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Abstract. Let G be a simply connected semisimple algebraic group and let H
0 be the

subgroup of points fixed under an involution of G. If V is an irreducible representation
with a line L of vectors fixed by H

0 we consider the closure of the G-orbit of L in P(V ).
We describe the G-orbits of this closure and we prove that the normalization of this
variety is homeomorphic to the variety itself.

Introduction

Let G be a semisimple and simply connected group over an algebraically closed
field k of characteristic 0 and σ an involution of G. Let H0 be the subgroup of
points fixed by σ and H its normalizer. A wonderful compactification of the space
G/H has been introduced in [4] by De Concini and Procesi and, more generally,
normal compactifications of this space have been studied by Brion, Luna and Vust
(see the paper by Vust for an application of their general theory of compactifica-
tions of spherical varieties to symmetric varieties [8]). In this paper we study the
geometry of the G-orbits of the most degenerate compactifications which do not
even need to be normal and of their normalization. In this study we make use of
the wonderful compactification of G/H . This generalizes part of a recent work of
Bruns and Conca [1] in the case of the compactifications of PGL(n).

An irreducible representation V of G is said to be spherical if there exists a
nonzero vector v fixed by H0. In this case this vector is unique up to a scalar so
that the line in P(V ) through v is fixed by H . We can construct a compactification
ZV of G/H by taking the closure of the G-orbit of k · v in P(V ). These are
the smallest possible G-equivariant compactifications of G/H . The normalization
rV : YV → ZV can be described (see [2]) in terms of the wonderful compactifications
of G/H .

In Theorem 9 we describe the set of G-orbits of ZV and YV and in Theorem
14 we describe the geometry of these orbits. As a consequence we have that rV is
one to one (Corollary 15). The classification of orbits could have been obtained
in another way. As pointed out to me by Brion for the normal variety YV the
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classification of G-orbits could also be deduced from the paper by Vust [8] and
the general theory of spherical embeddings. In the nonnormal case Timashev has
proved that that if Z is a G variety with a dense orbit of a Borel subgroup of G
and r : Y → Z is its normalization then r induces a bijection at the level of G
orbits (see [7]).

Finally let us notice that part of these results generalize to positive characteristic
when some basic facts are known (see Remarks 8, 10, 12).

Acknowledgements. I want to thank Dmitri Timashev for a number of correc-
tions. In particular, the actual proof of Lemma 3 is due to him. The proof I gave
in the first version of the paper, as was noticed by Timashev was wrong. A proof
of this lemma was given by Rocco Chiriv̀ı and the author some time ago (see [3]).
The present proof which is more elegant and simpler deduces the claim of the
lemma from the results in [2] and in [6].

1. Preliminaries

In this section we introduce some notations and we recall some results about
the wonderful completion of a symmetric variety introduced by De Concini and
Procesi in [4].

1.1. Notations

Let G, σ, H0, H and k be as in the Introduction. Choose a maximal torus T of
G that is σ-stable and such that the dimension of the subtorus S given by the
identity component of {t ∈ T | σ(t) = t−1} is the maximal possible. Choose also
a Borel subgroup P0 containing T and such that the dimension of σ(P0) ∩ P0 is
the minimal possible. Let Λ be the set of characters of T , let Φ ⊂ Λ be the set of
roots, and let Φ+ (resp., ∆) the choice of positive roots determined by P0 (resp.,
simple roots). Let also Λ+ be the set of dominant weights with respect to these
choices and for λ ∈ Λ+ let Vλ be the irreducible representation of G of highest
weight λ.

If α ∈ Φ we define the associated restricted root as α̃ = α − σ(α) and we set
Φ̃ to be the set of nonzero restricted roots. This is a (possibly not reduced) root
system and ∆̃ = {α̃ | α ∈ ∆} is a simple basis for this system.

On the set of weights there are two possible dominant orders. The dominant
order defined by ∆ and the one defined by ∆̃. If λ, µ ∈ Λ we write λ 6 µ if
µ− λ ∈ N[∆] and λ 6σ µ if µ− λ ∈ N[∆̃].

Let also Φ0 = {α ∈ Φ | σ(α) = α}, Φ1 = ΦrΦ0, ∆0 = {α ∈ ∆ | σ(α) = α}
and ∆1 = ∆r∆0. The involution σ induces an involution σ̄ of ∆1 such that
σ(α) + σ̄(α) is in the span of ∆0 and we have that if β = σ̄(α) then β̃ = α̃. We
denote the Lie algebras of G and H by g and h respectively, with gα the root space
of weight α and with xα a nonzero element in gα. We denote by κ the Killing
form. Let t be the Lie algebra of T and we identify t∗ with Λ ⊗Z k and t with
Hom(k∗, T )⊗Z k. If α ∈ Φ we denote by α∨ ∈ t the corresponding coroot. More
generally, if x ∈ t∗ is anisotropic with respect to κ we denote by x∨ the element
of t such that 〈x∨, y〉 = 2κ(x, y)/κ(x, x) for all y ∈ t.

