
COMBINATORIAL PRINCIPLES IN NONSTANDARD ANALYSIS

MAURO DI NASSO AND KAREL HRBACEK

Abstract. We study combinatorial principles related to the Isomorphism
Property and the Special Model Axiom in nonstandard analysis.

1. Introduction

Nonstandard analysts routinely work with superstructures that are saturated. κ-
saturation is a general concept in model theory, but in the context of superstructures
it has a very simple “combinatorial” formulation: it asserts that

⋂
i∈I Ai 6= ∅ for any

bounded collection of internal sets {Ai | i ∈ I}, |I| < κ, with the finite intersection
property. This makes it easy to work with κ-saturation without any reference to
logic, in a style mathematicians are used to.

W. Henson in the pioneering paper [9] introduced the Isomorphism Property
IP (κ), a strengthening of κ-saturation, and gave a number of interesting applica-
tions. D. Ross [21] formulated and applied an even stronger “saturation” principle,
the Special Model Axiom SMA(κ). Both IP (κ) and SMA(κ) have since found
numerous uses in the study of cuts in ∗R, Loeb measures, and other nonstandard
objects. (See the survey [13] and references therein.) However, use of these prin-
ciples involves cumbersome model-theoretic coding that often obscures the combi-
natorial kernels of the proofs. It also makes the principles less attractive to those
practitioners of nonstandard analysis who are not logicians.

In [7] the first author initiated the study of combinatorial principles that can take
place of IP (ℵ0) and SMA(ℵ0). He formulated two such principles, ∆0 and ∆1, and
showed that they can be used to give simple proofs of many known consequences of
IP (ℵ0). Also, ∆1 ⇒ ∆0 and IP (ℵ0) ⇔ ∆1. (The ⇐ implication of this equivalence
was pointed out independently by W. Henson and the second author.)

In this paper we continue the study of combinatorial “strong saturation” prin-
ciples. In §§3,4 we give a number of equivalent formulations of the principles ∆0

and ∆1, both in terms of generic filters as in [7], and in terms of paths through
“extendible” families of partial functions. We also generalize them to imply κ-
saturation, for any given cardinal κ.

In §5 we formulate some principles that are stronger than IP (κ). The possibili-
ties in this direction have not been fully explored yet, and we plan a more detailed
presentation elsewhere [8].

In §6 we show that ∆1 really is stronger than ∆0; in fact, ∆0+κ-saturation 6⇒ ∆1,
for any κ. Hence many results previously established from IP (κ) follow already
from weaker assumptions. We formulate a natural model-theoretic principle IPi

1991 Mathematics Subject Classification. 03H05, 03C62, 03C50, 26E35.
Key words and phrases. Nonstandard analysis, Isomorphism property, Generic filter.
This work was supported in part by a grant from the City University of New York PSC-CUNY

Research Award Program.

1



2 MAURO DI NASSO AND KAREL HRBACEK

that is strictly intermediate between ∆0 and ∆1. (Questions of model-theoretic
meaning of principles like ∆0 are quite interesting, and will also be examined in
more detail in [8].)

In the last §7 we use our principles to prove some results in nonstandard analysis.
Readers interested primarily in applications might wish to start there. Our intention
is mainly to illustrate how to use the principles in practical work. Some of the
examples re-prove well-known theorems; others appear to be new.

A list of open problems is given at the end of the paper.

2. Basic Definitions and Conventions.

We work in nonstandard universes as defined in [5] §4.4. A nonstandard universe
is a triple 〈V (X), V (Y ), ∗〉 where V (X) and V (Y ) are superstructures consisting
of the finite levels of the cumulative hierarchy over the infinite base sets X and
Y respectively; and where ∗ : V (X) → V (Y ) is a bounded elementary embedding
with ∗X = Y . [Recall that a base set X is a set which behaves as a set of atoms
with respect to its superstructure, i.e. x ∩ x′ = ∅ for all x ∈ X and x′ ∈ V (X).
A bounded elementary extension is a weakened notion of elementary extension,
where transfer is only postulated for bounded quantifier formulas.] For simplicity,
it is assumed that ∗x = x for all x ∈ X. By internal elements we mean elements
in the union ∗V (X) .=

⋃
n∈ω

∗Vn(X). A family A of internal sets is bounded if
A ⊆ ∗Vn(X) for some n ∈ ω or, equivalently, A ⊆ A for some internal A. Now let
κ be a given infinite cardinal. We say that a nonstandard universe is κ-saturated if
every bounded family A of internal sets with the finite intersection property (FIP),
and |A| < κ, has nonempty intersection. Recall that a family A has the FIP if⋂A′ 6= ∅ for all nonempty finite A′ ⊆ A. Clearly, ω-saturation is trivially satisfied.

For κ > ω, we say that a set A is a κ-halo [κ-galaxy, resp.] if A =
⋂

i∈I Ai

[A =
⋃

i∈I Ai, resp.], where |I| < κ and {Ai | i ∈ I} is a bounded family of
internal sets. A set A is an ω-halo [ω-galaxy, resp.] if A =

⋂
n∈NAn [A =

⋃
n∈NAn,

resp.], where 〈Aν | ν ∈ ∗N〉 is some internal ∗N-sequence. We do not always assume
ω1-saturation. In its presence, clearly ω-halo ⇔ ω1-halo and ω-galaxy ⇔ ω1-galaxy.

By definition, posets 〈P ; <〉 are assumed to have P 6= ∅. A poset 〈P ; <〉 is a
κ-halo if P is a κ-halo and there is an internal poset 〈P0; <0〉 such that P ⊆ P0 and
< is the restriction of the partial order <0 to (ordered pairs of elements of) P . We
shall always implicitly assume that such 〈P0;<0〉 is fixed. Throughout, D denotes
a collection of internal subsets of P0, and Q an arbitrary nonempty subset of P .
We say that a set D is Q-dense if for every q ∈ Q there exists d ∈ Q∩D such that
d ≤ q. A P -dense subset of P is simply called dense.

A subset G ⊆ P is directed if for every g1, g2 ∈ G there exists g ∈ G with
g ≤ g1, g2. G is a filter if it is directed and closed up-ward, i.e. p ≥ g ∈ G implies
p ∈ G. A filter G ⊆ P is a D-generic filter on P if G ∩D 6= ∅ for each D ∈ D. For
any sets X and Y , we denote by

Fun(X, Y ) .= {f internal function | dom(f) ⊆ X and ran(f) ⊆ Y }
the collection of all internal partial functions from X to Y . F denotes a family of
functions. We define domain and range of F by:

dom(F) .=
⋃
{dom(f) | f ∈ F} and ran(F) .=

⋃
{ran(f) | f ∈ F} .
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For a function f and a set X we define the restriction of f to X:

f ¹ X
.= {〈x, f(x)〉 | x ∈ dom(f) ∩X}.

We say that F is extendible if F 6= ∅ and for every x ∈ dom(F) and every f ∈ F
there exists f ′ ∈ F such that x ∈ dom(f ′) and f ⊆ f ′. F is biextendible if it is
extendible and, for any given y ∈ ran(F), each f ∈ F can be extended to some
f ′ ∈ F such that y ∈ ran(f ′).

A function F is a path [a strong path, resp.] for F if dom(F ) = dom(F) and for
all finite a ⊆ dom(F ) there is some f ∈ F with F ¹ a ⊆ f [F ¹ a ⊆ f ⊆ F , resp.].
We say that F is a ∗path [a strong ∗path, resp.] for F if the above holds for all
∗finite a ⊆ dom(F ). A path F for F is called surjective if ran(F ) = ran(F).

