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Abstract

The mean curvature flow arises material science and condensed matter physics and has been recently
successfully applied by Huisken and Sinestrari to topological classification of surfaces and submanifolds.
It is closely related to the Ricci and inverse mean curvature flow.

The most interesting aspect of the mean curvature flow is formation of singularities, which is the
main theme of these lectures.

Background on geometry of surfaces and some technical statements are given in appendices.

(we often use different notation for the same objects, as we did not decide on the
notation.)
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1 General properties of the mean curvature flow

The mean curvature flow, starting with a hypersurface Sy in R"*!, is the family of hypersurfaces S(t) given
by immersions xz(-,t) which satisfy the evolution equation

{gf = —H(z)v(z) (1.1)

Tl—o = o

where x is an immersion of Sy, H(x) and v(z) are mean curvature and the outward unit normal vector at
x € S(t), respectively. The terms used above are explained in Appendix

In this lecture we describe some general properties of the mean curvature flow, (1.1). We begin with
writing out (L.1) for various explicit representations for surfaces S;.

1.1 Mean curvature flow for level sets and graphs

We rewrite out (|1.1)) for the level set and graph representation of S. Below, all differential operations, e.g.
V, A, are defined in the corresponding Euclidian space (either R**! or R™).

1) Level set representation S = {¢(z,t) = 0}. Then, by (A.2)) of Appendix[A] we have

LY a2
o) =g = (g5 (12
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We compute 0 = dff =Vyp- % + %—f and therefore %—f =V % div (%) , which gives

dp . Ve
i |Vl div <V<p|) . (1.3)

2) Graph representation: S = graph of f. In this case S is the zero level set of the function ¢p(x) =
ZTni1 — f(u), where u = (z1,...,2,) and ¢ = (u, Tp4+1), and using (1.3) with this function, we obtain

VIV +1

Denote by Hess f the standard euclidean hessian, Hess f := ( o ) Then we can rewrite (|1.4) as

O _ VT di (Vf ) | (14)

ouioud
1.2 Different form of the mean curvature flow
Multiplying the equation in R"*! by v(x), we obtain the equation
v(x) - Z—f = —H(x). (1.6)

In opposite direction we have

Proposition 1. If z satisfies (1.6]), then there is a (time-dependent) reparametrization ¢ of S, s.t. x o
satisfies (1.1)).

Proof. Denote (%)T = % —(v- %)I/ (the projection of % onto T,5) and let ¢ satisfy the ODE ¢ =
f(dx)*l(% o )T (parametrized by u € U). Then %(x op) = (%x) o+ dr ¢. Substituting ¢ =

f(dx)*l(% o )T into this, we obtain %(z op)=(v- (%z) op)v=—H. O

Thus the MCF in the form (1.6]) is invariant under reparametrization, while the form (|1.1)) is obtained
by fixing a specific parametrization (fixing the gauge).
1.3 Mean curvature flow and the volume functional

We show that the mean curvature arises from the first variation of the surface area functional. We do this
for surfaces which are graphs of some function, which is locally the case for any surface.

Recall that locally the surface volume functional can be written as

V(SNU) = /U Jid",
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where g := det(g;;). We show that the MCF is a gradient flow of the surface area functional. We do this for
surfaces which are graphs of some function, which is locally the case for any surface. (We do an immersion
case later.)

Recall that, if E : M — R is a functional on an infinite dimensional manifold M, then the Gateaux
derivative dE(u), u € M, of E(u), is a linear functional on X defined as

0

dE(u)é = B

E(us)]|s=o, (1.7)
where u; is a path on M satisfying us|s—o = u and Osus|s—o = &, with & € T, M, if the latter derivative
exists.

If M is a Riemannian manifold, with an inner product (Riemann metric) h(£,n), then there exists a
vector field, grad, E/(u), such that

(grad,, E(u), €) = dE(u)t. (18)
This vector is called the gradient of E(u) at u w.r.t. the metric h.

We want to compute the Gateaux derivative of the area functional V. Because of reparametrization (see
Proposition , it suffices to look only at normal variations, 1, of the immersion v, i.e. generated by vector
fields 7, directed along the normal v: n = fv. We begin with

Proposition 2. For a surface S given locally by an immersion 1 and normal variations, n = fv, we have
AV ()n = / Hv-n \/gd"u. (1.9)
U

Proof. We want to show for g = g(v) := det(g;;) that
dv/gn = H\/gv - . (1.10)

To this end we use the representation det(g;;) = e™n(9)  which gives dgn = ¢ Tr[(gi;) 'd(gi;)n] and
therefore

dgn = g9”*dgi;n. (1.11)

Next, we compute dg;;n = 2 < gqﬁ , gfj > = 28‘Zj <gfﬁ , 77> -2 < aij gZﬁ , 77>. For normal variations, n = fv, the
last relation and Lemma [41] of Appendix [A] give

dgijn = 2bij (v - ), (1.12)

where b;; are the matrix elements of the second fundamental form. This relation, together with the relation
dg(v)n = g(1)g?*dg;;n, proven above, and, implies dgn = 2(v - n)gg’*b;;, which, due to Lemma gives

dgn = 2gH (v - ).
This, together with d./gn = %g’lmdgn, gives in turn (1.10)). O

The equation (1.9) and the definition (1.8) imply
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Theorem 3. The mean curvature flow is a gradient flow with the functional V' and the metric fs &n:

o = —grad V().

Corollary 4. If S evolves according to (L), then V(S) decreases. In fact, 3,V (S) = — [ H?*(x) < 0.

Proof. The assertion on ¢ (U) follows from (1.9)) as

0= [ Hv-ow=— [ B

which after using a partition of unity proves the statement. O

As a result, the area of a closed surface shrink under the mean curvature flow. Note also that the
equation (1.12) implies 0,g;; = 2b;; (v - Oy1p), which, together with (1.6), gives the following equation for the
evolution of the metric

atgij = *Zbin. (113)

Graph representation. If S is locally a graph, S = graph f, f: U — R, i.e. ¢¥(u) = (u, f(u)), then the

surface area functional is given by
V(f)= / V14 |Vf[2d" .
U

Then the mean curvature flow
O f = —grad V(f)

where grad is defined in the metric hs(&,n) fU 577\/W Indeed, if S = graph f, f: U — R, i.e.
Y(u) = (u, f(u)), then the proof of . is simplified. We compute, using that &|gy = 0,

AV (F)E = BslomoV(f + 5€) = /W

which, after integrating by parts and using the equation (A.3)) of Appendix gives
V(e = / HEd . (1.14)
U
Using (|1.14) we find

M, 2
/Hgd u= /\/1+|Vf| Hg\/W

So we have grad V(f) = —/1 + |V f|?H (z) which together with (1.4]) gives the result.
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1.4 Symmetries

Mean curvature is invariant under translations, rotations and scaling. The latter is defined as
S(t) = AS(\H) & - Aw, t— AT

The invariance under translations and rotations is obvious. To prove the invariance under scaling, we first
show that

H(\z) = A"1H(x). (1.15)

i iti — (p,. = 0% — (g — [0 0¥
Indeed, looking at the definitions B = (b;; = 75— v ) and G = (gij = ( 5.7 5,7 ) )» We see that
T J

B — AB and G — MG if 1 — \ip.
Hence G™'B — A\"1G~!B, which due to the equation (??) of Appendix [A] implies .
Now, let 7 := A~2t, and 2*(t) := Az(7). Then
O = A"2(0:2) (1) = =\"LH (2(7))v(x(1)).

On the other hand, v* = v(2* (7)) = v = v(2(7)) and H* = H(z*(7)) = A1 H(z(7)) = A\"'H (by (1.15)),
which gives

o = —H . (1.16)

We can also use the scaling z(u,t) — Az(A~tu, \™2t), together with the fact that H — H, under
u— A"tu. Indeed, B — A 2B and G — A7 2G if ¢(u) — ¥ (A" 1u), and therefore G™'B — G~ !B.

For S = graph f, f(u) = Af(A7'u) < ¢(u) = A (A~'u) , where ¥(u) := (u, f(u)). Indeed,
V() = (u, f(u) = (u, \f(Au) = XA, fFAT ) = A (A ).

1.5 Special solutions

Static solutions: Static solutions satisfy the equation H(x) = 0 on S, which, by Proposition 2| is the
equation for critical points of the volume functional V(1) (the Euler - Lagrange equation for V(¢)). Thus,
static solutions of the MCF (1.1)) are minimal surfaces.

Spherically symmetric (equivariant) solutions:

a) Sphere x(t) = R(t)%, where # = x/||z|, or {¢(z,t) = 0}, where p(x,t) := |z|?> — R(t)?, or graph f,
where f(u,t) = \/R(t)?2 — |u|?2. (Sg = RS™, where S™ is the unit n-sphere.) Then we have

H(z) = div (SD) = div(#) = %

and therefore we get R = — % which implies R = /R2 — 2nt. So this solution shrinks to a point.
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b) Cylinder z(t) = (R(t)z',z"), where z = (2/,2") € R¥*! x R™. Then H(z) = 21 and R = —nzl

which implies R = \/R% —2(n — 1)t. (In the implicit function representation the cyliner is given by
1

{¢ = 0}, where ¢ :==r — R, with r = (Z?;ll xf) 5.)
Motion of torus (H. M. Soner and P. E. Souganidis).

Solitons - Self-similar surfaces Consider solutions of the MCF of the form S(t) = S* = A(¢)S
(standing waves), or z(u,t) = A(t)y(u), where A(t) > 0. Plugging this into (L)) and using H(A\y) = A\~ H (y),
gives \y = —A"1H(y)v(y), or Ay = —H (y)v(y). Multiplying this by v(y), we obtain

H(y) =al{v,y), and M =—a (1.17)
Since H (y) is independent of ¢, then so should be A\ = —a. Solving the last equation, we find A = \/m.

A3

i)a>0=>X—0ast—T:=352= S*is a shrinker.

iil) a<0=\—o00ast— oco= S is an expander.

The equation has the solutions: a is time-independent and x is one of the following
a) Sphere z = R, where R = /™.
b) Cylinder = = (Ra’,2"), where z = (2/,2") € R¥1 x R™, where R = \/g

As stated in the following theorem, these solutions are robust.
Theorem 5 (Huisken). Let S satisfy H = ax-v and H > 0. We have
(i) If n > 2, and S is compact, then S is a sphere of radius \/g

(i) If n =2 and S is a surface of revolution, then S is the cylinder of radius ”Tfl

Now we consider self-similar surfaces in the graph representation. Let
flu,t) = Ax(A ), A depends on t. (1.18)
Substituting this into (T.4) and setting y = A" u and a = —A\, we find

V1+IVyxPH(x) = a(yd, — 1)x. (1.19)

Translation solitons. These are solutions of the MCF of the form S(¢t) = S + h(t) (traveling waves),
or z(u,t) = y(u) + h(t), where h(t) € R"*!. Plugging this into (1.I) and using H(y + h) = H(y), gives
h = —H(y)v(y), or

H(y)=v-v(y), and h=w. (1.20)

Since H(y) is independent of ¢, then so should be i = v. (more to come)
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Breathers. MCF periodic in ¢.

2 Self-similar surfaces and rescaled MCF

Recall, that static solutions of the MCF (1.1)) satisfy the equation H(z) = 0 on S. Thus, static solutions
of the MCF are minimal surfaces. On the other hand, self-similar surfaces (or scaling solitons) satisfy the

equation (1.17)), i.e.
H(y) = a(v,y), (2.1)

where a is a constant. In view of this equation, we see that the minimal surfaces are special cases of self-
similar ones corresponding to @ = 0. In fact, a = 0 separates two types of evolution: contracting a > 0 ( A
decreasing) and expanding a < 0 ( A increasing). (Remember that a = —A9; A is the negative of the speed
of scaling A.) (We see that scaling solitons generalize the notion of the minimal surface.)

2.1 Rescaled MCF.

First we note that the self-similar surfaces are static solutions of the rescaled MCF,

Oro = —(H(p) —ap-v(p))v(p), (2.2)
where a = — A\, which is obtained by rescaling the surface v and time ¢ as
t
plu,r) = A Ot t), T = [ Ao 23)
0

and then reparametrizing the obtained surface S**°(7) := A(¢)S(t) as in the proof of Proposition |1} Indeed,
since \H = H (or NH(¢)) = H(A~'9)), we find

Orip = N20rp = N (=M 29 + A7 0,0))
= =M = M ()v(¢) = ap — H(p)v ().
Then the mean curvature flow equation (1.1]) implies
Orp = —H(p)v(p) + ap, (2.4)

which after the reparametrization gives ([2.2)). This is another analogy with minimal surfaces.

For static solutions, a =const. Then solving the equation A\ = —a, we obtain the parabolic scaling:

1
A=+2a(T —t) and 7(t) = ~5a In(T —t), (2.5)
a
where T := \2/2T, which was already discussed in connection with the scaling solitons.

Now, we know that minimal surfaces are critical points of the volume functional V(¢) (by Proposition
the equation H(xz) = 0 on S is the Euler - Lagrange equation for V(¢)). Are self-similar surfaces
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critical points of some modification of the volume functional? (Recall that, because of reparametrization
(see Proposition , it suffices to look only at normal variations, 15, of the immersion v, i.e. generated by
vector fields 7, directed along the normal v: 7 = fr.) The answer to this question is yes and is given in the
following

Proposition 6. Let p(x) = e=51°” and Va(@) == [gr p. For a surface S given locally by an immersion v
and normal variations, n = fv, we have

dVa(e)n = /U(H —ap-v)v-n pd"u, (2.6)

Proof. The definition of V,(¢) gives Vo(p) = [gr p(0)\/9(), where p(p) = e=51¢I°. We have dp(p)n =
—ap(p)n. Using this formula and the equation d,/gn = H/gv -1 proven above (see (1.10)) and the fact that
we are dealing with normal variations, 7 = fv, we obtain (12.6]). O

By the definition (1.8]) and the formula (2.6), we have grad;, V,(p) = (H — ap - v)v in the Riemann
metric h(§,n) := fSA &np. This and the equation (2.2)) and Proposition |§| imply

Corollary 7. Assume a in (2.2)) is constant (i.e. the rescaling (2.3)) is parabolic, (2.5))). Then

a) The modified area functional V,(p) is momotonically decaying under the rescaled flow (2.2), more
precisely,

0.Vile) = = [ olH — ool (2.7

b) The renormalized flow (2.2)) is a gradient flow for the modified area functional V,(p) and the Riemann

metric h(&,1) == [gx Enp:
© = —grad, V,(p).

The relation (2.7) is the Huisken monotonicity formula (earlier results of this type were obtained by
Giga and Kohn and by Struwe).

Most interesting minimal surfaces are not just critical points of the volume functional V() but are
minimizers for it. What about self-similar surfaces? We see that

(i) inf Vo(p) = 0 and, for compact minimal surfaces, V, () is minimized by any sequence shrinking to a
point.

(ii) V() is unbounded from above. This is clear for a < 0. To see this for a < 0, we construct a sequence
of surfaces lying inside a fixed ball in R™*! and folding tighter and tighter.

Thus self-similar surfaces are neither minimizers nor maximizers of V (). We conjecture that they are
saddle points satisfying min-max principle: supy inf .y (,)=v Va(®). One can try use this principle (say in
the form of the mountain pass lemma) to find solutions of (2.1)).
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2.2 Normal hessians.

Recall that the hessian of a functional E(yp) is defined as Hess E(p) := dgrad V, (). Note that unlike the
Gateaux derivative, d, the gradient grad and therefore the hessian, Hess, depends on the Riemann metric on
the space on which E(yp) is defined.

Since the tangential variations lead to reparametrization of the surface, in what follows we are dealing
with normal variations, 7 = fr. (In physics terms, specifying normal variations is called fixing the gauge.)
We use the following notation for a linear operator, A, on normal vector fields on S: AN f = A(fv). For
instance, Hess"™ E(p)f = Hess E(p)(fv) and

dVF()f = dF(¢)(fv). (2.8)

We consider the hessian of the modified volume functional V,(p), at a self-similar ¢ (i.e. H(p) = ap-v)
and in the normal direction (i.e. for normal variations, 7 = fv) in the Riemann metric h(§,n) := fSA Enp.

In what follows, we call this hessian the normal hessian and denote it by Hess™ V, (¢).

Before we proceed, we mention the following important property of V,,(¢): the equation H(p)—ap-v(p) =
0 breaks the scaling and translational symmetry. Indeed, using the relations

H(xp) = A""H(p), v(Xp) = v(p), VA € Ry, (2.9)
H(p+h) = H(p), v(p+h) =v(p), Yh e R* 1, (2.10)
H(gp) = H(p), v(g9p) = gv(p), Vg € O(n +1), (2.11)

using that g € O(n + 1) are isometries in R"™and using the notation H,(¢) := H(p) —ap - v(p), we obtain

Hy2,(\p) = A\ H, (), VA ER,, (2.12)
H.(o+h) +ah-v() = Hy(p), Yh € R" T, (2.13)
Ha(g9¢) = Ha(p), Vg € O(n+1). (2.14)

We want to address the spectrum of the normal hessian, Hess™* Va(p). First, we note that the tangential
variations lead to zero modes of the full hessian, Hess V, (). Indeed, we have

Proposition 8. The full hessian, Hess V (), of the modified volume functional V (), has the eigenvalue

0 with the eigenfunctions which are tangential vector fields on S

Proof. We consider a family a; of diffeormorphisms of U, with ag = 1 and 959 o ag|s=0 = &, a tangential
vector field, reparametrizing the immersion ¢, and define the family ¢ o o of variations of . Then ¢ o ay
satisfies again the soliton equation, H,(p o as) = 0. Differentiating the latter equation w.r.to s at s = 0 and
using that ds¢ o asls=0 = &, is a tangential vector field, we obtain

dH, () =0, (2.15)
which proves the proposition. O

Theorem 9. The hessian, Hess™ V, (), of the modified volume functional V,(p), at a self-similar ¢ (i.e.
H(p) = ayp-v) and in the normal direction (i.e. for normal variations, n = fv), has
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e the eigenvalue —2a with the eigenfunction ¢ - v(p),

e the eigenvalue —a with the eigenfunctions v3(¢), j=1,...,n+ 1, and,

o the eigenvalue 0 with the eigenfunctions o0 -v(p), j=1,..., In(n — 1), where o are generators of

2
the Lie algebra of SO(n + 1), unless ¢ is a sphere.

Proof. If an immersion ¢ satisfies the soliton equation H(¢) = ap-v(p), then by (2.12), we have Hy-2,(Ap) =
0 for any A > 0. Differentiating this equation w.r.to A at A = 1, we obtain dH,(p)p = —2ap - v(p).

Now, choosing ¢ to be equal to the tangential projection, ¢, of ¢, and subtracting the equation

(2.15) from the last equation, we find dH,(p)(¢ - v(p))v(p) = —ayp - v(p). Since by the definition (2.17]),
dH, (o) fv(p) = d¥ H,(p)f, this proves the first statement.

To prove the second statement, we observe that the soliton equation implies, by , that H,(p +
sh)+ash-v(p) = 0 and any constant vector field h. Differentiating this equation w.r.to s at s = 0, we obtain
dH,(p)h = —ah - v(p). Now, choosing & to be equal to the tangential projection, h”, of h, and subtracting
the equation from the last equation, we find dH,()(h - v(p))v(p) = —ah - v(p), which together with
(2.17) gives the second statement.

