ULTRAFILTER SEMIRINGS AND
NONSTANDARD SUBMODELS OF
THE STONE-CECH COMPACTIFICATION
OF THE NATURAL NUMBERS

MAURO DI NASSO AND MARCO FORTI

ABSTRACT. We investigate the possibility of natural extensions of addition
and multiplication of natural numbers to subsets of their Stone-Cech Com-
pactification SN. We give a necessary and sufficient condition for a subset of
BN to be a supersemiring of N. In particular we characterize the ultrafilters
contained in such semirings.

INTRODUCTION

A problem that has been repeatedly considered in the literature is the possibility
of extending the sum and product operations of natural numbers to the space SN
of ultrafilters over N. (Natural numbers being identified with principal ultrafilters.)

There is in fact a natural way of defining a sum k& @ U and a product k © U for
all k € Nand U € ON:

AckoU<s{neN|n+keAl el
AckoUs{neN|n-ke A} el.

Consistently, one can also define a sum U ®U = 2-U and a product U ©U = U?

of any ultrafilter U by itself:
Ae2-Us{neN|2nec At el
AclU? & {neN|n?c A} elU.

However, it seems that there is no “natural” algebraic way of defining commu-
tative sums U @V and products U ® V for nonprincipal U # V. More important,
it has been shown that no extensions of sum and product can be continuous, when
BN is topologized as the Stone-Cech compactification of the discrete space N (see
e.g. [8]).

In the early days of nonstandard analysis, the question was raised as to whether
ON can be given a structure of nonstandard model of the natural numbers. Again,
the answer was in the negative (see the discussion in A. Robinson’s paper [10]).

In the seventies, the compact space BN began to be studied as an algebraic
object. Inspired by the proof of the Finite Sums Theorem given by F. Galvin
and S. Glazer, reported in [8], Neil Hindman started a deep investigation of the
structures (N, @) and (BN, ®), where the operations given above are generalized
in the following manner:

AcUeV e {neN|{meN|n+meA}teV}iel
AcUoVe{neN|{meN|n-me A} eV} el
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Remark that these structures are “highly non-commutative” since their centers
reduce to N in both cases. Nevertheless they revealed a powerful tool in com-
binatorial number theory and topological dynamics, thanks to the interplay with
the Stone-Cech compact topology. The reader interested in applications is advised
to consult the recent book [8], where H. Hindman and D. Strauss prove several
remarkable results in Ramsey Theory appealing to algebraic properties of SN.

In this paper we show that extending the entire commutative semiring structure
of N is in fact possible, provided one reduces to convenient subsets of GN. To
this end, we introduce the notion of ultrafilter semiring as a suitable subset of SN
where the sum and product operations of N can be extended in a natural way that
preserves the property of being “the positive half” of an ordered ring. The resulting
structures are then shown to come with a much richer structure: namely, they are
nonstandard models of the natural numbers, i.e. complete elementary extensions.

The existence of proper ultrafilter semirings is an open problem. In fact it is
equivalent to the existence of a special class of ultrafilters, named Hausdorff in
[5]. The existence of plenty of Hausdorff ultrafilters follows e.g. from the Contin-
uum Hypothesis. However it has been recently announced by T. Bartoszynski and
S. Shelah that it is independent of Zermelo-Fraenkel set theory.

The paper is organized as follows. In Section 1, we introduce ultrafilter semi-
rings and we characterize them, as subspaces of 8N, in terms of the Rudin-Keisler
preordering of ultrafilters. In Section 2 we prove that such subspaces of GN are
nonstandard models. Section 3 contains a few remarks concerning the relationship
of ultrafilter semirings with two more general ways of introducing nonstandard
extensions. We conclude with a sketchy account of the set theoretic strength of
Hausdorff ultrafilters and with some open questions.

In general, we refer to [3] and [8] for definitions and facts concerning ultrapowers,
ultrafilters, nonstandard models, and the space GN.

1. ULTRAFILTER SEMIRINGS

The notion of positive semiring is intended as the “nonnegative part” of an
ordered ring, like N with respect to Z. Having this in mind, we adopt the following

Definition 1.1. (A4,®,®) is a positive semiring if

1. @ is associative and commutative;

2. © is associative and distributive with respect to ®;

3. for all a,b € A there exists a unique ¢ such that a ec=bora =0 ¢;
4. ifa®c=band b®c=a, then a =b.