3. The Principle ∆0.

The following principle was formulated in [7] as the generic filter property :
∆0: If 〈P,<〉 is an internal poset and D is the (internal) collection
of all internal dense subsets of P , then there exists a D-generic
filter G on P .

We now give a number of equivalent formulations in terms of paths for extendible
families of functions.

Theorem 3.1. Each of the following statements is equivalent to ∆0.
One-sided versions:

(i)s Every internal extendible F has a strong ∗path.
(i)w Every internal extendible F has a path.

Two-sided versions:
(ii)s Every internal biextendible F has a surjective strong ∗path.
(ii)w Every internal biextendible F has a surjective path.

In order to keep the number of statements manageable we stated explicitly only
the apparently strongest and the apparently weakest formulations. Other interme-
diate formulations can of course be obtained by replacing the word “path” in (i)w

or (ii)w with “strong path” or “∗path” (see e.g. (i)′ below). We shall follow the
same practice throughout.

Proof. ∆0 ⇒ (i)s and ∆0 ⇒ (ii)s.
Consider the internal poset 〈F ,⊃〉 where the partial order is given by reverse inclu-
sion. Since F is internal, by extendibility and internal induction, for every ∗finite
a ⊆ dom(F), the internal set Λ(a) .= {f ∈ F | a ⊆ dom(f)} ∈ D, where D is the
collection of all internal dense subsets of 〈F ,⊃〉. In case that F is biextendible,
also Γ(y) .= {f ∈ F | y ∈ ran(f)} ∈ D for all y ∈ ran(F). Let G ⊆ F be a
D-generic filter. Then F

.=
⋃

G is a strong ∗path for F . If F is biextendible, then
also ran(F) = ran(F ).
Let (i)′ be the statement: “Every internal extendible F has a strong path”. Trivially,
(i)s ⇒ (i)′ ⇒ (i)w.
(i)w ⇒ (i)′.
Let F be internal and extendible. Let us consider the family of functions:

G .= {ϕ ∈ Fun (dom(F),F) | ∀x ∈ dom(ϕ)(x ∈ dom(ϕ(x)) ⊆ dom(ϕ) 6= ∅)}
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and let

Φ .= {ϕ ∈ G |
⋃
x∈a

ϕ(x) ∈ F for all internal nonempty a ⊆ dom(ϕ)}.

Φ is internal and dom(Φ) = dom(F). [Proof: Given x ∈ dom(F), pick f ∈ F
with x ∈ dom(f), and let ϕ

.= {〈y, f〉 | y ∈ dom(f)}. Then ϕ ∈ Φ and x ∈ dom(ϕ).]
We claim that Φ is extendible. Let ϕ ∈ Φ and x′ ∈ dom(F), and consider f

.=⋃
x∈dom(ϕ) ϕ(x) ∈ F . As F is extendible, there exists f ′ ∈ F such that f ⊆ f ′ and

x′ ∈ dom(f ′). We pick one such f ′ and let ϕ′ .= ϕ∪{〈x, f ′〉 | x ∈ dom(f ′)\dom(ϕ)}.
Clearly ϕ ⊆ ϕ′, x′ ∈ dom(ϕ′) and also x ∈ dom(ϕ′(x)) ⊆ dom(ϕ′) for every
x ∈ dom(ϕ′). For any internal a ⊆ dom(ϕ′):

⋃
x∈a

ϕ′(x) =
{ ⋃

x∈a ϕ(x) if a ⊆ dom(ϕ)
f ′ otherwise.

Thus ϕ′ ∈ Φ and Φ is extendible. By (i)w, there is a path ψ for Φ. Let
F

.=
⋃

x∈dom(ψ) ψ(x). As ψ is a path and dom(ψ) = dom(Φ) = dom(F), for any
finite a ⊆ dom(F) there is some ϕ ∈ Φ such that ϕ(x) = ψ(x) for all x ∈ a. This
shows, first of all, that if x1, x2 ∈ dom(F), then ψ(x1) and ψ(x2) are compatible
functions (if x1, x2 ∈ a then ψ(x1) ∪ ψ(x2) = ϕ(x1) ∪ ϕ(x2) ∈ F). So F is a
function. Furthermore, f

.=
⋃

x∈a ϕ(x) =
⋃

x∈a ψ(x) ⊆ F , f ∈ F and a ⊆ dom(f)
(by definition of Φ). This proves that F is a strong path for F .
(i)′ ⇒ ∆0.
Let 〈P,<〉 be an internal poset and D the collection of all internal dense subsets of
P . Let us consider the following internal family of functions:

F .= {f ∈ Fun(D, P ) | ∃Df ∈ dom(f) such that
∀D ∈ dom(f) f(Df ) ≤ f(D) ∈ D}.

Given any D ∈ D, pick some p ∈ D and let f
.= {〈D, p〉}; clearly f ∈ F , so

dom(F) = D. Now let f ∈ F and let D ∈ D \ dom(f) be given. By density of D,
there is p ∈ D such that p ≤ f(Df ). Let g

.= f ∪ {〈D, p〉}. Note that Dg
.= D

has the requisite property g(Dg) = p ≤ g(E) for all E ∈ dom(g). So g ∈ F and
F is extendible. Now, let F be a strong path for F , and let G

.= {p ∈ P | p ≥
F (D) for some D ∈ D}. Note that p′ ≥ p ∈ G implies p′ ∈ G and G∩D 6= ∅ for all
D ∈ D. If p1, p2 ∈ G, choose D1, D2 ∈ D so that p1 ≥ F (D1), p2 ≥ F (D2). As F
is a path for F , there is f ∈ F such that f(D1) = F (D1) and f(D2) = F (D2). We
then have f(Df ) ≤ p1, p2. In order to show that f(Df ) ∈ G, we need the hypothesis
that F is strong. In fact, we can assume F ⊇ f , and so f(Df ) = F (Df ) ∈ G.
Trivially (ii)s ⇒ (ii)w. We are left to prove:
(ii)w ⇒ (i)w.
Let F be internal and extendible. Let A′ .= dom(F) and B′ .= ran(F). Without
loss of generality we can assume that A′ ∩B′ = ∅. Define

F ′ .= {f ′ ∈ Fun(A′ ∪B′; B′) | f ′ ¹ A′ ∈ F and f ′ ¹ B′ ⊆ IdB′} .

(IdB′ denotes the identity function on B′.) Note that F ′ is internal and biex-
tendible. Let F ′ be a surjective path for F ′ . Then F

.= F ′ ¹ A′ is the desired path
for F . ¤

We now generalize ∆0 to subsume κ-saturation.
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A function F is a κ-path [strong κ-path, resp.] for F if dom(F ) = dom(F)
and for any nonempty a ⊆ dom(F ) with |a| < κ, there exists some f ∈ F with
F ¹ a ⊆ f [F ¹ a ⊆ f ⊆ F , resp.]. A function F is a partial path for F if for
all finite a ⊆ dom(F ) there is some f ∈ F with F ¹ a ⊆ f (but not necessarily
dom(F ) = dom(F)).

Theorem 3.2. Each of the following statements is equivalent to ∆0+κ-saturation:
One-sided versions:

(i) Let F be internal and extendible. Then every partial path F0 with |F0| < κ
can be extended to a [strong] κ-path.