Finally, to prove the third statement, we differentiate the equation H,(g(s)¢) = 0, where g(s) is a one-
parameter subgroup of O(n + 1), w.r.to s at s = 0, to obtain dH,(¢)oe = 0, where o denotes the generator
of g(s). Now, choosing £ in to be equal to the tangential projection, (op)?, of o, and subtracting
the equation from the last equation, we find dH,(p)(cp - v(¢))v(p) = 0, which together with
gives the third statement. O

Remark 1. a) For a # 0, the soliton equation, ¢ -v(p) = a " H(p), and Propositz'on@ imply that the mean
curvature H is an eigenfunction of Hess™ V, (¢) with the eigenvalue —2a.

b) Strictly speaking, if the self-similar surface is not compact, then ¢ - v(p) and v (p), 7=1,...,n+1
generalized eigenfunctions of Hess™ Va(p). In the second case, the Schnol-Simon theorem (see Appendiz|C.1
or [?]) implies that the points —2a and —a belong to the essential spectrum of Hess™ V().

c) We show below that the normal hessian, Hessé\{)h Va(v), on the sphere of the radius \/g, given in
(2.23), has no other eigenvalues below %‘1, besides —2a and —a. A similar statement, but with n replaced by
n — 1, we have for the cylinder.

We call the eigenfunction ¢ - v(p), v/ (¢) and oo - v(p), j=1,...,n+ 1, the scaling, translational and
rotational modes. They originate from the normal projections, (Ap)™ and (sh)", of scaling, translation and
rotation variations.

2.3 Self-similar surfaces.

Linearized Stability. Given a self-similar surface ¢, we consider for example the manifold of surfaces
obtained from ¢ by symmetry transformations,

My i={dgp+z:(\z g) €ERy xR"™ x SO(n+1)}.
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By the spectral theorem above, it has unstable and central manifolds corresponding to the eigenvalues
—2a, —a and 0. Hence, we can expect only the dynamical stability in the transverse direction.

Definition 1 (Linearized stability of self-similar surfaces). We say that a self-similar surface ¢, with a > 0,

is linearly stable (for the lack of a better term) iff the normal hessian satisfies Hess™ Va(p) > 0 on the

subspace (span{e-v(p), Vi(p), i=1,...,n+1, o;0-v(p), j=1,...,5d(d— 1)})J' (i.e. on (span{scaling,
) ) 1

translational, rotational modes}) ).

(I.e. the only unstable motions allowed are scaling, translations and rotations.)

Another notion of stability was introduced by analogy with minimal surfaces in [3]:

Definition 2 (F—stability of self-similar surfaces, [3]). We say that a self-similar surface ¢, with a > 0,
is F—stable iff the normal hessian satisfies Hess™ V,(¢) > 0 on the subspace span{y - v(p), vI(p), j =
1,...,n+1}4

Remark 2. 1) The F—stability, at least in the compact case, says that the Hess”™ V,(p) has the smallest
possible negative subspace, i.e ¢ has the smallest possible Morse index.

2) The reason the F—stability works in the non-compact case is that, due to the separation of variables
for the cylinder = (compact surface) xRF, the orthogonality to the negative eigenfunctions of the compact
factor removes the entire branches of the essential spectrum. This might not work for warped cylinders.

3) For minimal surfaces (strict) stability implies the the surface is a (strict) minimizer of the volume
functional V(). As is already suggested by the discussion above, this is not so for self-similar surfaces, they
are saddle points possibly satisfying some min-max principle.

4) Remark (c) shows that the spheres and cylinders are F'—stable. However, we show in Section@ that
cylinders are dynamically unstable.

In what follows a > 0. Theorem [J] implies that if ¢ is not spherically symmetric, then 0 is an eigenvalue
of Hess™ Va(¢) of multiplicity at least n + 1. This gives the first statement in the following corollary, while
the second one follows from Remark [I[c) and the definition of the F—stability (see also the first part of
Remark [2[5)).

Corollary 10. (a) If a self-similar surface with a > 0 satisfies Hess™ Va(p) > 0 on the subspace span{y -
v(p), v (p), j=1,...,n+1}*, then it a sphere or a cylinder.

(b) There are no smooth, embedded self-similar (a > 0), F—stable surfaces in R"*1 close to S* x Rk,

where S* is the round k—sphere of radius \/g

A slight but a key improvement of this result is a hard theorem:

Theorem 11 (Colding- Minicozzi). The only smooth, complete, embedded self-similar (a > 0), F—stable

surfaces in R"*! of polynomial growth are S¥ x R"~%, where S* is the round k—sphere of radius \/%
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Remark 3. The difference between this theorem and (trivial) Corollary is that the latter requires a
slightly stronger condition Hess"™ V,(¢) > 0 on the subspace span{p - v(@), I (¢), j=1,...,n+1}*, then
the F—stability.

To prove Theorem we begin with the following result
Theorem 12. For a self-similar surface with a > 0, Hess™ Vale) > —2a iff H(p) > 0. Hence if it is
F—stable, then H(p) > 0.

To prove this theorem we will use the Perron-Frobenius theory (see Appendix [C.2) and its extension as
given in [26]. We begin with

Definition 3. We say that a linear operator on L*(S) has a positivity improving property iff either A, or
e~ or (A+p)~t, for some u € R, takes non-negative functions into positive ones.

Proposition 13. The normal hessian, Hess™ Va(), has a positivity improving property.

Proof. By standard elliptic/parabolic theory, e® and (—A +u)~!, for any p > 0, has strictly positive integra
kernel and therefore is positivity improving. To lift this result to Hess™ V,(p) := —A — |[W|> —al+¢ -V
we proceed exactly as in [26]. O

Since, the operator Hess™ Va(¢) is bounded from below and has a positivity improving property, it
satisfies the assumptions of the Perron-Frobenius theory (see Appendix and its extension in [26] to the
case when the positive solution in question is not an eigenfunction. The latter theory, Proposition [3| and
Remark [I] imply the statement of Theorem

Corollary 14 (Dan Ginsberg). Let ¢ be a self-similar surface. We have

(a) For a <0 (p is an expander), H(p) changes the sign.

(b) For a =0, inf Hess™ V, () < 0.

(¢) For a > 0, if ¢ is an entire graph over R™ and is weakly stable, then ¢ is a hyperplane.

Indeed, (a) follows directly from Theorems |§| and while (b) follows from the fact that for a = 0, 0
is an eigenvalue of the multiplicity n 4+ 2 and therefore, by the Perron-Frobenius theory, it is not the lowest

eigenvalue of Hess™ V, (). (c) is based on the fact that entire graphs over R” cannot have strictly postive
mean curvature. (check, references)

Theorem 15 (Colding- Minicozzi, Huisken). The only smooth, complete, embedded self-similar surfaces in
R with a > 0, polynomial growth and H(yp) > 0, are S* x R"~* where S* is the round k—sphere of

radius \/E .
a

Proof. Denote L = Hess™ V, (¢). We extend the operator L to tensors by using the connection V and the
Laplce- Beltrami operator A = g“/V,;V; on tensors. The proof of this theorem is based on the following

Lemma 16. We have the following relations

(a) [Colding- Minicozzi, Huisken] |V|W||? < |VW|2.
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(b) (L+ Z7)IVIWI? < VW + 25 [ VH]?.
(¢) [Colding- Minicozzi, Simons] LW = —2aW
(d) [Colding- Minicozzi, Simons] If |[W| does not vanish, then LIW| > |W]|.

(e) more bounds.
Proof. A long string of elementary inequalities, see [3], Lemmas 10.2, 10.8, Proposition 10. 14. O
This lemma implies the relations

(a) [Colding- Minicozzi, Huisken] |V|W|? = [VW|2.
(b) [Huisken] If H > 0, then |W| = BH, for some § > 0.

The last two relations and somewhat lengthy deliberations imply Theorem O

(Compare with surfaces of constant mean curvature)

Theorems [12 and [15] imply Theorem

There is a considerable literature on stable minimal surfaces. Much of it related to the Bernstein
conjecture:

The only entire minimal graphs are linear functions.

It was shown it is true for n < 7:

(a) Bernstein for n = 2;
(b) De Georgi for n = 3;

(¢) Almgren for n = 4; .

(d) Simons for n =5,6,7.
(b) and (d) used in part results of Fleming on minimal cones. These results were extended by Schoen, Simon
and Yau.

Bombieri, De Georgi and Giusti constructed a contra example for n > 7.

Now, we compute explicit expression for the normal hessian, Hess"™ Va (o).

Theorem 17. The normal hessian, Hess™ V, () at a self-similar ¢ (i.e. H(@) = ap - v) is given by

Hess™ V(@) = —A — [W[*> —a(1 —¢- V). (2.16)
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Proof. Recall that by the definition (1.8) and the formula (2.6), we have grad, V,(¢) = (H — ap - v)v
in the Riemann metric h(§,n) := [q &np. For normal variations, n = frv, this gives grad, V"™ (p) =
(H(p) —ap-v). We have to compute d grad;, V"™ () = d(H — ap - v)v w.r.to normal variations. We claim
that

dVHf = (A~ |WP)f, (2.17)
dNp-vf=f—¢ VFf. (2.18)
We begin with some simple calculations. Denote ¢; := 0,;¢. We have

Lemma 18 (Simons, Schoen-Simon-Yau, Hamilton, Huisken, Sesum). We have the following identities

(a) dv(e)n = —g" (v,0m)p; = — (v, Vn).
(b) dbij(p)n = —(v, (0:0; + TF;0)m).
(c) dgin = g"™gi™dgi;m, dgijn = (Pm,in) + (Pm,0n).

Proof. For (a), use that (v(ps), 0ipsi) = 0 to obtain (Osv(¢s), 0ipsi) = —(V(ps), 0i0spsi), which implies the
desired statement.

To prove (b), we use Lemma which says b;; = —(%, v), the first relation, the equation dpn =7
1OUj

and the Gauss formula
9% k
10U
02 2 a2
(see e.g. [24]), to find db;;(p)n = —(#dew], V>_<#g;jv dvn) = —<#au_,.n, V) =g ((bijv+T 50k, on) (v, Omn).-
Next, using (v, p,) = 0 and ((¢x, Pn) = grn gives db;j(p)n = —<%;ujn, vy — g™ gen '} (v, 8mn), which im-
plies the statement (c).

The first statement in (c) follows by differentiating the relation gg—! = 1, where g = (g;;), which gives

d(g™') = g~ 'dgg™?, and the second, from the definition g;; = (s, ;) and the relation dpn = . O

Now, notice that the definition Af = divgrad f = V;V'f and relations to

L Of

oV i Of
oud’

divV = V,V' = =

+ TV (grad(f) =g (2.20)

imply Af = (aii +T$i)gij% which gives the relation ¢*(9;0; +I‘§j Ok)n = An. Using this relation, Lemma

and the definition H = g“b;;, we find

dHn = gimgj"bijdgmnn — (v, An). (2.21)
Next, using Lemma [18| and the equation dyn = 7, we find
d(p,v)n = (n,v) — g7 (v, 9m) (e, ;). (2.22)

Now, taking n = fv, we arrive at (2.17). O
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2.4 Hessians for spheres and cylinders

We finish this section with the discussion of the normal hessians on the n—sphere and (n, k)—cylinder.

Explicit expressions. The examples of Subsection show that

1) For the n—sphere S of radius R = /% in R**!, we have bj; = R™"g;; = Rgi*™, where g;; and gi*"
are the metrics on S% and the standard n—sphere S* = S7, respectively, which gives [W|? = nR™2 = a.
Moreover, since v(p) = ¢, we have that ¢ - V = 0 and therefore

Hessg,h Valp) = _%Agn — 2a, (2.23)

on L?(S"), where Agx is the Laplace-Beltrami operator on the standard n—sphere S*.

2) For the n—cylinder C% = Sp~% x R¥ of radius R = \/ = in R"* we have b; = R™lg;; = Rggin,

fori,j=1,...,n—k, and bag = ap, @, 8 =n—k+1,...,n. Here g;; and gf}and are the metrics on Sg_l

and S~ = §7! respectively. This gives
W= (n—-kR?=a. (2.24)

Moreover, letting the standard round cylinder C* = S"~% x R¥ be naturally embedded as C" = {(w,z) :
lw|? = 1} € R™, we see that the immersion ¢ is given by ¢(w,y) = (x(w,¥),y) for some x(w,y), where
y=y(x) := A"1(t)z. This gives ¢V = w-Vgn & +y-Vy =y-V,, which together with the previous relation,
implies

Hessé\;l Valp) =—Ay —ay -V, — ﬁASn_k — 2a, (2.25)

acting on L?(C").

Spectra of L$Ph = Hessé}ih Va(p) and LY = Hessé\;l Va(p). We describe the spectra of the normal
hessians on the n—sphere and (n, k)—cylinder, of the radii \/g and , /5, respectively.

It is a standard fact that the operator —A = —Agn is a self-adjoint operator on L?(S™). Its spectrum

is well known (see [29]): it consists of the eigenvalues [(I +n — 1), I = 0,1,..., of the multiplicities m, =
( n: ! > — < " +7Zl_ 2 > . Moreover, the eigenfunctions corresponding to the eigenvalue [(I +n — 1) are

the restrictions to the sphere S of harmonic polynomials on R™*! of degree I and denoted by Y}, (the
spherical harmonics),

— AV =ll+n—1)Ypm, 1=01,2,3,...,m=12 . m. (2.26)

In particular, the first eigenvalue 0 has the only eigenfunction 1 and the second eigenvalue n has the eigen-
functions wt, - -, W™t

Consequently, the operator L$PP .= Hessé\}.],h Va(p) = —%(Agn + 2n) is self-adjoint and its spectrum
consists of the eigenvalues £(I(l+n —1) —2n) = a(l —2) + &I(l = 1), I = 0,1,..., of the multiplicities
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me. In particular, the first n + 2 eigenvectors of L$P® (those with [ = 0, 1) correspond to the non-positive
eigenvalues, ' _
PO = 2400, LPMw = —aw’, j=1,...,n+1, (2.27)

and are due to the scaling (I = 0) and translation (I = 1) symmetries.

We proceed to the cylindrical hessian LS := Hessg,l Va(), given in (2:25). The variables in this
operator separate and we can analyze the operators —A, —ay -V and — %5 (Agn-» + 2(n — k)) separately.
The operator — %+ (Agn-» + 2n) was already analyzed above. The operator —A, — ay - V is the Ornstein -
Uhlenbeck generator, which can be unitarily mapped by the gauge transformation

oy, w) = v(y, w)e” F°

into the the harmonic oscillator Hamiltonian Hpgrm = —A, + iaz|y|2 — ka. Hence the linear operator

—A, — ay - V is self-adjoint on the Hilbert space L*(R, e_%“”zdy). Since, as was already mentioned, the
operator ——4-(Agn-r + 2(n — k)) is self-adjoint on the Hilbert space L*(C™), we conclude that the linear

operator LY is self-adjoint on the Hilbert space L2(RF x Sn~k, e*%|y|2dydw). Moreover, the spectrum of
—A, —ay -V is {a Z]f s;:8=0,1,2,3,.. } , with the normalized eigenvectors denoted by ¢s4(y), s =

(317"'7816)7

k
(—Ay —ay - V)psa=0a)_ sidea, 5=0,1,23,.. .. (2.28)
1

Using that we have shown that the spectrum of — 2+ (Agn-x +2(n—k)) is A (I(l4+n—k—1)—-2(n—k)) =
—l(l+n—k—1)—2a, I =0,1,..., and denoting r = Zlf si, 8 =0,1,2,3, ..., we conclude the spectrum
of the linear operator LY, for k = 1, is

a

spec(LZyl){(TZ)a+ 1€(£+n—2):r:0,1,2,3,...; 50,1,2,...}, (2.29)

n —

with the normalized eigenvectors given by ¢y.;m.a(y, W) := ¢pa(y)Yim(w). This equation shows that the
non-positive eigenvalues of the operator LY, for k = 1, are

a

e the eigenvalue —2a of the multiplicity 1 with the eigenfunction ¢¢0,0,4(y) = (ﬁ)% ((r,1) =(0,0)), due
to scaling of the transverse sphere;

e the eigenvalue —a of the multiplicity n with the eigenfunctions ¢ 1,m.q«(y) = (—)%w
((r,1) = (1,1)), due to transverse translations;

e the eigenvalue 0 of the multiplicity n with the eigenfunctions ¢1 1,m o (y) = (%)% Vayw™, m=1,....n
((r,1) = (0,1)), due to rotation of the cylinder;

e the eigenvalue —a of the multiplicity 1 with the eigenfunction ¢1,0,0,.(y) = (%)i\/&y ((r,1) = (1,0));

e the eigenvalue 0 of the multiplicity 1 with the eigenfunction ¢20,0.¢(y) = (i)i (1—ay?) ((k,1) = (2,0)).
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The last two eigenvalues are not of the broken symmetry origin and are not covered by Theorem [0} They
indicate instability of the cylindrical collapse

By the description of the spectra of the normal hessians of LSPP := Hessé\{)h Va(p) and LY := Hessé\}f,l Va(p),
we conclude that the spherical collapse is linearly stable while the cylindrical one is not.

We will show in Sections [4] and [5[ that indeed the spherical collapse is (nonlinearly) stable while the
cylindrical one is not. We will also show that the last two eigenvalues of L% in the list above are due to
translations of the point of the neckpinch on the axis of the cylinder and due to shape instability, respectively.

2.5 Minimal and self-similar submanifolds

For a self-similar hypersurface S in a manifold M, with immersion ¢ (satisfying H(y) = ap - v), the normal
hessian, Hess"™ V,(y) is given by

Hess™ V() = —A — [W[*> —a(1 — ¢ - V) — Ric" (v,v), (2.30)

where Ric™ (v,v) is the Ricci curvature of M.

Appendix: Graph representation. As an exercise, we prove (2.6) for a local patch, S* N W given by a
graph of a function f* : U* = R, S* N W = graph f* which is the rescaling

o, 7) =X (ut), v=A"'u, 7= /t A"2(s)ds, (2.31)
0

of S =graph f. In this case, using that \/1 + [V A2A T H* = \/1+ |[Vf2H and 0, f = A\ —Ay-V, fA A+
AN720, fA, we find that f*(v,7) satisfies the equation

A — 2.3 Vf)‘ o o A
O-f* =1/1+ |V fA2div (W) a(vd, — 1) f". (2.32)

In the rest of the derivation we omit the superindex \. Let = (v, f(v)). Since |x|? = |[v|? + |f(v)|?, we can
write in local coordinates
" U

We compute dV,(f)¢ = fU p (—af§ + W). Integration by parts of the second term gives

\/1 |‘-’]|
v

The first two terms on the r.h.s. come from differentiating p. Reducing them to the common denominator

dVa(f)Sz/Wp[—af 1+\Vf|2+a(v+fo)v7f div (Vf)

and using that H = div (vf), the mean curvature, we find

VIHIVEP?
p (H - aw_l)f> &d™v. (2.33)

dVa(f)f = _/ W

U
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Now v = % and = = (v, f(v)). Hence we have v - x = &%, which gives (2.6]).