If ∆′ ⊂ ∆ we denote by Φ∆′ ⊂ Φ the parabolic root subsystem generated
by ∆′ and by P∆′

the parabolic subgroup of G containing P0 and such that its
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Levi factor has Φ∆′ as the root system. We also denote by W the Weyl group of
Φ, with W∆′ ⊂ W the parabolic subgroup associated to Φ∆′ and with w∆′ the
longest element in W∆′ . Recall that the action of σ on the simple roots is given
by σ(α) = α if α ∈ ∆0 and σ(α) = −w∆0

σ̄(α) if α ∈ ∆1.

Finally if P is a parabolic containing P0 we denote by ΛP ⊂ Λ the set of
characters of P . We identify Pic(G/P ) with ΛP by considering the opposite of the
action of P on the fibre over the point idP ∈ G/P and we denote by Lλ the line
bundle corresponding to λ ∈ ΛP so that if λ ∈ ΛP ∩Λ+ we have Γ(G/P,Lλ) ' V ∗

λ .

1.2. Spherical weights

As recalled in the introduction an irreducible representation is said to be spherical
if it has a nonzero weight vector fixed by H0. In particular we say that λ ∈ Λ+ is
spherical if Vλ is spherical and we denote by Ω+ the set of spherical weights and
by Ω the lattice spanned by Ω+. Also we say that a weight is special if σ(λ) = −λ
and we denote by Λs the set of special weights. We have that Ω ∩ Λ+ = Ω+ and
by a result of Helgason we have that

Ω = {λ ∈ Λ | σ(λ) = −λ and 〈α̃∨, λ〉 ∈ Z for all α ∈ Φ}.

In particular Ω is the set of weights of Φ̃. Let ω̃α̃ for α̃ ∈ ∆̃ be the fundamental
weights dual to the simple basis ∆̃.

1.3. Boundaries and supports

We identify ∆̃ and ∆ with the vertices of the associated Dynkin diagrams, so that
we will speak of connected subsets or connected components of ∆̃ and ∆ or linked
simple roots. If A ⊂ ∆̃ we define the boundary of A as

∂A = {α ∈ ∆̃ | α is linked to an element of A}rA.

and similarly for a subset of ∆.

For λ =
∑

α∈∆ cαα ∈ Λ and µ =
∑

α̃∈∆̃ cα̃α̃ ∈ Ω with cα, cα̃ ∈ Q we also define

supp λ = {α ∈ ∆ | κ(α, λ) 6= 0}; suppΩ µ = {α̃ ∈ ∆̃ | κ(α̃, µ) 6= 0};

supp∆ λ = {α ∈ ∆ | cα 6= 0}; supp∆̃ µ = {α̃ ∈ ∆̃ | cα̃ 6= 0}.

Also if B ⊂ ∆ we define suppB λ = B ∩ supp λ.

1.4. The wonderful compactification

A wonderful compactification X of the symmetric variety G/H has been con-
structed in [4] in characteristic 0 and in characteristic different from 2 in [5]. Recall
that a weight λ is called quasi-spherical if it is in the lattice generated by dominant
weights λ such that P(Vλ)H is not empty. The following theorem describes some
of the main properties of X .

Theorem 1 (Theorem 3.1 in [4] and Proposition 8.1 in [5]).
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(i) X is a smooth projective G-variety;

(ii) XrG/H is a divisor with normal crossings and smooth irreducible compo-

nents {Xα̃ | α̃ ∈ ∆̃} parametrized in a canonical way by the simple roots of

the restricted root system;

(iii) the closures of G-orbits are given by the subvarieties XJ =
⋂

α̃∈J Xα̃ for

J any subset of ∆̃, in particular there exists only one closed orbit namely

X∆̃;

(iv) the restriction of line bundles from X to X∆̃ determines an injective map

from the Picard group Pic(X) of X to the Picard group Pic(X∆̃) of X∆̃;

(v) X∆̃ is isomorphic to G/P ∆0 and the image of Pic(X) in Pic(X∆̃) = ΛP∆0

is given by the lattice Π of quasi-spherical weights.

For each λ ∈ Π we choose a line bundle on X such that its restriction to X∆̃

is isomorphic to Lλ and we denote this line bundle still by the symbol Lλ and
we denote its global sections by Γλ. All line bundles on X have a G-linearization
which is unique.