Two-sided versions:
(ii) Let F be internal and biextendible. Then every partial path F0 with |F0| < κ

can be extended to a surjective [strong] κ-path.

In the sequel, all the above equivalent statements will be denoted by the same
symbol ∆0(κ).

Proof. ∆0+κ-saturation ⇒ (ii)s.
Take f0 ∈ F with f0 ⊇ F0 (this is possible by κ-saturation) and consider the
internal subfamily F0

.= {f ∈ F | f ⊇ f0}. If F is biextendible then so is F0. By
Theorem 3.1 (ii)s, we have a surjective strong ∗path F for F0. It is easily seen
that F extends F0 and that F is a surjective strong ∗path for F . In the presence
of κ-saturation, a strong ∗path is a strong κ-path; so we are done.
For (ii)s ⇒ (i)s and (ii)w ⇒ (i)w, follow the proof of (ii)w ⇒ (i)w of Theorem 3.1.
Of course, (i)w ⇒ ∆0.
(i)w ⇒ κ-saturation.
Let a bounded collection A = {Ai | i ∈ I} ⊆ ∗Vn(X) of internal subsets be given.
Assume that |I| < κ, and assume that A has the FIP. Denote by ℘i(∗Vn(X)) the
(internal) collection of all internal subsets of ∗Vn(X), and consider the internal
family

F .= {f ∈ Fun(∗I, ℘i(∗Vn(X))) |
⋂

ran(f) 6= ∅}.
It is easily seen that F is extendible (if x /∈ dom(f), we can extend f to f ∪

〈x,
⋂

ran(f)〉 ∈ F). The function F0 such that F0(∗i) = Ai for all i ∈ I, is a partial
path for F and |F0| < κ. By the hypothesis, there is F ⊇ F0, a κ-path for F . In
particular, there exists f ∈ F with F0 ⊆ f , hence

⋂A =
⋂

ran(F0) ⊇
⋂

ran(f) 6=
∅. ¤

4. The Principle ∆1.

The following generalization of ∆0 was formulated in [7].
∆1: If 〈P,<〉 is an internal poset, Q ⊆ P , and D an ω-galaxy of
Q-dense sets, then there exists a D-generic filter on P .

∆1 provides a “combinatorial” formulation of the Isomorphism Property, a model-
theoretic principle introduced in the seventies by W. Henson [9]. Let A be a struc-
ture for a first-order language L. We say that A is internally presented if its universe
and all of its relations and functions are internal. The Isomorphism Property IP (κ)
is the following:
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IP (κ): Any two internally presented structures in a language L of
cardinality less than κ that are elementarily equivalent, are isomor-
phic.

∆1 is equivalent to IP (ℵ0) (see [7]). We now state a number of other equivalent
formulations of ∆1, both in terms of posets and in terms of paths for extendible
families.

Theorem 4.1. Each of the following statements is equivalent to ∆1:
(i) If P is an ω-halo, Q ⊆ P is arbitrary, and D an ω-galaxy of Q-dense sets,

then there exists a D-generic filter on P .
(ii) If P is an ω-halo and D an internal collection of P -dense sets, then there

exists a D-generic filter on P .
(iii) If P is internal, Q ⊆ P an ω-galaxy, and D an internal collection of Q-

dense sets, then there exists a D-generic filter on P .

Theorem 4.2. Each of the following statements is equivalent to ∆1:
One-sided versions:

(i) Let F be an ω-halo with internal domain, and H ⊆ F . If H is extendible
and dom(H) = dom(F), then F has a strong path.

(ii) Let F be internal, and H ⊆ F an ω-galaxy. If H is extendible and dom(H) =
dom(F), then F has a path.

(iii) Let F be an ω-halo with internal domain. If F is extendible, then F has a
path.

Two-sided versions:
(iv) Let F be an ω-halo with internal domain and range, and H ⊆ F . If H

is biextendible, dom(H) = dom(F) and ran(H) = ran(F), then F has a
strong surjective path.

(v) Let F be internal, and H ⊆ F an ω-galaxy. If H is biextendible, dom(H) =
dom(F) and ran(H) = ran(F), then F has a surjective path.

(vi) Let F be an ω-halo with internal domain and range. If F is biextendible,
then F has a surjective path.

Note that the principles obtained from (iii) and (vi) by replacing “F ω-halo”
with “F internal” have already been considered in Theorem 3.1 as formulations of
∆0. We also note that formulations in terms of ∗paths are inconsistent (see the
remarks at the end of this section).

We next consider a weaker notion of extendibility. Let

Ffin .= {f ¹ a | f ∈ F and a ⊆ dom(F) is finite}
be the collection of all finite restrictions of functions in F . We say that F is finitely
extendible if Ffin is extendible. That is, for every f ∈ F , for every finite a, and
for every x ∈ dom(F), there exists f ′ ∈ F such that x ∈ dom(f ′) and f ¹ a ⊆ f ′.
Note that extendibility implies finite extendibility (but the converse does not hold
in general). Similarly, F is finitely biextendible if Ffin is biextendible.

Theorem 4.3. Each of the following statements is equivalent to ∆1:
One-sided versions:

(i) Let F be an ω-halo with internal domain, and H ⊆ F . If H is finitely
extendible and dom(H) = dom(F), then F has a path.
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(ii) Let F be internal, and H ⊆ F an ω-galaxy. If H is finitely extendible and
dom(H) = dom(F), then F has a path.

(iii) Let F be an ω-halo with internal domain. If F is finitely extendible, then
F has a path.

Two-sided versions:
(iv) Let F be an ω-halo with internal domain and range, and H ⊆ F . If H is

finitely biextendible, dom(H) = dom(F) and ran(H) = ran(F), then F has
a surjective path.

(v) Let F be internal, and H ⊆ F an ω-galaxy. If H is finitely biextendible,
dom(H) = dom(F) and ran(H) = ran(F), then F has a surjective path.

(vi) Let F be an ω-halo with internal domain and range. If F is finitely biex-
tendible, then F has a surjective path.

We now give the proofs of the preceding theorems.

Proof of Theorem 4.1. (i) ⇒ (ii) is trivial.
(ii) ⇒ (iii). Let P be internal, Q ⊆ P an ω-galaxy, and D an internal collection of
Q-dense sets. We define an internal nonincreasing sequence of sets 〈Rν | ν ∈ ∗N〉
by internal recursion:

R0
.= P ; Rν+1

.= {p ∈ Rν | (∀D ∈ D) (∃p′ ∈ Rν ∩D) (p′ ≤ p) }.
Note that Q ⊆ Rn for all n ∈ N. Let R

.=
⋂

n∈NRn. R is an ω-halo and Q ⊆ R
(hence R 6= ∅). Now let D ∈ D and p ∈ R be given. By overspill, p ∈ Rν for some
infinite ν ∈ ∗N\N; hence there exists p′ ∈ Rν−1∩D such that p′ ≤ p. As Rν−1 ⊆ R,
this shows that D is R-dense. By the hypothesis, there exists a D-generic filter G
on R. Then any filter on P extending G is D-generic.
(iii) ⇒ (i). This is merely the special case κ = ω of a more general result given in
the Proposition 4.4 to follow (recall that ω-saturation trivially holds).
The three properties (i), (ii), (iii) are equivalent to ∆1 because trivially (i) ⇒ ∆1 ⇒
(iii). ¤

Proposition 4.4. Assume κ-saturation and condition (iii) of Theorem 4.1. If P
is a κ-halo, Q ⊆ P is arbitrary, and D a κ-galaxy of Q-dense sets, then there exists
a D-generic filter on P .