As before, (2.33) implies that (2.32)) is the gradient flow for the functional V,, := [, e~ s T F [V fRd™
- — .
and the metric h(€, ) == [;;x fnw.
> =~ grady, Ju(f).

Indeed, he equation (2.33]) implies

LV — 1)

which gives the result.

3 Global Existence vs. Singularity Formation

The next two results indicate some possible scenarios for the long-time behavior of surface under mean
curvature flow. Definition: S is uniformly convex if all curvatures of S > § for some ¢ > 0.

Theorem 19. (Ecker-Huisken) If So is an entire graph over a hyperplane in R satisfying certain growth
conditions, then the MCF S, starting at Sy, exists Vt and converges to a a hyperplane.

Theorem 20. (Huisken) Let Sy be a compact, uniformly convex hypersurface, then there is T € (0,00) s.t.
ATES = S, for A= +/2n(T —t).

In the both cases, the rescaled flow converges to a surface S, which satisfies H = —v - x in the first
case and H = v - z in the second. We sketch the proof of Theorem
Idea of proof of the Huisken theorem. We conduct the proof in four steps.

Step #1: Rescaling. To understand the asymptotic behavior of the surface, we rescale it so that the rescaled
surface converges to a limit (similarly as in traveling wave and blowup problems). Consider the new surface
S* given by (blowup variables) (2.3]) Its immersion ¢ satisfies the equation

87'90 = —H((p)V(Lp) + ap, (31)
where a = —\\.

Step #2: Lyapunov functional. On this step one proves Huisken monotonicity formula(2.7)), which we recall
here
87/ p= 7/ plH — av - ¢|?. (3.2)
SA SA

Step #3: Compactness. We prove the global existence of the rescaled flow S*(7). By the local existence
theorem there 7" > 0, s.t. the flow exists on the interval [0,7'). Assume that 7' is the maximal existence
time. Let T' < oo. Let W be the Weingarten map of the surface and let |W|? := Tr(W?2) = g g*lb;bj,
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where recall b;;, are the matrix elements of W in the natural basis, i.e. (b;x) is the second fundamental form.
(Thus |W|? is the square root of the sum of squares of principal curvatures.) We want to use the following
key result:

Theorem 21 (Compactness theorem: Langer, n = 3). Given constants A > 0, E > 0,p > 2, the set Q of
immersed surfaces v : S — R"™ satisfying

o V(¢) = [gdvol < A;

o Ey(¢) = [(Tr|W[PdA < E (p?7?);

o [s¥dvol =0 (center of gravity at 0);

is compact in the sense that ¥V {y™} C Q, 3 surface diffeomorphisms ¢™ such that a subsequence of {1)™ o ™}
converges in the C' topology to an immersion 1 in Q. Here S is compact and without boundary.

It is shown in [I3] [I5] that for compact, uniformly convex hypersurfaces, Sy, there is T' € (0, 00) s.t. the
Weingarten map W? of the rescaled surface S* satisfies

sup [W?*| < e. (3.3)
s
Next, we have the following estimate which follows from (2.7)): for any g,
V(S 0 Balan) < 02 [y <2 [,

Then by Langer’s theorem, the family S*(7) N Br(xg), 0 < 7 < T, is compact (up to the closure) for each
R > 0 in the C! topology. Hence ST := lim_+_,, S (7') exists on each ball Br(x), for a subsequence
{7}, 7 = T, so we can take S*(T) for the new initial condition and continue the flow beyond T'. This leads
to the contradiction. Hence T = oo.

Since the family S*(7), 0 < 7 < oo, is still compact by Langer’s theorem, there exists a subsequence

{7}, 7 = 00, s.t. S :=1lim__,__ SM(7') exists on each ball Br(x).

Step #4: Identification of Ss.. To show that if S*(7) — S, then S, satisfies
H(y) = av -y, (3.4)

one uses the monotonicity formula. Indeed, integrating (3.2)), we obtain

o0
/ dT/ p‘H—alj'CC‘Q :/ p|7'=0 _/ p|‘r=oo S/ p|7’=0~
0 SA SA SA SA

This gives [¢, p|H* — av* - 222 — 0 as 7 — co. So we get (3.4).

By the Huisken classification theorem, stating that if n > 2, H > 0, and if S compact and satisfies (3.4]),
then S is the sphere of radius \/g , we conclude that S is a sphere in the second case. O

In the original (non-rescaled) variables the estimate (3.3]) becomes supg [W| < #%;. A collapsing solution

is called of type I if [W| is bounded as |[W| < C(t* —¢)~2. Otherwise, it is called of type II (see Huisken). It
was conjectured that the generic collapse is of type I. Indeed, all collapses investigated in the papers above
are of type I.
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MCEF of submanifolds. For hypersurfaces immersed in manifolds, the theory of collapse and neckpinching
are expected to go through with minimal modification. The reason for this is that they are local theories.
The volume preserving flow is affected by the geometry of ambient space in a more substantial way, see
Section ?7.

4 Stability of elementary solutions I. Spherical collapse
The next two results indicate some possible scenarios for the long-time behavior of surface under mean
curvature flow.
Theorem 22. o (Ecker-Huisken) The hyperplanes are asymptotically stable.
e (Kong-Sigal) The spheres are asymptotically stable.

e (Gang - Sigal) The cylinders are unstable.

We prove the second statement which we formulate precisely. Recall that we are considering the mean
curvature flow, starting with a hypersurface Sy in R™*!, which is given by an immersion, zo : S — R 1),
of some fixed n—dimensional hypersurface S C R"*! (i.e. z(-,t) : S — R"™1). We look for solutions of the

mean curvature flow,
o
{ 3 H(z)v(x) (4.1)

x|t:0 = o,

as immersions, z(-,t) : & — S, of S giving the hypersurfaces S(t). (Recall that H(z) and v(z) are mean
curvature and the outward unit normal vector, at = € S(t), respectively.)

Theorem 23. Let a surface My, defined by an immersion xy € H*(S™), for some s > 2 4+ 1, be close to
S™, in the sense that |zo — 1||gs < 1. Then there exist t, < oo and z, € R"*! s.t. has the unique
solution, My, t < t., and this solution contracts to the point z., as t, — 0o. Moreover, My is defined,f up to
a (time-dependent) reparametrization, by an immersion x(-,t) € H*(S™), with the same s, of the form

z(w,t) = 2(t) + A(t)p(w, t)w,

plw.t) =,/ % + p(w, 1), (4.2)

with A(t), z(t), a(t) and ¢(-,t) having the following asymptotic behaviour

where p in turn can be written as

where s :==t, —t, k1 == 5+ 57— (1 — 5=), k2 1= 5 (1 — 5=) and k3 := i(n—i— 1 L), Moreover, |z.| < 1.
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Note that our condition on the initial surface does not impose any restrictions of the mean curvature of
this surface.

The form of expression (4.2) above is a reflection of a large class of symmetries of the mean curvature
flow:

e ([4.1) is invariant under rigid motions of the surface, i.e.  — Rz + a, where R € O(n + 1), a € R**!
and x = z(u,t) is a parametrization of Sy, is a symmetry of (4.1]).

e ([4.1)) is invariant under the scaling z — Az and t — \72t for any A > 0.

We utilize these symmetries in an essential way by defining the centres, z(t), of the closed surfaces M; and
using the rescaling of the equation by a parameter A\(¢). This leads to a transformed MCF depending
explicitly on these parameters and determining their behaviour. Then we define Lyapunov-type functionals
and derive a series of differential inequalities for them from which we obtain our main results. We omit some
technical details for which we refer to (appendices of) [23] [1].

Notation. The relation f < g for positive functions f and g signifies that there is a numerical constant
C,st. f<Cg.

4.1 Collapse center

In this section we introduce a notion of the ’center’ of a surface, close to a unit sphere, S, in R**!,
and show that such a center exists. We will show in Section that the centers z(t) of the solutions
M; to converge to the collapse point, z,, of Theorem Let w = (w1,...,wny1) € S® C RPFL
For a closed surface M, given by an immersion x : S® — R"*!, we define the center, z, by the relations
Jon((x = 2) - w)w? =0, j =1,...,n+ 1. The reason for this definition will become clear in Section We
have

Proposition 24. Assume a surface M is given by an immersion x : S — R with y .= A\~ (x — 2) €
HY(S",R"*1) close, in the H(S™, R 1)-norm, to the identity 1, for some A € RT and z € R*"*L. Then
there exists z € R™ such that [, ((x —z) - w)w’ =0, j=1,...,n+1.

Proof. By replacing z by 2"¢%, if necessary, we may assume that z = 0 and A = 1. Let € H*(S",R"*1).

The relations [;,((# — z) - w)w’ = 0 Vj are equivalent to the equation F(x,z) = 0, where F(z,z) =
(Fi(x,2),..., For1(x, 2)), with

Fj(aj,z)zfn((a:—z)-w)wj, j=1,...,n+1

Clearly F is a C' map from H(S",R"*!) x R+ to R*"*1. We notice that F(1,0) = 0. We solve the
equation F'(z, z) = 0 near (1,0), using the implicit function theorem. To this end we calculate the derivatives

0,:F; = —fSn Wil = —%ﬂéij|8”| for j = 1,--- ,n+ 1. The above relations allow us to apply implicit
function theorem to show that for any x close to 1, there exists z, close to 0, such that F(z,z) = 0. O

Assume we have a family, z(-,t) : S* — R, ¢ € [0,T], of immersions and functions z(t) € R"*! and
At) € RT, s.t. A7H(#) (z(w, t) — 2(¢)), in the HY(S™, R"T1)-norm, to the identity 1 (i.e. a unit sphere). Then
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Proposition [24] implies that there exists z(t) € R" ™! s.t.
/ (z(w,t) —2(t)) - w)w! =0, j=1,...,n+ 1. (4.7)

To apply the above result to the immersion x(-,¢) : S® — R"*! solving (4.1)), we pick z(t) to be a
piecewise constant function constructed iteratively, starting with zZ(¢) = 0 for 0 < ¢ < § for ¢ sufficiently

small (this works due to our assumption on the initial conditions), and z(t) = z(d) for 6 <t <+ ¢’ and so
forth (see Subsection . This gives z(t) € R" ™! s.t. (4.7) holds.

4.2 Rescaled equation

Instead of the surface My, it is convenient to consider the new, rescaled surface M, = A~1(t)(M; — z(t)),

where A(t) and z(t) are some differentiable functions to be determined later, and 7 = fot A~2(s)ds. The new
surface is described by y, which is, say, an immersion of some fixed n—dimensional hypersurface  C R**1,
ie. y(-,7): Q — R™1 (or a local parametrization of M, i.e. y(-,7) : U — M;). Thus the new collapse
variables are given by

¢
y(w,7) = A1) (2(w, £) — =(£)) and 7 = / A2(s)ds. (4.8)
0
Let A = % and g—j be the 7-derivative of z(¢(7)), where (1) is the inverse function of 7(t) = fot A"2(s)ds.
Using that % = % + Ay + /\%%—I = /\_2% + Ay + )\_1% and H(\y) = A"YH(y), we obtain from (4.1)) the
equation for y, A and z:

9y _ —H(y)v(y) + ay — A% anda= Ak (4.9)
87’ 87

Thus M, is given by the datum (y, A, z), satisfying Eq. (4.9)). Note that the equation (4.9 has static solutions
(a = a positive constant, z = 0, y(w) = /2w, w € S").

One can reformulate (and extend if necessary) standard results on the local well-posedness for the mean
curvature flow (see e.g. [I8]) to show that for an initial condition yo € H*(S"), with s > % + 1, and given
functions a(7), 2(r) € C' N L*>®(R), there is T > 0, s.t. has a unique solution, y € H*(S™), with
s > & + 1, on the time interval [0,T") and either T'= oo or T' < oo and ||y[|¢e — oo and 7 — T.

Our goal is to prove the following result.

Theorem 25. Let pg € H*(S") satisfy |[po — 1||ms < 1 for some s > & + 1, and let \g > 0 and [zp] < 1.
Then (4.9) with initial data (yo = po(w)w, Ao, 20) has a unique solution (y, A, z) for V1, where y(w, T) is, up
to a (time-dependent) reparametrization, of the form

y(w, ) = p(w, 7w, (4.10)

with p(-,7) € H*(S"), p(w,7) = no 4 p(w,T), and A(T) and z(1) satisfying N(7) = Age™ Jo ()45 gnd

a(7)

12(7) — 2| S e (227 for some a(t) = ax + O(e~1=20)7), with |ay —n| < 1 and |z < 1.

This theorem together with (4.8 implies Theorem [23] (see Section [4.8)).
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4.3 Differential equation for the graph function p

In the next proposition A is the Laplace-Beltrami operator in is the standard metric on §", V;p = g Z (ina

B _ ) k 9p k _ 1 _kn(99in | 99in _ 0gi;
local. parametrization x = x(u)).and (Hess p)i; = Butud _.Fijm’ where I'}; = 29 (o + D Hun)- Here
and in what follows the summation over the repeated indices is assumed. (Hess is the hessian on S™ and, if V

the Riemann connection on S”, which acts on vector fields as (V,v),; = gjf; - Ff’jvk, then (Hess);; = V,;V;.)

For more details see Appendix [A] In this section we prove the following

Proposition 26. Let M, = A\~ '(t)(M, — z(t)) be defined by an immersion y(w,7) = p(w,T)w of S™ for
some functions p(-,7) : S® — R*, differentiable in their arguments and let z(t) € C*(RT,R"*1). Then M,
satisfies (4.9) if and only if p and z satisfy the equation

0 .
8—i =G(p)+ap— A"z w AT p V), (4.11)
where Zr, = ST’”,izi, Zr 1= % and (check the sign of the last term on the r.h.s.)
1 n  Vp-Hess(p)Vp — p|Vp|?
Glp) = sAp—— — . 4.12
(p) p? p P?(p* + [Vpl?) (4.12)

Proof. By a reparametrization (see Proposition , the equation (4.9) is equivalent to the equation

Jy

%Y ) = —H AT u(y). 4.13

5, ‘W () + (ay 5,) V(W) (4.13)
For the graph y(w,7) = p(w, 7)w, we have % = %w. By results of Appendix we have v-w = p~1/?p
and v-y = p~1/2p?, where p := p?>+|Vp|?. These relations, together with the equation ([#.13)), the expression
(A.33) for the mean curvature H(y) and a similar computation % v(y) = 2, -w— +Z, - p~tVp, give the

equation (4.11)). O

4.4 Reparametrization of solutions

Our goal is to decompose a solution, p(w, ), of the equation (4.11)) into a leading part which is a sphere of
some radius 7-dependent and small fluctuation around this part. This would give a convenient reparametriza-
tion of our solution. We begin with an easy task of decomposing the initial condition for (4.11)). Given pq
we define ag by - = (po)sn, where by (f)sn we denote the average, (f)sn := @ Jsn [ of f over S", so that

po(w) = \/Z—i— po(w), with ¢g L 1in L*(S™). (4.14)

(Here and in what follows, all the norms and inner products are in the sense of L?(S")).)

A similar decomposition of a solution, p(w,7) is more subtle. We decompose p(w,7) into the sphere,
which (a) is closest to it and (b) is a stationary solution to (4.11]), and a remainder. By (a) the remainder

(fluctuation) is orthogonal to this sphere and by (b), the radius of the sphere is equal to , /-, where a(7)

a(r)’

is the parameter-function appearing in (4.11)). In other words, we would like to find a(7), s.t.

pl7) =, /% +p(w, ), with ¢ L 1in L(S"). (4.15)
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A subtle point here is that the solution, p(w, 7), of the equation (4.11)) depends on a(7(t)). To overcome this
problem, we recall that the a(7) entering (4.11]) is related to the scaling parameter A(t) entering the deﬁnition

p(w,7) == A(t) ' R(w,t), with R(w,t) := (z(w,t) — 2(t)) - w (see Egs (4.8) and (£.10)) and 7 = 7(t) given
by (4.8), as A(t)OcA(t) = a(7(t)) and A(tg) = Ag. Solving the latter equatlon we obtain A(t) = A(a, \o)(t),
where A(a, \p)(t) is the positive function given by

Ma, o) (t) = (A2 — 2 / a(r(s))ds) /2. (4.16)

to
Since 0 = (¢(-,7),1) = {p(-,7) — , o) ), 4 is equivalent to the equation
n
a(t(t))

Hence we would like to define a(7) implicitly by the latter equation. To do this, we need some definitions.
For any time to and constant ¢ > 0, we define Iy, 5 := [to, to + J] and

(R(-;t))sn = Aa, do)(t) (4.17)

1 1
Aip.s = C (Iiy.5, [0 — §,n+§]). (4.18)
Suppose R is such that, for some a € Ay, s,
_ n
sup [A(@)(t) " (R(,t)sn — [ =< | < v (4.19)
telyy,s a(t)
We define the set
Uty 5,000 = {R € Cl(ItO 5, L2(S™) | @19 - holds for some a(t) € Ay, 5} (4.20)
Proposition 27. Suppose § < min( )\21 ,74(nv+”_)§/2) and v < Lni(n — ;)5/4 Then there exists a unique

CY map g : Uy, 5000 — Aso.s, such that for any R € Uy, 5,00,0 and for a(7(t)) = g(R)(t), we have (E.15)),
for p(w, ) := X a, Xo)(t) "' R(w,t) and for any t = t() € L, s and for |a(t) — a(t)| < [8(n + )3/2M] f or
some a(t) € Ay,s and for My == (n— 3)7V2((n — 3)71 + 26).

Proof. In this proof we write A(a) instead of A(a, \g) and a(t) instead of a(7(t)). Define the C! function
a(t) implicitely by the equation (4.17)), which as was mentioned above is equivalent to (4.15). We solve
this equation using the inverse function theorem. Define the C! function f : A, 5 — As.s, by fla) :=

Aa)(t) (- Then can be rewritten as f(a) = (R(-,t))s». We compute

n 1 I
da =—/—(Na)7—a+ — ds). 4.21
o =0z i [t (4.21)
By the assumption a € Ay, s and the definition of Ay, 5, we have n — 1 < a(t) < n+ 3. Using this, we

estimate

oS @al > Il = 1y [ sl > (G = [ TorOlalee (42
2 2
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Hence d, f(a) is invertible, provided that ¢ < % Hence the inverse function theorem implies that
for any ay € Ay, s there exists a neighborhood U, of \/g in C’l(ItO75,L2(S”)) and a unique C' map
g :Va, ={R € C' (14,5, L*(S")) [N ax) 'R € Uy, } — Asys, such that g(R) solves for all R € Vo,,.

With little more work, we can obtain a quantitate description of the neighbourhood U, (see Appendix
, which completes the proof of Proposition O

For the a(7) found in the proposition, we have that p(w,T) = A(a, Ao)(t) "' R(w, t) satisfies

p(-,7) — /% 1 1in L2(S™). (4.23)

Furthermore, if y(w, ) := A~} (#)(2(w,t) — 2(t)) = p(w, T)w, where 7 = 7(t) is given in (4.8)) and the family
z(t) is the one obtained in the paragraph after (4.7) and therefore (4.7)) holds, then applying (4.7) to y(w, ),
we conclude that

/ plw, 7w =0, j=1,....,n+ 1. (4.24)
The last two relations give
p(07) = ) —— Lwl, j=0,...,n+1, in L*(S"), (4.25)
a(7)

where we used the notation w® = 1. If z satisfies (1) and p(w,7) = A(t)'R(w,t), with R(w,t) :=

(x(w,t) — 2z(t)) - w (see Eqs (4.8) and (4.10)) and 7 = 7(¢) given by (4.8)), then p satisfies (4.11]), with a the
same as in (4.15)).

