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Abstract

We study the ring of sectiond(X) of a complete symmetric variety, that is of the wonderful
completion ofG/H whereG is an adjoint semisimple group arid is the fixed subgroup for an
involutorial automorphism of;. We find generators for RiX ), we generalize the PRV conjecture to
complete symmetric varieties and construct a standard monomial theoty Xorthat is compatible
with G orbit closures inX. This gives a degeneration result and the rational singularitynegg #or.
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Introduction

The aim of this paper is to explicitly adapt the Littelmann standard monomial theory
for flag varieties in [11-13], to complete symmetric varieties as constructed by De Concini
and Procesi in [4] in characteristic zero and by De Concini and Springer for arbitrary
characteristic in [5].

We review briefly such completions. Lét be an adjoint semisimple group, I&t be
the fixed subgroup for an involutive automorphisnof G and consider the affine variety
G/H, calledsymmetric varietyDe Concini and Procesi in [4] show that there exists an
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irreducible representatioli and a liner of V such that the stabilizer of is H. They
define the complete symmetric varietyas the closure of the orbdt -  in P(V).

This compactification oiG/H is a wonderful G variety in the sense of Luna (see
Proposition 1):X is smooth; X \ G - r is a divisor with normal crossing and smooth
irreducible componentsy, ..., S¢; the closures of the& orbits in X are X; = (., Si
wherel C {1,...,¢}.

Many properties of these varieties have been studied. The ones interesting for us here
are the description of the Picard groupXfas a sublattice of the lattice of weights given
in [4,5] and the description d%(X, £) as aG module forZ € Pic(X). In particular in [4]
it is proved thatd®(X, Ly, o)) = ks; whereq; is a simple root for a suitable basis of
the root system of; ands; is aG invariant section whose divisor 8.

In this paper we construct a standard monomial theory for the ring

iel

A= P HX.0.
LePic(X)

We call this ring theing of section®f X. One should think to this ring as a variant of the
multicone over a flag variety.

We give first an explicit description of a basis of P (see Theorem 1). As a first
application of this result we prove a generalization of the Parthasarathy—Ranga Rao—
Varadarajan conjecture (PRV) to complete symmetric varieties (Theorem 2). The moti-
vation for this generalization is that it should give the combinatorial side of the surjectivity
of the multiplication mapg%(X, £)@ HO(X, £') - HO(X, L& L'). In the so-called group
case, i.e., the involutios : G x G — G x G with o (g1, g2) = (g2, £1), the surjectivity has
been proved by Kannan in [8] but in general this remains an open problem.

Then we pass to the construction of a standard monomial theory for thd ¢Xig Let
P be the parabolic subgroup 6f such thatG/P is the unique closed orbit ix. Given
an LS pathr of shape. € Pict(G/P), Littelmann defines a sectign, in H2(G/P, ;).

We lift p, to a section,; over X taking into account the description #f0(X, £;). The
building blocks of our monomials are given by the sectiopswherer runs over LS paths

of shape for 6 generator of Pi¢X), and by the sections, ..., s¢. Then we define a notion

of standardness for these monomials and introduce a variant of the lexicographic order. Our
standard monomial theory strictly mimes that®f P, indeed the relations are the same up

to “bigger” terms that vanish “more” on the divisoSs, ..., S¢ (Theorem 3). Further this
standard monomial theory is compatible with theorbit closures (Corollary 4).

As a consequence of this standard monomial theory we construct a flat deformation that
degenerated (X) to A(G/P) ® k[s, .. ., s¢], whereA(G/P) is the coordinate ring of a
multicone overG/ P corresponding to the sublattice PX) of Pic(G/P). So we use this
to prove thatA (X) has rational singularities. Moreover if we fix a line bundleéhen also
the ringA. =P, HO(X, £®") has rational singularities. This is well known and we have
included it here since it was impossible for us to find it in the literature.

Although in all this paper we taketo have characteristic zero, all the results are valid in
every characteristic except the rational singularityness proofs that use the flat degeneration
and the quotient by a reductive group to pass fub(w / P) to A(X).



312 R. Chirivi, A. Maffei / Journal of Algebra 261 (2003) 310-326

The paper is organized as follows. In Section 1 we recall all preliminary results about
complete symmetric varieties to be used in the sequel. In Section 2 we see the description of
the generators of the Picard group of a complete symmetric variety and give the application
to the PRV. Finally in Section 3, after a short review of Littelmann LS paths and related
results, we construct our standard monomial theory. We finish the section proving the
degeneration result and showing that the (@) and the cone ringl ~(X) have rational
singularities.

The authors would like to thank C. De Concini who suggested us to work on a
standard monomial theory for the ringy X). We want also to thank him for many useful
conversations on this problem.