Proof. Let P =
⋂

i∈I Pi and D =
⋃

i∈I Di, |I| < κ, where {Pi | i ∈ I}, {Di | i ∈ I}
are bounded families of internal sets. [If κ = ω, take I

.= N and 〈Pi | i ∈ ∗N〉,
〈Di | i ∈ ∗N〉 internal sequences.] We fix q ∈ Q. For each i ∈ I and ν ∈ ∗N, let

Ai,ν,q
.= {〈P ′,D′〉 internal | q ∈ P ′ ⊆ Pi ,D′ ⊇ Di and

∀D1 ∈ D′ ∃p1 · · · ∀Dν ∈ D′ ∃pν such that
p1 ∈ P ′ ∩D1 , . . . , pν ∈ P ′ ∩Dν and q ≥ p1 ≥ . . . ≥ pν}.

The assumptions imply that the family of internal sets

A .= {Ai,n,q | i ∈ I, n ∈ N}
has the FIP. In fact, for any finite {i1, . . . , is} ⊆ I and {n1, . . . , ns} ⊆ N, let
P̃

.= Pi1 ∩ · · · ∩ Pis , D̃ .= Di1 ∪ · · · ∪ Dis . By Q-density, for any D1 ∈ D̃ ⊆ D,
there exists p1 ∈ D1 ∩ Q ⊆ P ⊆ P̃ with p1 ≤ q. Again, by Q-density, for every
D2 ∈ D̃ there exists p2 ∈ D2 ∩ Q ⊆ P̃ with p2 ≤ p1, and so on. By iterating n

times, where n = max {n1, . . . , ns}, it is clear that 〈P̃ , D̃〉 ∈ Ai1,n1,q ∩ · · · ∩Ais,ns,q.
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Thus, by κ-saturation, we can pick 〈P ′,D′〉 ∈ ⋂A. Note that P ′ ⊆ P and D′ ⊇ D.
Furthermore, the family {Bi,n,q | n ∈ N, i ∈ I} has the FIP, where

Bi,n,q
.= {ν ∈ ∗N | ν > n and 〈P ′,D′〉 ∈ Ai,ν,q} .

Thus, again by κ-saturation, there is an infinite ν ∈ ∗N such that 〈P ′,D′〉 ∈ Ai,ν,q

for all i ∈ I. [If κ = ω, then 〈Ai,ν,q | i, ν ∈ ∗N〉 can be defined for all i ∈ ∗N and is
internal, so the conclusions follow by overspill.] Now let us consider S

.=
⋃

k∈N Sk

where

Sk
.= {p ∈ P ′ | (∀D1 ∈ D′ ∃p1 · · · ∀Dν−k ∈ D′ ∃pν−k) such that

(p1 ∈ D1 ∩ P ′, . . . , pν−k ∈ Dν−k ∩ P ′) and p ≥ p1 ≥ . . . ≥ pν−k }.
Clearly S is an ω-galaxy and q ∈ S0 ⊆ S. By construction, each D ∈ D′ is dense

in S. Thus, by the hypothesis, there exists a D′-generic filter G′ on P ′. Then the
filter G

.= {p ∈ P | p ≥ g for some g ∈ G′} is D-generic on P . ¤

Proof of Theorem 4.2. ∆1 ⇒ (i) and ∆1 ⇒ (iv).
We follow the proof of ∆0 ⇒ (i)s and ∆0 ⇒ (ii)s in Theorem 3.1. Let F0 be an
internal family containing F . For each x ∈ dom(F), the set Λ(x) .= {f ∈ F0 |
x ∈ dom(f)} is internal. By the assumptions on H, each Λ(x) is H-dense. The
collection D .= {Λ(x) | x ∈ dom(F)} is internal. By ∆1, the ω-halo poset 〈F ,⊃〉 has
a D-generic filter G. F

.=
⋃

G is then a strong path for F . In caseH is biextendible,
sets Γ(y) .= {f ∈ F0 | y ∈ ran(f)} are also H-dense for all y ∈ ran(F). We then
consider D′ .= D ∪ {Γ(y) | y ∈ ran(F)} and argue as above.
Now, let us denote by (ii)′ the variant of (ii) where F is asserted to have a strong
path. Trivially (i) ⇒ (ii)′ ⇒ (ii).
(ii) ⇒ (ii)′.
Follow the proof of (i)w ⇒ (i)′ in Theorem 3.1. We only indicate the necessary
changes. By hypothesis, H =

⋃
n∈NHn for some internal ∗N-sequence 〈Hν | ν ∈

∗N〉, that we can assume nondecreasing. For ν ∈ ∗N, let

Φν
.=

{
ϕ ∈ G |

⋃
x∈a

ϕ(x) ∈ Hν for all nonempty internal a ⊆ dom(ϕ)

}

where G is as in Theorem 3.1, and define Φ .=
⋃

n∈NΦn. By underspill, it is shown
that

Φ =

{
ϕ ∈ G |

⋃
x∈a

ϕ(x) ∈ H for all nonempty internal a ⊆ dom(ϕ)

}
.

Φ is extendible; hence by (ii) there is a path ψ for Φ, and F
.=

⋃
x∈dom(ψ) ψ(x)

is a strong path for F .
(ii)′ ⇒ ∆1.
We prove ∆1 in the form stated in Theorem 4.1 (iii). Let P be an internal poset,
Q ⊆ P an ω-galaxy, and D an internal collection of Q-dense sets. Define F as in
the proof of (i)′ ⇒ ∆0 in Theorem 3.1, and consider H .= {f ∈ F | ran(f) ⊆ Q}.
An underspill argument shows that H is an ω-galaxy. One then shows that H is
extendible, dom(H) = dom(F), and that a strong path F for F yields a D-generic
filter on P , exactly as in the proof of Theorem 3.1.
Let (iii)′ be the variant of (iii) where F is asserted to be a strong path. Trivially
(i) ⇒ (iii)′ ⇒ (iii).
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(iii) ⇒ (iii)′.
Proceed as in the proof of (i)w ⇒ (i)′ in Theorem 3.1; the only difference is that Φ
is an ω-halo.
(iii)′ ⇒ ∆1.
We prove ∆1 in the form stated in Theorem 4.1 (ii). Again we follow the proof of
Theorem 3.1, namely that of (i)′ ⇒ ∆0. One needs only to note that if P is an
ω-halo, then F defined there is an ω-halo.
Trivially (iv) ⇒ (v) and (iv) ⇒ (vi).
(v) ⇒ (ii) and (vi) ⇒ (iii).
Follow the proof of (ii)w ⇒ (i)w in Theorem 3.1; in the second case take B′ .=
ran(F0). ¤

Proof of Theorem 4.3. As extendibility implies finite extendibility, each of the prin-
ciples in Theorem 4.2 implies the corresponding one in Theorem 4.3. Besides, triv-
ially (i) ⇒ (ii), (iii) and (iv) ⇒ (v), (vi). Thus we are left to show the following.
∆1 ⇒ (i) and ∆1 ⇒ (iv).
Let F =

⋂
n∈N Fn for some nonincreasing internal 〈Fν | ν ∈ ∗N〉. For ν ∈ ∗N, let

F↓ν .= {f ¹ a | f ∈ Fν and a internal} .