4.5 Lyapunov-Schmidt decomposition

(changed ¢ to &) Let p solve (4.11)) and assume it can be written as p(w, 7) = po(r) +&(w, 7), with p, = /2
and £ L w?, j=0,...,n+ 1. Plugging this into equation (4.11)), we obtain the equation

0
aé S L+ N(©) + A5 pIVEH (4.26)
where L, = —dGq(pa), with Ga(p) == G(p) + ap, p = pa + ¢, N(§) = G(pa + &) — G(pa) — dG(pa)é,
F=—-0.ps — A" '2; - w and, recall, z, = g—j and Z,, = %zi. Let a, = %. We compute
La = %(_A - 2”)? F= @a—3/2a7_ - )‘_127' W,
N(e) & _loatpeac  net” Vetes(ve piTep (4.27)
p2p2 pPZ p2(p2+|VEN?) )

Now, we project (4.26)) onto span{w?, j =0,...,n+1}. By { 1w/, j =0,...,n+ 1, we have

ga*waJSﬂ =(N() + 1'% - ptve 1), (4.28)

—e AT = (N + A5 p T VE W), (4.29)

where j =1,...,n+1, and ¢:= [, (w/)* = %_H|S”| Indeed, this equation follows from
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(1) <a‘r§>w]> = <€7a‘rw']> = 07 <La§7wj> = <€7Lawj> = 07 ] = 07 Y 1a

(ii) (F,1) = <4a’3/2a77 1> = 4a*3/2a7\8”|; (Fw?) = =271z ~w,wl) = —cA™12d,
j=1,....n+1.

Remark 4. The operator L, = —dG,(p,) is the hessian Hess V,(p,) = dgrad V,(p,) of the modified volume
functional V,(p) at the sphere p,.

4.6 Linearized operator

In this section we discuss the operator L, := —9G4(y/%) = %(—A — 2n) acting on L*(S"), which is the
linearization of the map —Gq(p) = —G(p) — ap at p, = /2. We have already encountered this operator in
Section [2] as the normal hessian of modified volume functional around a sphere. Its spectrum was described
in that section. Here we mention only the following relevant for us fact: The only non-positive eigenvalues
of L, are

Low® = —2aw’, Lo =—aw’, j=1,...,n+1 (4.30)

2a

and the next eigenvalue is <

and consequently, on their orthogonal complement we have

2 .
(6.La) = g7 i § Lwl, j=0,...,n+1. (4.31)

This coercivity estimate will play an important role in our analysis. This is the reason why we need the
conditions (4.25)).

The n + 2 non-positive eigenvectors of L, correspond to the change in the size, a, of the sphere (the
J = 0 eigenvalue) and its translations (the j = 1,...,n 41 eigenvalues). Indeed, let o = (r, z), where r := 2,
and p, be the real function on S”, whose graph is the sphere S, in R"*! of radius R, centered at z € R™*!,
ie. graph(p) = {p(w)w : w € S"} = S,. The function p, satisfies the equation |p,(x)% — z| = r, or
pa(2)? + 2|2 = 2pa(x)z - 2 = 12, and therefore it is given by

pald) = 2z-& 4+ /12 — |22 + (2 - £)2,
where, recall, = ‘””7‘ Differentiating this relation with respect to R and 27 and expanding in z, we obtain
that '
Orpa(r) =14 0(|2]), 0zipa(r) =27 + O(|2)), (4.32)
which gives - in the leading order - the n + 2 non-positive eigenvectors of L.

The fact that the n + 2 non-positive eigenvectors of L, are related to change of the radius and position
of the euclidean sphere comes from the scaling and translational symmetries of . Indeed, by these
symmetries, the equation G,(p) = 0 holds for any «. Differentiating it w.r.to a, we find 0G,(pa)0apa +
00Ga(pa) = 0. If we introduce the operator L, := —90G,(ps), then the latter equations become L,0,po =
—2a0rpo, LaO.pa =0, 1. e. Oy4p, are eigenfunctions of the operator L,. Since L, = L, + O(|z|), these
equations imply .

The n + 2 non-positive eigenvectors of L, span the unstable - central subspace of the tangent space of
the fixed point manifold, {S, . |r € RT, 2 € R""!} (manifold of spheres), for the rescaled MCF. We use
the parameters of size, a, of the sphere (1 parameter) and its translations z (n + 1 parameters) to make the
fluctuation &(w, 7) := p(w, ) — \/Z orthogonal to the unstable-central modes, so that to be able to control
it.
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4.7 Lyapunov functional

We introduce the operator L = —A — 2n, acting on L?(S™), which is related to the linearized operator
Lo := —0Ga(y/%) = 2(—A — 2n), introduced above, as L, := 2L. Using the spectral information about
obtained above we see that on functions £ obeying and é1w?, j=0,...,n+ 1, tit is bounded below
as (Lo&, &) > [|€]|?, we derive in this section some differential inequalities for certain Sobolev norms of such

a £. These inequalities allow us to prove a priori estimates for these Sobolev norms. For k& > 1, we define
the functional A, (€) = 1 (&, L*¢).

Using the coercivity estimate (4.31]) and standard elliptic estimates, we obtain (see Proposition 8 of [I],
with R% = n/a)

Proposition 28. There exist constants ¢ > 0 and C > 0 such that
clélfe < Ar(€) < ClElNZn-
Proposition 29. Let k > 5 + 1. If ¢ satisfies (4.26), then there exists a constant C > 0 such that

0, AK(E) < — 22 k(€) ~ [ — C(AK(E)? + Ap(©) ML F . (433)

Proof. We have, using (4.26)),

a% (6. L) = (0r€, LM¢) = == (L&, LM¢) + (N (&), L¥¢)
+ (N2 pT Ve LRE) + (FL LR, (4.34)

where, recall, we use the notation p = p, + £&. We consider each term on the right hand side. We have by
the coercivity estimate (4.31))

(L& L¥€) = SIL"F €I + L (L€, LoLi€)
LIL*F el + (L L) (4.35)

k+1

SIIL7Z€)? + 2A5(6).

\/

To estimate the next term we need the following inequality which is a special case of Lemma 12 of
Appendix D of []]

k—1
1L NI S (A12(©) + AL EDILaT €. (4.36)
(The operator L, of this paper is identified with the first (main) part of the operator Lrg := — 7z (A +n) +
#2Av, where Av § := \T1| [ &, of [I] , once we set R* =n/a.) This estimate implies that
k-1 k41
(V@ 24) | =1 {La™ N(@), 1))
<L 21 NI (4.37)
< O(A*(€) + AR ¢
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To estimate the third term in (4.34)), we use Eq. (4.29)) to obtain

ANz | S HNE© + A2 p7 Ve w) |
SINElpr + A7 2 V€] 11 (4.38)

Next, we estimate N (). Using (4.27), where, recall, p = p, + £, and assuming that |¢] < %pa, we have
that

IN@Nzr < (IVENZs + €N m)lIE] - (4.39)
This together with (4.38]) gives, provided that [|£|| g1 < 1,

2] S AUIVEILs + 1€l ) 1€l 22 (4.40)
From (4.40) and Proposition [28 we obtain that
(VU5 71V L) = (L5 (A p Ve, LT ) <o @ + AROIIL TR (@)

We have, by (4.30)), (.25) (i.e. Lw’ = —2ndjo, (w’,&) = 0) and the self-adjointness of L,, that (w/, LF¢) =
0, j=0,...,n+ 1, and therefore

(F,LE¢) = 0. (4.42)
Relations - yield . O

4.8 Proof of Theorem 25|

We begin with reparametrizing the initial condition. Applying Proposition to the immersion xg(w) and
the number A\g = 1, we find zp € R"™, s.t. [, po(w)w? =0, j =1,...,n+1, where po(w) = (zo(w) — 20) - w.
Then we use (4.14)) for pg(w) to obtain ag and &o(w), s.t. po = pa, + &o, with & L 1. Here, recall, p, = /2.

The last two statements imply that & L w’, j =0,...,n+ 1, where, recall, w® = 1. If the initial condition,

zo(w), is sufficiently close to the identity, then ag and &y(w) satisfy Ak(fo)% + Ap(&)F < ﬁ, Ap(&) < 1
and |ag — n| < {5 (see ([d.14))), where the constant C is the same as in Proposition

Now we use the local existence result for the mean curvature flow. For § > 0 sufficiently small, the
solution, z(w,t), in the interval [0, 8], stays sufficiently close to the standard sphere S™. Hence we can apply
Proposition [24] with Z(¢) = 0, to this solution in order to find z(%), s.t.

/n((x(w,t) —2(t) - ww! =0, j=1,...,n+1, and 2(0) = 2.

By Proposition y(w,7) = At) " Hz(w,t) — 2(t) = p(w, T)w, with p(w,7) = (x(w,t) — 2(t)) - w and A(t)
satisfying (4.11). Finally we apply Proposition 27 to R(w,t) := (z(w,t) — 2(t)) - w = A(t)p(w, T) to obtain
a(r) and &(w,T) s.t. p(w,T) = pa(r) +&(w,7), with £ L w’, j=0,...,n+ 1. We repeat this procedure on
the interval [d,d + 0'] with Z(¢) := 2(0) and so forth. This gives T1 > 0, z(¢(7)), p(w, 7), a(7) and &(w, T),
T < Ty, st xz(w,t) = 2(t) + AMt)p(w, 7(t)) and p(w,T) = pa(r) + &(w, T), with p and X satisfying and
ELwl,j=0,---,n+ 1
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Now, let
a

T =sup{r > 0: Ax(€(r)* + Ac(€(n)* < 5}

By continuity, 7' > 0. Assume 7' < co. Then V7 < T we have by Proposition [29| that 8, Ax(£) < —22A,(€).
We integrate this equation to obtain A (&) < Ax(&o)e™ 27 < Ap(&). This implies

A(E(T) + AR(E(T) < Au(0)? +Ax(€0)* < g

Therefore proceeding as above we see that there exists § > 0 such that A, (£(7))2 + A (E(7))F < T, for
7 < T + 6§, which contradicts the assumption that T' < oo is the maximal exmtence time. So T = oo and
Ap(€) < Ap(&p)en Jo as)ds By Propositionwe know that [|€]|3,, < Ax(&o)e 2 [y a(s)ds

Now, we use Eq. to obtain
a3 2a,| SN + A2 p ' VE ) |
SIN@Elpr + A7z [[IVE] e (4.43)
This together with gives

ja=*2ar| < (IVEITs + 1€l ) 1€ ] e (4.44)

This implies |a(7) —n| < 1, and
1 ]. T 3 T
()t =)} <5 [ lats) Farlds 5 [ Anlepas
0 0

< Ax(&) /OT e < 1. (4.45)

l2(r) — 2(0)]| < / Jen(s)lds < / ") AL(©)ds

< Ak(fo)/ e~ () « 1, (4.46)
0

Next, by (4.40)

Observe that A3 — = 2f0 ds. Let t. be the zero of the function A3 — 2f(;5 a(7(s))ds. Since
la(r) —n| < 3, we have t, <00 and )\( ) — 0 as t — t,. Similarly to (4.45]), we know that

2
\a(72)71/2 - a(71)71/2| < / e~ 2%ds — 0,

T1

as 1,72 — oo. Hence there exists a, > 0, such that |a(7) — a.| < e~(1=22)7. Similar arguments show
that there exists z, € R™! such that |2(7) — 2| < e ("272)7. Then A2 = A2 — 2f0 ))ds =
2 [, a(r(s))ds = Qa*(t —t) 4+ o(t« — t). The latter relation implies that 7 = fo )\(5)2 =z fo o —s)(1+o(1))
and therefore e (=27 = O((t, —t)=ar 7 (1= 30) . SoA(t) = v/2a.(te —t)+O((t—1)2 Ttz (1= 2n)) plw,T(t)) =
Gy T E(w, (1)), and ||E(w, 7)) ]|gr S (t* - t) 27. The latter inequality with k& = s, together with
estimates on a, z and \ obtained above and the relation R(w,t) = A(t)p(w, t), proves Theorem
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4.9 Appendix. Decomposition technicalities

In this appendix we complete the proof of Proposition [27 by giving a precise estimate of the neighbourhood
in the inverse function theorem used there. Recall, that in this proof we write A(a) instead of A(a, Ag) and
a(t) instead of a(7(t)). We follow the proof of the inverse function theorem. Since R € Uy, 5,0, there is
a(t) s.t. hold. We expand the function f(a) in a around this @ € Ay, s:

fa) = f(a) + do f(@)a + r(a), (4.47)

where a := a — @ and r(«) is defined by this equation. Now we rewrite the equation f(a) = (R(-,t))s» as a
fixed point problem o = ®(a), where a := a — a and ®(a) = d, f(a) " *[b(t) — f(a) — r(a)], with the notation
b(t) :== (R(-,t))sn.

Now, we estimate ®(«). First, we estimate the remainder r(a). To this end, we use the definitions (4.18])

and (£.16) to estimate [a —n| < 1 and Ay := /A2 —26(n + 1) < A(a) < Ao. Using the latter estimates, the
relation
d? fla)(a,a) = n )\(a)ioz2 +—= /t a(s)ds — /\(a)g(/t a(s)ds)?
@ ’ a 4a? aX(a) Jy, to ’

and the definition ||o||oo := Supger,, , lo(s)], we obtain

Id2.f (@) (e, @) |00 < Ml |3,

where M = /é (/\0 4(n§%)2 + (nf%))\l 6 — 62)\1_3>, which together with the standard remainder formula,

shows that r(«) satisfies

Ir(@)lloc < sup 12 f (a) (@, @)l| oo < Ml|cr]%. (4.48)
Next, by the equation , we have
1
r(a’) —r(a) = f(a') — f(a) — daf(@)(a" — a) = /0 Osf(sa’ + (1 = s)a)ds — da f(ag)(a’ — a)

= /0 dsld, f(sa’ + (1 — s)a) — d, f(a)](a’ — a).

Next, by the expression (4.21)) and the definition (4.18]), which implies the inequality n — % <a(t) <n+ %,
we have

Vn n [* vn n
e @) < Igzole =I5 [ @lo)dslle < 5o+ [T (1.49)

n—z
which, together with the previous expression, gives, for ||a|oo, ||@/]|co < 7,

Ir(e) = r(a)llo < sup|ldaf(a)l2rila’ — alle < vnMirlla’ — s, (4.50)

a

where, recall, M; := (n — 3)7Y2((n — 1)~ + 20).
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Now, to estimate ®(a) = dof(a)'[b(t) — f(a) — r(a)], we first use the expression (4.22)), to obtain
Il(daf(a)) oo < (W — /nféé)_l‘ Since by our assumptions, ¢ < 4(717:_";)2/2, we have

4(n + )3/2

By the definition (I20) of Us, 5500, we have [b(t) — f(@)(1)] = M@ ON@)®)b(t) — /25| < Aov.

Collecting the estimates above, we obtain, for ||/, ||¢/]|cc < T,

ldaf (@) ="l <

d(n+ 1)3/2
Vn

1
[®(a) = ()00 < 8(n + 5)3/2M17“||0/ — o

[@(a)]|o0 < (Aov + M7?),

4(n+3 )

Now, choosing r and ¢ satisfying (/\OI/Jer ) < rand 8(n+2)¥2M;r < 1, we see that that the map

® () is a contraction on the ball ||04||0O < r and therefore has a unique fixed point there. The inequalities on
/1
r and v are satisfied for v < - o (n+3 2)73/2 and r < [8(n+ $)%/?M;] 7. Since § < min (- N 2 )

1 I 4(n+ )3/2 9
we have M > 3)\0( 1)5/2 and therefore v < —n4 (n—3)%4. 0

5 Stability of elementary solutions II. Neckpinching

We consider boundariless hypersurfaces, {M;| t > 0}, in R"*2, given by immersions X (-, ¢) : S" x R — R**1
evolving by the mean curvature flow Then X satisfy the evolution equation:

0X

- = —HX)v(X), (5.1)

ot

where v(X) and H(X) are the outward unit normal vector and mean curvature at X € M, respectively.
We are interested in evolution of surfaces starting with those, close to cylinders. Our goal is to show

that

(a) for initial surfaces arbitrary close to the cylinder, the MCF becomes singular in a finite time by
collapsing the radius at one point along the axis - the neckpinch;

(b) while the point and time of the neckpinch depend on the initial conditions, the profile of the neckpinch
is universal;

(c¢) describe the asymptotics of the parameters involved.
The initial surface could be arbitrary close to a cylinder, which shows that the cylindrical collapse to
the axis is unstable.

There are two new elements in the analysis of the neckpinch as compared to the collapse to a point,
which make the problem much more difficult:
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(i) cylinders have a larger group of transformations compared to spheres: besides of shifts there are
rotations of the axis (tilting),

(ii) the linearized map on the cylinder acts on functions on the cylinder - a non-compact domain - which
make it much more difficult to analyse.

In the rest of this section we present the latest result on the neckpinch for a fixed cylinder axis, explain
its proof and discuss possible extension to the case when the axis is allowed to move (tilt).

5.1 Existing Results

Write points in R"*2 as (z,w) = (z,w!,...,w""1). (We label components of points of R"*2 as (20, 21, ... 2" "1)))
The round cylinder R x S™ is naturally embedded as C"*! = {(z,w) : |w|> = 1} € R**2. We say a surface
given by immersion X is a (normal) graph over the cylinder C"*1 if there a function u : C"*! — R, (called
the graph function) s.t. X = X,,, where

Xyt (z,w) = (z,u(z,w)w). (5.2)

Assume the solution, S(¢), of the MCF with an initial condition My, given by a graph X, = X,,, over
the cylinder C"*! with a graph function ug(z,w), is given by a graph Xy = X, over the cylinder C"*! with a
graph function u(x,w,t). We say S(t) undergoes a neckpinching at time t* and at a point x, if inf u(-,t) >0
for t < t* and infu(-,t) — 0 as t — t* and infu(-,t) — 0 at the single point .

All existing results on the neckpinch, except for [8 [0], consider axi-symmetric, compact or periodic
surfaces, i.e. initial graph functions ug(z,w), independent of w and defined on a finite interval, say [a, b], for
some —oo0 < a < b < 00, with ug(x) > 0 for a < x < b and either ug(a) = ug(b) = 0 or dyup(a) = dyug(b) =0
(the Dirichlet or Neumann boundary conditions). [§] considers a much more difficult case of axi-symmetric
surfaces, with are initial conditions, ug(z), defined on the entire axis R and satisfying ug(z) > 0 Vo € R and
lim inf| ;| o0 uo (2, w) > 0, while [9] treats non-axi-symmetric surfaces along the entire axis R, but with some
symmetries fixing the cylinder axis.

