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Abstract

We study the ring of sectionsA(X) of a complete symmetric varietyX, that is of the wonderful
completion ofG/H whereG is an adjoint semisimple group andH is the fixed subgroup for an
involutorial automorphism ofG. We find generators for Pic(X), we generalize the PRV conjecture to
complete symmetric varieties and construct a standard monomial theory forA(X) that is compatible
withG orbit closures inX. This gives a degeneration result and the rational singularityness forA(X).
 2003 Elsevier Science (USA). All rights reserved.
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Introduction

The aim of this paper is to explicitly adapt the Littelmann standard monomial theory
for flag varieties in [11–13], to complete symmetric varieties as constructed by De Concini
and Procesi in [4] in characteristic zero and by De Concini and Springer for arbitrary
characteristic in [5].

We review briefly such completions. LetG be an adjoint semisimple group, letH be
the fixed subgroup for an involutive automorphismσ of G and consider the affine variety
G/H , calledsymmetric variety. De Concini and Procesi in [4] show that there exists an
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irreducible representationV and a liner of V such that the stabilizer ofr is H . They
define the complete symmetric varietyX as the closure of the orbitG · r in P(V ).

This compactification ofG/H is a wonderfulG variety in the sense of Luna (see
Proposition 1):X is smooth;X \ G · r is a divisor with normal crossing and smooth
irreducible componentsS1, . . . , S�; the closures of theG orbits inX areXI = ⋂

i∈I Si
whereI ⊂ {1, . . . , �}.

Many properties of these varieties have been studied. The ones interesting for us here
are the description of the Picard group ofX as a sublattice of the lattice of weights given
in [4,5] and the description ofH 0(X,L) as aGmodule forL ∈ Pic(X). In particular in [4]
it is proved thatH 0(X,Lαi−σ(αi)) 	 ksi whereαi is a simple root for a suitable basis of
the root system ofG andsi is aG invariant section whose divisor isSi .

In this paper we construct a standard monomial theory for the ring

A(X)=
⊕

L∈Pic(X)

H 0(X,L).

We call this ring thering of sectionsof X. One should think to this ring as a variant of the
multicone over a flag variety.

We give first an explicit description of a basis of Pic(X) (see Theorem 1). As a first
application of this result we prove a generalization of the Parthasarathy–Ranga Rao–
Varadarajan conjecture (PRV) to complete symmetric varieties (Theorem 2). The moti-
vation for this generalization is that it should give the combinatorial side of the surjectivity
of the multiplication mapH 0(X,L)⊗H 0(X,L′)→H 0(X,L⊗L′). In the so-called group
case, i.e., the involutionσ :G×G→G×G with σ(g1, g2)= (g2, g1), the surjectivity has
been proved by Kannan in [8] but in general this remains an open problem.

Then we pass to the construction of a standard monomial theory for the ringA(X). Let
P be the parabolic subgroup ofG such thatG/P is the unique closed orbit inX. Given
an LS pathπ of shapeλ ∈ Pic+(G/P), Littelmann defines a sectionpπ in H 0(G/P,Lλ).
We lift pπ to a sectionxπ overX taking into account the description ofH 0(X,Lλ). The
building blocks of our monomials are given by the sectionsxπ , whereπ runs over LS paths
of shapeθ for θ generator of Pic(X), and by the sectionss1, . . . , s�. Then we define a notion
of standardness for these monomials and introduce a variant of the lexicographic order. Our
standard monomial theory strictly mimes that ofG/P , indeed the relations are the same up
to “bigger” terms that vanish “more” on the divisorsS1, . . . , S� (Theorem 3). Further this
standard monomial theory is compatible with theG orbit closures (Corollary 4).

As a consequence of this standard monomial theory we construct a flat deformation that
degeneratesA(X) to Ã(G/P)⊗ k[s1, . . . , s�], whereÃ(G/P) is the coordinate ring of a
multicone overG/P corresponding to the sublattice Pic(X) of Pic(G/P). So we use this
to prove thatA(X) has rational singularities. Moreover if we fix a line bundleL then also
the ringAL =⊕

n H
0(X,L⊗n) has rational singularities. This is well known and we have

included it here since it was impossible for us to find it in the literature.
Although in all this paper we takek to have characteristic zero, all the results are valid in

every characteristic except the rational singularityness proofs that use the flat degeneration
and the quotient by a reductive group to pass fromA(G/P) toA(X).
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The paper is organized as follows. In Section 1 we recall all preliminary results about
complete symmetric varieties to be used in the sequel. In Section 2 we see the description of
the generators of the Picard group of a complete symmetric variety and give the application
to the PRV. Finally in Section 3, after a short review of Littelmann LS paths and related
results, we construct our standard monomial theory. We finish the section proving the
degeneration result and showing that the ringA(X) and the cone ringAL(X) have rational
singularities.

The authors would like to thank C. De Concini who suggested us to work on a
standard monomial theory for the ringA(X). We want also to thank him for many useful
conversations on this problem.

1. Preliminary results on complete symmetric varieties

In this section we collect all preliminary results for the sequel setting up notation and
reviewing the construction of the wonderful compactification ofG/H (for details see
[4,5]).

Let G be an adjoint semisimple group defined over an algebraically closed fieldk of
characteristic zero, and letσ be an involutorial automorphism ofG. Denote byH the
subgroup of fixed points ofσ in G. The involutionσ induces a linear map, still denoted
by σ , on the Lie algebrag of the groupG. We denote byh the Lie algebra of the reductive
groupH ; notice thath is exactly the+1 eigenspace ofσ on g. If T is aσ stable torus of
G and t its Lie algebra, we decomposet as t0 ⊕ t1 with t0 the+1 eigenspace ofσ and
t1 the−1 eigenspace. Notice thatt0 is the Lie algebra ofT σ while t1 is the Lie algebra
of the torusT1 = {t ∈ T | σ(t)= t−1}; we call this latter torusanisotropic. Recall that any
σ stable torus is contained in a maximal torus ofG which is itselfσ stable. We fix such
a σ stable maximal torusT for which dimT1 is maximal and denote this dimension by�,
calling it therank of the symmetric varietyG/H .