1. Preliminary resultson complete symmetric varieties

In this section we collect all preliminary results for the sequel setting up notation and
reviewing the construction of the wonderful compactification®fH (for details see
[4,5]).

Let G be an adjoint semisimple group defined over an algebraically closedkfiefd
characteristic zero, and let be an involutorial automorphism a¥. Denote byH the
subgroup of fixed points of in G. The involutions induces a linear map, still denoted
by o, on the Lie algebrg of the groupG. We denote by the Lie algebra of the reductive
group H; notice thath is exactly the+1 eigenspace af ong. If T is ac stable torus of
G andt its Lie algebra, we decomposeasty @ t1 with tg the +1 eigenspace of and
t1 the —1 eigenspace. Notice thai is the Lie algebra of"® while t; is the Lie algebra
of the torusTy = {r € T | o () = t~1}; we call this latter torugsnisotropic Recall that any
o stable torus is contained in a maximal torus(bfvhich is itselfo stable. We fix such
ao stable maximal torug for which dim77 is maximal and denote this dimension fy
calling it therank of the symmetric variety; /H .

Now let @ C t* be the root system gf and denote still by the induced map of.
Observe that preserves the killing form ohand ont*. Let &g = {« € @ | o (@) = «} and
@, = ® \ 9. We can choose the sét™ of positive roots in such a way that(a) € @~
for all roota € @ N @1. Let A be the basis defined bg+ and putAg = A N &y,
A1 = AN @1. The action of the involutiom on the set of roots admits the following
descriptions. There exists an involutive bijecti®nA; — A such that for every € Aj
we have

o(a) =—0(a) — Bu

whereg, is a nonnegative linear combination of rootsAp, moreoveB; ) = B«. Further
o(a) = —wa,0 (o) if @ € A1, Wherew,, is the longest element of the Weyl group of the
root system with basigd.

We introduce here a particular behavior of a simple root: we saydhatA; is an
exceptionakoot if 5 («) # « and («, o («)) # 0, where(-, -) is the Killing form. Notice
thato («) is exceptional itx is. Moreover, the compactificatiot we are going to construct
below is said to be exceptional if there exist exceptional roots.
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Denote byA C t* the set of integral weights ap; clearly o acts also on this set. Let
AT be the set of dominant weights with respecttand letw, be the fundamental weight
dual to the simple coroat” for @ € A. A simple computation, using the invariance of
the Killing form, shows that

0(Wa) = —Ws ()

for everya € A1. Moreover any integral weighit such that (1) = —A is of the form

A= Z Ny Wqy

a€Ay

with integer coefficients such that, = ns(); we denote byA; the set of such weights
that we callspecial Further ifn, # 0 for every rootw € A; then we say that the special
weightA is regular.

Other notation we will use. We index as «a1,...,a, and we denote byy; the
fundamental weighiv,, . Moreover we define a map on the set of indexe§l, ..., n}
in such a way thaf (o;) = as () if o; € Ap ando (i) =i if o; € Ag. So we can write the
action ofo on the fundamental weights af; simply aso (w;) = —ws ;).

Now we come to the basic construction of the compactificatioit;pti. Consider
a simply_connected covering : G — G and the induced involutorial automorphism
o:G — G. For a subgroupt of G we denote byA the subgroupr ~ l(A) of G. Notice
that H = 7~ 1(H) contalns(H)0 (G)°, the fixed pomt group inG, as the identity
component. IfV is a G module, we define the twisted G module V° as the vector
spaceV with actiong - v = o (g)v. Notice that ifA is a dominant special weight then the
dual of the irreducibles module of highest weight is isomorphic toVy . Let i, be such
isomorphism considered as an elemen¥pf V,. Notice thatG acts on the projective
space over ang module.

Assume now that is a regular special dominant weight. In [4] it is proved that:

(i) the stabilizer of the linéh;, in G is H, and
(i) the stabilizer of the linéh, in G is H.

Consider thes decompositior/s;, @ V' of the tensor produdt;, ® V;., whereV' is sum
of highest weight module®,, with . < 2 in the dominant order, and lgt: Vo, @ V' — Vo,
be theG equivariant projection. Notice that(h,) is nonzero and let, be its class in
P(V2.). Now we define theeompactificationX of G/H as the closure ifP(Vy,) of the
orbit G - r, . Let P be the parabolic subgroup 6fstabilizing the lingkv, € P(V,) spanned
by a highest weight vectar,. The following proposition from [4] describes the structure
of the compactification.

Proposition 1[4, Theorem 3.1].

(1) X is a smooth projectivé variety.
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(2) X\ G - r, is a divisor with normal crossing and smooth irreducible components
S1,..., 8.