Note that, by overspill,

F↓ .=
⋂

n∈N
F↓n = {f ¹ a | f ∈ F and a internal}.

Clearly, F↓ is an ω-halo. Since Hfin ⊆ F↓ is extendible and dom(Hfin) =
dom(H) = dom(F↓), by ∆1 (Theorem 4.2 (i)) there exists a (strong) path F for
F↓. We can assume F to be surjective in case Hfin is biextendible. Obviously, F
is also a path for F . ¤

We now consider principles obtained from ∆1 by replacing ω with an arbitrary
infinite cardinal κ.

Theorem 4.5. Assume κ-saturation. Then the following statements are equivalent
to ∆1:

(i) Let P be a κ-halo, Q ⊆ P , D a κ-galaxy of Q-dense sets. Then every
directed G0 ⊆ Q with |G0| < κ extends to a D-generic filter G ⊆ P .

(ii) Let F be a κ-halo with internal domain [and range], and H ⊆ F . If H is
[bi]extendible and dom(H) = dom(F) [and ran(H) = ran(F)], then every
partial path F0 for H with |F0| < κ can be extended to a [surjective] strong
path F for F .

(iii) Let F be a κ-halo with internal domain [and range], and H ⊆ F arbitrary. If
H is finitely [bi]extendible and dom(H) = dom(F) [and ran(H) = ran(F)],
then every partial path F0 for H with |F0| < κ can be extended to a
[surjective] path F for F .

Proof. That ∆1 ⇒ (i) can be proved by imitating the proof of Proposition 4.4:
it suffices to let A .= {Ai,n,q | i ∈ I, n ∈ N, q ∈ G0}. The implications (i) ⇒
(ii) ⇒ (iii) are easy modifications of previously given arguments. The implication
(iii) ⇒ ∆1 is trivial. ¤

We shall use ∆1(κ) to denote the conjunction of κ-saturation and ∆1 (or any
other statement from Theorem 4.5).
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As ∆1 ⇔ IP (ℵ0) by [7], it follows that ∆1(κ) ⇔ IP (ℵ0)+κ-saturation. We
can use this result to give a new proof of the equivalence IP (κ) ⇔ IP (ℵ0)+κ-
saturation, first established for κ = ℵ1 by R. Jin [12] and then extended to the
general case by J. Schmerl [23].

The nontrivial implication remaining to be proved is ∆1(κ) ⇒ IP (κ) (for κ > ω).
Let A = 〈A; {Ri | i ∈ I}〉 and A′ = 〈A′; {R′i | i ∈ I}〉, |I| < κ, be two internally
presented, elementarily equivalent structures. [Without loss of generality we can
assume that the language has only relation symbols.] For each finite J ⊆ I and
n ∈ N we define the internal sets

FJ,0
.= {f ∈ Fun(A, A′) | f is 1-1 and for each i ∈ J, if Ri is k-ary then

Ri(a1, . . . , ak) ⇔ R′i(f(a1), . . . , f(ak)) for all a1, . . . , ak ∈ dom(f)};
FJ,n+1

.= {f ∈ FJ,n | ∀a ∈ A∃a′ ∈ A′ such that f ∪ {〈a, a′〉} ∈ FJ,n

and, vice versa, ∀a′ ∈ A′ ∃a ∈ A such that f ∪ {〈a, a′〉} ∈ FJ,n }.
Elementary equivalence of A and A′ implies that each FJ,n 6= ∅. Hence, by

κ-saturation,
F .=

⋂
{FJ,n | J ⊆ I finite, n ∈ N}

is a nonempty κ-halo. From κ-saturation it further easily follows that F is biex-
tendible and dom(F) = A, ran(F) = A′. By Theorem 4.5 (ii), F has a surjective
strong path, which is the desired isomorphism of A and A′.

Theorem 4.6. Each of the following statements is equivalent to ∆1(κ):
One-sided version:

(i) Let F be a κ-halo [ω-halo] with internal domain, F finitely extendible. Then
every partial path F0 for F with |F0| < κ can be extended to a path F for
F .

Two-sided version:
(ii) Let F be a κ-halo [ω-halo] with internal domain and range, F finitely biex-

tendible. Then every partial path F0 for F with |F0| < κ can be extended
to a surjective path F for F .

We note that, in the presence of κ-saturation, a path for a κ-halo F is automat-
ically a κ-path.

Proof. ∆1(κ) ⇒ (i). This follows from Theorem 4.5 (iii).
(i) ⇒ (ii).
Let a κ-halo [ω-halo] F with internal domain and range which is finitely biex-
tendible, and a partial path F0 for F with |F0| < κ, be given. Consider the
following family:

Φ .= {ϕ internal | dom(ϕ) ⊆ dom(F)× ran(F);
⋃

ran(ϕ) ∈ F ;

〈x, y〉 ∈ dom(ϕ) ⇒ ϕ(x, y) = {〈x, β〉, 〈α, y〉}
for some α ∈ dom(F) and some β ∈ ran(F)}.

Φ is a κ-halo [ω-halo]. Note that dom(Φ) = dom(F)× ran(F) is internal. Define
ψ0(〈x, F0(x′)〉) .= {〈x, F0(x)〉} for all x, x′ ∈ dom(F0). Then ψ0 is a partial path
for Φ with |ψ0| < κ. Furthermore, F finitely biextendible ⇒ Φ finitely extendible.
Thus there exists a function ψ ⊇ ψ0 which is a path for Φ, and F

.=
⋃

ran(ψ) is
the surjective path for F we are looking for.
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(ii) ⇒ ∆1(κ).
The nontrivial part is to show that (ii) ⇒ κ-saturation. We use an idea of W.
Henson [9]. Let {ai | i ∈ I} be a bounded family of internal sets with the FIP and
where |I| < κ. Without loss of generality, we can assume that

⋂
i∈J ai is infinite

for all (nonempty) finite J ⊆ I. Fix an internal A such that ai ⊆ A for all i ∈ I,
and pick an internal element ? /∈ A. Let B

.= A ∪ {?}, and let ℘i(A), ℘i(B) be the
internal powersets of A and B respectively. Then consider the following internal
family of functions:

F0
.= {f ∈ Fun (℘i(A), ℘i(B)) | dom(f), ran(f) are subalgebras

of ℘i(A) and ℘i(B) resp., and f is an isomorphism}.
[f isomorphism means that f(A) = B; a, a′ ∈ dom(f) ⇒ f(a ∪ a′) = f(a) ∪ f(a′)
and f(a \ a′) = f(a) \ f(a′).] We let

F .= {f ∈ F0 : |a| = n ⇔ |f(a)| = n for all a ∈ dom(f) and for all n ∈ ω}.
F is an ω-halo with internal domain and range. A straightforward argument

shows that F is finitely biextendible. We shall show that the function

F0
.= {〈ai, ai ∪ {?}〉 | i ∈ I}

is a partial path for F . It then follows from the hypothesis that F0 can be extended
to some surjective path F ⊇ F0. If we take ] ∈ A with F ({]}) = {?}, then clearly
] ∈ ⋂

i∈I ai, proving κ-saturation.
Given finitely many ai1 , . . . , ain , denote by A the algebra of subsets of A gener-

ated by them. For a ∈ A define

f(a) = a ∪ {?} if
n⋂

j=1

aij ⊆ a; f(a) = a otherwise.