For simplicity, we present the result of [9] and then discuss a general (unpublished) approach to general,
non-axi-symmetric surfaces, without fixing the cylinder axis. In what follows, we use the notation (x) :=

(1+a?)3.

Initial conditions. We consider initial surfaces, Sy, given by immersions X,,,, which are graphs over the
cylinder C"*!, with the graph functions wg, which are positive, have, modulo small perturbations, global
minima at the origin, are slowly varying near the origin and are even w.r. to the origin.

More precisely, we assume that (a) ug(z,w) satisfies for (k,m) = (3,0), (3£,0), (1,2) and (2,1) the

10°
estimates s
2 ktm+1
lug — (22520223 | < O 2

(5.3)
up(z,w) > /n,

weighted bounds on derivatives to the order 5.
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symmetries: ug(z,w) = ug(—x,w), either ug(z,w) = ug(z),or n =2 and ug(z, ) = up(x, 0 + ™).

The last condition fixes the the point of the neckpinch and the axis of the cylinder. Here we used the norms

6/l = |[(x) "7 ¢, -

Neckpinching profile.

Theorem 30 ([8, O]). Under initial conditions described above and for o sufficiently small, we have

(i) there exists a finite time t, such that infu(-,t) > 0 for t < t. and limy_¢, u(-,t) > 0, for  # 0 and
=0, forx=0;

(ii) there exist C1 functions ((y,w,t), A(t), c(t) and b(t) such that

2n + b(t)y?

u(z,w,t) = A(t)[ @)

+ ¢y, w, 1)] (5.4)

with y := A\"Y(t)x and the remainder ((y,w,t) satisfying, for some constant c,

S )0y w, bl < cbP(E). (5.5)

m+n=3,n<2

Dynamics of scaling parameter

Theorem 31 ([8 Q]). (i) the parameters A(t), b(t) and c(t) satisfy the estimates

M = sH(1+0(1);
b(t) =~ (14 O 7)) (5.6)
ct) = 1+ p1+0(F)-

Here s := ty — 1t and /\0 = -1 _ with So, €0 > 0 dependmg on the initial datum and 0(1) 18 in
\ 2§0+%? ’ ’
s:=1, — 1.

(iv) if ugO%ug > —1 then there exists a function u.(x) > 0 such that u(x,t) > u.(z) for R\{0} and t < t,.

5.2 Rescaled surface

Let M; denote a smooth family of smooth surfaces, given by immersions X (-,¢) : R x S* — R"*! and
evolving by the mean curvature flow, (5.1). It is convenient to rescale it as follows

Y (y,w,7) = AN X (z, w, t), (5.7)
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where y = y(z,t) and 7 = 7(t), with

y(x,t) == A\"t)[x —zo(t)] and 7(t) ::/O A2(s) ds, (5.8)

respectively, where xo(t) marks the center of the neck. If the point of the neckpinch is fixed by a symmetry
of the initial condition, then we set xo(t) = 0. We derive the equation for Y. For most of the derivation, we
suppress time dependence.

Let A = @ Using X = AY and the relations H( )=A"tH(Y) and v(X) = v(Y) (see (2.9) - (2.11))),

© = AY + /\%};, 9L — \20Y 4 ggt; %Z and ay = —A\"1y, and the definition a :== —AA"!, we obtain from
(5.1) the equation for Y, A, z and g:
oY
5 = —HY)v(Y)+aY — ayd,Y. (5.9)
-
The equation (5.9 has the static solutions: a = a positive constant, Y (z, w) f w

5.3 Linearized map

Consider the equation (5.9). This equation has the static solutions Y (y,w) = X,(y,w) = (y, pw), with
p = f They descrlbe the cylinders of the radii p, shifted by z and rotated by g. We Would lie to
investigate the linearized stability of these solutions. To this end, we linearize the r.h.s. of around
these static solutions, considering only variations in the normal direction, to obtain (see (2 )

L, *73 —ayly + — (Agn+2n)

where Agn is the Laplace-Beltrami operator on S”™. We have already encountered this operator in Section[2} as
the normal hessian of modified volume functional around a cylinder. (Recall that the operator —%(Agn +2n),
as the normal hessian of modified volume functional around a sphere. It played an important role in our
study of spherical collapse.)

For a fixed a, propertles of the operator L, were described in Section [2} it is self-adjoint on the Hilbert
space L2(R x S", e~ 5y’ dydw) and its spectrum consists of the eigenvalues [k — 2 + 1I(l + n —1)%]a, k =

0,1,2,3,...; £=0,1,2,..., of the multiplicities m;, with the normalized eigenvectors given by

d)k,l,m,a(yy w) = Qbk,a(y))/lm(w)v (510)
where, recall, ¢y .(y) are the normalized eigenvectors of the linear operator —85 — ayd, corresponding
to the eigenvalues ka : k£ = 0,1,2,3,..., and Y}, are the eigenfunctions of —Agn corresponding to the

eigenvalue [(I +n — 1) (the spherical harmonics). This implies that the only non-positive eigenvalues of L,
are —2a, —a, 0, corresponding to the eigenvectors, labeled by (k,1) = (0,0),(0,1),(1,0),(1,1),(2,0), with
multiplicities 1,17 + 2;n + 2 (so that the total multiplicity of the non-positive eigenvalues is 2n + 5). The
first three eigenfunctions of the operator —82 — aydy, corresponding to the eigenvalues, —2a, —a, 0, are

a

b0.0(y) = (G4, b1.ay) = (52) I Vay, éaaly) = (5

and first n 4 2 eigenfunctions of the operator —Agr, corresponding to the first eigenvalue 0, and the second
eigenvalue n are 1 and w',--- ,w™*!, respectively. Hence, L, has

)T(1— ay?), (5.11)
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e the eigenvalue —2a of the multiplicity 1 with the eigenfunction ¢¢,0.0,¢(y) = (%)i ((k,1) = (0,0)), due
to scaling of the transverse sphere;

e the eigenvalue —a of the multiplicity n + 1 with the eigenfunctions ¢g 1,m.q(y) = (i)%wm, m =
1,...,n+1 ((k,1) =(1,1)), due to transverse translations;

e the eigenvalue 0 of the multiplicity n + 1 with the eigenfunctions ¢1,1.m.e(y) = (%)i\/ﬁywm, m =
1,...,n+1 ((k,1) = (0,1)), due to rotation of the cylinder;

e the eigenvalue —a of the multiplicity 1 with the eigenfunction ¢1,0,0,.(y) = (%)i\/ay ((k,1) = (1,0)),
due to translations of the point of the neckpinch on the axis of the cylinder;

e the eigenvalue 0 of the multiplicity 1 with the eigenfunction ¢20,0.¢(y) = (%)% (1—ay?) ((k,1) = (2,0)),
due to shape instability.

The modes ¢1,, and ¢z, are due to the location of the neckpinch (the shift in the = direction) and
its shape (see [§] and below). To see how they originate, we replace the cylindrical, static (i.e. y and
7-independent) solution Y (y,w) = Xy, (y,w) = (y, paw), with V, = \/g to with a constant, by a
modulated cylinder solution

2n + by?

2a '
which is derived later and which incorporates some essential features of the neckpinch. They are approximate
static solutions to with a constant, —H (Yap) + aYap - v(Yas) = 0. Differentiating it w.r.to a, zo (see
(5.8)) and b and using that b is sufficiently small and therefore by? can be neglected in a bounded domain,
we arrive at vectors proportional to @ 4, ¢1,, and ¢z 4.

Recall from Section [5.8|that the modes ¢y, i m.a, (k,l,m) = (0,1,1),...,(0,1,n+1), are coming from the

transverse shifts, and ¢g ; m.q, (k,l,m) = (1,1,1),...,(1,1,n+1), (i.e. p1o(y)w™ ~2yw™, m=1,...,,n+1),
from the rotations of the cylinder. Hence fixing the cylinder axis, eliminates these modes.

Yoo (y, w) = Xv,, (y,w) = (y, Var(y)w),  with  Vap(y) = (5.12)

5.4 Equations for the graph function

Assume that for each ¢ in the the existence interval, the transformed immersion Y (y,w, 7), given in (5.7)), is
a graph over the cylinder Y (y, w, 7) = (y,v(y, w,7)w). where y and 7 are blowup variables defined by (5.8,
with g = 0. Then, similarly to the derivation of thg equation (4.11]) and using ‘g—{ = %8,57, for any
function f of the variables 7, 9,7 = A2 and 9y = —A"2\zx = A~ 2ayz, where, recall, a = —\)\, we see that
(5.9) implies

0-v = G(v) — aydyv + av, (5.13)
where the map G(v) given by

v=4(Vv,Hessv Vo) — v~ 2|Vol|?
14 (0yv)? +v=2|Vu|?
20720,v(Vo, Vo) + (9,v)*d2v

T Ar @ e Ve (5.14)

G(v) == v ?Av + 351} —nv! —
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with V and Hess denoting the Levi-Civita covariant differentiation and hessian on a round S™ of radius one,
with the components V; and V;V; in some local coordinates, respectively.

Initial conditions for v. If \g = 1, then the initial conditions for w given in Theorem implies that
there exists a constant d such that the initial condition vy(y) is even and satisfy for (k,m) = (3,0), (15,0),
(1,2) and (2,1) the estimates

k+m+1

2
HUO(va) - (%)%Hk,m S 050 2 5

(5.15)
Vo (y7 W) Z \/ﬁa
weighted bounds on derivatives to the order 5,

symmetries: vg(y,w) = vo(—y,w), vo(y,8) = vo(y, 8 + 7).

5.5 Reparametrization of the solution space

Adiabatic solutions. The equation (5.13)) has the following cylindrical, static (i.e. y and 7-independent)
solution

Vo = \/ﬁ and a is constant <= wucy(t). (5.16)
a :

In the original variables ¢ and , this family of solutions corresponds to the cylinder (homogeneous) solution
X(t) = (z, R(t)w), with R(t) = \/R% — 2nt.

A larger family of approximate solutions is obtained by assuming that v is slowly varying and ignoring
Orv and 851) in the equation for v to obtain the equation

n
ayvy—av—&—E:O

(adiabatic or slowly varying approximation). This equation has the general solution

2n + by?
Vap(y) =\ = z, (5.17)

with b € R. Note also that for by? small, Vay(y) = /Z(1 + %) =Z+ 4a\l’/ﬁ(%’r)%[¢o,a(y) + ¢2.4(y)], Le.

the static solution \/%T is modified by vectors along its unstable and central subspaces.

In what follows we take b > 0 so that V; is smooth. Note that Vg = V.

The rescaled equation (5.13]) has two unknowns v and a. Hence we need an extra restriction specifying
a or .
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Reparametrization of solutions. We want to parametrize a solution to (5.13)) by a point on the manifold
M,s, formed by the family of almost solutions (5.17)) of equation ([5.13]),

Mys :={Vap|a,b e Ry, b < e},

equippped with the Riemannian metric

I i a’ 2
(n,m) = /Tm e~ dyduw, (5.18)

and the fluctuation almost orthogonal to this manifold (large slow moving and small fast moving parts of
the solution):

U(’LU, Y, T) = Va(‘r)b(‘r) (y) + ¢(w7 Y, T)7 (519)

with
3(7) L bragr) in L2(R x S™, e 5V dydw), k=0,1,2. (5.20)
(Provided b is sufficiently small, the vectors ¢o, = 1 and ¢o, = (1 — ay?) are almost tangent vectors to the
manifold, M,,. Note that ¢ is already orthogonal to ¢1, = \/ay, since by our initial conditions the solutions

are even in y. For technical reasons, it is more convenient to require the fluctuation to be almost orthogonal
to the manifold M,s.)

As in the spherical collapse case, one can show (see [§] and Appendix [5.11]) that the scaling A(¢) can be
chosen in such a way that the representation (5.19)) — (5.20) is satisfied.

5.6 Lyapunov-Schmidt splitting (effective equations)

In what follows we consider only surfaces of revolution. The decomposition (5.19)) becomes

U(y, T) = Va(T),b(T) (y) + qS(y, T)a (521)
Substitute (5.21]) into (MCF) to obtain
0r = —Layd + Fap + Nap(9) (522)
where L, is the linear operator given by
aby?
Loy = —85 + ay0y — 2a + W
n
and the functions F(a,b) and N(a,b, ¢) are defined as
1 2n+by? 1 y? 1 b3y
Fopi= (222050, 41 - , 2
b 2( 2 )2+ 22n—|—by2+ n(2n—|—by2)2] (5:23)
with
Iy = %+2a—1+%,
Ty = 0 b—b2a—1+2L) -2 (5.24)

L n 2a 2 (ay“)zazv
Nab(E) = T 2n+by2€ - 1+(8yv§2 .
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Here we ordered the terms in F,; according to the leading power in 2.

Remember that i) 2
(-, 7) L1, a(t)y®* — 1in L*(R,e” "2 ¥ dy). (5.25)

Project the above equation on 1, a(7)y? —1 == the equations for the parameters a, b.

Estimating ¢ Let U(7,0) be the propagator generated by —L,;,. By Duhamel principle we rewrite the
differential equation for ¢(y, ) as

o(1) = U(1,0)9(0) + /OT U(r,o)(F + N)(o)do. (5.26)

The key problem in estimating ¢(y, 7) is to estimate the propagator U(r, o). We have to use (5.25).
Proposition 32. There exist constants ¢,6 > 0 such that if b(0) < &, then for any g L 1, a(1)y* —

_a(r)

1in L2(R,e™ 2 dey) and T > o > 0, we have

1(2) 72U (7, 0)glloe S €T 1(2) " gl oo

~

Estimating the linear propagator. I. Recall U(7,0) is the propagator generated by —L,,. We write
Ly, = Lo+ V, where

Lo = —32 + ayd, — 2a, V(y,7) > 0 and |9,V (y,7)| < b% (7). (5.27)

(Lo is the Ornstein-Uhlenbeck generator related to the harmonic oscillator Hamiltonian.)

Denote the integral kernel of U(7,5) by K (z,y). We have the representation (see Appendix D)

K(l’,y) :KO<.’137y)<6V>(,’E7y), (528)
where Ky(z,y) is the integral kernel of the operator e~ (7=9)Lo and
() = [ el VT s gy ), (5.29)
Here dp(w) is a harmonic oscillator (Ornstein-Uhlenbeck) probability measure on the continuous paths
w : [, 7] = R with the boundary condition w(c) = w(7) = 0 and

(=02 + a*)wp = 0 with w(o) = y and w(r) = =. (5.30)

Estimating the linear propagator. II. By a standard formula we have

(e—e”7Ty)?

Ko(e,y) = (1 — e 27) "k ae e s

where r := 7 — 0. To estimate U(x,y) we use that, by the explicit formula for Ky(z,y) given above,

—akr

(&
|0y Ko(z, )| < (

1— e_gar)k (|13| + |y‘ + 1)kK0(z7y)7
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and by an elementary estimate )
[0y (e¥ ) (z, y)| < b= r. (5.31)

Estimate for e*” < 3~Y/32(7) (r := 7 — ¢) and then iterate using the semi-group property.
Now, (5.28) implies Equation ( [5.31) by the following lemma.

Lemma 33. Assume in addition that the function V (y,T) satisfies the estimates
V <0 and |9,V (y,7)| < B2 (7) (5.32)

where B(T) is a positive function. Then

0, [ eJ7 Vs gu(u)| S fr 0| sup 5 (r)

o<s<T

Proof. By Fubini’s theorem

a /efT V(wo(s)+w(s), s)dsdu / / V WO _|_w< ) s)ds]ef; V(wo(s)+w(s),s)dsdu(w)

Equation ( }5.32)) implies

|ay/ V(wo(s) +w(s),s)ds| < |t —o| sup B2(r)|, and els V(@wols)Twl(s)s)ds < q

o<s<T
Thus
|6y/ef; V(“’”(s)+“(s)’s)dsdu(w)| S|t —o| sup 6 |/du =|r —o| sup ,6’ (7]
o<s<Tt o<s<t
to complete the proof. O

Derivation of Proposition from (5.28)) and (5.31)).

Bootstrap Let (a,b, ¢) be the neck parametrization of the rescaled solution v(y, 7). To control the function
o(y, ), we use the estimating functions

k+m+1

My (T) 2= Iglga%b

(M) 0 D (- 7)o (5.33)

with (k,m) = (3,0), (15,0), (2,1), (1,2). Let [M|:= 3", ; M; ; and

11

M= (Mig), (i,9) = (3,0), (5

)

0), (1,2), (2,1). (5.34)

Using Proposition [32| and a priori estimates obtained with help of a maximum principle (see Appendix
?7?), we find
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Proposition 34. Assume that for 7 € [0,T] and
1
|M(7)| < b_%(T), v(y,T) > Z\/?TL, and 9;'v(-,7) € L™, m=0,1,2.
Then there exists a nondecreasing polynomial P(M) s.t. on the same time interval,
Mj () < My (0) + b2 (0) P(M (7)), (5.35)
Corollary 35. Assume |M(0)| < 1. On any interval [0,T],

IM(7)] < b7 (1) = [M ()] S 1.

The analysis presented above goes through also in the non-radially symmetric case, with the cylinder
axis fixed, but with one caveat. The feeder bounds have to be extended to the non-radially symmetric case
and new bounds on 6- and mixed derivatives, 8;]8},”11(3/, 0,7), have to be obtained. This requires additional
tools (differential inequalities for Lyapunov-type functionals.

5.7 General case. Transformed immersions

Let M; denote a smooth family of smooth hypersurfaces, given by immersions X (-, ¢) and evolving by the
mean curvature flow, . Instead of the surface My, it is convenient to consider the new, rescaled surface
M, = X1 (t)g(t) " (M, — 2(t)), where A(t) and z(t) are some differentiable functions and g(t) € SO(n + 2),
to be determined later, and 7 = 7(t) := fot A72(s)ds. If we look for X as a graph over a cylinder, then we
have to rescale also the variable x along the cylinder axis, y = A71(t)(z — z0(t)) (see (5.8))). The new surface

is described by Y, which is an immersion of the fixed cylinder C"*! ie. Y(-,7): C"*! — R"*2  given by
Y(y,w,m) = A" (g (0)(X (@, w, 1) = 2(1)). (5.36)

where y = y(z,t) and 7 = 7(t) are given by y = A1 (¢)(x — 20(t)) and 7 = fg A72(s)ds.
We derive the equation for Y. For most of the derivation, we suppress the time dependence. Let A = g—;‘.
Using that X = z+ AgY and the relations (2.9) - ([2.11)) , which imply H(X) = A"'H(Y) and v(X) = gv(Y),

and using

0X . .
— =2+ AgY + AgY + \gY,

ot
we obtain from (5.1 the equation for Y, A, z and ¢:
oY
5 = —~HY ) W(Y)+ (a—yd,))Y —g gy — X\ "tg 'z (5.37)

The equation (5.37)) has the static solutions (a = a positive constant, z =constant, g =constant, ¢ =constant,
Y(x,w) = (z,/2w)).

