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1 Examples from Quantum Mechanics

Problem 1.1. Find the eigenvalues of a particle trapped in a potential well of infinite height:

2
That is, find the eigenvalues (the spectrum) of the Sturm-Liouville problem £y = —%Aw,
0<z< L ?/J!m:o = w’m=L = 0.
Problem 1.2. A particle described by the Schrodinger equation
. h2
ih(x,t) = —%Aw(x,t) (1.1)

is contained in the interior ) of a closed circular tube of radious R and length L (assume
L > R), sothat x € Q, ¢|,, = 0. Assume that the particle is initially in the ground state.
Estimate the energy needed to squeeze the tube.

* Hint. The energy required for squeezing the tube is equal to the difference of the ground state
energies in the squeezed tube (the energy of the particle in the end of the process) and in the
unsqueezed tube (the initial energy of the particle). Those, in turn, are the smallest eigenvalues

of the Schrodinger operator,
h?
H=-——A.
2m
The corresponding eigenfunctions are to vanish on the boundary of the tube. Since we need
approximate values, we’d deform the shape of the squeezed and unsqueezed tubes so that the

computations become easy.

Problem 1.3. A quantum particle of mass m = 1/2 sits in a well of depth V" and size 2a:
Ey = ="+ V(2)y(x), V(x) ==V, for —a < x < a, 0 otherwise.

How many even different eigenstates with £/ < 0 are there?

« Hint. For x > a, ¢ (x) = Be=VIEl for —a < z < a, Y(x) = Acos(zy/Vy — |E|) (since we
are interested in even eigenstates). Request the continuity of ¢ and ¢’ at = = a.

In the previous problem, the interval 0 < F < oo is the essential spectrum of the equation.
To physicists, for any £/ > 0, there are solutions ~ e VE for x large, called plane waves. In
the mathematical sense, the values £/ > 0 do not belong to the point spectrum since there are no
nontrivial L? solutions to (—9%+V — E)y = 0; yet, they belong to the essential spectrum since
the operator —8% + V — E has no bounded inverse (on L?). To show this, take the functions
up(x) = p(x — a)p(b — ) cos(xV/E), with p € C®(R), p|._, =0, p|.., = 1; one can see that
||| 2 — 00 as b — oo, while ||(—0? + V — E)u|| > remains bounded.



Problem 1.4. The stationary Schrodinger equation which describes the electron in the atom of
Hydrogen has the form

n? ke? 5

HY = =2 Ay(c) + (—W)w@:) = By(z), ek (12)

E is the eigenvalue which corresponds to the eigenfunction v (or, equivalently, F is the energy

of the electron with the wave function 1)). h is the Planck constant divided by 27; m is the mass

of electron, and —e is its (negative) charge; V' (z) = | ‘ is the potential energy of the electron

at the point # € R? in the Coulomb potential of the nucleus with charge +e and located in the
origin. The function 1) is called the wave function of the electron. [¢)(x)|? is interpreted as the
probability density (the chance to find the electron near the point x). The operator

h2

H=—3-A+V() (1.3)

is called the Schrodinger operator.

There are infinitely many solutions to equation (1.2). The solutions which correspond to
1 € L*(IR3) are called eigenstates. Normally, they correspond to negative eigenvalues F, and
called bound states: the electron can not escape the nucleus; some energy is needed to pull
the electron away to infinity, where its energy would become zero. The solutions with &2 > 0
normally have infinite Z?-norm. At the same time, there are examples of V() with slow decay
with L?-eigenstates of positive energy, called embedded eigenstates. Such examples exist even
in one dimension.

Assuming that the eigenfunction ¢ that correspond to the lowest energy bound state, or
ground state, “1s”, is spherically symmetric, estimate F using the Rayleigh quotient.

* Hint. As a sample function, take ¢)(r) = ¢~”" and find 3 > 0 which gives the best (smallest)
value for F.

Solution.
I et i K 1 €1\
0 el @Fer — e
47Tf0 ( rw) k782¢2) r2 dr fo (62722 —2Br __ ke? s _25T> r2 dr
- 47Tf0 |¢|27"2d7” f =287 r2 dr =
oo [(B2h2 _opy o
(G ke dr gy ks gL
fooo 6—267" 7’2 dr (25)73 Gy )

The minimal value is achieved when %ﬁ — ke? = 0; we conclude that

mke? 2p? mk2et o?
= — , EO S ﬁ2m — k:eQB = —2—712 = —7771,627 (15)

where o = e?/(hc) & 1/137 is the fine structure constant.



Remark 1.5. (x) = e Pl 2 € R3 is the true eigenfunction of H; Ej in (1.5) is the smallest
eigenvalue of H.

Remark 1.6. The quantity ¢ = 37! = mf}:eQ ~ 0.5 - 10~8cm is interpreted as the radius of the
Bohr orbit. The first term in the right-hand side of (1.4) has the meaning of the kinetic energy
of a particle moving with the momentum |p| = [h; the second term is the potential energy of
the electron at the distance a from the nucleus. Note that ‘¢‘|Q|:a p-dq = Bh-2ma = 2mh, in the

agreement with the Bohr-Sommerfeld quantization condition.