It is easy to verify that f is an isomorphism extending F0 ¹ {ai1 , . . . , ain} and
that f ∈ F . ¤

Remark 4.7. Unlike ∆0, the principle ∆1 does not admit ∗paths, in general. By
imitating the proofs of the corresponding statements in Theorems 3.1 and 4.2, one
sees easily that the following are equivalent:

(i) If P is an ω-halo and D an internal collection of P -dense sets, then there
exists a D-∗generic filter G on P .
[This means: for every ∗finite D0 ⊆ D there is g ∈ G ∩ P such that for
every D ∈ D0 there is p ∈ D ∩ P with g ≤ p.]

(ii) Every extendible ω-halo F with internal domain has a [strong] ∗path.
(iii) Every biextendible ω-halo F with internal domain and range has a [strong]

surjective ∗path.

However, (iii)s is inconsistent. Let A be ∗finite but (externally) infinite, and B
∗infinite. Define by internal induction: F0

.= {f ∈ Fun(A,B) | f is 1-1} and

Fν+1
.= {f ∈ Fν | ∀x ∈ A∃y ∈ B f ∪ {〈x, y〉} ∈ Fν and vice versa} .

Then F .=
⋂

n∈N Fn is a biextendible ω-halo with domain A and range B, but a
strong surjective ∗path for F would have to be an internal 1-1 map of A onto B, a
contradiction.
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Remark 4.8. For P internal, Q ⊆ P an ω-galaxy, and D an internal family of
Q-dense sets, there may be no D-generic filters on Q [while D-generic filters on P
are guaranteed by ∆1.]

In fact, consider P
.= {f ∈ Fun(∗N, ∗N) | f ∗finite and 1-1}, and let Q be the

ω-galaxy of the (finite) functions in P whose range is a subset of N. It is easily
seen that all sets in the internal family D .= {Λ(ξ) | ξ ∈ ∗N} are Q-dense (where
Λ(ξ) .= {f ∈ P | ξ ∈ dom(f)} ). No D-generic filter G on Q can exist; otherwise⋃

G would provide a 1-1 map of ∗N into N, a contradiction.

5. Stronger Principles: a Preview.

The formulations of ∆0 and ∆1 in the previous sections suggest many ways in
which these principles could be strengthened. Here we shall state some results in
this direction; a more systematic study of principles stronger than ∆1 is planned
for [8]. One obvious possibility is to allow D in ∆1 to be an ω-halo rather than
merely internal (or an ω-galaxy).

∆2: Let 〈P, <〉 be an ω-halo and D an ω-halo of dense sets. Then
there exists a D-generic filter on P .

Theorem 5.1. Each of the following statements is equivalent to ∆2.
(i) Let F be an ω-halo. If F is extendible, then F has a [strong] path.

(ii) Let F be an ω-halo. If F is biextendible, then F has a [strong] surjective
path.

Proof. ∆2 ⇒ (i), (ii).
We follow the proof of Theorem 4.2, ∆1 ⇒ (i), (iv). The only change is that H = F
and D,D′ are now ω-halos.
(i)w ⇒ (i)s ⇒ ∆2.
Follow the proofs of (i)w ⇒ (i)′ and (i)′ ⇒ ∆0 in Theorem 3.1. The only changes
are that F , Φ, P,D are ω-halos.
(ii) ⇒ (i).
Follow the proof of (ii)w ⇒ (i)w in Theorem 3.1. Note that F , A′, B′,F ′ are now
ω-halos. ¤

One can prove that the collection of all internal dense subsets of an ω-halo poset
P is a countable intersection of ω-galaxies.

Theorem 5.2. Let (P, <) be an ω-halo. The collection D of all internal subsets
of P0 that are dense in P is an intersection of a countable family of ω-galaxies.

Proof. Let P =
⋂

n∈N Pn where 〈Pν | ν ∈ ∗N〉 is nonincreasing, and let D be an
internal subset of P0. The theorem follows immediately from the following

• Claim: D is dense in P if and only if for every k ∈ N there exists n ∈ N
such that for every p ∈ Pn there exists q ∈ D ∩ Pk with q ≤ p.

Let D be dense in P . Let k ∈ N be such that every n ∈ N has the property:
there exists p ∈ Pn for which there exists no q ∈ D ∩ Pk with q ≤ p. By overspill,
there is ν ∈ ∗N \ N with this property. As then Pν ⊆ P and P ⊆ Pk, this means
that D is not dense in P , a contradiction.

For the converse, let us take any p ∈ P . For every k ∈ N we have: “ there is
q ∈ D ∩ Pk with q ≤ p ” because p ∈ Pn for all n ∈ N. By overspill, there is
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µ ∈ ∗N \ N with the quoted property. As Pµ ⊆ P , q ∈ D ∩ P . This shows that
D ∩ P is dense in P . ¤

Hence it is possible to go only one level further.
∆+

2 : Let 〈P, <〉 be an ω-halo and D the collection of all internal
dense subsets of P . Then there exists a D-generic filter on P .

Another useful and elegant strengthening of ∆1 can be formulated in terms of
finite extendibility. Given A ⊆ dom(F), we say that F is finitely A-extendible if
Ffin(A) .= {f ¹ a | f ∈ F and a ⊆ A is finite} is extendible. That is, if f ∈ F and
x1, . . . , xn ∈ dom(f) ∩ A, then for every x ∈ A there exists some f ′ ∈ F with
f(xi) = f ′(xi) and x ∈ dom(f ′).

P: If F is an ω-halo, A ⊆ dom(F), and F is finitely A-extendible,
then F has a partial path with domain A.

We note that P implies ∆2. Both P and ∆+
2 are consequences of SMA(ℵ0) ([8]).

We shall give some applications of ∆2 and P in §7.

6. Results on Consistency and Independence.

We assume that the reader is familiar with the ultrapower construction (see [5],
§4.1). If D is an ultrafilter over the cardinal κ, we denote by Aκ

D the ultrapower
of the structure A modulo D. We shall work with structures A = 〈A,E〉 for the
language with a single binary relation symbol ∈; we shall often specify the structure
simply by giving A, when E is understood from the context. We shall also need
the more general notion of limit ultrapower.

Definition 6.1. Let F be a filter of equivalences over κ. The limit ultrapower
Aκ

D|F is the submodel of Aκ
D whose universe consists of the D-equivalence classes

fD of functions f : κ → A “compatible with F”, i.e. such that

eq(f) .= {(i, j) ∈ κ× κ | f(i) = f(j)} ∈ F.

The diagonal embedding d : A → Aκ
D|F is still defined, and it satisfies ÃLos

theorem (see [5] §6.4).
The notion of limit ultrapower is useful in our context because of H.J. Keisler’s

characterization theorem:

Theorem 6.2 (see [17]). Let ϑ : 〈V (X),∈〉 → A be a bounded elementary embed-
ding such that, for all a ∈ A, A |= “a ∈ ϑ(Vn(X))” for some n ∈ ω. Then there
exist

• an ultrafilter D over some cardinal κ;
• a filter F of equivalences over κ;
• an isomorphism φ of A onto the bounded limit ultrapower

V (X)b,κ
D |F

.= {fD ∈ V (X)κ
D|F | f : κ → Vn(X) for some n ∈ ω}

such that the following diagram commutes:

V (X) A

V (X)b,κ
D |F

d φ

ϑ¡
¡¡µ

@
@@I

-
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From now on, we shall usually omit the “b” and the word “bounded”, when it
is clear from the context that a reference to bounded limit ultrapowers is intended.
By a slight abuse of notation we write V (X)κ

D|F =
⋃

n∈ω Vn(X)κ
D|F .

