
1 Algebraic correspondences

Let C be a smooth projective curve de�ned over an algebraic closed �eld K. Let Div(C)
be the divisor group, that is the free abelian group generated by the points of C(K). Let
D =

∑
nPP be a divisor and de�ne deg(D) =

∑
nP . De�ne

Div0(C) = {D ∈ Div(C) | degD = 0}.

Given f ∈ K(C)∗, let div(f) =
∑

ordP (f)(P ) and note that deg(div(f)) = 0. De�ne
Jac(C) as the quotient of Div0(C) by the subgroup of principal divisor, that is the subgroup
of divisors of the form div(f).

Let C be a curve de�ned over a �eld K of positive characteristic p > 0. Let q = pr.
Let Frobq : C → C(q) be the Frobenius of C. Recall that if C is de�ned by an equation
F (x, y) = 0, then Frobq(x, y) = (xq, yq) and C(q) is de�ned by the equation F (q)(x, y) = 0.

Let X,X ′, Y be three non singular projective curves de�ned over a �eld K. An algebraic

correspondence from X to X ′ is a pair

X
α←− Y β−→ X ′

with α and β �nite. Given an algebraic correspondence, we can de�ne a map

β∗ ◦ α∗ : Div(X)→ Div(X ′)

that sends
P →

∑
Q∈α−1(P )

eφ(Q)β(Q).

One can easily show that this map sends Div0(X) to Div0(X ′) and sends principal divisors
to principal divisors. Hence, passing through the quotient, we can de�ne a map J(β∗ ◦ α∗)
from Jac(X) to Jac(X ′).

Given f : X → X a morphism, let Y = {(x, f(x)) | x ∈ X} be the graph of f . Consider
the correspondence

X
π1←− Y π2−→ X

and so we can de�ne a map

J(f) = J(π2∗ ◦ π∗1) : Div(X)→ Div(X)

that sends
P → f(P ).

In the same way, take the algebraic correspondence

X
π2←− Y π1−→ X
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and so we can de�ne a map

J(f)′ = J(π1∗ ◦ π∗2) : Div(X)→ Div(X)

that sends
P →

∑
Q∈f−1(P )

ef (Q)Q.

Note that J(f) and J(f)′ are usually de�ned as f∗ and f
∗.

Let p be a prime and let C be a non-singular projective curve de�ned over Fp. So,
C(p) = C. We can de�ne J(Frobp) : Jac(C)→ Jac(C) and J(Frobp)

′ : Jac(C)→ Jac(C) as
above. We will simply denote these maps by Frobp and Frob′p.

Theorem 1.1. Let N ≥ 1. There exists a polynomial ΦN (X,Y ) ∈ Z[X,Y ] with the

following property: Let C be the curve de�ned by ΦN (X,Y ) = 0. Let Cns be the curve

obtained by removing the non-singular points of C and there is an embedding Cns in a

complete and regular curve C̃. There is an isomorphism X0(N)→ C̃ (over C). On an open

subset, the map sends z to (j(z), j(Nz)).

Proof. See [1, End of Section 7 and before Theorem 10.3]

On the open subset of X0(N) of the previous theorem, every point z is associated with
a couple (j(E), j(E′)) with E and E′ two elliptic curves, j(E) = j(z), and an isogeny
φ : E → E′ with kernel a cyclic group of order N .

Let (p,N) = 1. We denote by X0(N) the reduction of C̃ modulo p. Since p is coprime
with N (we will not prove this, it is di�cult!!), we have that X0(N) is non-singular. On an
open subset of X0(N)(Fp), the points can be seen as couples (j(E), j(E′)) with E and E′

two elliptic curves de�ned over Fp with an isogeny of kernel a cyclic group of order N .

Question 1.2. Let p be a prime and N be a positive integer coprime with p. Describe
Frobp + Frob′p : Jac(X0(N))→ Jac(X0(N)). In particular, can we �nd a global (that is, an
endomorphism of Jac(X0(N))) whose reduction modulo p is Frobp + Frob′p?

2 Hecke algebra

Let Γ be a subgroup of Γ(1) = SL2(Z) of �nite index. Let ∆ be the set of integer matrices
of positive determinant. Given α ∈ ∆, de�ne Γα = Γ ∩ α−1Γα. One can easily check that
Γα has �nite index in Γ(1). So, Γ = tΓααi for �nitely many αi ∈ Γ.

Lemma 2.1. If Γ = tiΓααi, then ΓαΓ = tiΓααi.

Proof. Note that

αΓαΓ = tiαΓα(Γ ∩ α−1Γα)αi = ti(αΓαΓ ∩ αΓα)αi = tiαΓααi.

