemma 4.9. Finally, notice that («, v, v) is a low triple in P if
and only if 2wy, 2wy, v) is a low triple for type B, since we are using the simple roots
of B¢ and 2wy is the fundamental weight dual to a;’. So v = 0 by Theorem B. O

For the sake of readability, we finish this section with a link to the actual application
of Proposition 4.10 in the proof of Theorem A. So let (G, o) be a simple exceptional
symmetric variety of rank £, choose a base A of the root system of G as in Section 1,
and let a, S be the two exceptional roots. The restricted root system @ is of type BCy;
also, the Picard group of the wonderful compactification X of (G, o) is generated by
the set Q" of spherical weights and by wp. We recall that the lattice Q generated
by QT is naturally identified with the lattice of integral weights of ®. Further, if
we number the base of the restricted root system in a suitable way, a, is the unique
simple root such that 2a, € ) and, for such numbering, w, 4+ wp = @w¢. So we are in
a position to apply Proposition 4.10 to .

Let E C A ®z R be the Euclidean space spanned by ®, and let F be the span of
E and of w,, wp. Taking u = wg, v = wp in Proposition 4.10, we have the following.

COROLLARY 4.11

Let X be the wonderful compactification of a simple exceptional symmetric variety,
and let A, u,v € PicT(X). If (A, u, v) is a low triple, then up to symmetry, . = aw,
u = bawg for some a,b > 1.1fa > b, thenv =V + (a — b)wg with QT 3" < bay,.
Moreover, if A = wg, 1 = wp, thenv = 0.
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