Now letΦ ⊂ t∗ be the root system ofg and denote still byσ the induced map ont∗.
Observe thatσ preserves the killing form ont and ont∗. LetΦ0 = {α ∈Φ | σ(α)= α} and
Φ1 = Φ \Φ0. We can choose the setΦ+ of positive roots in such a way thatσ(α) ∈Φ−
for all root α ∈ Φ+ ∩ Φ1. Let ∆ be the basis defined byΦ+ and put∆0 = ∆ ∩ Φ0,
∆1 = ∆ ∩ Φ1. The action of the involutionσ on the set of roots admits the following
descriptions. There exists an involutive bijectionσ̄ :∆1 →∆1 such that for everyα ∈∆1
we have

σ(α)=−σ̄ (α)− βα
whereβα is a nonnegative linear combination of roots in∆0, moreoverβσ̄(α) = βα . Further
σ(α)=−w∆0σ̄ (α) if α ∈∆1, wherew∆0 is the longest element of the Weyl group of the
root system with basis∆0.

We introduce here a particular behavior of a simple root: we say thatα ∈ ∆1 is an
exceptionalroot if σ̄ (α) �= α and(α,σ (α)) �= 0, where(· , ·) is the Killing form. Notice
thatσ̄ (α) is exceptional ifα is. Moreover, the compactificationX we are going to construct
below is said to be exceptional if there exist exceptional roots.
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Denote byΛ⊂ t∗ the set of integral weights ofΦ; clearlyσ acts also on this set. Let
Λ+ be the set of dominant weights with respect to∆ and letωα be the fundamental weight
dual to the simple corootα∨ for α ∈∆. A simple computation, using theσ invariance of
the Killing form, shows that

σ(ωα)=−ωσ̄(α)

for everyα ∈∆1. Moreover any integral weightλ such thatσ(λ)=−λ is of the form

λ=
∑
α∈∆1

nαωα

with integer coefficients such thatnα = nσ̄ (α); we denote byΛ1 the set of such weights
that we callspecial. Further ifnα �= 0 for every rootα ∈∆1 then we say that the special
weightλ is regular.

Other notation we will use. We index∆ as α1, . . . , αn and we denote byωi the
fundamental weightωαi . Moreover we define a mapσ on the set of indexes{1, . . . , n}
in such a way that̄σ(αi)= ασ(i) if αi ∈ ∆1 andσ(i)= i if αi ∈∆0. So we can write the
action ofσ on the fundamental weights of∆1 simply asσ(ωi)=−ωσ(i).

Now we come to the basic construction of the compactification ofG/H . Consider
a simply connected coveringπ : G̃ → G and the induced involutorial automorphism
σ : G̃→ G̃. For a subgroupA of G we denote bỹA the subgroupπ−1(A) of G̃. Notice
that H̃ = π−1(H) contains(H̃ )0 = (G̃)σ , the fixed point group iñG, as the identity
component. IfV is a G̃ module, we define theσ twisted G̃ moduleV σ as the vector
spaceV with actiong · v = σ(g)v. Notice that ifλ is a dominant special weight then the
dual of the irreduciblẽG module of highest weightλ is isomorphic toV σλ . Let hλ be such
isomorphism considered as an element ofVλ ⊗ Vλ. Notice thatG acts on the projective
space over anỹG module.

Assume now thatλ is a regular special dominant weight. In [4] it is proved that:

(i) the stabilizer of the linekhλ in G̃ is H̃ , and
(ii) the stabilizer of the linekhλ in G isH .

Consider thẽG decompositionV2λ⊕V ′ of the tensor productVλ⊗Vλ, whereV ′ is sum
of highest weight modulesVµ withµ< λ in the dominant order, and letp :V2λ⊕V ′ → V2λ
be theG̃ equivariant projection. Notice thatp(hλ) is nonzero and letrλ be its class in
P(V2λ). Now we define thecompactificationX of G/H as the closure inP(V2λ) of the
orbitG · rλ. LetP be the parabolic subgroup ofG stabilizing the linekvλ ∈ P(Vλ) spanned
by a highest weight vectorvλ. The following proposition from [4] describes the structure
of the compactification.

Proposition 1 [4, Theorem 3.1].

(1) X is a smooth projectiveG variety.
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(2) X \ G · rλ is a divisor with normal crossing and smooth irreducible components
S1, . . . , S�.

(3) TheG orbits ofX correspond to the subsets of the indexes1,2, . . . , � so that the orbit
closures are the intersectionsSi1 ∩ Si2 ∩ · · · ∩ Sik , with 1 � i1< · · ·< ik � �.

SoX is a wonderfulG variety in the sense of Luna. Moreover,

(4) the unique closed orbitY
.=⋂�

i=1Si is isomorphic to the flag varietyG/P ;
(5) X is independent on the choice of the regular special weightλ up toG equivariant

isomorphism.

We go on constructing some line bundles on the varietyX. Let λ be a dominant weight
of g such thatP(Vλ) contains a liner invariant forH̃ . Consider the map

G/H � gH �→ g · r ∈ P(Vλ).

One can show that this induces a projection

ψλ :X→ P(Vλ).