The divisors Xα̃ can be parametrized in such a way that O(Xα̃) ' Lα̃. There
exists a G-invariant section sα̃ ∈ Γα̃ whose divisor is Xα̃. For an element ν =
∑

α̃∈∆̃ nα̃α̃ >σ 0 the multiplication by sν .
=

∏

α̃ snα̃

α̃ injects Γλ−ν in Γλ.
If µ ∈ Π+ then the module V ∗

µ appears with multiplicity 1 in Γµ. If λ− µ >σ 0

we denote by sλ−µV ∗
µ the image of V ∗

µ under the multiplication by sλ−µ. We have
the following theorem.

Theorem 2 (Theorem 5.10 [4]). Let λ ∈ Π then Γλ =
⊕

µ6σλ and µ∈Π+ sλ−µV ∗
µ .

1.5. The degenerate compactifications Yλ and Zλ

Let λ ∈ Ω+ and let h ∈ Vλ be a nonzero vector fixed by H0. Then we can define
a map from G/H to P(Vλ) by gH 7→ g[h]. This map extends to X and we denote
by Zλ its image and by qλ : X −→ Zλ the associated map. The normalization of
Zλ can be constructed in the following way (see [2] for the details). Let Lλ =
q∗λ(OP(Vλ)(1)) and define A(λ) as the ring

⊕

n>0 Γnλ, and Yλ as ProjA(λ). The
line bundle Lλ is generated by global sections so the associated map pλ : X → Yλ

is well defined. The ring A(λ) is generated in degree 1 and since X is smooth, it
is normal. So Yλ ⊂ P(Γ∗λ) is a projectively normal subvariety. Notice also that by
construction V ∗

λ ⊂ Γλ and that the subring B(λ) of A(λ) generated by V ∗
λ ⊂ Γλ is

isomorphic to the projective coordinate ring of Zλ ⊂ P(Vλ). We have a projection
rλ : Yλ → Zλ and we have qλ = rλ◦pλ. By [2] the ring A(λ) is the integral closure
of B(λ) so that rλ is the normalization of Zλ. However we need a result which is
slightly more precise. The proof I give here is due to Dmitri Timashev.

Lemma 3. Let λ, µ ∈ Π+ and µ 6σ λ. Let ϕ = sλ−µϕµ be a highest weight vector

in sλ−µV ∗
µ ⊂ Γλ. Then there exists a positive integer n such that ϕn ∈ B(λ).

Proof. Let A = A(λ), B = B(λ) and let U0 be the maximal unipotent subgroup of
P0. We prove first that AU0 is a finite extension of BU0 . By [6, Theorem 9.4] both
AU0 and BU0 are finitely generated k-algebras. Let now I = {b ∈ B | bA ⊂ B}.
Since A is a finite extension of B the ideal I is not zero. Then there exists a
nonzero element b in I fixed by U0. So AU0 ' bAU0 as a BU0 -module and bAU0 is
an ideal in BU0 , hence it is finitely generated.
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Hence there exists a nontrivial polynomial p(t) = tm + b1t
m−1 + b2t

m−2 + · · ·+
bm−1t + bm ∈ BU0 [t] such that p(ϕ) = 0. It is clear that we can assume p to be
T -homogeneous and homogeneous with respect to the graduation of the ring B.
In particular bi ∈ Γiλ and it is of weight iµ∗ where µ∗ is the highest weight of V ∗

µ .

Since A is a domain there exists i such that bi 6= 0. Both bi, ϕ
i are two U0-

invariant vectors in Γiλ of weight iµ∗, so they are both highest weight vectors of
si(λ−µ)V ∗

iµ ⊂ Γiλ. Hence ϕi is a multiple of bi and in particular ϕi ∈ B(λ). �

2. The G-orbits of the degenerate compactifications Zλ and Yλ

We recall first the description of G-orbits in X . For each J ⊂ ∆̃ let γJ : k∗ −→ S
be a group homomorphism such that 〈γJ , α̃〉 > 0 for all α̃ ∈ ∆̃ and it is equal to 0
if and only if α̃ /∈ J . Let now x0 = x∅ = idH ∈ G/H ⊂ X and define

xJ = lim
t→∞

γJ(t)x0 and OJ = G xJ .

Then the closure of OJ is equal to XJ .
We describe now the G-orbits in the degenerate compactifications Zλ and Yλ.

These orbits are the images of the G-orbits in X , so we need to understand which
of these orbits have the same image.

We start by some remarks on spherical weights. If I ⊂ ∆̃ define

I∆ = {α ∈ ∆1 | α̃ ∈ I};

I∆ = I∆ ∪
⋃

{C | C is a connected component of ∆0 and C ∩ ∂I∆ 6= ∅};

I∆ = I∆ ∪∆0.