2 Derrick’s theorem and Vakhitov—Kolokolov criterion

2.1 Derrick’s theorem on instability of stationary localized solutions
Let us consider the linear instability of stationary solutions to a nonlinear wave equation,
—tp =AY +g[), Y=y t)eR, zeR" n>1 2.1)

Let the nonlinearity g(s) be smooth and g(0) = 0. Equation (2.1) can be written as a Hamilto-
nian system © = —6,, L, ¢ = 0, £, with the Hamiltonian

E(,7) = / (%2 + W;W +G(Y)) de,

where G(t) = f(fg(s) ds.
There is a well-known result [Der64] about non-existence of stable localized stationary so-
lutions in dimension n > 3, known as Derrick’s theorem, which we briefly recall. Denote
T0) = 5 [ou |VOP dz, V(0) = [5. G(0) dx. If ¢p(z,t) = O(x) is a localized stationary solu-
tion, so that 0 = ¢) = 8£(6,0),0 =7 = —g—i(é, 0), then for the family 0, (z) = 6(x/\), using
the identities 7'(0y) = A" 2T'(0), V(0x) = A"V (0), one has:
oF 06
0= < a

55001 Gxher) = B B0 0) = (=T + 0V (0 @)

this relation is known as Pokhozhaev’s identity [Poh65] or the virial theorem. It follows that
KL E(0x) = (n = 2)(n = 3)T(0) +n(n — )V (0) = —2(n - 2)T(0),

which is negative as long as n > 3. That is, 6°E < 0 for a variation corresponding to the
uniform stretching, and the solution #(x) from the physical point of view is to be unstable. We
remark that the fact that 93F(0,)|,_, was not negative for n = 1 and 2 does not prove that
in these dimensions the localized stationary solutions are stable; it just means that a particular
family of perturbations failed to catch the unstable direction.

Problem 2.1. For which p > 1 are there localized real-valued C? solutions to —u = —Au — u?,
r € R"?
+ Hint. Pokhozhaev’s identity (2.2) yields (n—2) [, 3|Vu|*dz =n [, (ﬁup“ — %u2> da;

one more identity is obtained by multiplying the equation by u(z) and integrating. This allows
to express [ |Vu|? dz in terms of [ u? dx, leading to the restriction p < (n + 2)/(n — 2).

More details and construction of solitary waves for n > 3 are in [BL83].
Let us modify Derrick’s argument to show the linear instability of stationary solutions in
any dimension.

Lemma 2.2 (Derrick’s theorem for n > 1). For any n > 1, any stationary solution 0 &€
H>(R") to the nonlinear wave equation is linearly unstable.



Proof. Since 0 satisfies —Af + g(6) = 0, we also have —Ad,,0 + ¢'(6)0,,0 = 0. Due to

|l‘im 0(z) = 0, 0,,0 vanishes somewhere. According to the minimum principle, there is a
T|—00

nowhere vanishing smooth function y € H>°(R") (due to A being elliptic) which corresponds
to some smaller (hence negative) eigenvalue of L = —A + ¢/(6):

Lx = —c*x, c>0.

Taking ¢)(z,t) = 0(x) + r(x,t), we obtain the linearization at #, —i* = — L, which we rewrite
rf |0 1} |r o . . . X

as 0, L} = {_ I 0} [31 . The matrix in the right-hand side has eigenvectors iCX}’ cor-

responding to the eigenvalues +c € R; thus, the solution @ is linearly unstable. Let us also

mention that 92|__ F (6 + 7x) < 0, showing that §2 E(6) is not positive-definite. O

T=

Remark 2.3. A more general result on the linear stability and (nonlinear) instability of stationary
solutions to (2.1) is in [KSO7]. In particular, it is shown there that the linearization at a stationary
solution may be spectrally stable when this particular stationary solution is not from H' (such
examples exist in higher dimensions).

2.2 Solitary waves in 1D

Let us construct solitary wave solutions in the simple one-dimensional case. We consider the
U(1)-invariant nonlinear Schrodinger equation,

i0p = = +g(lW)e,  Y(z,t) €C, z€R,
with g smooth real-valued function.

Definition 2.4. The solitary waves are solutions of the form
U(x,t) = do(x)e™, ¢, € H'(R), weR

The amplitude of a solitary wave solves the stationary equation w?¢(z) = —¢" (z)+g(6?)o,
which we rewrite as

we? — G(¢?)

5 : (2.3)

¢"(z) = g(¢*)d — wo(x) = —0,
with G(s) = [ g(s') ds'. (We will see in a moment that if there is a solitary wave, then ¢,, could
be chosen positive.) We will interpret this equation as describing the particle in the “effective
potential”

Vifg) = LG8

so that x is “the time” and ¢ is “the position” of the particle. The “mechanical” energy corre-
sponding to the system described by equation (2.3) is £(¢) = |¢/|*/2 + V,(¢). For a particular
solution ¢(z) to (2.3), £(¢) is constant (it does not depend on the “time” x). We are interested
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in soliton-like solutions, such that ¢ — 0 and ¢’ — 0 as |x| — oo, and hence £(¢) = 0. If there
is a “turning point” p,, > 0 such that V,,(¢) < 0 for ¢ € (0, uy,), V(1) = 0, and V/ (p1,,) > 0,
then there exists a set of solutions with zero “mechanical” energy &, ¢(z) = ¢, (z+C), C € R,
where ¢, () satisfies lim,_,4 ., ¢, (x) = 0. Such a soliton is defined up to a shift along z. We
fix ¢,, by requiring that ¢, assumes its maximum value at the origin: ¢, (0) = u,, (then ¢, is
symmetric). ¢, is obtained by integration from d¢/dz = —+/V,,(¢) for x > 0 (we assume that
»(0) > 0, and hence d¢/dx < 0 for positive values of x). See Figure 1.