Now let O(1) be the tautological line bundle onP(Vλ) and define the line bundleLλ on
X asψ∗

λO(1). If we restrictLλ onG/P 	 G̃/P̃ 	 Y ↪→X we have the usual line bundle
G̃ ×P̃ k−λ corresponding toλ in the identification of Pic(G̃/P̃ ) with a sublattice of the
weight latticeΛ. Moreover we have

Proposition 2 [4, Proposition 8.1].The mapPic(X)→ Pic(Y ) induced by the inclusion is
injective.

So we can identify Pic(X) with a sublattice of the weight lattice. Further the line bundles
constructed above account for all line bundles since we have

Proposition 3 [5, Lemma 4.6]. Pic(X) corresponds to the lattice generated by the
dominant weightsλ such thatP(Vλ)H̃ is nonvoid.

We come to the analysis of such weights. Call a dominant weightλ spherical if
V H̃

0

λ �= 0. It is easy to see that a spherical weight must be special. On the contrary the
double of any dominant special weight is spherical. Moreover ifH̃ 0 has only trivial
characters then Pic(X)∩Λ+ is exactly the set of spherical weights. In general we have

Proposition 4 [5, Theorem 4.8]. Pic(X) is generated by the spherical weights and the
fundamental weights corresponding to the exceptional roots.

We recall a characterization of the spherical weights due to Helgason (see [7,17]
or [18]). For a rootα let ᾱ be its restriction tot1. Then
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Proposition 5 [18, Theorem 3].A weight is spherical if and only if it is special and
(µ, ᾱ)/(ᾱ, ᾱ) is an integer for all rootα such that(ᾱ, ᾱ) �= 0.

Now we introduce a filtration on the spaces of global sectionsH 0(X,Lλ) by the order
of vanishing on theG stable divisorsS1, . . . , S�. For a rootα defineα̃

.= α − σ(α) and
notice that the set∆1 = {α1, . . . , α�,α�+1, . . . , αr } can be indexed in such a way that
α̃i = αi − σ(αi) are different fori = 1, . . . , � (and∆̃ = ∆̃1 = {α̃1, . . . , α̃�}). Then, up to
reindexing theG stable divisors, we have

Proposition 6 [4, Corollary 8.2].There exists a unique up to scalarG invariant section
si ∈H 0(X,Lα̃i ) whose divisor isSi .

For a�-tuplen = (n1, . . . , n�) of nonnegative integers, the multiplication bysn .=∏
i s
ni
i

gives a linear map

H 0(X,Lλ−∑
ni α̃i

)→H 0(X,Lλ).

Let Fλ(n) be the image of this map. We orderN � by setting(n1, . . . , n�) � (n′1, . . . , n′�)
if ni � n′i for i = 1, . . . , �. ClearlyFλ(n′) ⊂ Fλ(n) if and only if n′ � n. We have the
following theorem

Proposition 7 [4, Theorem 5.10].Letλ ∈ Pic(X). If λ−∑
ni α̃i is dominant, then

Fλ(n)
/( ∑

n′>n

Fλ(n′)
)
=H 0(G/P,Lλ−∑

ni α̃i

)
.

Otherwise both sides are0. In particular, H 0(X,Lλ) �= 0 if and only if there exists
a dominant weightµ and a �-tuple of nonnegative integers(n1, . . . , n�) such thatλ =
µ+∑

ni α̃i .

As a direct consequence we have

Corollary 1. Letλ be a dominant weight inPic(X). Then the map

H 0(X,Lλ)→H 0(G/P,Lλ)

induced by inclusion, is surjective.

We finish this review of preliminary results introducing the restricted root system. The
results we state here are proved in [16]. Denote byΦ̃ the set{α̃ | α ∈ Φ1}. This is a root
system in the spaceE1

.=Λ1 ⊗ R with base∆̃= {α̃1, . . . , α̃�}. We call its Weyl group̃W
the restricted Weyl group. Consider the following subgroups of the Weyl groupW of g,
W0 = {w ∈W |w(E1)⊂E1} andW1 = {w ∈W |w|E1 = IdE1}. Then
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Proposition 8 [16, Lemma 4.1].The restriction mapW0 �w �→w|E1 ∈ EndR(E1) induces
an isomorphism ofW0/W1 with the Weyl group̃W of the root system̃Φ .

LetΩ1 = {µ ∈Λ1 | µ is integral onΦ̃∨} and notice thatΩ1 can be identified with the
set of integral weights of the root system(Φ̃,E1).

2. The spherical weights and the PRV conjecture

In this section we complete the description of the spherical weights. Using this
description we prove a version of the Parthasaraty–Ranga Rao–Varadarajan conjecture
(PRV) for complete symmetric varieties. We begin with two preliminary lemmas.

Lemma 1. If λ is a dominant weight in the lattice generated by the spherical weights then
λ is spherical.

Proof. This is clear from the Helgason criterion in Proposition 5.✷
Lemma 2. Letα ∈∆1 be an exceptional root. Then〈σ(α),α∨〉 = 1.

Proof. We have thatσ(α) is not supported inα sinceσ(α) =−w∆0σ̄ (α) andσ̄ (α) �= α.
Hence(σ (α),α)� 0.

We know that|〈σ(α),α∨〉| = |2(σ (α),α)/(α,α)| �= 2 sinceσ preserves the Killing
form. Moreover(σ (α),α) �= 0, σ(α) �= −α beingα exceptional, so〈σ(α),α∨〉 = ±1 and
by (σ (α),α)� 0 we conclude〈σ(α),α∨〉 = 1. ✷

The following theorem gives an explicit description of the spherical weights using
Helgason criterion. (Recall that we have indexed the set∆1 in such a way thatαi − σ(αi)
are different fori = 1, . . . , �.)