Then we have the following lemma.

Lemma 4.

(i) Let λ ∈ Ω and λ >σ 0 and set I = supp∆̃ λ and J = suppΩ λ. Then

supp∆ λ = I∆ and supp λ = J∆;

(ii) for every I ⊂ ∆̃ the parabolic root subsystems ΦI∆
and ΦI∆ are σ-stable;

(iii) Let B, C ⊂ ∆̃ be two disjoint subsets such that ∂B ∩ C = ∅. Then B∆ ∩
C∆ = ∅ and ∂B∆ ∩ C∆ = ∅.

Proof. The second part of (i) follows from the fact that if λ ∈ Ω then σ(λ) = −λ
and κ(α̃, λ) = 2κ(α, λ). So α ∈ supp λ if and only if α̃ ∈ suppΩ λ.

To prove the first part of (i) we can assume λ = α̃ with α ∈ ∆1. Let β = σ̄(α)
and recall that σ(β) = −w∆0

(α) and that α̃ = β̃ so that β ∈ I∆ and, moreover,
I∆ = {α, β}.

Let α = x − y where x is orthogonal to ∆0 and y is orthogonal to ∆1. Notice
that, since α ∈ ∆1, the vector y is dominant with respect to ∆0. Let also {Si} be
the connected components of ∆0 that are linked to α or equivalently that are not
orthogonal to y. Write y =

∑

yi where yi is orthogonal to (∆rSi), so that yi is a
nonzero dominant element.

We have α̃ = β̃ = β +w∆0
(α) = β +α+y−w∆0

(y) = β +α+
∑

i(yi−wSi
(yi)).

So it is enough to prove that suppSi
(yi − wSi

(yi)) = Si and this follows from the
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fact that any dominant weight for an irreducible root system is a sum of simple
roots with strictly positive coefficients.

Part (ii) follows immediately from (i), we now prove (iii). We can assume B and
C to be connected. Let α ∈ B∆ ∩ C∆. Then α ∈ ∆0 and let S be the connected
component of ∆0 containing α. Then there exist β ∈ B∆ and γ ∈ C∆ linked to
S. Notice that β̃ and γ̃ are linked. Indeed κ(β̃, γ̃) = 2κ(β̃, γ) and by (i) we have
γ /∈ supp∆ β̃ and S ⊂ supp∆ β̃ so that κ(β̃, γ) < 0.

Let now α ∈ ∂B∆ ∩ C∆. Then α ∈ ∆1 so α̃ ∈ C. Now there exists β ∈ B∆

linked to α. If β ∈ ∆1 then β̃ ∈ B and 〈β̃∨, α̃〉 6= 0 against ∂B ∩ C = ∅. So
β ∈ ∆0 so there exists β′ ∈ B∆ and a connected component of ∆0 containing β
and linked to β′ and we conclude as above. �

If I, J are subsets of ∆̃ define

AI = {A ⊂ ∆̃ | every connected component of A contains an element of I};

∆I(J) =
⋃

{connected components of ∆̃rJ which intersect I}.

We have the following simple property of the set ∆I(J).

Lemma 5. Let λ, µ ∈ Ω+ with λ >σ µ and set I = suppΩ λ. Then for any J ⊂ ∆̃,

supp∆̃(λ− µ) ∩ J = ∅ if and only if supp∆̃(λ− µ) ⊂ ∆I (J).

Proof. If supp∆̃(λ − µ) ⊂ ∆I(J) then it is clear that supp∆̃(λ − µ) ∩ J = ∅.
Conversely let supp∆̃(λ − µ) ∩ J = ∅ and let {Si} be the connected components
of supp∆̃(λ − µ) and let ηi ∈ N[Si] be such that λ − µ =

∑

i ηi. Now, ηi being a
sum with nonnegative coefficients of positive roots it cannot be antidominant, in
particular, for each i there exists α̃i ∈ Si such that 〈α̃∨i , ηi〉 > 0. As µ is dominant,
the Si are disconnected from each other and µ = λ −

∑

i ηi, we must have that
α̃i ∈ I . Hence for each i we have Si ∩ I 6= ∅ or, equivalently, Si ⊂ ∆I(J). �

If A ⊂ ∆̃ and α̃ ∈ ∆̃ then we define

distA(α̃, I) = min{n | ∃ a connected subset C of A of n elements

such that C ∪ {α̃} is connected and intersects I}.