Note that we do not fix A(t) and xo(t), 2(¢) and g(t) but instead consider them as free parameters to be
determined from the evolution of v in equation ([5.37).
Remark 5. Another way to write (5.36) is Y = (I\T.T,X) o Sx, where T\, T. and T, are the scaling,
translation and rotation maps defined by ThX = A\7'X, T,X = X — 2, z € R"" and T, X = g7 'X,
g € SO(n+2), and acting pointwise and Sy : (z,w,t) — (y = A\~ (t)z, 0,7 = fot A"2(s)ds).
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5.8 Translational and rotational zero modes

(do not probably need) Recall that the maps X = X,.,, with 2, g and p constant, describe the cylinders
of the radii p, shifted by z and rotated by g. They are static solutions of ([5.37)) with a constants, i.e. solve

*H(ngp) +aX.gp - V(XPZg) =0, (5.38)

provided p = \/g Differentiating this equation w.r. to a, z* and ¢, b = n + 2, we arrive at the scaling,
translational and rotational modes. We expect that these are exactly the modes mentioned in Section 2] and
Subsection (.31

5.9 Collapse center and axis

In this section, extending [23], we introduce a notion of the 'centre’ and ’axis’ of a surface, close to the round
cylinder C"*!, and show that such centre and axis exist. We define the cylinder axis, A, by a unit vector
a € S 5o that A := Ra. Moreover, we identify the axis vector o with an element g € SO(n+2)/SO(n+1)
s.t. gepyo = .

Our eventual goal will be to show that the centers z(¢) and axis vectors a(t) of the solutions M; to the
MCF converge to the collapse point, z,, and axis vector, a,. For a boundaryless surface S, given by an
immersion X : C"*1 — R"*2 we define the center, z, and the axis vector, a (or g s.t. ge,12 = «), by the
relations

/ (PLg Y (X (z,w) — 2) - w)zFw' =0, i=1,...,n+1, k=0,1, (5.39)
cntt

where P+ is the orthogonal projection to the subspace {(0,w)} C R"*2. Here and in what follows, the
integrals over the set C"*! (or R x S™), which do not specify the measure, are taken w.r.to the measure
e~ 57" dwdx or e_%yzdwdy. These are 2n + 2 equations for the 2n 4+ 2 unknowns z € Ran Pgl and g €
SO(n+2)/SO(n+1), where SO(n+1) is the group of rotations of the subspace {(w,0)} C R"*2. Note that the
rotated, shifted and dilated (transformed) cylinders, C .4, defined by the immersions X, : C"T — R" 2
given by

Xozg(x,w) =2z + g(z, \w), (5.40)

satisfy (5.39)), which justifies our interpretation of its solutions as the centre and axis vector of a surface.
Denote by H!(C"T! R"*2) the Sobolev space with the measure e~ %" dwdz. We introduce the following

Definition 4. A surface M, given by an immersion X : C"*1 — R"*2 s said to be H'—close to a
transformed cylinder Cy.q, iff Y := A"1g7 (X — 2) € HY(C"T',R"*2) close, in the H'(C" ™!, R"*2)-norm,
to the identity 1 : C*+1 — CnHl,

Proposition 36. Assume a surface M, given by an immersion X : Crtl — R™2, is H'—close to a
transformed cylinder Cxz5, for some A € R*, z € R*" and g € SO(n +2). Then there exists g € SO(n +
2)/S0(n+1) and z € Ran P~ such that (5.39) holds.

)
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Proof. By replacing X by X" if necessary, we may assume that Z =0, g = 1 and A = 1. The relations
(5.39) are equivalent to the equation F(X,z,g) = 0, where

F(X,Z,g) = (Fik;(X,Z,g), izlv"'7n+la k:071)a

with Fj. (X, z, g) equal to the Lh.s. of (5.39). Clearly F is a C! map from H'(C"! R"*2) x R"* x SO(n+
2)/SO(n + 1) to R?*"*2. We notice that F'(1,0,1) = 0. We solve the equation F(X,z,g) = 0 near (1,0, 1),
using the implicit function theorem. To this end we have to calculate the derivatives of F' w.r.to z and g at
X =1, 2=0, g = 1. The derivatives with respect to 2z’ are easy aziij|Z:0,g:1 = — fcnﬂ wiw’ ¥, which
gives

8Ziij‘Z:0,g:1 = _7|S |61j6k 0 (541)

fori,j=1,...,n+1, k= O7 1. To calculate the derivatives of F' w.r.to g, we write g € SO(n—|— 2)/SO(n—|— 1)
as a product of rotations g2 in two-dimensional planes, i.e. involving only variables 2 and x°, with a = 0

and b=1,...,n+ 1, and denote by Jj« the derivative w.r.to the angle of the corresponding rotatlon Using
that dgarg™ |z_0,g_1 = —Lgp, the generator of the rotation in the ab—plane and using that 1(z,w) = (z, w),
we calculate
Ogav Fjk| x=1,2=0,g=1 = —/ +1(£ab(w7.’1§) (0, w))w? 2. (5.42)
C‘VL

We see that, if a,b € {1,...,n + 1}, then {u(z,w) - (0,w) = —wbw?® + wruw® + Zi;‘éayb(uﬂ‘)2 and therefore
Jon Wap(z, w) (0,w))w’ = 0. Furthermore, if a = 0 and b = 1,...,n + 1, then £ (2, w) - (0,w) = zw® +
D itap(w')? and therefore [y, (Cap(, w) - (0, w))w? = 6 jx. This gives, for a =0,

agaiij|X:17zzovg:1 = Cn/ e bR dzéwék 1, (543)
R
fori,j=1,...,mn+1, k=0,1. Hence dF is invertible and we can apply implicit function theorem to show

that for any X close to 1, there exists z and g, close to 0 and 1, respectively, such that F(X,z,g) =0. O

Assume that the transformed surfaces, MT, i.e. the immersions (5.36), are graphs over the round
cylinder C"*! determined by the functions v : C"*1 x [0,T) — Ry, z(t) € R"™2 g(t) € SO(n + 2), as

Y(y,w, ) = (y,v(y, w, 7)w), or
X(z,w,t) = 2(t) + A(t)g(t)(y, v(y, w, T)w). (5.44)

Assume also there are functions z(t) € R"*2, g(t) € SO(n +2)/SO(n + 1) and \(t) € RY, s.t. X(,t) is
H'—close to a transformed cylinder Cxzg in the sense of the definition . Then Proposition |36/ implies that
there exists z(t) € R"™2 and g(t) € SO(n +2)/SO(n + 1), s.t. holds. If X is a (), z,g)—graph over
C™1, ie. it is of the form (5.44), then v satisfy

/ v(y,w, T)yw! =0, j=1,....,n4+2, k=0,1. (5.45)
C7L+l

To apply Proposition [36] to the immersion X (-,¢) : C"*1 — R"2 solving (5.1), we pick z(t) to be a
piecewise constant function constructed iteratively, starting with Z(t) = 0 and a(t) = ey for 0 < ¢ S )
for § sufficiently small (this works due to our assumption on the initial conditions), and zZ(t) = z(§ ) and
a(t) = a(d) for § <t < §+ ¢ and so forth. This gives z(t) € R"™! and g(t) € O(n + 2), s.t. (5.45) holds
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5.10 Equations for the graph function

Assume that for each ¢ in the the existence interval, the transformed immersion Y (y, w, 7), given in (5.36)),
is a graph over the cylinder

Y(y7w7T) = /\_l(t)g(t)_l(X($vw’t) - Z(t)) = (ya v(y,w,T)w), (546)

where y and 7 are blowup variables defined by (5.8). Then, similarly to the derivation of the equation
(4.11) - (4.12) or (5.13)), and using %t = %8,57'7 for any function f of the variables 7, 9,7 = A~2 and

Oy = —A"2Nz — o) — A\ Hig = A2 (ay — )\,175;0 ),
-
where, recall, a = —A\, we see that (5.37) implies (cf. (5.13))
_ 8580 _ ag 1 _ 0z
— _ -1 _ 1¥0 _ I 1 1Y~ 4
0-v=G(v) —a(ydy —L)v— A 5, Oyv—g 57" ATg 5 (5.47)

where 92 be the 7-derivative of 2(t(7)), etc, with ¢(7) the inverse function of 7(t) = fg A~2(s)ds, and the
map G(v) given by (4.12). For v have the orthogonal decomposition (5.19) - (5.20). This together with

a(r) 2

(5.45) implies that ¢(-,7) satisfy (again in L2(R x S*, e~ "2 ¥ dydw))
o(,7) L1y, 0% yFw?, j=1,....n+1, k=0,1. (5.48)

Remark 6. Other approaches: 1) Write a point, p, on the hypersurface My as say p = q + zw + u(z, v)v,
where q gives the shift of the cylinder azis, w is the unit vector in the direction of the cylinder axis, w-q =0,
v s the outward unit normal to the cylinder surface. To find the equation for u, we compute p- vy, =
221:1 Yi0i + You, for some v; and for p1 = cosf, @1 = cosf,ps =sinfh, p3 = xcosh, w4 = xsinfb, while
v(y,0,7) is now decomposed as v(y,0,T) = Vy(r)p(r) + 0y, 0,7), with ¢ L {1,y,4}. One can also consider
a moving frame (e1,e2,€3), with e3 = w, so that v = ej cosf + easinf.

2) Write v(y,0,7) = Va(r) o)+ (Y, 0, 7), where Vairy u(r) = Va(ryo(r) +B0(T)y+B1(7) cos O+ Ba(7) sin 0+
B3(T)y cos O + Ba(T)ysinb and ¢ L {1,y,y? cos,sind,ycosf,ysin@}. In other words, one “dresses” up the
main, finite dimensional term absorbing into it all the neutral-unstable modes (singular, secular behaviour).

5.11 Appendix. Decomposition technicalities

To formulate the exact statement we need some definitions. First, we note that the representation ((5.19) —
(5.20) is equivalent to the conditions

a(

29 dydw = 0, k=0,1,2, (5.49)

/(’U(wvva) - Vab(y))¢ka(y)e_
with ¢, (y) appear in (5.10) and V,;(y), the approximate (adiabatic) solution (n = 1) of ([5.13) defined in
(5.17).

Next, for any time o, we denote Iy, 5 = [to,to + d]. We say that A\(¢) is admissible on I, s if A €
C?(Liy 5,RT) and — A\ € [1/4,1].
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Definition 5. Let t, > 0, ¢¢ > 0 and § > 0 and fix to € [0,t.) and Ao > 0. We say that a function
u € CL([0,t,), (x)3L>°) admits an orthogonal decomposition iff there are

e A(t), admissible on I, 5, a(7(t)) € C*(I1,,s,[%,1]) and b(7(t)) € C* (14,6, (0, €0)),
s.t. fort € Iy s, the functions
o v(w,y,7) = A" (t)u(w, A\()y, t), with 7 and t related by (5.8), and a(7)

satisfy the conditions and
—A)OA(t) = a(7(t)),  Alto) = Xo- (5.50)

Proposition 5.3 and Lemma 5.4 of [§] imply

Proposition 37. Let t, > 0 and fiz to € [0,t.) and Ao > 0. There are g > 0 and 6 = 6(Ag,u) > 0 and
A(t), admissible on Iy, 5, s.t. if

(i) u € CH([0,t.), (z)°L*),
(#) inf,er u(w,z,t) > 0,
(i) |[o(-70) = Vagbo ()]

where v(w, y, 7) := A~ (t)u(w, \(t)y, t), with T and t related by (5.8)), then the function u admits an orthog-
onal decomposition

3,0 K by for some ag € [1/4,1], by € (0, €],

6 Sections to do

e Ricci flow

Volume-preserving mean curvature flow (after Antonopoulou, Karali, Sigal)

Submanifolds

Dissipation: evolution of graphs over a plane (after Ecker and Huisken)

Local existence (after Huisken and Polden)

A Elements of Theory of Surfaces

In this appendix we sketch some results from the theory of surfaces in R**!. For detailed expositions see
24, 7).
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A.1 Mean curvature

By a hypersurface S in R"*!, we often mean an n dimensional surface element given by a map ¢ : U — S,
where U C R™ is open, s.t. di(u) is one-to-one (maximal rank) for every u € U. Such maps are called
(local) immersions. Here di)(u) is the linear map from R” to R"*!, defined as di(u)€ = O4|s=0t(0s), where

0 is a curve in U so that o,—¢9 = u and 88‘? =¢£.

The tangent space, T,.5, to S at z is defined as the vector space of velocities at = of all curves in S
passing through . We have TS = d¢(u)(R™) for = 1(u). The inner product on T, S is defined in the
usual way: g(v,w) = (v,w), Yv,w € T,,S. Here (-,-) is the inner product in R"+1.

Let v(z) be the unit outward normal vector to S at . The map v : § — S™ given by v : © — v(x) is

called the Gauss map and the map W, := dv(x) : T, S — T, (,,S" is called the Weingarten map or the shape

%15 = 7. We have the

operator. Here dv(z)n = O0s|s=ov(7s), where v5 is a curve on S so that ys—9 = = and
following theorem.

Theorem 38. Ran(W,) C T..S and W, is self-adjoint, i.e. g(W,&,1) = g(&, Wan).

Proof. Let 4 be as above. Then

(Wi, v(x)) = (Os|s=0v(7s), V() = %88|8=0 (v(7s),v(7s)) = 0.

This implies that W,£ € T,.S.

Let ¢ = @4 be a parametrization of a two-dimensional surface in S such that @g¢|s—t—0 = &, Os|s=t—0Pst =
¢ and O4|s=t—opst = 1. Then

(& Wan) = (Osls=t=0, Ot|s=1=0v(0)) = Ot|s=t=0 (05, V() = (010ss=1=0¢p, ¥(2)) -
Since (¢, v(p)) = 0, this implies (§, Wyn) = — <%(0, 0), V(x)> . Similarly we have

2

Waton) = = (5 0.0)0(0)).

which implies that (&, W,n) = (W, &, n) . O

The principal curvatures are all the eigenvalues of the Weingarten map W,.. The mean curvature H(x)
is the trace of W, which is the sum of all principal curvatures,

H(z)=TrW,. (A.1)

The Gaussian curvature is the determinant of W, which is the product of the principal curvatures.

If S is a level set of some function ¢ : R*"*! — R, ie. S = ¢710) = {z € R"™ : p(z) = 0}, then

v(z) = ‘gig;‘ . Note that v(z) is defined on the entire R"*! and therefore we can introduce AT = (9,17 (x)).

The associated linear map has the following properties: a) ATy = 0 and b) W, = A,|r,s. Indeed, since
0 = 0,171 = 2090,:17, we have ATy = 0. Furthermore, let 7, be a curve such through a point z, i.e.

vs(0) = z, and with Jsvs|s=0 = £&. We have dv(z)€ = Os|s=ov(7s) = Opiv () %f s=0 = OyivEt = A €. This
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implies that W, = A.|r,s. The properties a) and b) yield that Tr(W,) = Tr(4,) = 0,:v(x) = divy(z),
which gives

H(z) = divr(z) = div( Velr) ). (A.2)

If S is a graph of some function f : U — R, then it is a zero level set of the function ¢(z) = xp41 —
(=V§@),)
== and

f(u), © = (u,2,41), and therefore by the formula above v(z)|,—y ) = Wi
W

VIV

H(z) = — div( ). (A.3)

A.2 First and second fundamental forms

We denote by T'S the collection of all tangent planes, the tangent bundle. A vector field V is a map
V : S — TS assigning to every x € S a tangent vector V, € T,.S. Given an immersion v : U — S, {gjﬂ (u)}

is a basis in TS, where = ¢(u). Varying u € U, we obtain the basis, {%}7 for vectors fields on S (if

the immersion ¢ is fixed, one writes this basis as {% ). This allows to write vector fields in the coordinate

form as v = v*

gj’i. Plug the coordinate form of v and w into g(v,w) to obtain g(v,w) = g;;v'w?, where

. [9 9y
9 =\ i’ gud /-

The matrix (tensor) {g;;} is called the metric on S or the first fundamental form of S. If S is a graph of

some function f:U — R, i.e. S can be parameterized as ¥ (u) = (u, f(u)). Then g;;(u) = d§;; + gfi %.

Notation. {¢"/} denotes the inverse matrix. The summation is understood over repeated indices. The
indices are raised and lowered by applying g'* or gi as in b} = g**by;. Unless we are dealing with the
Euclidian metric, one of the indices are upper and the other lower. (For the Euclidian metric, §;;, the
position of the indices is immaterial.) The quadratic form (W, v, w), where v,w € T,.5, is called the second
fundamental form of S. We have

Lemma 39. Recall, 1 is a parametrization of S. Define the matrix elements of W, in the basis gg’z ,
o o
bi‘ ==, Ty~ /- A.4
J <8U7’ oud > ( )

Then

bij = — 0% v) and H = g"bj (A.5)

ij = 8ul8uj ) = g " Y. .
Proof. In the proof of Theorem we have shown that (£, W,n) = — <88§gt R I/(SC)>, where p = g is a

parametrization of a two-dimensional surface in S such that pgt|s—t—0 = @, Os|s=t=0@st = & and O¢|s—t—o@st =
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0%y
D50t s=t=0 Ou; Ouj’
which proves the first equality. To show the second equality, we write H = Tr(W,) = Y (e;, W,e;), where

{e;} is an orthonormal basis of T;S. Let e; = p;;1;, where v¢; = (f?j; . Let U = (p45). Then

7. Now take o5 = ¥ (u+se;+te;), where e; are the co-ordinate unite vectors in U. Then 2

(eis Waes) = pirprit (Y, Wath) = pigpabr = Tr(UBUT) = Tr(UTUB),

where B = (bj;). Since &;; = (e;,€;) = pirpjgr = (UGUT);;, where G = (g;j). Hence UGUT = I and

therefore G=' = UTU. So H = Tr(G~'B) and therefore the second equation in (A.F) follows. O
By (A.4) and the general formula v = g% gZﬁ ,U) aafj , we have the following useful expression
oy oY
W, gb; A6
out 7 T ok (A.6)

Examples. 1) The n—sphere S% of radius R in R"*!. We can define S by the immersion ¢ (u) = Rz[)(u),
where t(u) is the immersion for the standard n—sphere " = S7'. Then v(¢)(u)) = ¢(u) and Lemma

gives b;; = —R(afg; ) = R(%’, %’) R™'gi; = Rg;i*9, where g;; and g5t*"! are the metrics on Sp
and S™ = ST, respectively. This in particular implies H = ¢“b;; = nR™%.

2) The n—cylinder C% = Sp~" x R of radius R in R"*!. We can define C% by the immersion ¢(u, ) =
(Rt (u), x), where @(uis the immersion for the standard (n — 1)— sphere Nk T = S71 Then v(¢(u,z)) =
1

stand

(¥(u),0) and Lemma 41| gives b;; = <au 94, ) = <%7 %@> R™1gi; = Rg;i*4, where g;; and g5}

are the metrics on SEtand S"t = ST ! respectively, for 4,7 = 1,...,n—1, and by,, = 0. This in particular
implies H = ¢g”b;; = (n — 1)R™1.

A.3 Integration.

The first fundamental form allows us to define the integration on S. Using a partition of unity one can reduce
the integral f g I of a function h over a surface S to the integral J " h over an immersion patch, ¥ : U — S,

defined as [, h:= [, hot\/gd"u, where g := det(gi;). (,/gd"u is the infinitesimal volume spanned by the

. aw
basis vectors 7..)