Clearly every positive semiring A has a unique element 0 s.t. @ 0 = x for all
x € A. Moreover A has a natural ordering < defined by putting = < y if there
exists z # 0 s.t. @z = y. It is easily seen that adding to A a new element —z for
each x # 0, and extending operations and ordering in the natural way, one obtains
an ordered ring.

A possible construction of the Stone-Cech compactification SN of the discrete
space N is by means of ultrafilters. Precisely, one can define:
e 3N is the collection of all ultrafilters &/ on N, where each natural number
is identified with the corresponding principal ultrafilter;
e The family of sets of the form X* ={U € N | X e U} with X C N, is a
basis of (cl)open subsets;
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e For every f : N — N, the corresponding (unique) continuous extension
f*: BN — BN is the function where f*(U) = { X CN| f~}(X) e U}.
We use the notation f =; g to mean that the functions f and g are equal
U-almost everywhere, i.e. {n €N | f(n)=g(n)} € U.
We say that a subset A C 0N is invariant if f*(U) € A for all f: N — N and all
UeAl
We are now ready to state our main definition.

Definition 1.2. Let A C N be invariant. A positive semiring (A, ®,®) is an

ultrafilter semiring if the following conditions are satisfied for all f,¢g: N — N and
allU € A:

(i) frU) @ g U) = (f+9)" U);
(i) frU)© g U) = (f-9)"WU).

The ultrafilters belonging to an ultrafilter semiring share a noteworthy algebraic
property, namely

Lemma 1.3. Let A be an ultrafilter semiring. Then every ultrafilter U € A satisfies
the following condition:

(H) For all f,g:N—=N, f*(U)=g*U)<==f=u g.

Proof. If f = g, then f~1(X) € U if and only if g=1(X) € U. So the left-pointing
arrow holds for all ultrafilters. On the other hand, assume by contradiction that
f*(U) =g*(U) and f #y g. Then either f is greater than g U-almost everywhere,
or conversely. Assume w.l.o.g. that there exists a function A : N — N such that
f =u g+ h,say. Then f*(U) = g*(U) ® h*(U), by (i). Hence h*(U) = 0, and so h
is the constant 0 on a set in U, a contradiction.

O

The above property of ultrafilters has been first considered as “property (C')”
in [4], where it is derived from the “3-arrow property” of [1]. It has been renamed
(H) in [5], where ultrafilters satisfying it are called Hausdorff, because they are
exactly those providing ultrapowers whose natural topology is Hausdorfl' (see also
[9]). Hausdorfl ultrafilters are extensively studied in [6].

As we identify natural numbers with the corresponding principal ultrafilters, ev-
ery ultrafilter semiring is a supersemiring of (N, +,-). It is in fact an end-extension,
namely

Lemma 1.4. Every ultrafilter semiring A is discretely ordered. In particular all
nonprincipal ultrafilters of A are greater than all principal ones.

Proof. For k € N, define the function s : N — N by si(m) = 0 for m < k and
sp(m) = m — k otherwise. If I is nonprincipal, then sy + k = id, where id is the
identity function. So we obtain from (i) that s} (U) @ k = id*(U) =U.

O

1 Recalling that the Rudin-Keisler-preordering <prk on ultrafilters is defined by U <rg V
if there exists f : N — N s.t. U = f*(V), one has that A C G(N) is invariant if and only if it is
RK-downward closed, i.e. U <pg V € A implies U € A.
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It follows immediately that every non-zero element &/ € A has an immediate
predecessor sj(U), and also an immediate successor U @ 1. The key property of
ultrafilter semirings is the following

Lemma 1.5. FEvery ultrafilter semiring A is filtered, i.e. for all U,V € A there
exist f,g: N — N and W € A such that f*(W) =U and g*(W) = V.2

Proof. Define the function y/ : N — N that maps n to the largest integer whose
square does not exceed n. Clearly (v/n)? <n < ((y/n) +1)%

Put f(n) =n— (y/n)? g(n) = vn— f(n), and h(n) = (/n+1)2 —n — 1.

By (i) we have, for all W € A, W = (/" (W))? @ f*(W) and (/" (W) +1)? =
Wa 1@ h*(W). It follows that /" maps any W € A to the greatest element of A
whose square does not exceed W.