Figure 1: Solitary wave profile ¢,,(x) as a “particle trajectory” in the effective potential V,(¢)

2.3 Vakhitov-Kolokolov criterion for the nonlinear Schrodinger equation

By Derrick’s theorem [Der64], any stationary localized solution is unstable (Cf. Lemma 2.2).
To get a hold of stable localized solutions, Derrick suggested that elementary particles might
correspond to stable, localized solutions which are periodic in time, rather than time-independent.
Let us show that the (generalized) nonlinear Schrodinger equation indeed could have stable soli-
tary wave solutions.

In one dimension, the nonlinear Schrodinger equation is given by

O = =020 + g(|v ), Yp=1y(zt)eC, zeR, teR, (2.4)

where g(s) is a smooth function. For our convenience, let us assume that g(0) = 0. One can
easily construct solitary wave solutions ¢,,(x)e~™*, for some w € R and ¢, € H'(R): ¢, (z)

7



satisfies the stationary equation wgp = —¢" + g(¢?)¢, and can be chosen strictly positive, even,
and monotonically decaying away from x = 0. The value of w can not exceed g(0) = 0. We
consider the Ansatz ¢ (x,t) = (¢, (x) + p(z,t))e ™", with p(z,t) € C. The linearized equation
on p is called the linearization at a solitary wave:

N 25)
where L)
. 0 1 . + W 0
I_ |:_1 O:| ) L((U) - |: 0 L_(W)l )
with
Lo(w)==0;+9(¢0) —w, Li(w) =L +2¢'(¢2)e5. (2.6)
Since | llim ¢w(z) = 0, the essential spectrum of L_ and L is [g(0) — w, +00).

First, let us note that the spectrum of JL is located on the real and imaginary axes only:

o(JL) € RU:R. To prove this, we consider (JL)? = — {LOL+ . OL
+ —
definite (¢, € ker L_(w), being nowhere zero, corresponds to its smallest eigenvalue), we can

define the selfadjoint root of L_(w); then

} . Since L_ is positive-

G TL)\{0} = ou(L-L)\0} = 0a(Ls LOV{0} = 0u( L L)\ {0} C R,

with the inclusion due to LY 2L+L1_/ ? being selfadjoint. Thus, any eigenvalue A € o4(JL)
satisfies \? € R.

Given the family of solitary waves, ¢, (z)e ™!, w € Q C R, we would like to know at
which w the eigenvalues of the linearized equation with Re A > 0 appear. Since A\?> € R, such
eigenvalues can only be located on the real axis, having bifurcated from A = 0. One can check
that A = 0 belongs to the discrete spectrum of JL, with

0 o _8w¢w _ 0
laf=o 5= L)

for all w which correspond to solitary waves. Thus, if we will restrict our attention to functions
which are even in z, the dimension of the generalized null space of JL is at least two. Hence,
the bifurcation follows the jump in the dimension of the generalized null space of JL. Such a

jump happens at a particular value of w if one can solve the equation JL{ = [8w()¢ w] . This leads

to the condition that {a‘”ogb‘”

P
0

1 is orthogonal to the null space of the adjoint to JL, which contains

the vector } ; this results in (@, 0, ¢w) = Ou||dul|72/2 = 0. A slightly more careful analysis

[CPO3] based on construction of the moving frame in the generalized eigenspace of A = 0 shows



that there are two real eigenvalues =)\ € R that have emerged from A = 0 when w is such that
Ou||¢w |3, becomes positive, leading to a linear instability of the corresponding solitary wave.
The opposite condition,

Dol pull7= < 0, (2.7)

is the Vakhitov-Kolokolov stability criterion which guarantees the absence of nonzero real
eigenvalues for the nonlinear Schrodinger equation. It appeared in [VK73, Sha83, GSS87]
in relation to linear and orbital stability of solitary waves.

Lemma 2.5 (Vakhitov-Kolokolov stability criterion). There is A\ € o,(JL), A > 0, where JL is

the linearization (2.5) at the solitary wave ¢,,(x)e™™", if and only if% |pull32 > 0 at this value
of w.

Proof. We follow [VK73]. Assume that there is A € o4(JL), A > 0. The relation (JL—\)= =
implies that \2=; = —L_ L, Z;. It follows that =, is orthogonal to the kernel of the selfadjoint
operator L_ (which is spanned by ¢,,):

1
a2
hence there is n € L*(R, C) such that =, = L_n and A\?>y = —L,=;. Thus, the inverse to L_
can be applied: \2L~'Z; = —L,=,. Then

N(n, L_n) = —(Z1, L{E1).