(3) TheG orbits of X correspond to the subsets of the indeXge? . . ., ¢ so that the orbit
closures are the intersectior$g N S;, N--- NS, With1 <iy < -+ <ix < L.

SoX is a wonderfulG variety in the sense of Luna. Moreover,

(4) the unique closed orbit = ﬂle S; is isomorphic to the flag variet§/ P;
(5) X is independent on the choice of the regular special welghp to G equivariant
isomorphism.

We go on constructing some line bundles on the varketyet 1 be a dominant weight
of g such that?(V,) contains a line invariant for H. Consider the map

G/H>gHw— g-reP(V,).
One can show that this induces a projection
Y X — P(V)).

Now let O(1) be the tautological line bundle di(V,) and define the line bundlg; on
X asy;O(1). If we restrictC, onG/P ~ G/P~Y <X we have the usual line bundle
G x g k_, corresponding ta. in the identification of PlOG/P) with a sublattice of the
welght latticeA. Moreover we have

Proposition 2 [4, Proposition 8.1]The mapPic(X) — Pic(Y) induced by the inclusion is
injective.

So we can identify PicX) with a sublattice of the weight lattice. Further the line bundles
constructed above account for all line bundles since we have

Proposition 3 [5, Lemma 4.6]. PicX) corresponds to the lattice generated by the
dominant weights. such thatP(V;)# is nonvoid.

We come to the analysis of such weights. Call a dominant weigbkpherical if
V” # 0. It is easy to see that a spherical weight must be special. On the contrary the
double of any dominant special weight is spherical. Moreovel ¥ has only trivial
characters then Ri&@) N AT is exactly the set of spherical weights. In general we have

Proposition 4 [5, Theorem 4.8]. PicX) is generated by the spherical weights and the
fundamental weights corresponding to the exceptional roots.

We recall a characterization of the spherical weights due to Helgason (see [7,17]
or [18]). For a rootx let @ be its restriction td;. Then
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Proposition 5 [18, Theorem 3].A weight is spherical if and only if it is special and
(e, @)/ (@, @) is an integer for all rootx such that(@, &) # 0.

Now we introduce a filtration on the spaces of global sectiifiéX, £,) by the order
of vanishing on theG stable divisorsSs, ..., S¢. For a roote definea =« — o («) and
notice that the set\; = {o1, ..., ¢, a¢+1, ..., @} can be indexed in such a way that
& =a; —o(e;) are different fori = 1,...,¢ (and A = A1 = {a1, ..., &}). Then, up to
reindexing theG stable divisors, we have

Proposition 6 [4, Corollary 8.2].There exists a unique up to scalér invariant section
si € H(X, L5,) whose divisor isS;.

For a¢-tuplen = (n1, ..., ng) of nonnegative integers, the multiplicationddy= l-sf"
gives a linear map

HO(X, L5 _y ) =~ HO(X, L3).

Let F; (n) be the image of this map. We ordif® by setting(ny, ...,ng) > (nY,....np)
if n; >n} fori=1,...,¢. Clearly F,(n") C F,(n) if and only if n” > n. We have the
following theorem

Proposition 7 [4, Theorem 5.10]Let A € Pic(X). If A — > n;&; is dominant, then
F)\.(n)/( Z F)\.(n/)) = HO(G/Pv ‘CA—Z}'EZ‘&{)'
n’>n

Otherwise both sides ar@. In particular, HO(X, £;) # 0 if and only if there exists
a dominant weighi and a ¢-tuple of nonnegative integeKas, ..., ny) such thath =

w+ D nid;.

As a direct consequence we have
Corollary 1. Let) be a dominant weight iRic(X). Then the map

HO(X, £;) > H%G/P, L3)

induced by inclusion, is surjective.

We finish this review of preliminary results introducing the restricted root system. The
results we state here are proved in [16]. Denotebbthe set{a | « € @1}. This is a root
system in the spacE; = A1 ® R with baseA = {a;, ..., a¢}. We call its Weyl groupV

the restricted Weyl groupConsider the following subgroups of the Weyl groipof g,
Wo={we W |w(E1) C E1} andW1 ={w e W | w|g, =Idg,}. Then
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Proposition 8[16, Lemma 4.1]The restriction maWo > w = wlg, eNEndR(El) induces
an isomorphism oWy/ W1 with the Weyl groug¥ of the root systend.

Let 21 = {u € A1 | nisintegral on&ivi and notice that21 can be identified with the
set of integral weights of the root system, E1).

2. The spherical weights and the PRV conjecture

In this section we complete the description of the spherical weights. Using this
description we prove a version of the Parthasaraty—Ranga Rao—Varadarajan conjecture
(PRV) for complete symmetric varieties. We begin with two preliminary lemmas.