Given U,V € A, put W= (U ®V)?> ®U. Then clearly /" (W) =U &V, and we
have at once U = f*(W) and V = g*(W).

O

It follows from the above lemma that the sum and product operations are deter-
mined by the conditions (i) and (iz) of Definition 1.2. Hence any invariant subset
of BN admits at most one structure of ultrafilter semiring. More precisely, we have
the following characterization

Theorem 1.6. Let A be an invariant subset of BN. Then A is an ultrafilter semir-
ing if and only if A is filtered and contains only Hausdorff ultrafilters.

For sake of brevity, call FIH a subset of N satisfying the conditions of Theorem
1.6, i.e. a filtered invariant collection of Hausdorff ultrafilters. The fact that every
ultrafilter semiring is FTH is the content of Lemmata 1.3 and 1.5. The converse
implication will follow from the stronger fact that every F'IH subset of SN comes
with a natural structure of nonstandard model of the natural numbers. (Obviously
any such nonstandard model N* satisfies both conditions () and (ii).) We devote
the next section to prove this fact.

2. NONSTANDARD SUBMODELS OF (N

Recall that, by definition, a nonstandard model of the natural numbers is a
(proper) elementary extension N* of the complete first order structure over N, i.e.
the structure on N with respect to the complete language Ly containing one symbol
for each constant, function and relation on N (see [3] §4.4). Any FIH subset of SN
becomes an Ly-structure, when symbols are interpreted as follows:

e every constant k € N is interpreted by the corresponding principal ultrafil-
ter (that we already identified with k);

e every k-place function F' : N¥ — N is interpreted by the function F* : AF —
A such that, for all i/ € A and all f1,..., fx : N—= N

Fr(ff M), i) = (F o (fr,--, fu)" U);°
e every k-place relation R C N* is interpreted by the relation R* C A* such
that, for allif € A and all f1,..., fr : N— N

(ff@),....frU) e R*  {neN| (fi(n),..., fx(n)) € R} €U.

2 In terms of the Rudin-Keisler preordering, this property says that A is upward directed.
3Fo (fi,---, fx) : N— N is the function n — F(fi(n),..., fr(n)).
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The defining properties of FIH sets are all what is needed for the above defini-
tions of F* and R* to be well posed. In fact

Lemma 2.1. Let A be an FIH set and let U,V € A and f;,g; : N — N be such
that g: (V) = fr(U) fori=1,...,k. Then for all F : NF¥ — N

(Fo(fis-eos fu))" U) = (Fo(g,....91)" (V)
and for all R C NF

{neN|(fin),...,fx(n)) e R} e < {neN|(g1(n),...,gx(n)) € R} €V

Moreover, for any k-tuple (V1, ..., Vi) € A* there exist an ultrafilter U € A and
functions f; : N — N such that ff(U) =V; fori=1,... k.
Proof. The last assertion of the lemma is just an iterated application of filtration.
By filtration, pick W € A and p,q : N — N s.t. p*(W) = U and ¢*(W) = V.
Compositions commute with *, hence (f;op)*(W) = f(U) = gF (V) = (gioq)*(W).

Since W is Hausdorff, we deduce that f;op =y g; 0q, whence also Fo(f1,..., fx)o
p=w Fol(g1,...,gx)oq, and the first equality follows.

Moreover

{nl(fi(n),.... fu(n)) € Ry eU <= P ={n| (fr(p(n)),..., fr(p(n))) € R} € W

and

{nl(g(n),....,gr(n)) e R} €V <= Q={n|(g01(a(n)),...,gk(q(n))) € R} e W.
The equalizer E of the functions (f1,..., fx) op and (¢1,...,gx) © ¢ belongs to
W. Since ENP = ENQ we get P € W if and only if Q € W, and the thesis

follows.
O

We can now state a suitable version of the Los theorem, namely

Theorem 2.2. Let A be an FIH subset of BN and let o(x1,...,x) be a formula
in the complete first-order language Ly over N. Then the following holds for all
fi,--, fir ' N> NanddllU € A:

AEelfiU),.... i) = {neN[p(fi(n),..., fr(n)} €U

In particular A is a complete elementary extension of N.