Since L_ is positive-definite and n ¢ ker L_, it follows that (n, L_n) > 0. Since A > 0,
(21, L1 =1) < 0, therefore the quadratic form (-, L -) is not positive-definite on vectors orthog-
onal to ¢,,. According to Lagrange’s principle, the function r corresponding to the minimum of
(r, Ly r) under conditions (r, ¢,,) = 0 and (r, ) = 1 satisfies

(6,51) = 356 L LeZ0) = — 55 (L6, ~L,Z1) =0,

L.r=ar+ B¢, a, feR. (2.8)

Since (r, L, r) = «a, we need to know whether « could be negative. Since L, 0,¢, = 0, one
has Ay = 0 € 0,(L; ). Due to 0,¢,, vanishing at one point (z = 0), there is exactly one negative
eigenvalue of L, which we denote by Ay € 7,,(L ). (This eigenvalue corresponds to some non-
vanishing eigenfunction.) Note that 5 # 0, or else « would have to be equal to Ao, with r the
corresponding eigenfunction of L, but then 7, having to be nonzero, could not be orthogonal
to ¢,. Denote Ay = inf(o(L,) NRy) > 0. Let us consider f(z) = (¢, (Ly — 2)7'¢,,), which
is defined and is smooth for z € (g, \2). (Note that f(z) is defined for = = A\; = 0 since the
corresponding eigenfunction 0,.¢,, is odd while ¢,, is even.) If a < 0, then, by (2.8), we would
have f(a) = (¢, (Ly —a)'¢,) = %(gbw,r} = 0, and since f'(z) > 0, one has f(0) > 0. On
the other hand, f(0) = (¢w, L' du) = (¢u, 0udu) = 5= [1 |6 (2)|? dz. Therefore, the linear
instability leads to o < 0, which results in - [ [¢,,(z)|* dz > 0.

Alternatively, let - ||¢, |2, > 0. We consider the function f(2) = (¢., (L+ — 2)"'¢.,),
z € p(Ly). Since f(0) = (¢, L7'¢,) > 0, f(2) > 0, and E{\nJr f(z) = —oo (where

z 0

9



Ao < 0 is the smallest eigenvalue of L), there is o € (A\g,0) C p(L,) such that f(«a) =
(Gu, (Ly — )" ¢,) = 0. Then we define r = (L, — ) ¢,,. Since (¢p,,,7) = f(a) = 0, there

is 7 such that r = L_n. It follows that the quadratic form LY 2L+L1_/ ? is not positive definite:

<L%n, (L%LJFL%)L%n) = (r,Lyr) = (r,(ar + ¢,)) = alr,r) <O0.

Thus, there is A > 0 such that —\2 € o(L"*L, L"?); then also —\*> € o(L_L,). Let £ be
. 0 L. 3 ¢ 1
the corresponding eigenvector, L_ L. & = —\2¢; then =\ ,
ponaime i . ¢ [—L+ 0 1 [‘%Lﬁ} L%Lﬁ
hence A € o(JL). O
Problem 2.6. Find the explicit form of the solitary wave solutions ¥ (z,t) = ¢,,(z)e™™!, w < 0,
to the nonlinear Schrédinger equation

Problem 2.7. Let g(s) = —s (cubic NLS in 1D). Use the Birman-Schwinger principle to esti-
mate the number of discrete eigenvalues of L (w). Hint: you will need (—A)~! in
1D.

Problem 2.8. Let g(s) = —s (cubic NLS in 1D). Use the Birman-Schwinger principle to esti-
mate the number of discrete purely imaginary eigenvalues of JL.(w) between A = 0 and the
upper end of the spectral gap.

Hint: if one removes the z-dependent parts of JL(w), the discrete spectrum disappears.

10



3 Limiting absorption principle

3.1 Agmon’s Appendix A

We reproduce almost verbatim several results from Agmon’s paper [Agm75, Appendix A].
For s € R, denote L2(R") = {u € L2 (R"): (1 +2?)*2f € L*(R")}.
Form € N’ denote H;H(Rn> = {U S leoc(Rn>: HU| %I;” = ZaEZi,\MSm ||0§f||%z < OO}
Lemma 3.1 ((Agm75], Lemma A.1). Letu € H*(R), A € C, s > 1/2. The following inequality
holds:

d o0
lule < ell(CE — Nullz,  eo=2 / (142 da. 3.1)
s dx 0

Proof. We set

f(x) = (% — Nu(x), u € H'(R). (3.2)

We may assume without loss of generality that f € L'(R) (or else || f||z2 = oo and (3.1) holds
trivially), and that Re A < 0. Solving (3.2) for u we get

u(z) = /_ ) ft)eM==Y dt. (3.3)

From (3.3) it follows that

o< (

—00

T

2
Hldt) < 1+ t3) 5 dt /1+t25 12 dt). 3.4
) )_(/R< a)([aserisopa). 6
We multiply (3.4) by (1 + 2?)~* and integrate:

/R(Hx?)—ﬂu(xn?da:g (/R(l+t2)_5dt)2/R(1+t2)5|f(t)|2dt.
L]

Lemma 3.2 ([Agm75], Lemma A.2). Let P(D) = P(Dy,...,D,) be a partial differential

operator of order m. Then for Vu € H™(R") and any given s > 2, the following inequality

2 bl
holds:

/ (1+ x?)_slP(j)(D)uF dx < mQCi/ (1+ x?)ﬂP(D)u\z dz, (3.5)
forj =1,...,m, where c, is the constant from Lemma 3.1.
Let P(D) = P(Dy,...,D,) be a partial differential operator with constant coefficients of

order m, acting on functions on R". We denote its principal part by P,,(D). The operator P
is said to be of principal type if grad P,,(§) # 0, V¢ € R™ \ {0}; P is said to be elliptic if
P, (&) #0,¥E € R™\ {0} (an elliptic operator is thus an operator of principal type).