Theorem 1. The lattice generated by the spherical weights is the latticeΩ1 of integral
weights ofΦ̃. Moreover if we set:

ω̃i =

ωi if σ(i)= i, σ (αi) �= −αi ,
2ωi if σ(αi)=−αi ,
ωi +ωσ(i) if σ(i) �= i,

thenΩ1 is generated bỹω1, . . . , ω̃� and〈ω̃i , α̃∨j 〉 = ciδi,j with ci = 1 if 2α̃i /∈ Φ̃ andci = 2

otherwise. In particular, ifΦ̃ is reduced theñω1, . . . , ω̃� are the fundamental weights dual
to α̃∨1 , . . . , α̃∨� .

Proof. In order to describe the spherical weights we use the Helgason criterion in
Proposition 5. For each rootα ∈Φ such that(ᾱ, ᾱ) �= 0 we have

(µ, ᾱ)

(ᾱ, ᾱ)
= 2(µ, α̃)

(α̃, α̃)
= 〈
µ, α̃∨

〉
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sinceᾱ = 1
2α̃. The first claim follows.

Now let cα
.= 2− 〈σ(α),α∨〉 for α ∈ Φ. Observe thatcα is a nonnegative integer less

than or equal to 4 sinceσ preserves the Killing form. Moreovercα = 0 if and only if
σ(α) = α, andcα = 4 if and only if σ(α) =−α. Hence, in particular,(ᾱ, ᾱ) �= 0 implies
cα �= 0.

Fix a rootα such that(ᾱ, ᾱ) �= 0 and letµ be a special dominant weight. We have

(µ, ᾱ)

(ᾱ, ᾱ)
= 2〈µ,α∨〉

cα
.

In [4] it is proved that 2µ is a spherical weight (see also the discussion above
Proposition 1). So(µ, ᾱ)/(ᾱ, ᾱ) = a/2 with a ∈ Z, hence we have the integral equality
4〈µ,α∨〉 = acα.

There are two cases:

(i) σ(α) �= −α, so 4� cα , hence 2| a and also(µ, ᾱ)/(ᾱ, ᾱ) ∈ Z, or
(ii) σ(α)=−α, in this casecα = 4 and(µ, ᾱ)/(ᾱ, ᾱ) ∈ Z if and only if 〈µ,α∨〉 ∈ 2Z.

Being Φ̃ a root system and using the first statement of the theorem, it follows that
a special weightµ is spherical if and only if, fori = 1, . . . , �, we have

{〈
µ, α̃∨i

〉 ∈ Z if 2α̃i /∈ Φ̃,〈
µ, (2α̃i)∨

〉 ∈ Z if 2α̃i ∈ Φ̃,

since∆̃ is a basis for̃Φ.
If we assume that̃Φ is reduced then the description of the generators ofΩ1 follows

from the discussion above. So let̃Φ be nonreduced. We can suppose thatΦ̃ is irreducible;
it follows thatΦ̃ is of typeBC�.

First we consider the case ofX exceptional and letα
.= αi be an exceptional root. We

have

β
.=−sασ (α)=−σ(α)+ 〈

σ(α),α∨
〉
α =−σ(α)+ α

by Lemma 2. Observe that̃β = 2α̃. Soα̃ is the unique simple root inBC� such that 2̃α ∈ Φ̃.
Letµ

.= ωi +ωσ(i), we have

〈
µ, (2α̃)∨

〉= (µ,2α )

(2α,2α )
= 1

2

(µ, ᾱ)

(ᾱ, ᾱ)
= 〈µ,α∨i 〉

cα
= 〈
µ,α∨i

〉= 1,

using again Lemma 2. Hence the result aboutΩ1 holds also in this case.
If X is nonexceptional (and̃Φ is nonreduced) then the involution is described, up to

isomorphism, by one of the following two Satake diagrams
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Bn
•
1

◦
2

•
3

◦
4

•
2�− 1

... ◦
2�

•
2�+ 1

•
n− 1

... •
n

> �� 1
2 (n−1),

F4

◦
1

•
2

•
3

< •
4 .

In the first case we have

σ(αi)=
{−αi − (αi−1 + αi+1) if 2 | i andi < 2�,
−α2� − (α2�−1 + 2α2�+1 + · · · + 2αn−1 + αn) if i = 2�,
αi otherwise.

Since〈σ(α2�), α
∨
2�〉 = 1 we have:

(i) sα2�σ (α2�)= σ(α2�)− α2�,
(ii) (α̃2�, α̃2�)= (α2�, α2�).

Henceα2� is the unique simple root such thatα̃2�,2α̃2� ∈ Φ̃ and

〈
ω2�, (2α̃2�)

∨〉= (ω2�, α̃2�)

(α̃2�, α̃2�)
= (ω2�, α2� − σ(α2�))

(α2�, α2�)
= 〈
ω2�, α

∨
2�

〉= 1.

So the claimed description ofΩ1 is proved.
In the second case we have

σ(αi)=
{−α1 − (3α2 + 2α3 + α4) if i = 1,
αi otherwise.

Since〈σ(α1), α
∨
1 〉 = 1 we conclude as in the previous case.✷

Corollary 2. (1) The setΩ+
1 of integral weights of̃Φ that are dominant with respect tõ∆

isΛ+ ∩Ω1;
(2) there exists aZ basisθ1, . . . , θr for Pic(X) that is aN basis for the conePic+(X);

moreover anyθi is of one of the following three kinds: wj or 2wj or wj +wσ(j) for some
1 � j � n.