The empty set is considered to be connected in the last definition. If d = distA(α̃, I)
is finite and C is a connected subset of A of d elements such that C ∪ {α̃} is
connected and intersects I we say that C is a minimal path from α̃ to I in A.
Notice also that if A ∈ AI then this number is finite if and only if α̃ ∈ A∪ ∂A∪ I .

Lemma 6. Let λ ∈ Ω+ and h ∈ V H0

λ be different from 0. Let also h =
∑

vν

be the decomposition of h in T -weight vectors so that vν has weight ν. Let also

I = suppΩ λ, let J be subsets of ∆̃ and set A = ∆I (J). Then the following

properties hold:

(i) vλ 6= 0;
(ii) vν 6= 0 implies λ− ν ∈ N [∆̃];
(iii) vλ−α̃ 6= 0 for all α̃ ∈ suppΩ λ;
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(iv) hJ = limt→∞ t−〈λ,γJ〉γJ(t)h is well defined and is equal to

hJ =
∑

ν|supp∆̃(λ−ν)⊂A

vν ;

(v) for all α̃ ∈ (A∪∂A∪I) and for all C minimal paths from α̃ to I in A there

exists a weight ν such that vν 6= 0 and C = supp∆̃(λ − ν). In particular

〈α̃∨, ν〉 > 0.

Proof. We prove first that if vν 6= 0 and ν 6= λ then there exists α̃ ∈ ∆̃ such that
vν+α̃ 6= 0. This implies (i) and (ii).

If α ∈ ∆0 then xα ∈ h so xα · h = 0 from which we deduce xα · vν = 0 for all ν.
Now let ν 6= λ and vν 6= 0 then there exists α ∈ ∆1 such that xα · vν 6= 0 and set
y = xα + σ(xα). The element y is in h so we have y · h = 0 from which we deduce
that there exists η such that xα · vν = −σ(xα) · vη . This in particular implies that
vη 6= 0 and η = ν + α̃.

Now let α ∈ ∆ such that α̃ ∈ I . Then κ(α̃, λ) = 2κ(α, λ) so 〈α∨, λ〉 6= 0. In
particular, x−α · vλ 6= 0. Then we can argue as above and prove that vλ−α̃ 6= 0.
This proves (iii).

We now prove (iv). Notice that

lim
t→∞

t−〈λ,γJ〉γJ(t) h =
∑

ν

t−〈λ−ν,γJ 〉vν

and that −〈λ− ν, γJ〉 6 0 and is equal to zero if and only if supp∆̃(λ− ν)∩ J = ∅

so the limit exists and it is equal to
∑

ν|supp∆̃(λ−ν)∩J=∅
vν . Now by Lemma 5

the condition supp∆̃(λ − ν) ∩ J = ∅ is equivalent to supp∆̃(λ − ν) ⊂ A = ∆I(J)
proving (iv).

We prove (v) by induction on d = distA(α̃, I). For d = 0 we have C = ∅ and
we can choose ν = λ. Let now d > 0 and let β̃ ∈ C linked to α̃. Set C ′ = Cr{β̃}
and notice that we can apply the induction hypothesis to C ′, β̃. So there exists ν′

such that vν′ 6= 0, C ′ = supp∆̃(λ−ν′) and in particular 〈ν′, β∨〉 > 0 which implies
x−β · vν′ 6= 0. Now considering as above y = x−β + σ(x−β) we prove vν 6= 0 for

ν = ν′ − β̃ proving the claim. �

Now let λ be a dominant spherical weight with support equal to I . We want to
compute pλ(xJ ).

Lemma 7. If ∆I (J) = ∆I(K) then pλ(xJ ) = pλ(xK) and qλ(xJ ) = qλ(xK).

Proof. Let pλ(x0) = [h] and write it as a sum h =
∑

hµ where hµ ∈ V H0

µ ⊂ Γ∗λ
in particular, if hµ 6= 0 then µ 6σ λ. Define hµ,J = limt→∞ t−〈µ,γJ〉γJ (t)hµ and
by part (i) in Lemma 6 notice that hµ 6= 0 implies hµ,J 6= 0. Notice also that if
µ 6σ λ then limt→∞ t−〈λ−µ,γJ〉 is zero if and only if supp∆̃(λ− µ) ∩ J 6= ∅ and is
1 otherwise. So we have

pλ(xJ ) = lim
t→∞

[γJ(t)h] = lim
t→∞

[

t〈λ,γJ〉
(

∑

t−〈λ−µ,γJ〉t−〈µ,γJ〉γJ(t)hµ

)]

=

=











∑

µ∈Ω+|µ6σλ
and supp∆̃(λ−µ)∩J=∅

hµ,J











.
(1)
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Now by Lemma 5 the condition supp∆̃(λ−µ)∩ J = ∅ is equivalent to supp∆̃(λ−
µ) ⊂ ∆I(J). So the set of weights µ such that hµ,J 6= 0 in this sum depends only
on λ and ∆I(J) (and not on J).