We shall say that a number z € C is a critical value of P if there exists a {; € R" such that
P(&) = z, grad P(&) = 0. We shall denote the set of all critical values of P by A¢x(P).

11



Lemma 3.3 ([Agm75], Lemma A.3). Let P(D) = P(Ds,...,D,) be a partial differential
operator of order m. Set m’ = m if P is elliptic, m' = m — 1 otherwise. Let K be a compact
set in C\ Ac(P) and let s be a real number. The following estimate holds:

lullzge < Co(I(P(D) = 2)ul

Lty HP(j)(D)uHL2> (3.6)
j=1

forYu € HM(R™) and vz € K, where C; is a constant not depending on z or .

Theorem 3.4 ([Agm75], Theorem A.l1). Let P(D) be a differential operator with constant
coefficients of order m and of principal type. Set m' = m if P is elliptic, m' = m — 1 otherwise.
Let K be a compact set in C \ Ac(P) and let s > 5. The following estimate holds:

lull e < CI(P(D) = 2)ull 2 (3.7)

forYu € H™(R™) where C' is some constant not depending on z or u.

3.2 Improvement at the continuous spectrum

For A at the continuous spectrum, in [Agm75, Appendix B], Agmon gives an improvement of
Theorem 3.4 “moving” his estimates [ju[/;2 < C||(P — 2)ul[z2, s < s, to the region with
s’ > 0. This “shift” is very important: it implies that

lligs, ~ IPallzz, + llullzz, < NP = 2)ullys, + (L4 =Dlullzz, < @+ 2DIP - 2)ullzz,

while for s’ > 0 H% is compactly embedded into L?.
We will illustrate this improvement in the following lemma.

Lemma 3.5. Letu € H'(R), A € R, s > 1/2, € > 0. Then, for some C, . < oo, the following
inequality holds:

d .
< Cs||(@ — iN)ul|r2. (3.8)

||U L2

s—1—e¢

Proof. Similarly to (3.4),

P < ([

—0o0

xT

|f(t)]dt)2§/R(1+t2)Sdt /R(lthQ)s]f(t)th. (3.9)

For x < 0, there is the following improvement:

x

lu(z)|* < < / |f ()] dt>2 < /(1 ) dt /R(l + 23| f () dt < C’S(x>—2s+1Hf”%§.

(3.10)

12



In the last inequality, we used the bound s > 1/2. Since now Re A = 0, we similarly have, for
x >0,

x

< ( / fold) < [y / (1 + 2 FOF dt < Colr)
Foo

+o0

(3.11)
Since (z)~**/2 ¢ L2 | (R), the result follows. O

3.3 Limiting absorption principle for the Laplacian in 3D

Let us give a more general result for the Laplace operator, which is also valid in the vicinity of
the threshold A = 0.

Lemma 3.6 (JK79]). Forany A\ >0, s,t > 1/2, s+t > 2, there is Cs;, < oo such that
[ullz, < Connll(=A = Nullz,  uwe HYR).

eiVXlz—y|
drfe—y]

Proof. Since the resolvent (—A — \)~! has the integral kernel K (z,y) =
that Im /X > 0), it is enough to prove that

! *
B

Let g € LZ(R?); it suffices to show that

(we assume

fll  <Clflee,  Vfe LIRY).
L2,

1
— < 2 2.
{977 ) = Clfllzlgls

Equivalently, enough to show

HS

S080) 4 < )5

Gl e
RS

Since f\k:\>1 k)g B dk < C||f|lz2]|§|| 12, it is enough to show that

Hs gHHf

|kl<1

Let y denote the characteristic function of the unit ball in R3. By the Holder inequality, the
integral is bounded by
; . _ 1 1 1
||Xf”Lp||Xg”Lq||k: 2XHLT) b, q, T > ]-7 5+ 5 + ; =1

13



—~

For the last factor to remain finite, we can take r € (1, 3/2); this leads to 1/ > 2/3, hence

(3.12)

By the Sobolev embedding, H*(R3) C LP(R?) for 2 < p < py with % — pio £ = 2 leading to

1 1 1
- >

1 1 ¢ 1 1 t
> — = f, > — ===, hence —+—21—S+.
p P 2 3 q @ 2 3 P oq 3

Comparing with (3.12) yields s+t > 2. Besides, since p, ¢ are nonnegative, (3.12) implies that
p, ¢ > 3, which leads to the restriction s, ¢ > 1/2. L]

Problem 3.7. Use the ~ 1/r decay of the Coulomb potential to show that one can not bound
||| 2 with ||Au|| 2 with arbitrarily large s > 0.
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4 Bifurcations from the essential spectrum of the free Dirac
equation

4.1 Limiting absorption principle for the Dirac operator
Letn € N. Let o/, 1 < j < n, and 3 be self-adjoint N x N matrices such that

{o/, 0"} = a¥ + ool =261y, 3? = Iy, {o?,8} = 0.

, 0 o’ IL, 0 0 1 0 —i
f— j f— . p— 1 f— 2 f—
If n = 3, we can take o [aﬂ O] , B {O _1.2] , Where o (1 O)’U (Z 0 )

od = ((1) _01) are the Pauli matrices. The Dirac operator is defined by

D,, = —i ) — , > 0. 4.1
i ; S +mp m > 4.1
One can easily compute that
Oess(Dm) = R\ (—m,m).