Proof. It follows from the formula for the weights̃ωi given in Theorem 1 above and from
Proposition 4. ✷

We introduce a new order on the set of weights. Given two integral weightsµ,λ ∈ Λ
we writeµ�σ λ if µ= λ− α̃ for someα̃ ∈ ∆̃N, where∆̃N is the positive cone over̃∆.

Let λ ∈ Pic+(X). Using the order�σ above and Proposition 7 we can decompose
H 0(X,Lλ) as

H 0(X,Lλ)=
⊕

V ∗
µ
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where the sum runs over the dominant weightsµ such thatµ �σ λ. Now recall the PRV
conjecture that was proved independently in [10] and in [14].

Proposition 9. Let λ and µ be two dominant weights and letτ, ε be two elements in
the Weyl group. Ifν = τ (λ) + ε(µ) is dominant then the moduleVν appears in the
decomposition into irreducible modules of the tensor productVλ⊗ Vµ.

A useful consequence is the following

Proposition 10 [8, Lemma 3.2].Letν,λ,µ be dominant weights such thatν � λ+µ. Then
there exist dominant weightsλ′,µ′ such that

(i) λ′ � λ, µ′ � µ, and
(ii) Vν appears in the decomposition ofVλ′ ⊗ Vµ′ .

We want to prove the following generalization for complete symmetric varieties.

Theorem 2. If ν,λ,µ ∈ Ω+
1 and ν �σ λ + µ, then there exist two weightsλ′,µ′ ∈ Ω+

1
such that

(i) λ′ �σ λ, µ′ �σ µ, and
(ii) Vν appears in the decomposition ofVλ′ ⊗ Vµ′ .

Proof. For η ∈ t∗ we denote by[η]W the unique element of the dominant Weyl chamber
in the orbitW · η. Forη ∈ t∗1 we define analogously[η]W̃ using the root system(Φ̃,E1).
We observe that ifη ∈ t∗1 then[η]W = [η]W̃ since by Proposition 8 we havẽW · η ⊂W · η
and the dominant Weyl chamber of̃Φ is contained in the dominant Weyl chamber ofΦ by
Corollary 2.

Assume that̃Φ is reduced and letK be a simply connected group with root system̃Φ.
Notice that the setΩ+

1 is the set of dominant integral weights ofK and�σ is the dominant
order forK. For η ∈Ω+

1 letΩη be the set of weights of the irreducibleK moduleṼη of
highest weightη. We haveν ∈Ωλ+µ sinceν �σ λ+ µ andν,λ,µ ∈Ω+

1 . Consider now
theK equivariant projection

Ṽλ ⊗ Ṽµ � Ṽλ+µ.

We have that there exist weightsλ̄ ∈ Ωλ, µ̄ ∈ Ωµ such thatν = λ̄ + µ̄. In particular,
λ− λ̄ ∈ ∆̃N, µ− µ̄ ∈ ∆̃N. Let λ′ .= [λ̄]W , µ′ .= [µ̄]W and notice thatλ′,µ′ ∈Ω+

1 by the
remark at the beginning of the proof. Moreover,λ′ − λ̄,µ′ − µ̄ ∈ ∆̃N sinceλ̄, µ̄ are integral
weights. Soλ − λ′,µ − µ′ ∈ ∆̃Z. Further,λ′ � λ, µ′ � µ sinceλ′ ∈ Ωλ, µ′ ∈ Ωµ. We
concludeλ′ �σ λ, µ′ �σ µ. This shows alsoλ′,µ′ ∈Ω+

1 . Finally,Vν appears inVλ′ ⊗Vµ′
using the PRV (Proposition 9).

Assume now that̃Φ is nonreduced and̃Φ is irreducible (without loss of generality); so
Φ̃ is of typeBC�. The proof given above still holds with the following remarks:
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(i) chooseK of typeB� ⊂ BC� and notice that�σ is the dominant order forB�,
(ii) Ω+

1 is strictly contained in the set of dominant integral weights ofK, and
(iii) if η ∈Ω+

1 andζ �σ η thenη ∈Ω+
1 . ✷

As an application to complete symmetric varieties we have

Corollary 3. Let X be a nonexceptional complete symmetric variety and letλ,µ ∈
Pic+(X). Consider the multiplication map

H 0(X,Lλ)⊗H 0(X,Lµ)→H 0(X,Lλ+µ).

Then ifV ∗
ν appears in the right-hand side as a direct summand then it appears in the

left-hand side too.

Proof. Follows from Theorem 2 above and Proposition 4.✷

3. The standard monomial theory

We begin this section with a short review of Littelmann path basis theory, for details
see [11–13]. Denote byΠ the set of piecewise linear pathsπ : [0,1]Q →Λ⊗ Q starting
in 0. LetΠ+ be the set of pathsπ ∈Π such that Imπ is contained in the dominant Weyl
chamber. Forα ∈∆ let eα, fα be the root operators associated withα. We can associate a
colored directed graphG(B) to any subsetB ofΠ by joining two pathsπ1,π2 ∈ B with an
arrowπ1

α→ π2 if fα(π1)= π2.
Now letλ ∈Λ+ and chooseπ ∈Π+ such thatπ(1)= λ, then thepath modelassociated

with π is the setBπ of paths obtained fromπ by applying the root operators, i.e.,Bπ ∪{0}
is the smallest subset ofΠ ∪ {0} that containsπ and is closed under the root operators
eα, fα . The path model describes the character of theG̃ moduleVλ, indeed we have
chVλ =∑

η∈Bπ
eη(1).