We conclude by multiplying by α−1 on the left.
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Let α, β ∈ ∆ and assume that Γ = tiΓααi and Γ = tjΓββj . Then,

(ΓαΓ) · (ΓβΓ) = ΓαΓβΓ = tjΓαΓββj = ti,jΓααiββj .

De�nition 2.2. Let Γ and ∆ be as above. Let H(Γ,∆) be the free abelian group generated
by the elements {ΓαΓ | α ∈ ∆}. We want to give to this group a multiplication. De�ne

(ΓαΓ) · (ΓβΓ) =
∑
i,j

ΓααiββjΓ.

So, H(Γ,∆) is a Z-module with a compatible multiplication and then it is an algebra. It is
called an Hecke algebra.

Let Γ be a subgroup of Γ(1) of �nite index and let α be a matrix with integer coe�cients
and positive determinant. Let X(Γ) = Γ\H∗ and X(Γα) = Γα\H∗. Since Γα < Γ, we can
de�ne the map π : Γαz → Γz from X(Γα) to X(Γ). In the same way, we can de�ne
πα : Γαz → Γαz. So, we have the algebraic correspondence

X(Γ)
π←− X(Γα)

πα−→ X(Γ)

and we de�ne
T (α) = J(πα∗ ◦ π∗) : Jac(X(Γ))→ Jac(X(Γ)).

If Γ = tΓααi, then π
−1(Γz) = {Γααiz}. So,

T (α)(Γz) =
∑
i

Γααiz.

Remark 2.3. The map H(Γ,∆) → End(Jac(X(Γ))) that sends ΓαΓ to T (α) is a ring
homomorphism.

3 The morphism T(p)

Now, we show an example of an element of H(Γ,∆), that will be very useful for the next
sections.

Example 3.1. Let Γ = Γ0(N). Let p be a prime with (p,N) = 1. Let α =

(
1 0
0 p

)
. So,

Γ = tΓααi for some αi ∈ Γ. We want to explicitly write these αi. Note that

α−1Γα =

{
α−1

(
a b
c d

)
α | c ≡ 0 (mod N) and ad− bc = 1

}
=

{(
a bp

cp−1 d

)
| c ≡ 0 (mod N) and ad− bc = 1

}
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and then

Γα =

{(
a bp
c d

)
| c ≡ 0 (mod N) and ad− bpc = 1

}
.

De�ne αi =

(
1 i
0 1

)
for i = 0, 1, . . . , p− 1. So,

Γααi =

{(
a ai+ bp
c d+ ci

)
| c ≡ 0 (mod N) and ad− bpc = 1

}
.

Let αp =

(
p −x
N y

)
with x and y two integers such that py+xN = 1. One can easily check

that Γααi 6= Γααj if i 6= j. We just need to show that αj /∈ Γααi for i ≤ p − 1. If j 6= p

and αj =

(
a ai+ bp
c d+ ci

)
∈ Γααi, then a = 1 and then i + bp = j. We �nd a contradiction

looking at the equation modulo p. If j = p and αj =

(
a ai+ bp
c d+ ci

)
∈ Γααi, then a = p and

this is absurd since the matrix has determinant divisible by p. With similar techniques, we
can easily show that

Γ = t0≤i≤pΓααi.

Lemma 3.2. Using the notation of the previous example, the matrix

(
p 0
0 1

)
belongs to

Γααp.

Proof. (
p 0
0 1

)
=

(
yp x
−N 1

)
ααp.

As before, let Γ = Γ0(N) and p be a prime with (p,N) = 1. So, X(Γ) = X0(N) and

take α =

(
1 0
0 p

)
. De�ne T (p) = T (α) : Jac(X0(N))→ Jac(X0(N)).

Lemma 3.3. Let (j(E), j(E′)) ∈ X0(N). Let φ : E → E′ be the isogeny with kerφ =
Z/NZ. We have

T (p)(j(E), j(E′)) =

p∑
i=0

(j(E/Si), j(E
′/φ(Si)))

where {Si | i = 0, . . . p} is the set of subgroups of E of order p.

Proof. Let τ ∈ C be such that E ∼= C/ < 1, τ >. By de�nition,

T (p)(Γz) =

p∑
i=0

Γααiz
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where αi are de�ned in Example 3.1. For 0 ≤ i ≤ p− 1,

Γααiτ = Γ

(
1 i
0 p

)
τ = Γ

τ + i

p
.

Let Si be the subgroup of C/ < 1, τ > generated by (τ + i)/p, that is a group of order
p. So, the elliptic curve E/Si is isomorphic to C/ < 1, τ + i/p >. Hence, Γααiτ can be
associated to the couple (j(E/Si), j(E

′/φ(Si))). Let Sp be the subgroup of C/ < 1, τ >
generated by 1/p, that is a group of order p. By Lemma 3.2, Γααpτ can be associated with
the couple (j(E/Sp), j(E

′/φ(Sp))). Note that the subgroups of order p in Z/p × Z/p are
p + 1 and then the set {Si | 0 ≤ i ≤ p} is the set of all the subgroups of C/ < 1, τ > of
order p. In conclusion

T (p)(τ) = T (p)(j(E), j(E′)) =

p∑
i=0

(j(E/Si), j(E
′/φ(Si)))

where Si are the subgroups of order p of E.