If S is locally a graph, S = graph f, of some function f : U — R, so that one can take the immersion

P(u) = (u, f(u)), then \/gd"u = /1 + |V f|>d"u.

A.4 Connections

The connection, V, is probably a single, most important notion of Differential Geometry. It generalizes the
map

Rn+1
V = Vy

from R"*! to manifolds (in our case surfaces). Here V is a vector field on R"*! je. V : R*Hl — RntL
and V]%{}HH is the directional derivative which is defined as V]%{}TLH s T(x) = Osls=0T(7s), where ys—0 = z,
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%’f s=0 = V and T is either a function or a vector field. (We will not use tensors.) Note that V%HIT =
>, VAL However, if W is a vector field on S, in general V%‘}HHW(QU) ¢ T,S, i.e. “ does not belong to S

7. This suggests the following definition.
If f is a function on S, we define Vy f(x) = V]%{}Wlf(x). If W is a vector field on S, we define Vi W (z)
as the projection of V]%{}nHW(x) into 1,5,
ViW(z) = (V8 W)l (x). (A7)

Vv is called the covariant derivative on S C R™*!. So in the latter case the connection V : V — Vy is a
linear map from space V(S), of vector fields on S, to the space of first order differential operators on V(.5).

The covariant derivative, Vy,, has the following properties:

e Vy is linear, i.e. Vy(aW + 8Z) = aVyW + Vv Z;
o Vivigw = fVy +gVw;
o Vy(fW)=fVyW + WVy f (Leibnitz rule).

Homework: show these properties hold.
V is called a Levi-Civita or Riemann connection if
Vvg(W,Z) = g(Vv W, Z) + g(W, Vv Z) (A.8)
and is called symmetric if
VyW -V V =[V,WV].
Homework: Show that our connection is a Levi-Civita symmetric connection.

Claim: for a Levi-Civita symmetric connection, one has
1

Thus V depends only on the first fundamental form g;;. To prove this relation we add the permutations of
XY, Z)=(VxY,Z)+(Y,VxZ).

Consider a vector field V on S, i.e. amap V : S — TS. So if v, is a path in S s.t. s|s=0 = = and
as’7s|s:0 = V(l’), then

0
Vf(il?) = va(x) = %|s=0f(73)'
Let 0 : U — S C R"! be a local parametrization of S. Then {881‘;} is a basis in T,(,)S (generally not
orthonormal). We can write V(z) = 0s7s|s=0 = 050 0 07! 0 45|s=0. By the chain rule we have V(x) =

9o 9 (—1 : __1/i 0o i 0((0 " os)s)
Y 55z (071 0%s)ils=0. Hence we can write V' = V' 5% where V' = =225 .

A vector field V is defined as a map V : S — TS, but is also identified with an operator V f = Vy f.
Let f: S — R be a function on S. Then

V@) =2lofoooo o,
_ 9(fo0) d((o~ 07.)s)
ou? Os

s=0
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which by the above relations can be rewritten as

Vi(x)= i

We write V = V* (ﬁi. We think of {0,:} as a basis in T'S ({(04i)s}, as a basis in T,,5). We think of J,: are
either operators acting on functions on S or as vectors d,:0. (Note that the vector gf; has components d;;

in the basis { gjj} and therefore the operator associated with it is 51-]-% = %.)

Since {0,:} is a basis, then V,;0us can be expanded in it: Vp ;0ys = T'%.0,x, for some coefficients Fi—“j,

called the Christofel symbols. If we let X = 0,:, Y = 0,y and Z = O, in (A.9)), then we find

kl(aglj Ogis 3g¢j )

k= , :
out  Ouwl  oul

1
1,]_5

This can be also shown directly.

Since Vy = Vyig , = V"Vaui and Vg , Wi = a?u? W, we have

VW = Vo, (Wid,:)
ViV, (Wid,)
= Vi[(Vam Wj)auj + WjVaui 8uj]
= V(0 W5 + WITE D),

which gives VyW = VIV, Wk, or (VyW)* = ViV, W* where

oWk
ou?

ViWk =V, Wk:= +T5WY.

A.5 Various differential operators

We give definitions of various differential operators used in geometry.

(1) Divergence divV = Tr VV, where VV is the map W — Vy/ V.

(2) Gradient. The vector field grad(f) is defined by g(grad(f), W) = Vw f V vector field W, where Vf :
V +— Vy f is considered as a functional on vector fields.

(3) Laplace-Beltrami A := div grad.

(4) Hessian Hess(f) := V2 f. Explicitly, V2f(V,W) = (VW — VyW)f.

Here Vf is viewed as (0,1) tensor and Vy is defined on (0,1) tensors T' : T'S — R as (VyT)(W) =
Vy(T(W)) =T(VyW).

Recall the notation g = det(g;;). In local coordinates, these differential operators have the following
expressions:
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divV =V,V' = i (V/gV7), (A.10)
f
(grad(f)) = Vif = g1 2L (A.11)
oud’
o%f k Of
(Hess(f))ij = ViVif = 555 —Ti5 5 (A.12)
; 1 . Of
Af=V'V,f = —0u ). Al
F= VIV = 0V 5 L) (A1)
Exercise: ) Show (A.10)- (A-13); (2) Show that grad = —(div)* and A* = A.
Proof of (A.10)- (A.13). We have, for an orthonormal basis {e;},
divV = (Ve V,ei) = g7 (Vo ,V,0u)
= g7V VO, 0us) = 97 g ViVF,
which gives
divV =V, V* (A.14)
To show divV = —= ul(fVJ), we use the representation det(g;;) = eT""(9:4) to obtain the formula (cf.
(T11)
99 _ a0 (A.15)

auk 99 gy

From (A.15)), we have L 8 k\f 2g Oykg = Qg” ag” . On the other hand, I'?, = 2g HOum grt + Ok gt —

Ot Gmi)- It follows that Fﬁk = 29" 0y g and therefore Our~/g =17 So we have
ov'! 8Vl 1 0 -
divV = v = —0yin/gV' = — V).
iv B -+ o \[ win/g \f 0w (VaV*)
which gives (A.10).

Ifgrad(f) = (grad(f)) au , then C’?ufJ = vaujf = <(grad(f))lau’7 au7> = (grad(f))z <aulvau1> = Gij (grad(f))i7
which gives .

Since V;W7 =V, , = %Vgij + T2, W*, we have (Hess(f))! = ot g]k Db 41 g egj,_;
Furthermore, (Hess(f))ij := V2f(0yi, 0ys) = 3318’;1 — (Va,,0us) f, which gives (A.12).

Finally combining the previous results, we obtain A f = div grad(f) = div(g% gfg Oyi) = if i(v/99" gf, ).
O




MCF Lectures, March 12, 2013 53

Proposition 40. Let 0 : U — S C R"! be a local parametrization of S. Then

Ago = —Hv. (A.16)

Proof. We will prove it at a point zg € S. Since (A.16)) is invariant under translations and rotations (show
this), we can translate and rotate S so that x¢ becomes a critical point in the sense that S (W = graph f

and grad(f)(zo) = 0. Now o(u) = (u, f(u)) and g;; = (£%, I%) = 6;; + aaul% Then v = \}%T’?lz and
V]z=z, = (0,1). Note that

Asf = Vilerad(f))' = Vig" g;
a
= Pu (92” oL );Jrgm;zg o
- gU Bu uJ + Bgﬂ' oud + F:Z & Oud *

. i 95
Since gijly—z, = i; and therefore ¢g"|,—_., = &;j, we have Agf|o—zy = g7 55 |x T = El 8u72

duiul T=To*
Hence

32f nt1 nl
ASO'|90=3:0 = (07 Z W”ﬂc:xo = (0, I)AR f|x=xo = V‘x:onR f|:c=aco-

n rn+1 n n n
But H(z¢) = —div® H(\/X_T%IP)\I:% = —div®"" VR +1f|x:m‘j = —AR +1f|z:Z0, this completes the
proof of the proposition. O

A.6 Submanifolds

Recall that the Weingarten map is defined as W,V = dv(x)V, which can be written in terms of the Euclidean
connection VR as

W,V = VE" u(a). (A.17)

For the second fundamental form, we have consequently that for &,7 € TR"*!,

Rn+1

Wa(&,n) = (VE " w(@),n) = —(w(2), VE  n).

If S is a hypersurface in an (n+ 1)— dimensional Riemannian manifold (M, s), rather than in the Euclidean
space R"*!, we define the Weingarten map by

Woé = Vilv(z), (A.18)

where v is the outward normal vector field on S in the metric s and VM is a (Levi-Civita symmetric)
connection on M, the second fundamental form by

Wo(&m) = (V¥ v(z),n)s = —(v(2), VT n)s, (A.19)
where we used the relation (A.8) for Levi-Civita connections, and the mean curvature, still by (A.1]).

As an example, we consider the Euclidean space R™*!, with the conformally flat metric o2dz?, where
o0 > 0. Let 0 = e~ % and denote VM by V. Then we have

Vin= Vﬂgwln = (&p)n — (np)§ + (€, m)o grad ¢,
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where {f = V,f is the the Euclidean directional derivative (application of the vector field to a function).

Moreover, let v and v be the outward normal vector fields on S in the euclidean metric and in thelz metric s.
Using that (§,v), = 0*(§,v) = 0 for V& € T'S, we have v = o~ 'v and W7¢ = Vv (z) = V?H (07 v) —
]Rn«l»l

(Ep)o~tv — o7 (vp)€. Since Ve (c=) = (o Vv + a—lv]g"“u, V]§"+1I/ = W, and (07! = o€,
this gives WI¢ = o 1W,£ — o~ (vy)€, which implies

WIE =0 'Wol — (vo e = o (W, — (vp))E.
(Here as before, vf =V, f.) This gives the expression for the second fundamental form b¢; = (0pi, Wi0pi)o =

0(0yi, Wy — (v9)0,s) and therefore
b7 = e ?(bij — (vp)gij)- (A.20)

For the mean curvature H, = o2 9i;b7;, we obtain
1 n
H, = E(H + ﬁvyo) =e?(H —nV,p). (A.21)

We derive (A.21]) differently using that the mean curvature arises in normal variations, n = fv, of the
surface volume functional V(¢) (see (1.9)). In the conformal case, the analogue of (1.9) is dV,(¢)n =

Jy Hov - \/ged™u, where n = fv,. We use that /g, = 0"\/g, (d\/9)n = (d\/g)(c™ ' fv) = Hv - o~ fv
and v, = 0~ v to compute dV, (Y)n = [, (Hv+no Vo) -0 \/ged"u= [,(H+no"'Vo-v)o ' f \/gzd"u,
which implies H, = 0~ 1(H +no~1V,0).

Our next goal is to compute the normal hessian, Hess™ A, of the area functional A, for a hypersurface
S immersed in a manifold M = (R""1odx?), the Euclidean space R™™!, with the conformally flat metric
odz?, 0 = e 2#. Recall that the normal hessian, Hess" A, of the area functional A, for a hypersurface
S immersed in a manifold M is given by the expression (2 . Thus to to compute Hess" A, we have to
compute the trace norm |[WM|% the Ricci curvature Ric (1/7 v) of M evaluated on the outward normal
vector field, v,on S and the Laplace-Beltrami operator Ag on S in the metric induced by the metric on M.

We begin with the trace norm [W2|2 = |WM|2. Since by the definition |WZ|2 = o~ g”“gjmb" b7, we
have |W7|2 = J_lglkg]m( — V©00i;) (bem — Vu©grm), which gives

W32 = 2 (|[W,|? — 2V,0H + n(V,¢)?). (A.22)

Furthermore, to compute Ric’® = Ric™, we use standard formulae, which give (see e.g. [18] 24])

Ricf; = (n— 1)(ViV, — VigV,0) + (A + (n — 1)|Vel?)3. (A.23)

ij
(Recall that V;, V, A are the operators in the euclidean metric.)

Finally, we compute the change in the Laplace-Beltrami operator. By the equation (A.13)) below, we
have

1 n_ . Of
f = \/7 ul(Fga au]) = O_n/g\/gaui (02 1\/-59 j%) (A24)
=0~ _ 2072(5‘“0)9”% =0 “2(Vio)V,f (A.25)

=¥ (As — (n = 2)(V/)V,)f. (A.26)
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In the example of the n—sphere S% of radius R in R"*! considered in Subsection we computed

bij = R! Gij = Rgf;‘md, where g;; and gf;and are the metrics on S% and S™ = ST, respectively, which implies,

in particular, that H = ¢"/b;; = nR~'. In this case, since v = w, (A.22)) gives
W22 =e**(nR™2 = 2nR™ 'V, + n(Vop)?) = ne?(R™ — V,0)2. (A.27)

To compute Ric? (v7,v7), we use (A.23) and 7 = o2y = 0= /2w to obtain Ric® (v7,v7) = o' Ric” (w,w) =
e*[(n —1)(ViVjp = VipVjpw'w + (Ap + (n = 1)[Ve])].

Hence, due to (2.30), Hess™ A is given by

Hess™ A, (S%) = —e*?(R™?Agn — (n — 2)(VI0)V;) — ne*?(R™! — V,,0)? (A.28)
—e[(n —1)(ViV,pw'w’ — (Vo w)® + |Ve|*) + Ag], (A.29)
which gives
Hess™ A,(Sp) = —€** [R72(Agn + 1) — (n — 2)(VI0)V; — 2nR™ 'V, — (Vagp)? (A.30)
+ (n—1)(Vo Ve + [Ve?) + Ayl (A.31)

A.7 Riemann curvature tensor for hypersurfaces

A.8 Mean curvature of normal graphs over the round sphere S” and cylinder
Cn—l—l

Let S be a fixed convex n—dimensional hypersurface in R”*1. We consider hypersurfaces S given as normal
graphs 0(Z,t) = u(2)P(Z), over a given hypersurface S. Here ©(%) is the outward unit normal vector to S at
T € §. We would like to derive an expression for the mean curvature of S in terms of the graph function p.

To be more specific, we are interested in S being the round sphere S™. Then a normal graph graph is
given by
0:wr— plww. (A.32)

The result is given in the next proposition.

Proposition 41. If a surface S, defined by an immersion 6 : S — R+ is a graph (A.32) over the round
sphere S™, with the graph function p : S™ — R4, then the mean curvature, H, of S is given in terms of the
graph function u by the equation

H=p""(n—p""Ap)+p*?||Vp|* + p 9" ¢?* ViV ;pVipVep |, (A.33)
where V denotes covariant differentiation on S™, with the components V; in some local coordinates and
pi=p*+|Vp[’. (A.34)

Proof. We do computations locally and therefore it is convenient to fix a point w € S™ and choose normal
coordinates at this point. Let (eq,...,e,) denote an orthonormal basis of T,,S™ C T,,R™*! in this coordinates,
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i.e. the metric on S™ at w € S™ is gj]phere = g*Phere(¢;, e5) = d;; and the Christphel symbols vanish, Fi?j =

at w € S". By V,; we denote covariant differentiation on S™ w.r.to this basis (frame). First, we compute the
metric g% on S;. To this end, we note that, for the map (A.32)), one has

Vib = (Vip)w +ue;, i=1,...,n, (A.35)

where we used the relation W gqﬁ =g¥ bJ k auk (see (A.6) of Appendix ??), where W is the Weigarten map,
which in our situation (i.e. %" = fjphere = 5” and v(w) = w) gives V,w = ¢;. It follows that the

Riemannian metric ¢ induced on S has components

gij = <vi0a v30> = Pz(sij + vipvj‘p.

Recall that the symbol (-, -) denotes the pointwise Euclidean inner product of R"*1. As can be easily checked
directly, the inverse matrix is

97 = p (85 —p~'VipVp). (A.36)
It is easy to see that the following normalized vector field on S is orthogonal to all vectors and
therefore is the outward unit normal to M is
v=p""2(pw—eVip) =p *(pw = Vp). (A.37)
Straightforward calculations show that
P2V =2(V;p)w + pe; — ViVp+ {--- v,

where the terms in braces are easy to compute but irrelevant for what follows. One thus finds that the
matrix elements b;; = (V;6, V;v) of the second fundamental form are

bij =p?(p*6i; + 2VipVp — pViV;p). (A.38)

Since H = try(h) = ¢7b;;, we use (A.36) and (A.38) and 4,;6;; = n to compute:

H =p 2[8;:055 + 20 26:;;VipV p — p~ 28,50V V jp — p~ ' VipV;pdi; — 2(p*p) "' VipV;pVipVp
+ (pp)‘lviijPV-Vjp]
p 2+ 20" 2VipVip — p ViVip — p ' VipVip — 2(pp) HVpl* + (pp) " VipV,;pViV )
p P+ 2p72Vpl? = p7 Ap = p Vol = 2(0°p) MVl + (pp) T VipVuVi V]
p 2 — pT Ap+ (pp) I VipV;pViVip+p o2 20|Vl — 02Vl — 2| Vplh)]
p %0 — _1Ap+p_lp_lvivjpvipvjp+p_1|Vp|2].

which implies (A.33). O

A different derivation is given below. (to be done)
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B Some general results using maximum principle

Theorem 42. If Sy C B,, (compact and without boundary?) for some py > 0, where B, is the ball with
. . . . p2
radius p, center at 0, then Sy C BW In particular, (MCF) exists for time t, < §2.

Proof of Theorem Let f(z,t) = |z|*> + 2nt. Compute % = %{ + grad f - % =2n+2x- ﬁ, where
ﬁ = —Hv. We also have

.. k
Aslal* = F0.i(y/g97 22" 555
.. k k
= 20" Mgt + 25\ /99" 51 5
=2 H + 27,
=2z - ﬁ + 2n.

So we obtain % =Agf.

dt : 4
be the first time when maxg, f reaches a value larger than maxg, f and f(z.) = maxg, f. Then at (z.,%.),
~ ~ ~. ~ . . rs . 27
dif <0, 0y f =0 and (9,:0,5 f) < 0. Hence Agf = (0,5 + I',)g7" 2L = gjk% <0. S0 4 — Agf >0,
contradiction! This proves our claim maxg, f< maxg, f V € > 0. Let ¢ = 0, we have maxg, f < maxg, f,
ie. |z|? < pg — 2nt at time t. O

Let f = f—et for € > 0, then (4 Ag)f = —e < 0. We claim that maxg, f< maxg, f. Otherwise let t.

How the collapse take place? Some indications come from the following estimates.

Theorem 43. Let n > 2 and min H > 0 on a closed surface So. Then under the MCF, the mean curvature
H(t) increases monotonically.