In particular, if we start withπλ : t �→ tλ then Bλ
.= Bπλ is the set of Lakshmibai–

Seshadri paths (LS paths) of shapeλ. This path model has a simple combinatorial
description in terms of poset with bonds (see [2,3]). LetWλ be the stabilizer ofλ in the
Weyl groupW and consider the set of minimal representativesWλ. Given two adjacent
elementsτ1< sατ2 inWλ, whereα ∈∆, one can define a positive integer value functionfλ
asfλ(τ1, τ2)= 〈τ1(λ),α∨〉. Further, given a complete chainτ1< · · ·< τu in Wλ, we have
that gcd{fλ(τ1, τ2), . . . , fλ(τu−1, τu)} depends only on the pairτ1, τu; so one can extend
fλ to comparable pairs definingfλ(τ1, τu) = gcd{fλ(τ1, τ2), . . . , fλ(τu−1, τu)}. The data
(Wλ,�, fλ) is called aposet with bonds.

Then the setBλ of LS paths of shapeλ is in bijection with the set of pairs(τ1< · · ·< τu;
0 = a0 < a1 < · · · < au−1 < au = 1) such thataifλ(τi, τi+1) ∈ N for i = 1, . . . , u − 1.
Now letNλ be the least common multiple of the imagefλ(Wλ) and consider the setW of
words in the alphabetW . We define thewordw(π) ∈W of an LS pathπ = (τ1< · · ·< τu;
0= a0< a1< · · ·< au = 1) asw(π)= τNλ(a1−a0)

1 · · · τNλ(au−au−1)
u .
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Now letλ1, . . . , λr be dominant weights and callformal monomialany stringπ1 · · ·πr
with πi ∈ Bλi for i = 1, . . . , r. In order to introduce a variant of the lexicographic
order, we extend the word to monomials definingw(π1 · · ·πu) = w(π1) · · ·w(πu) using
juxtaposition of words inW . Given two monomialsπ1 · · ·πr , η1 · · ·ηr we define
π1 · · ·πr � η1 · · ·ηr if w(π1 · · ·πr) �lex τ1(w(η1)) · · · τr(w(ηr )) for all permutations
(τ1, . . . , τr) in the subgroupSNλ1

× · · · ×SNλr
of the symmetric groupSNλ1+···+Nλr on

Nλ1 + · · · +Nλr symbols acting in the natural way on words of lengthNλ1 + · · · +Nλr .
Consider the setBλ1 ∗ · · · ∗ Bλr of concatenations of LS paths of shapesλ1, . . . , λr

and notice that it is stable under the root operators. DefineG(λ1, . . . , λr ) as the connected
component of the graphG(Bλ1 ∗ · · · ∗Bλr ) containingπλ1 ∗ · · · ∗πλr ; let λ

.= λ1 + · · ·+ λr
and recall that the mapπλ1 ∗ · · · ∗ πλr �→ πλ extends to an isomorphism of graphs
G(λ1, . . . , λr ) → G(Bλ). Now given a formal LS path monomialπ1 · · ·πr we call it
standardif π1 ∗ · · · ∗ πr ∈ G(λ1, . . . λr ). It is then clear that the number of formal standard
monomialπ1 · · ·πr is given by|G(λ1, . . . , λr )| = |Bλ| = dimVλ.

This machinery has another key feature for our purpose. Letλ1, . . . , λr be dominant
weights such that the latticeΨ

.= 〈λ1, . . . , λr 〉Z has rankr and letQ be the parabolic
subgroupPλ1+···+λr of G. Consider the ringAΨ (G/Q)

.= ⊕
λ∈Ψ H 0(G/Q,Lλ). Let λ ∈

Ψ ∩Λ+ and recall that Littelmann associates a sectionpπ ∈H 0(G/Q,Lλ) to an LS path
π ∈ Bλ. These sections have very remarkable properties and they give a standard monomial
theory forAΨ (G/Q). Let π1, . . . , πu be LS paths withπi ∈ Bλhi andh1 � · · · � hu, and
call a monomialpπ1 · · ·pπu standard ifπ1 · · ·πu is a standard formal monomial, further
we define the shape of the monomialpπ1 · · ·pπu asλh1 + · · · + λhu . Then one has

Proposition 11. (1) The standard monomials of shapeλ forms ak basis forH 0(G/Q,Lλ);
(2) if pπ1 · · ·pπu =

∑
h ahpηh,1 · · ·pηh,u express the nonstandard monomialpπ1 · · ·pπu

in terms of standard monomials withah �= 0 thenηh,1 · · ·ηh,u � π1 · · ·πu for all h.

We will refer to the expressions in (2) of Proposition 11 above as theLittelmann
relations.

We are ready to develop our standard monomial theory. First a definition, for a varietyZ

let A(Z) denote the ring
⊕

L∈Pic(Z) H
0(Z,L) that we call thering of sectionsof Z. Now

let X be a complete symmetric variety and letθ1, . . . , θr be theZ basis for Pic(X) as in
Corollary 2. LetBi

.= Bθi be the LS path basis of shapeθi described above fori = 1, . . . , r.
For an LS pathπ ∈ Bi it is possible, according to Proposition 7, to choosexπ ∈H 0(X,Lθi )
such thatxπ |G/P = pπ .

Lemma 3. The sectionsxπ for π ∈ B1 " · · · " Br and the sectionssi ∈ H 0(X,Lα̃i ) for
i = 1, . . . , � generateA(X).

Proof. Let A′(X) be thek subalgebra generated by the sections in the statement. By
Proposition 7 it is enough to show that for each dominantλ ∈ Pic(X) the submodule
V ∗
λ ⊂H 0(X,Lλ) is contained inA′(X).