Note that D?n =—-A+ m2, with Uess(_A + m2) - [m27 +OO)

Theorem 4.1 ([Yam73], Theorem 3.1). Let K be a compact set in C\ {+m}. For any s > 3
there exists C' = C(s, K) such that

[ullgr < ClI (D — 2)ul| 2
forallu € H{(R",CN) and = € K\ R.

Proof. We show that (D,, — z)~' : L?(R",C") — H! (R" C") is uniformly bounded for
z € K\ R. Indeed, by Theorem 3.4,

(—A+m? -2~ LA(R,CY) — H? (R, CY)
is uniformly bounded for z € K \ R, and then
Dy, +z: H* (R",CY) = H! (R",C")
is uniformly bounded for z € I\ R. It follows that
|(Din 4+ 2)(=A +m* = 22) " flln < C|If

2.
Denote u := (D,, + z)(—A +m? — 2%)"1 f; then
(Dpy — 2)u = (Dyy — 2)(Dpy + 2)(—A +m? = 257 f = f.
We conclude that [|ul| ;1 - < C|(Dy, — 2)ul| 2. O

Problem 4.2. Prove that D,,, : H%(R",C"Y) — H}(R", C") is bounded for any s € R.

15



4.2 Nonrelativistic limit of nonlinear Dirac equation

The nonlinear Dirac equation in R" has the form

i0) = Dptp — f(U*BY)BY,  (x,t) € CY, z€R", (4.2)

where f € C°(R), f(0) = 0. We consider solitary wave solutions 1(x,t) = ¢, (x)e *,
b, € H'(R™,CN). Let ¢y, xo € H'(R", CV/?) be such that

Pw
L= |l 43
¢ |:Xw:| (4.3)
Let f(s) = s*; then we have:
Pw| . Ujanw Pw 2 Nk | Puw
- - + — (Jpul® = Ixw . 44
“ {Xw] ' L’j@j%] " [—Xw] (ol = ) [—Xw] @9

We write this system as the following equations:

—(m — w)pw = —i0;0;Xw — (|ul® = [Xu|*)*u, (4.5)

12— Ixw]?) ¥ X (4.6)

We consider the “nonrelativistic limit” w < m; then the approximate solution is given by

_(m + W)Xw = _iajaj‘pw - (‘Sﬁw

1
=005, 47
X m—l—waj 7% “.7)
and the first equation takes the form —(m — w)p, = —2=Ap, — |¢u|*¢,. By [BL83], for

n < 2,k € Nand for n = 3, k = 1 there is a unique positive spherically symmetric function ¢
from the Schwartz class which solves the equation

1 1
P =——AD — |D|*.
2m 2m

Denote € = v/m? — w2 Let n € CV/2, ||n| = 1. It follows that there is a solution such that

1 1 1 1
Yu(T) = erP(ex)n, Xw(Z) = m—wajaj%(:c) ~ el tE %aj(ﬁj@)(ex). (4.8)

Let us consider the Ansatz 1 (z,t) = (¢, + p(z,t))e ™! and let
o] -~
Imp Imp
be the linearized equation on p. One has:
A, =J(D,, —w+ V(z,w)),
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where J and D,,, are representations of the action of —i and D,, in the space of R*"-valued
functions:

Iz{o [N}, D, = Jo,d; + mp.

—Iy O
| 0 In o Rea; —Ima; ~ |Ref —Imp
J = [—IN O} ' %= [Imaj Reajl’ b= [Imﬁ Rep |- (4.9)
Above, V(-,w) € ./ (R", C**2N) "and moreover, by (4.8),
V(z,w) ~ W (ex), (4.10)

for some W € . (R", C2V*2N),
Problem 4.3. Explain (without computing anything) why «; and 3 commute with J.

4.3 Bifurcations from the essential spectrum

Let us consider families of eigenvalues in the limit of small amplitude solitary waves, which may
be present in the spectrum up to the border of existence of solitary waves: w — wg := m. This
situation could be considered as the bifurcation of eigenvalues from the continuous spectrum of
the free Dirac equation.

Lemma 4.4. Let
L(w):Dm—w—l—V(Lw), we[_mam]a

with V(-,w) € L>®(R", End(C?V)). Let wy = m. Assume that there is s > 1/2 such that

lim |[(2)*V(w)||p~ = 0. (4.11)

w—rwQ
Let wj € O, wj —rwy. If \j € 0,(JL(w;)), then the only possible accumulation points of
j—00
{\;:j € N} are A = {0; £2mi}.

Remark 4.5. By (4.8), the condition (4.11) is satisfied for solitary waves in the nonrelativistic
limit w — m considered in Section 4.2.