4 The Eichler-Shimura congruence

Lemma 4.1. Let q be the power of a prime and let E be an elliptic curve de�ned over Fq.

� The map Frobq : E → E(q) has degree q and it is purely inseparable. If there is an

elliptic curve E′ de�ned over Fq, and φ : E → E′ of degree q and purely inseparable,

then E′ is isomorphic to E(q).

� The multiplication by q has degree q2.

Recall that Qp ⊆ C.

Theorem 4.2. Let (p,N) = 1. Let X0(N) be the reduction modulo p and T (p) be the

reduction of T (p). Then,
Frobp + Frob′p = T (p).

Note that these maps are from Jac(X0(N)) to itself.

Remark 4.3. With T (p) we mean the following. Let R ∈ Jac(X0(N))(Fp). Let R ∈
Jac(X0(N))(Qp) be a lift of R. So, T (p)(R) ∈ Jac(X0(N))(Qp) and de�ne T (p)(R) as the
reduction modulo p of T (p)(R). During the proof of the theorem we will show that this
de�nition does not depend on the choice of the lift of R and then T (p) is well-de�ned.

Proof. Let R ∈ X0(N)(Fp). Since we are working with morphisms of abelian varieties, we

can focus on points of the form (j(E), j(E
′
)) as above. Note that E and E′ are de�ned over

Fp. Ignoring �nitely many points, we can assume that j(E) /∈ Fp2 . If we prove the identity
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for these points, then we are done. Consider the multiplication by p in E. This map has
degree p2 and has kernel with cardinality 1 or p.

If it has trivial kernel, then the multiplication by p is purely inseparable and then E is

isomorphic to E
(p2)

. So, j(E)p
2

= j(E
(p2)

) = j(E) and then j(E) ∈ Fp2 , contradiction. So,
ker(p : E → E) has order p.

Let E
φ−→ E′ be a lift of E

φ−→ E′ to Qp. The reduction map E[p] → E[p] has kernel of
order p and let S′ be this group. As above, let {Si | i = 0, . . . p} be the set of p-subgroups
of E. Reordering the indexes, we can assume S′ = S0. Consider φ0 : E → E/S0, that is
an isogeny with kernel S0. Let φ′0 : E/S0 → E be the dual of φ0 and φ ◦ φ0 = [p]. Since
[p] has degree p2 and the reduction modulo p of φ0 and φ

′
0 have degree at most p, we have

that reduction modulo p of φ0 has degree p. Moreover, it is purely inseparable (since it has

trivial kernel). Hence, E/S0 is isomorphic to E
(p)
. In the same way, E′/φ(S0) is isomorphic

to E′
(p)
. Hence,

Frob(j(E), j(E′)) = (j(E)p, j(E′)p) = (j(E
(p)

), j(E′
(p)

)) = (j(E/S0), j(E′/φ(S0))).

Let 1 ≤ i ≤ p. Consider φi : E → E/Si. This map has degree p and its reduction
modulo p is separable since it has kernel of cardinality p. Let φ′i be the dual of φi and then

E
φi−→ E/Si

φ′i−→ E

with φi ◦ φ′i = [p]. So, the reduction E/Si
φ′i−→ E has degree p and trivial kernel. As above,

E is isomorphic to (E/Si)(p). Hence,

Frobp(j(E/Si), j(E′/φi(Si))) = (j(E), j(E′))

and (j(E/Si), j(E′/φi(Si))) < Frob′p(j(E), j(E′)). Therefore,∑
1≤i≤p

(j(E/Si), j(E/φi(Si))) < Frob′p((j(E), j(E′))).

The divisors of the LHS and of the RHS are both positive and of degree p (since Frobp has
degree p) and then ∑

1≤i≤p
(j(E/Si), j(E/φi(Si))) = Frob′p((j(E), j(E′))).

So,

Frobp((j(E), j(E′))) + Frob′p((j(E), j(E′))) =
∑

0≤i≤p
(j(E/Si), j(E/φi(Si))).
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By the previous section,

T (p)(j(E), j(E′)) =

p∑
i=0

(j(E/Si), j(E
′/φi(Si)))

and so we are done.

5 Comments on References

For the basic facts, see [2, Section 2 & 3]. For more details on Hecke algebra, see [1, Section
5]. The second part of the note is taken from [1, Section 10].
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