Now we need to prove that if ∆I(J) = ∆I (K) and µ ∈ Ω+ is such that suppΩ(λ−
µ) ⊂ ∆I (J) then hµ,J = hµ,K and by Lemma 6(iv) it is enough to prove that
∆suppΩ µ(J) = ∆suppΩ µ(K).

Notice that since supp∆̃(λ − µ) ⊂ ∆I (J) then suppΩ µ ⊂ ∆I (J) ∪ J so if C

is a connected component of ∆̃rJ intersecting suppΩ µ then it also intersects I .
So ∆suppΩ µ(J) = ∆suppΩ µ(K) is the union of the components of ∆I (J) = ∆I(K)
which intersects suppΩ µ.

The second part of the statement follows from qλ = rλ ◦pλ. �

Remark 8. The same proof shows that if ∆I(J) = ∆I(K) then qλ(xJ ) = qλ(xK)
in arbitrary characteristic.

Now we can describe the set of orbits of Xλ and Yλ.

Theorem 9. Let I, J, K be subsets of ∆̃ and let λ be a dominant spherical weight

with support equal to I then:

(i) pλ(OJ ) = pλ(OK) if and only if ∆I(J) = ∆I(K);
(ii) qλ(OJ ) = qλ(OK) if and only if ∆I(J) = ∆I(K).

In particular, the G-orbits in Yλ and Zλ are classified by the set AI .

Proof. Assume that qλ(OJ ) = qλ(OK). We prove first that I ∩ J = I ∩ K. Let
α̃ ∈ I ∩ J . Then 2λ − α̃ is dominant so that W = sα̃Γ2λ−α̃ ⊂ Γ2λ is a nonzero
subspace of sections that are zero on XJ and let f ∈ W be a highest weight
vector. Now by Lemma 3 (here we use characteristic 0) there exists n such that
fn ∈ Γ2nλ is contained in the subring B(λ) of A(λ) generated by V ∗

λ ⊂ Γλ which
is the coordinate ring of Zλ. Now, by qλ(OJ ) = qλ(OK) and sα̃ = 0 on XJ , we
have that fn = 0 on XK or equivalently that α̃ is in K.

Now let C be a connected component of ∆I(J) containing an element of I .
Notice that there exists an element θ in the root lattice such that its ∆̃-support
is equal to C and such that mλ − θ is dominant for some positive integer m. As
above choose a highest weight vector f in sθΓmλ−θ ⊂ Γmλ. Then f 6= 0 on XJ . As
above a power of f is in the ring generated by V ∗

λ and we can deduce that f 6= 0

on XK . Hence sα̃ 6= 0 on XK for all α̃ ∈ C or equivalently C ⊂ ∆̃rK. This proves
that C is contained in a connected component of ∆̃rK containing an element of
I or, equivalently, C ⊂ ∆I(K). So ∆I(J) ⊂ ∆I (K) and by exchanging the role of
J and K we conclude that ∆I(J) = ∆I (K).

The converse statement is a consequence of Lemma 7. �

If I = suppΩ λ and A ∈ AI we will denote by OZ
λ,A (resp., OY

λ,A) the image
qλ(OJ ) (resp., pλ(OJ )) for a J such that A = ∆I (J).

Remark 10. The same arguments prove that in arbitrary characteristic if pλ(OJ ) =
pλ(OK) then ∆I(J) = ∆I(K). In particular, the theorem is true in arbitrary
characteristic if λ is σ-minuscule (see [2]) or equivalently if Γλ = V ∗

λ . In particular
this covers the cases studied by Bruns and Conca in [1].
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Remark 11. Notice that as a consequence of Lemma 7 we have that the conditions
in the Theorem are also equivalent to pλ(xJ ) = pλ(xK).

Remark 12. Dmitri Timashev has pointed out to me that it is possible to prove
that there is always a bijection between the set of G-orbits of an irreducible G-
variety equivariantly embedded in a projective space and with a dense orbit of a
Borel subgroup and the set of G-orbits of its normalization (see [7]). Moreover this
result holds in any characeristic. This should give a proof of the previous theorem
in arbitrary characteristic.