For a weightλ= a1θ1+· · ·+arθr let htλ
.=∑

i ai . We use induction on htλ. If htλ= 0
thenλ = 0 andH 0(X,Lλ) 	 k · 1. So suppose htλ > 0. Hence there exists a dominant
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weightλ′ and 1� i � r such thatλ= λ′ +θi . Consider the following commutative diagram
where the horizontal maps

H 0(X,Lλ′)⊗H 0(X,Lθi ) H 0(X,Lλ)

V ∗
λ′ ⊗ V ∗

θi
V ∗
λ

are induced by multiplication. Notice that the lower horizontal map is surjective byG̃

equivariance. This finishes the proof since htλ′ < htλ. ✷
A generic monomial in the generators can be written in the form

x = sn1
1 · · · sn�� xπ1 · · ·xπu

with πi ∈ Bhi andh1 � · · ·� hu. For such a monomialx we define theorder of vanishing
as v(x)

.= (n1, . . . , n�), the shapeasλ(x)
.= ∑�

i=1niα̃i +
∑u
j=1 θhj and theflag shape

asµ(x)
.= λ(x̄) wherex̄

.= s−v(x)x. Notice thatx ∈ Fλ(x)(v(x))⊂H 0(X,Lλ(x)) and that
µ(x) ∈Λ+.

We define the setM of standard monomialsfor X as the set of monomialsx =
s
n1
1 · · · sn�� xπ1 · · ·xπu as above such thatπ1 · · ·πu is a formal LS standard monomial. Further

we denote byMλ the set of standard monomialsx such thatλ(x) = λ. Given two
monomialsx = s

n1
1 · · · sn�� xπ1 · · ·xπu and y = s

m1
1 · · · sm�� xη1 · · ·xηv with the same shape

we writex � y if v(x) < v(y) or v(x)= v(y) andπ1 · · ·πu � η1 · · ·ηv .
Finally let A(X) be the polynomial ring with indeterminatess1, . . . , s� andxπ with

π ∈ B1 " · · · " Br . ClearlyA(X) is isomorphic to a quotient ofA(X)/I for some ideal
I ⊂A(X).

The main result of our standard monomial theory is the following.

Theorem 3. (1) The setMλ is a k basis forH 0(X,Lλ).
(2) Given monomialsx1, . . . , xt ∈ M, let x1 · · ·xt = ∑

azz with z ∈ M be the
relation guaranteed by(1). Then for any standard monomialz such thataz �= 0 we have
x1 · · ·xt � z. Moreover,x̄1 · · · x̄t =∑

azz with v(z)= v(x)+ v(y) is a Littelmann relation
for a multicone overG/P.
(3) The idealI is generated by the relation in(2) for t = 2 andx1 = xπ1, x2 = xπ2 with

π1,π2 ∈ B1 " · · · "Br andxπ1xπ2 not standard.

Proof. We prove the three statements together.
First notice that a section inA(X) vanishing onG/P is in the ideal generated by

s1, . . . , s� since the divisorS1, . . . , S� are smooth and have normal crossings.
If π1,π2 ∈ B1 " · · · "Br are two LS paths such thatxπ1xπ2 is not standard, consider the

Littelmann relation

pπ1pπ2 =
∑
h

ahpηh,1pηh,2
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onG/P . Thenxπ1xπ2 −
∑
h ahxηh,1xηh,2 vanishes onG/P , hence

xπ1xπ2 =
∑
h

ahxηh,1xηh,2 +
∑
v(z)>0

azz

where in the second sum thez’s are (not necessarily standard) monomials.
Consider theΛ homogeneous element

fπ1,π2

.= xπ1xπ2 −
∑
h

ahxηh,1xηh,2 −
∑
v(z)>0

azz

in A(X) and letJ be the ideal generated by the variousfπ1,π2 with xπ1xπ2 not standard as
above. We want to show thatM generatesA(X)/J as a vector space.

Let x
.= sn1

1 · · · sn�� xπ1 · · ·xπu be a not standard monomial (sou � 2). We proceed by
induction on the flag shape ofx with respect to the order�σ .

Observe thatA(X)/(〈s1, . . . s�〉+J ) is isomorphic to the coordinate ring of a multicone
overG/P since the relations on sections overG/P are generated by the relations of
degree 2 [9, Proposition 2]. Hencexπ1 · · ·xπu+〈s1, . . . , s�〉 is a sum of standard monomials
in the xπ . So inA(X)/J we havexπ1 · · ·xπu =

∑
z∈M azz + s1y1 + · · · + s�y�, where

y1, . . . , y� are sums of monomials with flag shape<σ of the flag shape ofx.
Now consider theΛ homogeneous projectionφ :A(X)/J → A(X). We want to show

that φ is an isomorphism. It is enough to prove that dim(A(X)/J )λ � dim(A(X))λ for
eachλ, sinceφ is clearly surjective. We have dim(A(X)/J )λ � |Mλ|. On the other
hand, (A(X))λ = H 0(X,Lλ) = ⊕

V ∗
µ with µ �σ λ, µ dominant. So dim(A(X))λ =∑

µ�σ λ, µ∈Λ+ dimV ∗
µ = ∑

µ�σ λ, µ∈Λ+ |Bπµ |. If µ= a1θ1 + · · · + arθr then

|Bµ| =
∣∣∣G(θ1, . . . , θ1︸ ︷︷ ︸

a1

, . . . , θr , . . . , θr︸ ︷︷ ︸
ar

)

∣∣∣
and we conclude

∑
µ�σ λ, µ∈Λ+ |Bµ| = |Mλ|. ✷

Now we show that this standard monomial theory is compatible with theG orbit
closures inX. So letI ⊂ {1, . . . , �} and letXI

.= ⋂
i∈I Si be the correspondingG orbit

closure. Define a monomialx = sn1
1 · · · sn�� xπ1 · · ·xπu to bestandard onXI if it is standard

andni = 0 for all i ∈ I . Given a weightλ, denote byMλ,I the set of monomials standard
onXI with shapeλ. Then we have

Corollary 4. The setMλ,I is a k basis forH 0(XI ,Lλ|XI ).