Proof. Let K C C be a compact set, £m ¢ K. According to [Yam73] (Cf. Theorem 4.1), there
is the limiting absorption principle for the free Dirac operator D,,, = —icx - V + Sm, so that the
following action of its resolvent is uniformly bounded for z € C\R:

(Dyy —2)~1 2 LAR",CN) — L% (R",C"), 5> 1/2, z € K\R. (4.12)

Now let V C C be an arbitrary compact set which does not contain +2(m + wy)i. To prove
the theorem, we need to show that for w sufficiently close to wy there is no point spectrum of
JL(w) in V. Let w be close enough to wy so that V does not contain +i(m £ w). One has
lim|y o0 L(w) = D,, — w Since the eigenvalues of J are +i, the operator J(D,, — w) can be
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represented as the direct sum of operators i¢(D,, —w) and —i(D,, —w), acting in some subspaces
of C?V (spectral subspaces of J corresponding to £i). By (4.12), the following map is bounded
uniformly for z € V\iR:

(J(D,, —w) —2)"t: LAR",C*N) — L (R",C*N), s>1/2, z € ViR. (4.13)
The resolvent of JL(w) is expressed as

z)! !
[+ V(D —w) —2)

(JL(w) —2)" = (J(Dp —w) — (4.14)

Thus, the action (JL(w) — 2)~% : L2(R",C*) — L% (R", C?Y) is uniformly bounded in
z € V(w)\iR as long as the operator V/(w) : L2 (R" C?") — L2(R", C?") of multiplication
by V(z,w) has a sufficiently small norm; it is enough to have

IV()llzz —z2

Due to the bound on the action (4.13), the inequality (4.15) is satisfied since

J(Dp —w) = 2) r2mr2, < 1/2. (4.15)

lim ”V(W)||L%S—>Lg = lim ”<x>2sv(w)||L°°(IR",End((C2N)) =0
w—rwo w—rwo
by the assumption of the theorem. [

Lemma 4.6. If A\ € 0,(JL) \ iR with the corresponding eigenvector ¢, then (C,LC) = 0,
<C7 ]C> - O)

Proof. One has JLL = \¢, L = —\J, hence

(6, Lg) = —\(¢,JE). (4.16)
Since (¢, LC) € R and (¢, J¢) € iR, the condition Re A # 0 implies that both sides in (4.16)
are equal to zero. 0

Remark 4.7. If an eigenvector ¢ corresponding to A € o0,(JL) satisfies (¢, L) = 0, we will
say that )\ has zero Krein signature. The Krein signature is only interesting for A € iR since,
according to Lemma 4.6, all eigenvalues of JL with nonzero real part have zero Krein signature.

Lemma 4.8. Let wy = +m. Assume that, for each x € R" and w € [—m,m], V(z,w) is a
self-adjoint 2N x 2N matrix, and there is C' < oo such that

V@) e < Clm? — w?). (4.17)

Letw; € (—m,m), j € N; w; — wy. If there is a sequence \; € o(JL(w;)), such that Re \; # 0
and lim \; = 0, then

J]—00

I\l =O(m? — wjz)

18



Remark 4.9. By (4.10), for linearization at solitary waves, the condition (4.17) is satisfied as
W — m.

Proof. Without loss of generality, we will assume that wy = m. We have: JL(w;)C; = \;;,
¢; € L*(R",C?), and without loss of generality we assume that || ;|| ;2 = 1. We write:

Let IT* be orthogonal projections onto eigenspaces of J corresponding to 4-i € o(J). Applying
I1* to (4.18) and denoting Cjt = [I*¢;, we get:

(Dm — Wj -+ Z>\J>c;_ = —H+V(Wj)Cj, (Dm —W; — l)\J)C]_ = —H_V(wj)Cj. (419)

Since w; — m, without loss of generality, we can assume that w; > m/2 for all j € N. Since
the spectrum o(JL) is symmetric with respect to real and imaginary axes, we may assume,
without loss of generality, that Im \; > 0 for all j € N, so that Re(i\;) < 0 (see Figure 2). At
the same time, since \; — 0, we can assume that |\;| < m/2.

—m—wj 0 m—wj

Figure 2: The closest point from o(D,, —w;) to i\; is m — wj.

With D,,, — w; being self-adjoint, one has
1 1

D, —w —ix) Y| = - . 420
1B =w; =) = G o@m =)~ =y =iy 20
Combining (4.19) and (4.20), we get
TV(w)e| = Cm?—w?
165 NIz2 < V)Gl o w?) . 4.21)
[m —wj — i T m = w; — ik
We used the normalization ||¢;|| = 1 and the bound [[TI"V/(w;)|| 22 < C(m* — w?) (CE.
(4.17)). At the same time, due to Re \; # 0, Lemma 4.6 yields
0= (&;,J&;) = illgf 117 —ill ¢ 1z,
hence || [|* = ||¢; |I” = 3¢ ||* = 3, thus (4.21) yields
Im — w; — i)\ < V2C(m? — w?),
leading to
1
I\ < V20 (m? = wl) + |m —w)| < (\/50—1—%)(777,2—%2-). O
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5 'The Paley-Wiener theorem

Theorem 5.1 (Paley-Wiener). (1) Let p € ./ (R"). If suppy C Br C R" (ball of radius
R), then ¢(() is an entire function of ( € C" (analytic function in the whole space C")
and for any N € N there is Cy < oo such that

(O] < Cw(g)~Mefiimel. (5.1)
(2) Conversely, if ¢ € . (R™) has a holomorphic extension to C" (also denoted p) which
satisfies (5.1) with some R < oo, for any N € N, then p € C*°(R"), supp ¢ C Bg.
Above, Im¢ = (Im &y, ..., Im¢&,) € R™.