Now we want to describe the geometry of these orbits. If B ⊂ ∆̃ define LB

to be the Levi of G containing T and with the root system equal to ΦB∆
and

with PB being the parabolic subgroup of G containing P0 and with LB as a Levi
factor. Let also GB,ad = LB/Z(LB) and denote by πB the projection from PB

to GB,ad. Notice that the involution σ stabilizes LB so it defines an involution
of GB,ad. Let GB ⊂ LB be its semisimple part. Notice that the characters of
TB = T ∩ GB are the restriction to TB of the characters of T . In particular,
since G is simply connected, the restriction of the characters ωα for α ∈ B∆ are
the fundamental weights with respect to B∆. So GB is simply connected and let
HB ⊂ GB be the normalizer of Gσ

B in GB so that GB/HB ' GB,ad/Gσ
B,ad. Finally

denote by lB , pB and gB the Lie algebras of the groups LB , PB and GB . If V is
an irreducible highest weight representation of G let V (B) be the GB-submodule
generated by the highest weight vector. Notice that if B is the disjoint union of
two subsets C and D that are not linked to each other then by Lemma 4(iii) we
have GB,ad = GC,ad × GD,ad and GB = GC × GD , in particular, we can define
πB

C : PB −→ GC,ad by applying πB and then projecting onto the first factor.

From [4] it follows that for all J ⊂ ∆̃ we have

OJ ' G×PJc GJc/HJc

where Jc = ∆̃rJ and, in particular, StabG(xJ ) = {g ∈ PJc | πJc(g) ∈ Gσ
Jc,ad}.

Indeed in [4] it is proved that OJ ' G ×P̃Jc
G̃Jc/H̃Jc where G̃B , P̃B , H̃B are

defined similarly to GB , PB , HB but using the root system ΦB∆ instead of the
root system ΦB∆

. The equivalence of the two descriptions of OJ follows from the

fact that the complement B] of B∆ in B∆ is contained in ∆0 and is not connected
to B∆. Hence if G]

B is the semisimple part of the Levi containing T and with root

system equal to ΦB] then we have G̃B = GB ×G]
B and H̃B = HB ×G]

B .
Now we want to compute the stabilizer of pλ(xJ ). When J = ∅ it is not difficult

to prove that the stabilizer is equal to H (see, e.g., [2, Lemma 2.2]). We will use
this result to treat the general case.

First of all we notice that if A ∈ AI then between the sets J such that ∆I(J) = A
there is a maximum and a minimum:

Jmin(A) = ∂A ∪ {IrA} and Jmax(A) = ∆̃rA.

Lemma 13. Let λ ∈ Ω+, I = suppΩ λ, A ∈ AI and set Jmin = Jmin(A). Let

h ∈ V H0

λ a spherical vector and hJmin
= limt→∞ t−〈λ,γJmin

〉γJmin
(t)h. Then:

191



ANDREA MAFFEI

(i) hJmin
∈ V

(A)
λ ;

(ii) StabPJc
min

qλ(xJmin
) = {g ∈ PJc

min
| π

Jc
min

A (g) ∈ Gσ
A,ad};

(iii) StabPJc
min

pλ(xJmin
) = {g ∈ PJc

min
| π

Jc
min

A (g) ∈ Gσ
A,ad}.

Proof. The first assertion follows immediately from Lemma 6(iv). We now prove
(ii). First we notice that by G-equivariance and by qλ(xJmin

) = [hJmin
] we have

that StabG[hJmin
] ⊃ StabG(xJmin

) = {g ∈ PJc
min

| πJc
min

(g) ∈ Gσ
Jc
min
} ⊃ HJc

min
·

Radris PJc
min

where Radris denotes the solvable radical. In particular, StabG[hJmin
]

contains Radris PJc
min

. Now we look at the action of GJc
min

. The set Jc
min is the

disjoint union of the two subsets A and B = ∆r{I ∪A ∪ ∂A} that are not linked
to each other since at least they are separated by ∂A so GJc

min
= GA ×GB . Now

B ∩ I = ∅ so GB acts trivially on the irreducible GA-module V
(A)
λ so we have to

compute StabGA
(qλ(xJmin

)). Notice that the identity connected component H0
A

of HA is contained in the identity component H0 of H and that it commutes
with γJmin

so H0
A fixes hJmin

. Hence hJmin
is a spherical vector for GA in the

irreducible GA-module V
(A)
λ . So StabGA

[hJmin
] = HA by the result of Lemma 2.3

in [2] recalled above, applied to the group GA.
The proof in the case of the stabilizer of pλ(xJmin

) is similar. First notice that
StabG xJmin

⊂ StabG pλ(xJmin
) ⊂ StabG qλ(xJmin

), in particular, HA×Radris PJc
min

⊂ HJc
min

× Radris PJc
min

⊂ StabG pλ(xJmin
). Then it remains to analyze the action

of GB . Let k ∈ Γ∗λ be such that [k] = pλ(x0) and write it as a sum k =
∑

kµ with
µ ∈ Ω+, µ 6σ λ and kµ ∈ Vµ ⊂ Γ∗λ. Define kµ,Jmin

= limt→∞ t−〈µ,γJmin
〉γJmin

(t)kµ

and as in the proof of Lemma 7 after formula (1) we have

pλ(xJmin
) =

[

∑

supp∆̃(λ−µ)⊂A

kµ,Jmin

]

.