Proof. Let J be the complement ofI in {1, . . . , �}. Adapting the proof of Theo-
rem 8.3 in [4] we have thatH 0(X,Lλ)→ H 0(XI ,Lλ|XI ) is a surjective map and that
H 0(XI ,Lλ|XI )=

⊕
µ V

∗
µ where the sum runs over all dominant weightsµ of the form

µ= λ−
∑
j∈J

aj α̃j
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with aj � 0. So the set of standard monomialsMλ is a generating set forH 0(XI ,Lλ|XI ).
HenceMλ,I is a generating set since any monomial inMλ \Mλ,I contains somesi with
i ∈ I and vanishes onXI . Moreover comparing the dimensions we have thatMλ,I is
a basis. ✷

Clearly all the statements of Theorem 3 carry on toXI giving a standard monomial
theory for the ringAPic(X)(XI )=⊕

λ∈Pic(X) H
0(XI ,Lλ|XI ).

Now we want to give some straightforward applications of the discussion above. The
form of the relations in Theorem 3 allows to degenerate the ringA(X) to the coordinate
ring of the product of a multicone over the flag varietiesG/P and the affine spacek�.
Indeed, letK be the ideal ofA(X) generated bys1, . . . , s� and consider the Rees algebra

R
.= · · · ⊕A(X)t2 ⊕A(X)t ⊕A(X)⊕Kt−1 ⊕K2t−2 ⊕ · · · ⊂A(X)⊗ k

[
t, t−1].

Let Ã(G/P)
.=APic(X)(G/P)=⊕

λ∈Pic(X) H
0(X,Lλ). Then we have

Theorem 4. R is a flat k[t] algebra. The general fiberR/(t − a), with a ∈ k \ {0}, is
isomorphic toA(X) and the special fiberR/(t) is isomorphic toÃ(G/P)⊗ k[s1, . . . , s�].

Proof. This is a standard result about Rees algebra taking into account the relations of
Theorem 3. ✷

Now we use this degeneration result to prove thatA(X) has rational singularities. As we
said in the introduction, this is well known and we include it here since we have not found
it in the literature. In the proof below we will use (i) thatA(G/P) has rational singularities
(Theorem 2 in [9]) and (ii) that the property of having rational singularities is stable under
flat deformation (see [6]) and under the quotient by a reductive group (see [1]).

Theorem 5. (1) The ringA(X) has rational singularities.
(2) For all L ∈ Pic(X) the ringAL

.=⊕
n∈NH

0(X,L⊗n) has rational singularities.

Proof. By what we said above and Theorem 4 in order to prove (1) it is enough to show
that Ã(G/P) is the fixed point algebra ofA(G/P) under the action of a reductive group.
This will be done in two steps. LetΨ be the lattice〈θ1, . . . , θr 〉Q ∩Λ and observe that

Λ⊃ Pic(G/P)= 〈ωα | α ∈∆1〉Z ⊃ Ψ ⊃ Pic(X).

Let T̃ be the maximal torus of̃G over T and recall thatΛ = Hom(T̃ ,k∗). We define
S̃
.=⋂r

i=1 kerθi ⊂ T̃ and an action of̃S onA(G/P) by

t · f .= µ(t)f for all t ∈ S̃ andf ∈H 0(G/P,Lµ).
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We have that(A(G/P))S̃ = AΨ (G/P)
.= ⊕

λ∈Ψ H 0(X,Lλ). Now we observe that
Ψ/Pic(X) is a finite abelian group. HenceΓ = Hom(Ψ/Pic(X),k∗) is also finite and we
can define an action ofΓ onAΨ (G/P) by

γ · f .= γ (
µ+ Pic(X)

)
f for all γ ∈ Γ andf ∈H 0(G/P,Lµ).

Clearly(AΨ (G/P))Γ = Ã(G/P).
For the proof of (2) notice that ifL is not trivial and there existsm > 0 such that

H 0(X,L⊗m) �= 0 thenH 0(X,L⊗n) = 0 for all n < 0. So we can assumeAL(X) =⊕
n∈ZH

0(X,L⊗n) andL = Lλ for someλ ∈ Λ. Then the proof goes on as in (1) using
the action of a torus and a finite group to pass from the algebraA(X), corresponding to
Pic(X), toAL(X), corresponding toZλ. ✷

As a final remark we consider the characteristicp case. In this paper we have exclusively
treated the characteristic 0 case. In particular in the proof of the last theorem we used the
result of Boutot on quotients of rational singularities and the result of Elkik on deformation
of rational singularities which in general hold only in this case and we do not know if
Theorem 5 holds also in the finite characteristic case.

However, it is possible to prove Theorem 3 in general with few changes to our proof.
We give now an outline of the modification needed to pass from the characteristic zero case
to the general case.

The characterizations ofΩ1 and Pic(X) given in Theorem 1 and Corollary 2 hold
in the same way and with the same proofs in the finite characteristic case. The main
changes are in the proof of Lemma 3. One minor change is that we cannot use the
decomposition ofH 0(X,Lλ)=⊕

µ�σ λ,µ∈Λ+ V ∗
µ , but we have instead to use the filtration

Fλ of Proposition 7. A more important change is thatV ∗
λ is no more irreducible but

we can instead use the surjectivity of the multiplication of sectionsH 0(G/P,Lλ) ⊗
H 0(G/P,Lµ)→H 0(G/P,Lλ+µ) proved by Ramanan and Ramanathan (see [15]). Then
the remaining part of the proof of Theorem 3 goes on with only minor changes.
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