Lemma 1. If A is a dominant weight in the lattice generated by the spherical weights then
A is spherical.

Proof. This is clear from the Helgason criterion in Proposition %1
Lemma 2. Leta € Ay be an exceptional root. Thepr (o), o) = 1.

Proof. We have thabt («) is not supported i sinceo (a) = —w,6 (o) anda (o) # a.
Hence(o (x), @) > 0.

We know that|{c (), a")| = |2(c (o), @)/ (a, @) | # 2 sinceo preserves the Killing
form. Moreover(o («), o) # 0, o (a) # —a beinga exceptional, sdo (), a¥) = 41 and
by (o (), a) > 0 we concluddo (@), aY)=1. O

The following theorem gives an explicit description of the spherical weights using
Helgason criterion. (Recall that we have indexed the/sein such a way that; — o («;)
are differentfori =1,...,¢.)

Theorem 1. The lattice generated by the spherical weights is the latfigeof integral
weights of@. Moreover if we set

w; if o(i) =i, o(o) # —a;,
5,’ = 2(1),' if G(Oé,') = —0;,
o +wsiy Ifo(i)#i,

thens2; is generated by, . . ., @, and(@;, &jY) =¢;8;,j Withc¢; = 1if 2a; ¢ @ andc; =2
otherwise. In particular, itd is reduced thedy, . .., @, are the fundamental weights dual
toay,...,a,.

Proof. In order to describe the spherical weights we use the Helgason criterion in
Proposition 5. For each roate @ such thafa, @) # 0 we have

(w@) _ 2u, @) — (u.3)
@a  @a
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sincex = a. The first claim follows.

Now letcy, =2 — (o (a), ") for @ € @. Observe that, is a nonnegative integer less
than or equal to 4 since preserves the Killing form. Moreovey, = 0 if and only if
o(a) =«a, andc, = 4 if and only if o (¢) = —«. Hence, in particulara, @) # 0 implies
ca # 0.

Fix a roota such that@, @) # 0 and letu be a special dominant weight. We have

(10.@)  2u.aY)
@a @

In [4] it is proved that 2 is a spherical weight (see also the discussion above
Proposition 1). Sdu, a)/(a, @) = a/2 with a € Z, hence we have the integral equality
Ap,aY) =acy.

There are two cases:

() o(x) #—a, S0 4fcy, hence a and also(u, @)/ (&, &) € Z, or
(i) o(a) =—a, inthis casey =4 and(u,a)/(@,a) € Zifand only if (u, V') € 27.

Being & a root system and using the first statement of the theorem, it follows that
a special weight is spherical if and only if, foi =1, ..., ¢, we have

(na)ez if 2; ¢ &,
(n, CanV)eZ if2a ed,

sinceA is a basis fod.

If we assume tha® is reduced then the description of the generator@offollows
from the discussion above. So [Btbe nonreduced. We can suppose thas irreducible;
it follows that & is of typeBC;.

First we consider the case &f exceptional and lat = «; be an exceptional root. We
have

B =—sq0(a)=—0(a)+(o(@),a")a=—0c()+a

by Lemma 2. Observe thgt= 2&. Soa is the unique simple rootiBC, suchthat@ € @.
Let u = w; + ws (i), We have

_ w2 1@ _ (mey)

20)V )\ = ——~ — =
(. @) (2a.2a) 2@a&)  ca

=(no)=1,

using again Lemma 2. Hence the result ab@utholds also in this case.
If X is nonexceptional (an@ is nonreduced) then the involution is described, up to
isomorphism, by one of the following two Satake diagrams
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. o o o———e o o . » e<E -0,
B, 1 2 3 4 20—1 20 20+1 n—1 n
o1 2 3 4.
In the first case we have
—op — (ei—1+ oiy1) if 2 i andi < 2¢,
o(aj) =1 —az — (-1 + 200041+ -+ 201+ a,) ifi=2¢,
o otherwise.

Since(o (a2¢), a3,) = 1 we have:

(1) Sap 0 (0r2¢) = 0 (0r2¢) — at2¢,
(i) (Groe, @r2) = (croe, 0r2).

Henceuyy is the unique simple root such tha,, 2ay, € & and

(w2, a20)  (w2e, e — o (ar2r)) v
= = = = :(a)ze’aze>= 1
(a2¢, a2¢) (a2¢, a2¢)

(w2e, a20)Y)

So the claimed description @21 is proved.
In the second case we have

o () = —o1— (Baz +2a3+ag) ifi=1,
R 7 otherwise.
Since(o (@1), @) ) = 1 we conclude as in the previous case:

Corallary 2. (1) The selfzjr of integral weights ofp that are dominant with respect th
is AT N2

(2) there exists & basiséy, . . ., 6, for Pic(X) that is aN basis for the con®ict (X):
moreover any; is of one of the following three kindsu; or 2w; or w; 4+ we ;) for some
1<j<n.