Proof. We proceed by induction on the complexity of the formula ¢. The case of
atomic ¢ is precisely the content of Lemma 2.1. Conjunction and negation follow
from the basic properties of ultrafilters, so we are left with existential quantification.
Assume that ¢(x1,...,2%) = JxeY(zo, 21, ...,2%). Then

AEelffM),.... i)
= WVedAd ARV, fild),.... i) =
— IWeAdA.IPp,¢: No>N.goW)=U&
& AEDP W), (fiog) W),....(frca) W)] <=
<~ IWeA.Ip,¢: N->N.¢goW)=U&
& {neN[v(p(n), fi(an)),..., fulan))} EW
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<~ Ip:N=>N. {neN|y(phn),filn),...,fr(n)} el —
<~ {neN|Im.¢(m, fi(n),...,fr(n)} eU —

= {neN[p(fi(n),.... fr(n)} €U -

We can now combine the previous results and conclude this section by stating
our main result:

Corollary 2.3. FEvery ultrafilter semiring is a nonstandard model of the natural
numbers.

3. FINAL REMARKS

Having proved that an ultrafilter semiring is necessarily a filtered invariant subset
of AN made up of Hausdorff ultrafilters, one could obtain the results of Section 2
by referring to the topological extensions introduced in [5]. In fact, it is proved
there in full generality that if a set X is a discrete dense subspace of the Hausdorff
space X * and every function f : X — X has a continuous extension f* : X* — X*
then X™* can be given a natural structure of nonstandard extension if and only if
X* is homeomorphic to an F'TH subset of X. In order to make this paper self-
contained, we gave here a direct “logical” proof of Theorem 2.2, avoiding any use
of topological tools.

For the same reasons, we did not exploit another alternative way of proving
Theorem 2.2, namely by appealing to the “functional” characterization of complete
elementary extensions given in [7]. The latter charactization makes use of three
properties: the first one (called accessibility) is the counterpart of our filtration
property; the remaining two properties (preservation of composition and diago-
nal) could be proved by appropriately resorting to uniqueness of the continuous
extensions of functions to the Stone-Cech Compactification.

By Lemma 1.3 the existence of nontrivial ultrafilter rings yields the existence
of nonprincipal Hausdorff ultrafilters over N. The converse implication also holds.
Namely, given a nonprincipal Hausdorff ultrafilter & over N, the subspace {f*(U) |
f:N— N} of BN is FIH, hence an ultrafilter semiring. (Actually, it is isomorphic
to the ultrapower NY/U/.) The set theoretic strength of this hypothesis is not yet
completely known. Assuming the Continuum Hypothesis, or even Martin’s Axiom,
one obtains a lot of nonisomorphic Ramsey (= selective) ultrafilters, which are well
known to be Hausdorfl. More precisely, as a consequence of results in [6], one
obtains ultrafilter semirings isomorphic to iterated ultrapowers as well as ultrafilter
semirings which are not ultrapowers. On the other hand, in ZFC alone, the existence
of Hausdorff ultrafilters cannot be proved. In fact, it has been recently announced
to the authors that T. Bartoszynski and S. Shelah are building a forcing model of
ZFC without Hausdorff ultrafilters.*

The definition of positive semiring has been chosen in order to obtain by algebraic
means a uniform upper bound for any two given ultrafilters. The question arises
as to whether this goal can be reached by means of weaker assumptions. E.g.:

4 Added in proof. The manuscript: A. Bartoszynski, S. Shelah, There may be no Hausdorff
ultrafilters, is now available at http://front.math.ucdavis.edu/math.LLO/0311064.
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1. Can one prove Lemma 1.5 assuming only the properties 1-2 of Definition 1.1
(together with (i) and (i) of Definition 1.2)7

2. Can one prove Lemma 1.5 for wltrafilter semigroups, i.e. structures with only one
operation @ satisfying the properties 1,3,4 of Definition 1.1 and (i) of Definition
1.27

One can also try a similar algebraic approach to hyperreal fields included in
the Stone-Cech Compactification SR of R (considered as a discrete space). Call
ultrafilter field an invariant subset of SR, carrying a structure of ordered (real)
field and satisfying the analogues of (i) and (¢i) of Definition 1.2:

3. Can one obtain for ultrafilter fields the analogues of the results of Section 17
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