Proof. The first part is immediate: integrate by parts in x in the integral $(§) = [ e $p(z) du.
For the second part, we pick x # 0 and define w = z/|x|. Then, due to analyticity of ¢,

o d oy
pla) = / e s _ / (€ + i)l EHiT §

(2m)" (2m)"”

o) < Cu [ () emre e

Taking N = n + 1 and sending 7 to +o00, we see that for |x| > R the integral is arbitrarily
small, hence ¢(x) = 0 for |z| > R. O

Problem 5.2. Let f be smooth and compactly supported. Prove thatif » > 0 is the smallest value
such that supp f C [—r, 7], then R = 2r is the smallest value such that supp f * f C [-R, R].
Hint: Apply the Paley-Wiener theorem to f % f = f 2,

Problem 5.2 is a particular case of the Titchmarsh convolution theorem:

Theorem 5.3 (Titchmarsh convolution theorem). For any f, g € &'(R) (compactly supported
distributions), there are the following relations:

sup supp f * g = supsupp f + supsupp g, inf supp f * g = inf supp f + inf supp g.

Problem 5.4. Let u € L*(R) satisfy

(A = Mu(2) = f(z)u(z),

where A > 0 and f € C(R), |f(x)| < e~*l for some ¢ > 0. Prove that for any N > 0 there is
Cy < oo such that [u(z)| < Cye Nl 2 € R, -

Hint: | f(z)u(z)| < Ce=cl*| hence fu(€) is analytic for | Im £| < .

Hint: So is 4(&) = fu(f) since fu(+A) = 0, or else & = uf(g) ¢ L*(R).

Hint: By Paley- Wlener lu(x)| < Ce=I*l; then | f(z)u ( )| § Ce2del,
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6 Carleman estimates

We will illustrate the technique of Carleman estimates on the following easy result:

Proposition 6.1. Let L = i0, — W (z), D(L) = H'(R), with W € C(R) such that |W (z)| <
Ce= "l with some ¢ > 0 and C' < oo. Then there are no eigenvalues embedded into o.4s(L) =

R.
The argument goes like this: [1)| < Cnye NIl VN > 0; 4 has compact support; ¥ = 0.

Lemma 6.2. If (i0, — W (z))Y = M) with A\ € R, » € L*(R), then for any N > 0 there is
Cn < oo such that
[W(x)| < Cye ™z eR.

This lemma immediately follows from Problem 5.4. Note that ¢» € L?*(R) implies ¢/ €
H'(R) C C(R).

Lemma 6.3 (Hardy-type estimate; by N. Boussaid). Let ¢ € C'(R), ¢’ > 0. Then one has
1, I
|V ¢eful| < H\/—_/e“”u | foranyu € H'(R) with compact support.
¥

Proof. Itis enough to consider u € C! (R, R). We integrating by parts and apply the Cauchy-

comp
Schwarz inequality:
1/2 1 1/2
< (/g@’e%uZ daz) (/ —e*?(u')? dx) : O
R R ¥

/ o' e*u? dx / e*Pun dx
R R

Let p(z) = z7, 7 > 0, suppu C (0, 00). Then Lemma 6.3 yields 7||e?u|| < ||e®u'||, hence

(r = ADNe™ull < [le™(u" = M)l suppz C Ry. (6.1)

Here 7 > 0 could be arbitrarily large; such estimates are called Carleman estimates.
Now we prove Proposition 6.1. Let p € C*°(R) be such that p| __ , =0, p|, ., =1,
sup|p/| < 2. Leta > 0,b > a+ 2. Denote

Pab = P(x - a)p(b - l’), Supp Pa,b C [CL, b]7 Su]g |axpa,b| S 2.
S

Since (i, — \)Y» = W4, the function u = pay € Cl, (R) satisfies (10, — Nu = Wu +
1103 pq - Therefore, by (6.1),

(7 = [ADlle?ull < {le?(Wu + i)z pap) |-
Leta > 0 be large enough so that [W{| , = < 1. Then, due to supp d;pa C [a,a+1JU[b—1,b],
(7 = I\ = Dllefull < |69 upasll < 2[le”V]r2@ar1) + 2/ 7P L2p-1)-
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Fix 7 > |A| + 2, so that the coefficient on the left is not smaller than 1. Sending b — oo and
noticing that ||e®1|| 12(y—1,5 — 0 due to Lemma 6.2, we conclude by the monotone convergence
theorem that v(z) = |¢(x)|p(x — a) satisfies ||e?v|| < 2|[e¥4||12(4,a+1)» and moreover we have

6((HQ)THUHLQ(a—l-Zoo) < ||6¢U||L2(a+2,<x>) < HG%}H < 2||ew¢||L2(a,a+1) < 2€(a+1)7||1/}”L2(a,a+1)'

Since 7 could be arbitrarily large, ||v||;2(a42,00) = 0. Since v € H'(R) C C'(R), one has
supp ¥ C suppv C B9, which is the ball of radius a + 2.

Finally, one needs the unique continuation principle; this is a property of certain equations
that once a solution to such an equation vanishes on an open interval then it is identically zero.
In one dimension, this is immediate due to the local well-posedness: Since the solution to
i) — W1 = Xip vanishes identically on an open interval (in the 1D case, cancellation at a
single point would be enough), one has ¢ (z) = 0.

By [BG87], there are the following Carleman estimates for the Dirac operator: for R > 0
sufficiently large,

|vV7e u|| < CarllvVre™ (D — Null, AN€R\[-m,m], VYr>0, wueH, ul, =0.
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