Proof. It follows from the formula for the weight®; given in Theorem 1 above and from
Proposition 4. O

We introduce a new order on the set of weights. Given two integral wejghts= A
we write u <, A if w = A — & for some € Ay, whereAy is the positive cone oves.

Let A € Pict(X). Using the order<, above and Proposition 7 we can decompose
HO(X, ;) as

0
HYX, L) =PV
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where the sum runs over the dominant weightsuch thatu <, A. Now recall the PRV
conjecture that was proved independently in [10] and in [14].

Proposition 9. Let A and u be two dominant weights and lete¢ be two elements in
the Weyl group. Ifv = (X)) + €(u) is dominant then the modul®, appears in the
decomposition into irreducible modules of the tensor prodiia® V..

A useful consequence is the following

Proposition 10 [8, Lemma 3.2]Letv, A, u be dominant weights such thatl A + . Then
there exist dominant weights, 1’ such that

O V<A <, and
(i) Vv, appears in the decomposition8f ® V.

We want to prove the following generalization for complete symmetric varieties.

Theorem 2. If v, 1, u € 27 andv <, A + u, then there exist two weights, 1’ € 2,
such that

(I) )"/ g(r )"1 :u‘/ g(r l’l‘a and
(i) V, appears in the decomposition6f ® V.

Proof. Forn € t* we denote byn]w the unique element of the dominant Weyl chamber
in the orbitW - ». Forn e t] we define analogously] using the root sy~ster(5, Eq).

We observe that ify € t] then[n]w =[] since by Proposition 8 we haw€ - n C W - n
and the dominant Weyl chamber @fis contained in the dominant Weyl chamber@by
Corollary 2.

Assume thatp is reduced and lek be a simply connected group with root systém
Notice that the seﬂzr is the set of dominant integral weights Kfand<,, is the dominant
order forK. Forn € 2] let £2,, be the set of weights of the irreducibie moduleV, of
highest weight). We havev € £;., sincev <, A + 1 andv, A, 1 € £2;". Consider now
the K equivariant projection

§)L 024 Vu —» §k+,u'

We have that there exist weighise £2;, i € £2,, such thatv = X + fi. In particular,
A—2 €Ay, u—ji€ly. Let) =[Mw, ' =[]y and notice thak’, 1’ € 27 by the
remark at the beginning of the proof. Moreover- A, u’ — i € Ay sincea, j are integral
weights. Sor — A/, u — ' € Az. Further,) <A, u' < u sincer’ € 25, ' € £2,. We
concluder’ <, A, ' <y u. This shows alsa’, 1’ € .Qf Finally, v, appears iy ® V,/
using the PRV (Proposition 9).

Assume now tha® is nonreduced and is irreducible (without loss of generality); so
@ is of typeBC,. The proof given above still holds with the following remarks:
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(i) choosek of typeB; C BC; and notice tha¥, is the dominant order fag,,
(i) £2; is strictly contained in the set of dominant integral weight&ofand
(iii) if ne 2] and¢ <, nthenpe 2. O

As an application to complete symmetric varieties we have

Corollary 3. Let X be a nonexceptional complete symmetric variety andilet
Pic™(X). Consider the multiplication map

HOX, £,) @ HO(X, L)) - HO(X, Lig ).

Then if V* appears in the right-hand side as a direct summand then it appears in the
left-hand side too.

Proof. Follows from Theorem 2 above and Proposition 4

3. The standard monomial theory

We begin this section with a short review of Littelmann path basis theory, for details
see [11-13]. Denote b7 the set of piecewise linear paths [0, 1lg — A ® Q starting
in 0. Let IT™* be the set of paths € IT such that Imr is contained in the dominant Weyl
chamber. Fow € A let ey, f,, be the root operators associated withWe can associate a
colored directed grapéi(B) to any subseB of IT by joining two pathsrs, 72 € B with an
arrowrny — o if Jfu (1) = 12,

Now letx € A™ and choose € ITT such thatr (1) = A, then thepath modebssociated
with 7 is the sefB,; of paths obtained from by applying the root operators, i.&; U {0}
is the smallest subset @ U {0} that containst and is closed under the root operators
eq, f«. The path model describes the character of ¢henodule V;, indeed we have
chVi =3, s, e'®,