Proof. Let A be the second fundamental form of the surface. (change of notation!) The relations H =
g7 Aij, Org" = 2HAY and 0, A;; = V;V,;H — AikA;? (see [Eckert,Regularity Theory of MCF, App B]) imply
the following differential inequality for the mean curvature

1 .
OH > AH + —H>.
n
Now we prove that
H — ooast— Ty,

with Ty 1= (%Hfm-n)*l. Indeed, let ¢ satisfy 0y = %903 and ¢|i—o < min H|;—¢. Then, since ¢ is independent
of x,
1
O(H — ) > A(H — @) + ﬁ(H?’ — %) and (H — ¢)|=0 >0, (B.1)

which implies
H—-—p>0 for Vte[0,T). (B.2)

Indeed, let H = p at x = Z,t =t and H > ¢ for either x # Z,t =t or t < t. Then H|;—7 has a minimum at
T = Z. So we obtain

Hess H(z,t) >0 = AH(z,t) = TrHess H(z,t) >0

=>8t(H—<p)>i(H3—g03):0 at (z,t) = (H—¢)(z,t) growsin t at ¢
n
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This implies (B.2). But ¢(t) = Hpin(1 — 2H2 t)~2 which implies H > ¢ — 0o as t — Tp with T :=

min
(2HZ,,)~". Hence we have the claimed relations. O

Now, by a local existence result we know that S; exists on some time interval. Let [0,7") be the maximal
time interval for the existence of the MCF. The above result implies that under the assumptions of the
theorem

Proposition 44. T < Ty := (%H2

min

) < oo

C Elements of spectral theory

C.1 A characterization of the essential spectrum of a Schrodinger operator

In this appendix we present a result characterizing the essential spectrum of a Schrédinger operator in a
manner similar to the characterization of the discrete spectrum as a set of eigenvalues. We follow [?].

Theorem 45 (Schnol-Simon). Let H be a Schrodinger operator with a bounded potential. Then

o(H) = closure {\ | (H — A)¥ = 0 for ¢ polynomially bounded }.

So we see that the essential spectrum also arises from solutions of the eigenvalue equation, but that
these solutions do not live in the space L?(IR?).

Proof. We prove only that the right hand side C o(H), and refer the reader to [?] for a complete proof. Let
1 be a polynomially bounded solution of (H — X)) = 0. Let C. be the box of side-length 2r centred at the
origin. Let j, be a smooth function with support contained in C, 1, with j, =1 on C,, 0 < j, < 1, and
with sup, , |4<2 105 (z)| < 0o. Our candidate for a Weyl sequence is

o IV
-2l

Note that ||w,|| = 1. If ¢ & L%, we must have [|5,v| — oo as 7 — co. So for any R,

1
2 < — / 2 =0
/z|<R " 13112 Jjzi< R

(H — Nw, — 0.

as r — oo. We show that

Let F(r) = [, |#[?, which is monotonically increasing in 7. We claim there is a subsequence {r,,} such that

F(r,+2)

1.
Flrn—1)

If not, then there is @ > 1 and rg > 0 such that

F(r+3)>aF(r)
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for all » > ro. Thus F(rg + 3k) > a*F(r¢) and so F(r) > (const)b” with b = a'/3 > 1. But the assumption
that v is polynomially bounded implies that F(r) < (const)r™ for some N, a contradiction. Now,

(H - A)]ri/} = ]T‘(H - >\)¢ + [*Aajr]'ll*
Since (H — Ay =0 and [A, j,] = (Ajy) + 2V, - V, we have
(H - A)er = (_A]r)w —2Vj. - V.

Since |0j,| is uniformly bounded,

1 — \jn]l < (const) / (012 + [V0[2) < (const) / 2.

Cry1\Cr Cry1 Cr
” Fr+2) - Fr-1) _ o Firt?)
r+2)—F(r— r+
H—-MNw, || <C —1
and so |[(H — AN)wy, || = 0. Thus {w,, } is a Weyl sequence for H and A. O O

C.2 Perron-Frobenius Theory

Consider a bounded operator T on the Hilbert space X = L?(1Q).

Definition 6. An operator T is called positivity preserving/improving if and only if u > 0, u # 0 =
Tu>0/Tu > 0.

Note if T is positivity preserving, then T" maps real functions into real functions.

Theorem 46. Let T be a bounded positive and positivity improving operator and let A be an eigenvalue of
T with an eigenvector ¢. Then

a) A= ||T|| = X is simple and ¢ > 0 (modulo a constant factor).
b) ¢ >0 and ||T| is an eigenvalue of T = X is simple and A = ||T||.

Proof. a) Let A = ||T||, T = M) and 1) be real. Then || &4 > 0 and therefore T'(|1)| £ ) > 0. The latter
inequality implies that |T¢| < T'|¢| and therefore

(], Tl > ([, 1T > (@, Te) = Ally ]I,
Since A = [[T'|| = supjy||=1 (¥, T%¥), we conclude using variational calculus (see e.g. [?] or [28]) that

Tly[ = Ayl (C.1)

ie., [¢| is an eigenfunction of 7" with the eigenvalue A. Indeed, since A = ||T|| = supj ;=1 (¥, T¥), [¢] is the
maximizer for this problem. Hence || satisfies the Euler-Lagrange equation T'|¢)| = ul¢| for some p. This
implies that u||v||? = (|¢|, T|v¥|) = M|¢||? and hence u = . Equation and the positivity improving
property of T' imply that || > 0.
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Now either ¢ = £|¢)| or || + ¢ and || — 9 are nonzero. In the latter case they are eigenfunctions of T
corresponding to the eigenvalue X : T'(|¢| & ) = A(Jp| £ ¥). By the positivity improving property of T' this
implies that |¢| & 1 > 0 which is impossible. Thus ¢ = £¢|.

If 91 and 19 are two real eigenfunctions of T' with the eigenvalue A then so is aip + by for any a,b € R.
By the above, either at); + by > 0 or a); + biye < 0 Va,b € R\ {0}, which is impossible. Thus T has a
single real eigenfunction associated with .

Let now ¢ be a complex eigenfunction of T" with the eigenvalue A\ and let ¢ = 11 + 1)1 where 1, and
19 are real. Then the equation Ty = A\ becomes

T1 + iTpe = Mp1 + 1 Aa.

Since Ty and T and X are real (see above) we conclude that Ty; = Abe,i = 1,2, and therefore by the
above 1y = ¢ty for some constant ¢. Hence v = (1+1¢)1; is positive and unique modulo a constant complex
factor.

b) By a) and eigenfunction, v, corresponding to v := ||T|| can be chosen to be positive, 1) > 0. But then

M, @) = (¢, To) = (T, ) = v(i, )
and therefore A = v and ¢ = cp. O

*Question: Can the condition that ||T|| is an eigenvalue of T' (see b) be removed?*

Now we consider the Schrodinger operator H = —A + V(z) with a real, bounded potential V(x). The
above result allows us to obtain the following important

Theorem 47. Let H = —A + V(x) have an eigenvalue Ey with an eigenfunction po(x) and let inf o(H) be
an eigenvalue. Then

vo >0 = Ey=inf{\) € o(H)} and Ey is non-degenerate

and, conversely,

Ey =inf{\X € o(H)} = Ey is non-degenerate and oo > 0

(modulo multiplication by a constant factor).

Proof. To simplify the exposition we assume V(z) < 0 and let W(x) = =V (z) > 0. For 1 > sup W we have

(A=W H+p) ™ =(=A+p) ' Y W (A +p)7 )" (C2)

n=0

where the series converges in norm as
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W (=A+m) < WA+ )7 < W lpep™ <1

by our assumption that g > supW = ||W||L~. To be explicit we assume that d = 3. Then the operator
(—A + p)~! has the integral kernel

e—Vilz—yl

—— >0
|z —y|

while the operator W (—A + u)~! has the integral kernel

e—Vilz—yl
z)——— >0
dmlx — y|

Consequently, the operator

e~ VElz—yl
(a0 @) = 3 [

is positivity improving (f >0, f # 0 = (=A + u)~1f > 0) while the operator

1 e~ VElz—yl
WA+ 1) = 3 [ W T dy

is positivity preserving (f >0 = W(—=A+pu)~1f > 0). The latter fact implies that the operators [W(—A +
@)™, n > 1, are positivity preserving (prove this!) and consequently the operator

(—A+p)~ Z (—A+ )"

is positivity improving (prove this!).

Thus we have shown that the operator (H + p)~! is positivity improving. Series (C.2) shows also that
(H + p)~! is bounded. Since

(u, (H + p)u) = (=sup W+ p)Ju* > 0,

we conclude that the operator (H + p)~! is positive (as an inverse of a positive operator). Finally, ||(H +

w) Y| =supo((H + p)~1) = (info(H) + p)~! is an eigenvalue by the condition of the theorem. Hence the
previous theorem applies to it. Since Hypg = Eopo < (H + ) too = (Eo + 1) 1o, the theorem under
verification follows. *This paragraph needs details!*. O

D Proof of the Feynmann-Kac Formula

In this appendix we present, for the reader’s convenience, a proof of the Feynman-Kac formula ([5.28)-([5.29))
and the estimate ([5.31]).
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Let Lg := —65 + %Qyz — 5 and L := Lo+ V where V' is a multiplication operator by a function V(y, 7),
which is bounded and Lipschitz continuous in 7. Let U(r,0) and Uy(7, o) be the propagators generated
by the operators —L and —Lg, respectively. The integral kernels of these operators will be denoted by

U(Tv 0’)(:5, y) and UO(Ta O’)(l’, y)

Theorem 48. The integral kernel of U(1,0) can be represented as
Ur,0)(a,1) = Un(r.o)(a.g) [ el Vo) (.1)

where du(w) is a probability measure (more precisely, a conditional harmonic oscillator, or Ornstein-Uhlenbeck,
probability measure) on the continuous paths w : [0,7] = R with w(o) = w(r) = 0, and the pathe wo(-) is
given by

20 2acs 2c 2as

e —e e““T —e
_ ya(r—s) a(o—s)
wo (S) =e eZom _ 62arx te e2aT _ 620‘0 Y.

(D.2)

Remark 7. du(w) is the Gaussian measure with mean zero and covariance (—9? + a?)~1, normalized to 1.
The path wo(s) solves the boundary value problem

(=92 + a®)wp = 0 with w(o) =y and w(T) = =. (D.3)

Proof of Theorem[50, We begin with the following extension of the Ornstein-Uhlenbeck process-based Feynman-
Kac formula to time-dependent potentials:

U(r,o)(z,y) = Uy(r, U)(gc,y)/ede V(“(s)’s)dsduzy(w). (D.4)

where dy,, (w) is the conditional Ornstein-Uhlenbeck probability measure, which is the normalized Gaussian
measure dfi,,(w) with mean wp(s) and covariance (—92 + a?)~!, on continuous paths w : [0, 7] — R with
w(o) =y and w(r) = x (see e.g. [?, 7, ?]). This formula can be proven in the same way as the one for time
independent potentials (see [?], Equation (3.2.8)), i.e. by using the Kato-Trotter formula and evaluation of
Gaussian measures on cylindrical sets. Since its proof contains a slight technical wrinkle, for the reader’s
convenience we present it below.

Now changing the variable of integration in as w = wy + @, where @(s) is a continuous path with
boundary conditions @(o) = @(7) = 0, using the translational change of variables formula [ f(w) dpzy(w) =
[ f(wo+@) du(@), which can be proven by taking f(w) = <) and using (see [?], Equation (9.1.27))
and omitting the tilde over w we arrive at . O

There are at least three standard ways to prove : by using the Kato-Trotter formula, by expanding
both sides of the equation in V' and comparing the resulting series term by term and by using Ito’s calculus
(see [?, 2,127, ?]). The first two proofs are elementary but involve tedious estimates while the third proof is
based on a fair amount of stochastic calculus. For the reader’s convenience, we present the first elementary

proof of (D.4]).
Lemma 49. Equation (D.4)) holds.
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Proof. In order to simplify our notation, in the proof that follows we assume, without losing generality,
that ¢ = 0. We divide the proof into two parts. First we prove that for any fixed £ € C§° the following
Kato-Trotter type formula holds

(k+1)7
. k+1 k fki n o V(y,s)ds
U(Ta O)f = nli)ngo H U()( T, ET)@ n 6 (D5)
0<k<n—1
in the L2 space. We start with the formula
k1 ke Vs
+ ke V(ys)ds
U - — n
(7,0) H Uo( T, nr)e
0<k<n—1
k+1 k k+1 k. fon Vigsds
- H U( T, —T) = H Uo( T, —T)e W '
n n n n
0<k<n-—1 0<k<n—1
k4l k[t Veeds
- y,s)ds
= > I (= one A;U(Lr,0)
X . n n n
0<j<n j<k<n-—1
with the operator
. 1 . f(jtll)T V( )d . + 1 .
it y,s)as
Aj = U0(3+ 7, Lr)e )
n n n n

We observe that ||Ug(7,0)|r2—r2 < 1, and moreover by the boundness of V| the operator U(r,o) is
uniformly bounded in 7 and ¢ in any compact set. Consequently

(k+1)T

kE+1 k Jer ™ V(y,s)ds
I[U(7,0) - H Uo( p 7757)67 1€ll2
0<k<n—1
k1 ke Vs ' (D.6)
< maxn| J] U(—nSnett AU 00 |
7 . n n n
jgkgn.ﬁl
< maxnl|A;U(L7,0)¢]s.
J n
We show below that .
max | 4;U(2,0)€]> = 0, (D.7)
J n

as n — oo. Equations (D.7)), ([D.6), (|D.13) and imply ([D.5)). This completes the first step.

In the second step we compute the integral kernel, G, (z,y), of the operator

k 1 k f(k+1)7

+ kr

G, = — o

n I | Uo( p T, nT)e
0<k<n—1

in ([D5). By the definition, G, (z,y) can be written as

V(-,s)ds

(k+1)T
ki” V(zk,s)ds

Gn(z,y) = / : / H U= (xk+1,xk)efn dzy - - drp_1 (D.8)

0<k<n-—1
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with z, := @, xo := y and U, (x,y) = Up(0,7)(x,y) is the integral kernel of the operator Uy(7,0) = e~ Lo7.
We rewrite as
(k+1)7

" V(zy,s)ds
Gy (z, (z,y) / Zis e (o) dpin (1, ... Ty, (D.9)

where
Hogkgn—1 Uﬁ (Tht1, Tk)
UT(J‘.’ y)

Since G, (z,y)|v=0 = U-(z,y) we have that [ du,(21,...,2,) = 1. Let A:= Ay x ... X A,, where A, is an
interval in R. Define a cylindrical set

dpin (1, ... ) = T1...dTE_1.

PR ={w:[0,7] = R|w(0) =y, w(t) =z, wkr/n) € Ay, 1 <k<n-1}.

By the definition of the measure dp,,(w), we have pizy(PR) = [, dpn(21,...,2,). Thus, we can rewrite
as
(ktll - V(w(ED),s) ds
Gn(x, (x,y / iso ki Wi dpzy (W), (D.10)

By the dominated convergence theorem the integral on the right hand side of (D.10) converges in the sense
of distributions as n — oo to the integral on the right hand side of (D.4)). Since the left hand side of (D.10))
converges to the left hand side of -, also in the sense of distributions (which follows from the fact that
G, converges in the operator norm on L? to U(r, o) - follows. O
Now we prove . We have
ko1 1 J
maxn||A U( 7,0)¢|l2 < nmax||A +IC( 7, =)L 12 +maxn||/C( 7, —T)U(=7,0)¢]|2, (D.11)
n n n

where the operator K(o,0) is defined as

g 5
K(o,6) := / Uo(o + 0,0 +s)V(c+ s, )Uy(c + s,0)ds — Uy(o + 6,0) / V(o +s,-)ds (D.12)
0 0
Now we claim that ) )

[14; +’C( T ;T)||L2—>L2 S ol (D.13)

and .
sup [|<K(o,0)U(a,0)¢[|2 — 0. (D.14)

0<o<T 0

We begin with proving the first estimate. By Duhamel’s principle we have

i+l

j+1 5 . Jj+1_J n Jj+1 J
U( T,ET)—U()( - T,nT)-i-/i Uo( - T,S)V(y,S)U(S,nT)dS.

n
oT
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Iterating this equation on U (s, %T) and using the fact that U(s, t) is uniformly bounded if s, ¢ is on a compact
set, we obtain

1 i 1, 1 : 1
o 2~ v 2o - [ U )V ()l L)dslnanne 5 o
G+)r
ij " V(y,s)ds
On the other hand we expand e = and use the fact that V' is bounded to get
1§ e Vi 1 1 G [ 1
+ " Vvs)ds + + D
wo(I 2 Loyl o I~ e [T Vsl £ o
n n n n ~ Jir n

n

By the definition of K and A; we complete the proof of (|D.13). A proof of (D.14) is given in the lemma
that follows.

Lemma 50. For any o € [0,7] and & € C§° we have, as § — 0T,

sup H%IC(U, 5)U (0, 0)¢ 2 — 0. (D.15)

0<o<T
Proof. If the potential term, V', is independent of 7, then the proof is standard (see, e.g. [27]). We use the
property that the function V' is Lipschitz continuous in time 7 to prove ( [D.15). The operator K can be

further decomposed as

IC(U7 6) = ’Cl (Uv 5) + IC2(07 6)
with s
Ki(0,0) := / Uo(o + 0,0 + s)V (o, )Ug(o + s,0)ds — 6Up(c + 8,0)V (0, )
0

and

4 )
Ka(c, 6) ::/0 Uo(a+5,a+s)[V(a+s,-)—V(a,-)]UO(U+s,a)ds—Uo(a+<5,a)/0 V(o +s5,-) = V(o,-)ds.

Since Uy (7, 0) are uniformly L?-bounded and V is bounded, we have U(r, ) is uniformly L2-bounded.
This together with the fact that the function V(7,y) is Lipschitz continuous in 7 implies that

5
10, )2 S 2 / sds — 62,
0
We rewrite Kq(0,9) as

s
Ki(o,0) = /0 Uo(o + 9,0 4+ $){V (o, )[Uo(c + s,0) — 1] — [Up(c + s,0) — 1]V (o, ) }ds.

Let (o) = U(0,0)§. We claim that for a fixed o € [0, 7],

1K1 (0, 6)€(0)]l2 = o(0). (D.16)
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Indeed, the fact & € CS° implies that Loé(o), LoV (0)é(o) € L2 Consequently (see [?])

lim (Uo(o +s,0) — 1)g

s—0t S

— LOgv

for g = &(0) or V(o,y)é(o) which implies our claim. Since the set of functions {£(o)|o € [0,7]} C LoL? is
compact and [|$K1(0,0)||r2_ 12 is uniformly bounded, we have (D.16) as 6 — 0 uniformly in o € [0,7].

Collecting the estimates on the operators K;, i = 1,2, we arrive at ([D.15]). O

Note that on the level of finite dimensional approximations the change of variables formula can be derived
as follows. It is tedious, but not hard, to prove that

(z—e=Ty)?

H Un(.’lik+1,$k) = e_a 2(1—e=20T) H Un(yk+17yk)

0<k<n—1 0<k<n—1

with yg ==z — WQ(%T). By the definition of wy(s) and the relations zy = y and x,, = x we have

Gn(xvy) = UT(x,y)GS)(x,y) (D]-?)

where

(k+1)T
1 Ji. ™ V(yetwo(ED),s)ds
G’I(’Ll)(ny) = 47T\/a(1 _ 6,20”-) / . / H Un(yk)+17yk})e kT dyl T dyk—l' (DlS)

0<k<n—1

Since li_>m Gp€ exists by ([D.15)), we have li_>m GM¢ (in the weak limit) exists also. As shown in [?],

lim GV = [ eJo Vwolo)+w():9)ds g, () with du being the (conditional) Ornstein-Uhlenbeck measure on

n—oo
the set of path from 0 to 0. This completes the derivation of the change of variables formula.

Remark 8. In fact, Fquations , and suffice to prove the estimate in Corollary .
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