Given ϑ : 〈V (X),∈〉 → A as in the theorem, there is a nonstandard universe
〈V (X), V (Y ), ∗〉 where ∗ .= π◦ϑ is the composition of ϑ with the Mostowski collapse
π of A.

[More precisely, a modified version of Mostowski collapse applies, where the
existence of a set of atoms (here simulated by the base set X) is taken into account.
The collapse of A is the transitive subset ∗V (X) .=

⋃
n∈N

∗Vn(X) ⊆ V (Y ) of the
superstructure V (Y ), for a suitable base set Y = ∗X.]

Definition 6.3. Let A = V (X)ν
E |F , and let D be an ultrafilter over a cardinal κ.

The bounded internal ultrapower of A modulo D is the model

[Aκ
D] .= ( V (X)κ

D )ν
E |F .=

⋃
n∈ω

(Vn(X)κ
D )ν

E |F.

The canonical internal embedding e : A → [Aκ
D] maps the E-equivalence class fE

of any function f : ν → Vn(X) (compatible with F ) to the class ϕE of the function
ϕ = d ◦ f , where d : V (X) → V (X)κ

D is the diagonal embedding.

It is immediate to verify that e is a bounded elementary embedding. A crucial
property of internal ultrapowers that will be used in the sequel is the following.

• Let NA = Nν
E |F denote the natural numbers of A, and NB = (Nκ

D)ν
E |F

the natural numbers of B = [Aκ
E ]. Then the internal embedding e is an

end extension, that is e[NA] .= {e(x) : x ∈ NA} is an initial segment of NB.1

In general, the internal ultrapower depends on the choice of ν and E used to
represent A as a bounded limit ultrapower. In our constructions this choice will
always be fixed. A detailed study of this kind of extensions can be found in [20].

Throughout this section, we shall use regular and good ultrafilters. For defini-
tions and basic properties of such ultrafilters we refer to [5] §§ 4.3, 6.1. We shall
need the following facts:

• Fact 1: If E is a regular ultrafilter on the cardinal κ and A is an infinite
structure in a language of cardinality ≤ κ, then the ultrapower of A mod-
ulo E is κ+-saturated over A.2 Moreover, the ultrapower has the largest
possible cardinality, i.e. |A|κ.

• Fact 2: If E is a good ultrafilter on the cardinal κ and A is a structure
in a language of cardinality ≤ κ, then the ultrapower of A modulo E is
κ+-saturated.

Theorem 6.4. Let κ be any infinite cardinal. Then:
(i) κ-saturation 6⇒ ∆0;

(ii) ∆0 + κ-saturation 6⇒ λ-saturation for any λ > κ.

Proof. (i). Without loss of generality we can assume that κ = µ+ is a successor
cardinal. Let E be a good ultrafilter over µ. Let X be a base set with |X| = µ, and
let 〈V (X), V (Y ), ∗〉 be the nonstandard universe obtained as a bounded ultrapower
of V (X) modulo E. By the choice of E, 〈V (X), V (Y ), ∗〉 is κ-saturated. Also,

|∗℘(X)| ≤ |℘(X)|µ = (2µ)µ = 2µ and |∗℘(℘(X))| ≥ 22µ

.

1In other words, if y′ < e(x) in B, then y′ = e(x′) for some x′ < x in A.
2Here A is identified with its image under the diagonal embedding into the ultrapower.
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So the nonstandard universe contains ∗infinite sets of different external cardinal-
ities. A contradiction with ∆0 (see [7]).

(ii). In [7] it is proved that IP (ℵ0) ⇔ ∆1 ⇒ ∆0. The fact that IP (κ) 6⇒ λ-
saturation for λ > κ is well known (see [9]). ¤

IP (ℵ0), the model-theoretic equivalent of ∆1, suggests the following Internal
Isomorphism Property:

IPi: If internal structures A and B for a finite language are in-
ternally elementarily equivalent (notation: A ≡i B), then they are
isomorphic.

We shall show that, even in the presence of saturation, the strength of IPi is
intermediate between ∆0 and ∆1. In particular ∆1 is strictly stronger than ∆0.

Theorem 6.5. Let κ be any infinite cardinal. Then:
(i) ∆0 + κ-saturation 6⇒ IPi;

(ii) IPi + κ-saturation 6⇒ ∆1.

Proof. Let us recall the exponential function: exp(κ, 0) .= κ; exp(κ, α + 1) .=
2exp(κ,α); and exp(κ, α) .= sup {exp(κ, β) : β < α} for α limit.

Let κ̂
.= exp(κ, κ). If κ is regular, we have the following two properties.

(I) λ, µ < κ̂ ⇒ λµ < κ̂;
(II) If 〈λβ : β < α〉, α < κ, has λβ < κ̂ for all β, then sup {λβ : β < α} < κ̂.
Let us prove (ii). [By an easy modification of the proof of IP (ℵ0) ⇒ ∆0 in [7]

it can be shown that IPi ⇒ ∆0; thus (ii) already implies ∆0 6⇒ ∆1.]
We first construct a nonstandard universe U .= 〈V (N), V (∗N), ∗〉 where N is

a copy of the natural numbers, IP (ℵ0) holds, and each infinite internal set has
cardinality exp(κ, ω). This can be done using the technique of W. Henson [9]: We
start with U0

.= 〈V (N),∈〉 and let Un+1 be the bounded ultrapower of Un modulo a
regular ultrafilter En on exp(κ, n). Let U = 〈V (N), V (∗N), ∗〉 be the nonstandard
universe obtained as the direct limit of the resulting sequence. It is easy to check
(using Fact 1) that it has the required properties. We next fix a good ultrafilter
E on κ and obtain a nonstandard universe 〈V (∗N), V (∗

′
(∗N)), ∗′〉, as a bounded

ultrapower of V (∗N) modulo E. The composition ? of ∗ and ∗′ is a bounded
elementary embedding, yielding a nonstandard universe V .= 〈V (N), V (?N), ?〉. We
remark that x is V-internal iff x = π(fE) where f : κ → ∗Vn(N) for some n ∈ ω,
and π is the Mostowski collapse of the bounded ultrapower of V (∗N) modulo E.
For simplicity, in the sequel we shall identify internal elements x = π(fE) with the
corresponding fE .

• Claim 1: V is κ-saturated.
This follows from κ-goodness of E.
• Claim 2: IPi holds in V.

Let A and B be two V-internal structures for a finite language and assume
A ≡i B holds in V. Then we can assume A = 〈Aj : j ∈ κ〉E and B = 〈Bj : j ∈ κ〉E
(see the above remark) where, for all j ∈ κ, Aj , Bj are U-internal structures (in a
finite language) and Aj ≡i Bj holds in U . As IP (ℵ0) holds in U , for each j ∈ κ there
exists an isomorphism Fj : Aj → Bj (of course Fj ∈ V (∗N) \ ∗V (N), in general).
We define F : A → B in the natural way: F : 〈aj : j ∈ κ〉E 7→ 〈Fj(aj) : j ∈ κ〉E . It
is routine to check that F yields an (external) isomorphism of A and B.
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• Claim 3: ∆1 fails in V.
On the one hand |?N| = |∗N|κ ≥ |∗N| = exp(κ, ω). On the other hand,

U |= “N is an initial segment of ∗N”.