In particular, if we start withz, :7 +— A thenB, = B, is the set of Lakshmibai—
Seshadri paths (LS paths) of shape This path model has a simple combinatorial
description in terms of poset with bonds (see [2,3]). B&t be the stabilizer of in the
Weyl groupW and consider the set of minimal representati#i¢s Given two adjacent
elements < s, 72 i W*, wherex € A, one can define a positive integer value functfgn
as fi.(t1, 2) = (r1(1), «V). Further, given a complete chaif < - - - < 7, in W*, we have
that gcd fi (11, 12), . . ., fo(tu—1, T»)} depends only on the pait, 7,; SO one can extend
f». to comparable pairs defining, (t1, t,) = gcd fo.(t1, 12), . .., fa(tu—1, Tu)}. The data
(W*, <, fo) is called aposet with bonds

Thenthe seB, of LS paths of shapkis in bijection with the set of pairg1 < - - - < 7,;
O=ap<ai1<--<ay-1<a, =1 such thaty; f; (r;,7;+1) e Nfori =1,...,u — 1.
Now let N, be the least common multiple of the imagg W*) and consider the s&¥’ of
words in the alphabé¥. We define thevord w(r) € W of an LS pathr = (11 < --- < 7y;

- Ny (au—ay -
O=ap<ar1<---<a,=1) asw(n)zrfh(“l @0) . Nrlu—tu-1)
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Now letAq, ..., A, be dominant weights and cdtirmal monomiakny stringry - - - 7,
with 7; € By, for i = 1,...,r. In order to introduce a variant of the lexicographic
order, we extend the word to monomials definiagrs - - - 7,) = w(mry) - - - w(r,) using
juxtaposition of words inW. Given two monomialsry---m,, n1---n, we define
myeeemy <mpeeenp 0w <jex ta(w(ny) - (w(ny)) for all permutations
(t1,...,7) inthe subgroupiSM1 x .-+ x By, of the symmetric grouds;  +.-+n;, ON
Ny, + -+ N, symbols acting in the natural way on words of length + - -- + Ny, .

Consider the seB,, * --- % B,, of concatenations of LS paths of shapes..., A,
and notice that it is stable under the root operators. Dé&firg, ..., A,) as the connected
component of the grapfi(B,, * - - - * By, ) containingr;,, - - -y, ; letA = A1+ -+ A,
and recall that the map,, % --- x m,, — m, extends to an isomorphism of graphs
G(A1,...,Ar) = G(B,). Now given a formal LS path monomiat; - --7, we call it
standardif 71 %---xm, € G(A1,...A,). Itis then clear that the number of formal standard
monomialry - - - 7, is given by|G(A1, ..., A)| = |B, | =dimV;.

This machinery has another key feature for our purposeiket. ., A, be dominant
weights such that the lattic¢ = (11,..., A,)z has rankr and let O be the parabolic
subgroupPy, ...+, of G. Consider the ringly (G/Q) = @, .y H°(G/Q. L;). Letr €
¥ N AT and recall that Littelmann associates a secfigre H%(G/Q, L;) toan LS path
7 € B;.. These sections have very remarkable properties and they give a standard monomial
theory forAy (G/Q). Letny, ..., m, be LS paths withr; e By, andhy <--- < h,, and
call a monomialpy, - - - p5, standard ifry---7, is a standard formal monomial, further
we define the shape of the monomgg)}, - - - p;, asis, +---+ ,. Then one has

Proposition 11. (1) The standard monomials of shapérms ak basis forH%(G/ Q, £;);
(2) if pry - Pry = D_p AnPuy1 - - Py, €XPress the nonstandard monompgl, - - - pr,
in terms of standard monomials with) # 0 thennp 1---np., < w1 - -7, for all h.

We will refer to the expressions in (2) of Proposition 11 above asLiltelmann
relations

We are ready to develop our standard monomial theory. First a definition, for a VAriety
let A(Z) denote the rin@LEpiqZ) HO(Z, £) that we call thaing of sectionof Z. Now
let X be a complete symmetric variety and gt .. ., 6, be theZ basis for Pi¢X) as in
Corollary 2. LetB; = By, be the LS path basis of shajedescribed above far=1, ..., r.
Foran LS pathr € B; itis possible, according to Proposition 7, to choose= HO(X, Lg;)
such thatxnm/}) = Pr-

Lemma 3. The sections; for 7 € B1 U --- U B, and the sections; € HO(X,Li&,.) for
i=1,...,¢generateA(X).

Proof. Let A’(X) be thek subalgebra generated by the sections in the statement. By
Proposition 7 it is enough to show that for each dominamrt Pic(X) the submodule
V¥ c HO(X, £;) is contained inA’(X).