Now we have that Iµ = suppΩ µ ⊂ I∪A∪∂A, in particular, it does not intersect B.

Moreover, Aµ = ∆Iµ
(Jmin) ⊂ A and by part (i) we have kµ,Jmin

∈ V
(Aµ)
µ ⊂ V

(A)
µ

on which GB acts trivially. �

We now want to prove that these stabilizers coincide with the complete stabi-
lizers of these points in G.

Theorem 14. Let λ ∈ Ω+, I = suppΩ λ, A ∈ AI and set Jmin = Jmin(A).

Then StabG qλ(xJmin
) = StabG pλ(xJmin

) = {g ∈ PJc
min

| π
Jc
min

A (g) ∈ Gσ
A,ad}. In

particular we have the following description of the corresponding orbits:

OZ
λ,A ' OY

λ,A ' G×PJc
min

GA/HA.

Proof. Let M = StabG pλ(xJmin
) and N = StabG qλ(xJmin

). If we prove that M
and N are contained in PJc

min
then the theorem would follow from the previous

lemma. We analyze first the case of M .
Consider the restriction λ

∣

∣

tA
of λ to the vector space tA spanned by {α̃∨ | α̃ ∈

A}. We can write λ
∣

∣

tA
= (1/n)

∑

α̃∈A cα̃α̃
∣

∣

tA
where n, cα̃ are integers. Moreover,

since λ is dominant and each connected component of A intersects suppΩ λ =
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I the cα̃ are strictly positive. Let β =
∑

α̃∈A cα̃α̃. Hence supp∆̃ β = A and

suppΩ(nλ− β) = (IrA) ∪ ∂A = Jmin. Let µ = nλ− β and consider sβV ∗
µ ⊂ Γnλ.

Now Γnλ is by the definition of Yλ in its coordinate ring and since supp β = A the
section sβ is never zero on OJmin

and, more generally, on OB for all B ⊂ Jmin.
So we have a well defined map φ from pλ(Õ) to P(Vµ) where Õ is the union of
the orbits OB for B ⊂ Jmin. We have φ(pλ(xJmin

)) = limt→∞ γJmin
(t)φ(pλ(x∅))

and φ(pλ(x∅)) is H invariant so it must coincide with [h] where h is a nonzero
invariant vector in Vµ. So by Lemma 6(iv) we have that φ(pλ(xJmin

)) is the highest
weight line in Vµ and its stabilizer is equal to PJc

min
. In particular, the stabilizer

of pλ(xJmin
) is contained in PJc

min
as claimed.

Now we want to prove the same statement for N . We know that rλ is a finite
map so also its restriction to pλ(OJmin

) is a finite map, in particular the Lie algebras
of M and N coincide. Let m be this Lie algebra and by the previous analysis we
have that m is a semidirect product of radris pJc

min
and gB ⊕ hσ

A. In particular,
radnil m = radnil(radris pJc

min
) since the other factor is reductive. Now the adjoint

action of N on its Lie algebra must preserve its nilpotent radical. Now notice that
PJc

min
also preserves this nilpotent radical, so the normalizer of radnil m in G is a

parabolic containing PJc
min

. But a parabolic which strictly contains PJc
min

has a
strictly smaller nilpotent radical so the normalizer of radnil m is equal to PJc

min
. In

particular, N ⊂ PJc
min

as claimed. �

We can also describe the map from OJ to pλ(OJ ) for a general J . Let I =
suppΩ λ, A = ∆I (J) and set Jmin = Jmin(A) we have PJc ⊂ PJc

min
. If B = JcrA

by the lemma notice that GJc = GA×GB so we have a projection from GJc to GA.
The map from OJ = G ×PJc GJc/HJc to pλ(OJ ) = G ×PJc

min

GA/HA is induced

by the inclusion PJc ⊂ PJc
min

and the projection from GJc to GA. In particular,
its fibre is isomorphic to

PJc
min

×PJc GB/HB .

In particular, for J = Jmin the fibre is affine and isomorphic to a symmetric variety
and for J = Jmax(A) = ∆̃rA the fibre is compact and isomorphic to PJc

min
/PJc

max
.

A simple corollary of the previous theorem is the following.

Corollary 15. For all λ ∈ Ω+ the normalization rλ : Yλ → Zλ is bijective.
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