Foraweighth =a101+---+a,6, lethtA =Y, a;. We use inductionon it Ifhtax =0
thenx =0 andH9(X, £,) ~k - 1. So suppose ht> 0. Hence there exists a dominant
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weightA’ and 1< i < r suchthat = A’ +6;. Consider the following commutative diagram
where the horizontal maps

HO(X, L;)) ® HO(X, Lg) — HO(X, L;)

J J

Vi@ Vg vy

are induced by multiplication. Notice that the lower horizontal map is surjectivé by
equivariance. This finishes the proof since’ht hta. O

A generic monomial in the generators can be written in the form

_ ng
x_sl ...se xnl...xn

u

with 7z; € By, andhy < --- < h,. For such a monomial we define therder of vanishing
asv(x) = (n,...,ny), theshapeasr(x) = Zleni&i + 27:1911,- and theflag shape
asu(x) = A(X) wherex = sy, Notice thatx € Fy ) (v(x)) € Ho(X, L)) and that
wx)e AT,

We define the seiM of standard monomialfor X as the set of monomials =
syt sZ‘x,,l -+-xz, as above suchthat - - -, is a formal LS standard monomial. Further
we denote byM, the set of standard monomials such thati(x) = 1. Given two
monomialsx = s7* -+ s, Xz, -+ Xz, andy = st -+ 5" x;, - - xp, With the same shape
we writex < y if v(x) <v(y) orv(x) =v(y) andmy-- -7, <n1--- Ny

Finally let A(X) be the polynomial ring with indeterminates, ..., s, andx, with
7 e€Byu---uB,. Clearly A(X) is isomorphic to a quotient afl(X)/I for some ideal
I Cc A(X).

The main result of our standard monomial theory is the following.

Theorem 3. (1) The setM;_is ak basis forH°(X, £y).

(2) Given monomialsxy,...,x; € M, let x1---x; = Y a,z with z € M be the
relation guaranteed byl). Then for any standard monomialsuch thata, # 0 we have
x1---x; < z. Moreoverxs - - - X = Y a,z With v(z) = v(x) + v(y) is a Littelmann relation
for a multicone oveG/ P.

(3) The ideall is generated by the relation if2) for r = 2 andxy = x5, x2 = x5, With
71, we € By u -+ - U B, andxy, x5, not standard.

Proof. We prove the three statements together.

First notice that a section id(X) vanishing onG/P is in the ideal generated by
s1, ..., 8¢ since the divisoSy, ..., S are smooth and have normal crossings.

If w1, 12 e B1u--- LB, are two LS paths such that, x,, is not standard, consider the
Littelmann relation

Py Py = Z Ah Py 1 P2
h
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onG/P. Thenxy, xy, — D) anxy, Xy, , Vanishes oG/ P, hence

xﬂlxﬂ2=§ ApXyy 1 Xy + E : a2
h

v(z)>0

where in the second sum this are (not necessarily standard) monomials.
Consider theA homogeneous element

Jrrmo = Xy Xy — § :ahxnh,lxnh,z - § : az<

h v(z)>0

in A(X) and letJ be the ideal generated by the variofs$ », with x,, x, not standard as
above. We want to show thail generatesA(X)/J as a vector space.

Let x = sy -5, Xz, - -~ Xz, De a not standard monomial (sa> 2). We proceed by
induction on the flag shape #fwith respect to the ordef, .

Observe thatd(X)/({s1, ...s¢) + J) is isomorphic to the coordinate ring of a multicone
over G/ P since the relations on sections ow&y P are generated by the relations of
degree 2[9, Proposition 2]. Heneg, - - - x5, + (s1, . . ., s¢) is a sum of standard monomials
in the x;. So in A(X)/J we havexy, - xz, = > cr1a:2 + s1y1 + - -+ + s¢ye, Where
y1, ..., ye are sums of monomials with flag shape of the flag shape of.

Now consider theA homogeneous projectiaf: A(X)/J — A(X). We want to show
that ¢ is an isomorphism. It is enough to prove that diiX)/J), < dim(A(X));, for
each, since¢ is clearly surjective. We have did(X)/J), < |[M;]|. On the other
hand, (A(X)), = HY(X, L) = @ V,;f with 1 <, A, u dominant. So dirtA (X)), =
Zuggx, peAt dim V: = Zuggx, pea+ 1B, l. If wu=a101+---+ a6, then

|BM|: g(elv"'vels"'191'1"'191')
[ — [ —

al Ay
and we conclud@_, 5 ,ca+ IBul=|M;]. O

Now we show that this standard monomial theory is compatible withGherbit
closures inX. So let/ C {1,...,¢} and letX; =(;.; S; be the corresponding orbit
closure. Define a monomial= s7* - - -5 xz, - - - x5, to bestandard onX; if it is standard
andn; =0 for alli € 1. Given a weight., denote byM, _; the set of monomials standard

on X; with shapex. Then we have
Corollary 4. The setM;,_; is ak basis forH%(X;, Ly x,).
Proof. Let J be the complement of in {1,...,¢}. Adapting the proof of Theo-

rem 8.3 in [4] we have that’®(X, £;) — H%(X;, L;x,) is a surjective map and that
HO(X,, Lyx,) = @u V: where the sum runs over all dominant weightsf the form

[L:)\—Zaj&j

jeJ
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with a; > 0. So the set of standard monomial$, is a generating set fa0(X,, Lox,)-
HenceM, ; is a generating set since any monomialify, \ M, _; contains some; with
i € I and vanishes orX;. Moreover comparing the dimensions we have thdf ; is
abasis. O

Clearly all the statements of Theorem 3 carry onxitp giving a standard monomial
theory for the ringApicx) (X1) = @D cpiox) H2(X1. Lax,)-

Now we want to give some straightforward applications of the discussion above. The
form of the relations in Theorem 3 allows to degenerate the Aink) to the coordinate
ring of the product of a multicone over the flag variet@gP and the affine spack’.
Indeed, letk be the ideal ofA (X) generated bys, ..., s¢ and consider the Rees algebra

R= OAXNPOAXNDAX) @Kt O K42 C AX) ®k[r,171].
Let A(G/P) = Apiox)(G/ P) = @, cpiox) H(X. L1). Then we have

Theorem 4. R is a flatk[s] algebra. The general fibelR/ (¢ —a, with a e k \ {0}, is
isomorphic toA (X) and the special fibelR/(¢) is isomorphic toA(G/P) @ k[s1, .. ., s¢].

Proof. This is a standard result about Rees algebra taking into account the relations of
Theorem 3. O

Now we use this degeneration result to prove th@X') has rational singularities. As we
said in the introduction, this is well known and we include it here since we have not found
it in the literature. In the proof below we will use (i) tha{ G/ P) has rational singularities
(Theorem 2 in [9]) and (ii) that the property of having rational singularities is stable under
flat deformation (see [6]) and under the quotient by a reductive group (see [1]).

Theorem 5. (1) The ring A(X) has rational singularities.
(2) Forall £ e Pic(X) theringAz =@,,cn HO(X, £®") has rational singularities.

Proof. By what we said above and Theorem 4 in order to prove (1) it is enough to show
that A(G/P) is the fixed point algebra od (G / P) under the action of a reductive group.
This will be done in two steps. L&k be the latticg6y, ..., 6,)g N A and observe that

ADPIC(G/P) = (wy | @ € A1)z D ¥ D Pic(X).

Let 7 be the maximal torus o over T and recall thatA = Hom(7, k*). We define
S =(i_1kerf; c T and an action o§ on A(G/P) by

t-f=u@)f forallteSandfeHOG/P,L,).
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We have that(A(G/P))S = Ay(G/P) = @,y H(X. L;). Now we observe that
¥ /Pic(X) is a finite abelian group. Hendé = Hom(¥/Pic(X), k*) is also finite and we
can define an action df on Ay (G/P) by

y-f=y(p+PicX))f forally el andf e HYG/P,L,).

Clearly (Ay (G/P)) = A(G/P).

For the proof of (2) notice that i is not trivial and there exists: > 0 such that
HOX, £®™) + 0 then HO(X, £®") = 0 for all n < 0. So we can assuma,(X) =
D,z HO(X, £®") and £ = £, for somex € A. Then the proof goes on as in (1) using
the action of a torus and a finite group to pass from the algalgs8), corresponding to
Pic(X), to A, (X), correspondingt@a. O

As afinal remark we consider the characterigtizase. In this paper we have exclusively
treated the characteristic O case. In particular in the proof of the last theorem we used the
result of Boutot on quotients of rational singularities and the result of Elkik on deformation
of rational singularities which in general hold only in this case and we do not know if
Theorem 5 holds also in the finite characteristic case.

However, it is possible to prove Theorem 3 in general with few changes to our proof.
We give now an outline of the modification needed to pass from the characteristic zero case
to the general case.

The characterizations a1 and Pi¢X) given in Theorem 1 and Corollary 2 hold
in the same way and with the same proofs in the finite characteristic case. The main
changes are in the proof of Lemma 3. One minor change is that we cannot use the
decomposition oHH%(X, £;) = @uéak,uezﬁ V:, but we have instead to use the filtration
F;, of Proposition 7. A more important change is tHat is no more irreducible but
we can instead use the surjectivity of the multiplication of secti®f&G/P, £;) ®
H%G/P, L,)— H°G/P, L;+,) proved by Ramanan and Ramanathan (see [15]). Then
the remaining part of the proof of Theorem 3 goes on with only minor changes.
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