Therefore:

V |= “∗
′
N is an initial segment of ∗

′
(∗N) = ?N”.

But |∗′N| = 2κ < exp(κ, ω), hence for any hypernatural ν ∈ ∗′N \ N, the corre-
sponding initial segment

[0, ν] = {x ∈ ?N : x ≤ ν} = {x ∈ ∗′N : x ≤ ν}
is an infinite V-internal set of cardinality ≤ 2κ < exp(κ, ω). This contradicts a
consequence of IP (ℵ0), namely the property that all infinite internal sets have the
same external cardinality (see [9]).

Let us turn to (i). We assume without loss of generality that κ is regular. We
fix a regular ultrafilter E on κ and, for each ordinal α < κ, a regular ultrafilter Eα

on κα
.= exp(κ, α). The idea of the proof is to construct a nonstandard universe as

an iterated ultrapower of V (N), where at limit α we take the ultrapower modulo
E, and at successor α we take an internal ultrapower modulo Eα.3

For technical reasons, we fix a larger superstructure V (X) where X ⊃ N and
|X| = κ̂. By transfinite induction, we define:

• Triples 〈Iα, Dα, Fα〉 for 1 ≤ α < κ, where Iα is a nonempty set, Dα an
ultrafilter on Iα, and Fα a filter of equivalences on Iα;

• Mappings θβα : Uβ → Uα for 0 ≤ β ≤ α < κ, where U0
.= 〈V (X),∈〉 and

Uα
.= V (X)Iα

Dα
|Fα for α > 0;

in such a way that:
(1) {Uα; θβα : β ≤ α < κ} is a directed system. That is, for every β′′ ≤ β′ ≤ β,

θβ′β ◦ θβ′′β′ = θβ′′β , and θββ is the identity map;
(2) Every θβα is a bounded elementary embedding;
(3) For every α, θ0α = dα : V (X) → V (X)Iα

Dα
|Fα is the diagonal embedding.

Let 〈I1, D1, F1〉 .= 〈κ, E0, eq(κ)〉 where eq(κ) is the collection of all equivalences
on κ; hence U1 = V (X)I1

D1
|F1 = V (X)κ

E0
. Let θ00 be the identity map on V (X), θ11

the identity map on U1, and let θ01 = d1 : V (X) → U1 be the diagonal embedding.
Properties (1), (2) and (3) above are trivially satisfied.

Now let α = γ + 1 be a successor with γ > 0. The internal embedding

eγ : V (X)Iγ

Dγ
|Fγ → (V (X)κγ

Eγ
)Iγ

Dγ
|Fγ

is elementary for bounded formulas, and so is the composition eγ ◦dγ . By Theorem
6.2, there exists a triple 〈Iα, Dα, Fα〉 and an isomorphism

φα : (V (X)κγ

Eγ
)Iγ

Dγ
|Fγ → V (X)Iα

Dα
|Fα

.= Uα

such that φα ◦ (eγ ◦ dγ) = dα. Let θγα
.= φα ◦ eγ and θβα

.= θγα ◦ θβγ for β < γ.
The required properties are easily verified.

If α is limit, first let {Uα− ; θβα− | β < α} be the direct limit of the system
{Uβ ; θβ′β | β′ ≤ β < α}; and let dα− : Uα− → (Uα−)κ

E be the diagonal embedding.

3Originally we worked in ZFC + Superuniversality and employed pseudosuperstructures ([2, 6])
to present this argument. At the suggestion of the referee, we reformulated the proof in a more
familiar setting.
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The composition dα− ◦ θ0α− is elementary for bounded formulas. Using again
Theorem 6.2, we can fix 〈Iα, Dα, Fα〉 and an isomorphism

φα : (Uα−)κ
E → V (X)Iα

Dα
|Fα

.= Uα

such that φα◦(dα− ◦θ0α−) = dα is the diagonal embedding. We let θα−α
.= φα◦dα− ;

θβα
.= θα−α ◦ θβα− ; and θαα be the identity.

The desired properties follow from the definitions in a straightforward manner.
E.g. let us see (1). By the property of direct limit, for every β′ ≤ β < α,

θβα− ◦ θβ′β = θβ′α− , hence θα−α ◦ θβα− ◦ θβ′β = θα−α ◦ θβ′α− ,

i.e. θβα ◦ θβ′β = θβ′α.

Now let {U ′; Θα : α < κ} be the direct limit of the system {Uα; θβα : β ≤ α < κ}.
Clearly, Θ0 : 〈V (X),∈〉 → U ′ is a bounded elementary embedding. As discussed
earlier (at the foot of Keisler’s characterization theorem 6.2), there is a nonstandard
universe U = 〈V (X), V (Y ), ∗〉 where ∗ = π ◦Θ0 is obtained by composing Θ0 with
a Mostowski collapsing isomorphism π of U ′.
Lemma 1. Let α < κ. If A ∈ V (X) has size |A| = exp(κ, β+1) for some β+1 ≥ α,
then |θ0α(A)| = |A|.4

Proof. By induction on α. If α = 0, then θ00 is the identity map and the thesis is
trivial. Assume α = γ + 1 is a successor. Notice that γ ≤ β ⇒ κγ

.= exp(κ, γ) ≤
exp(κ, β), and so:

|Aκγ

Eγ
| = |A|κγ = 2exp(κ,β)·κγ = exp(κ, β + 1) = |A|.

Then, by the inductive hypothesis,

|θ0α(A)| = |(Aκγ

Eγ
)Iγ

Dγ
|Fγ | = |AIγ

Dγ
|Fγ | = |θ0γ(A)| = |A|.

If α is a limit ordinal,

|θ0α−(A)| = max {|α|, sup{|θ0β(A)| : β < α}} = |A|,
and |θ0α(A)| = |(θ0α−(A))κ

E | = |θ0α−(A)|κ = |A|κ = |A|. ¤ Lemma 1.

We now concentrate on the superstructure of interest, and consider the nonstan-
dard universe V = 〈V (N), V (∗N), ∗〉 obtained from U by restricting ∗ to V (N) ⊂
V (X). However, for technical reasons, we shall continue to work with U .

• Claim 4: IPi fails in V.
We shall first show that ∗N is κ̂-like, and then that this property is inconsistent

with IPi.5

To show that |∗N| = κ̂, we prove by induction on α < κ that |θ0,α+1(N)| =
exp(κ, α + 1). If α = 0, |θ01(N)| = |Nκ

E0
| = exp(κ, 1). If α > 0, pick A ∈ V (X)

with |A| = |Nκα

Dα
| = exp(κ, α + 1). Then

|θ0,α+1(N)| = |(Nκα

Eα
)Iα

Dα
|Fα| = |AIα

Dα
|Fα| = |θ0α(A)|,

hence, by Lemma 1, |θ0,α+1(N)| = |A| = exp(κ, α + 1).

4By |θ0α(A)| we mean the cardinality of the set {a ∈ Uα : Uα |= “a ∈ θ0α(A)”}. We shall use
similar notation in the sequel as well.

5Recall that an ordered set 〈S, <〉 is κ̂-like if |S| = κ̂, while for each s ∈ S, the initial segment
{s′ ∈ S | s′ ≤ s} has cardinality < κ̂.
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If x ∈ ∗N, x = Θβ(ξ) for some ξ ∈ Uβ such that Uβ |= “ξ ∈ θ0β(N)”. Let X ∈ Uβ

be such that

Uβ |= “X = [0, ξ] is the initial segment of θ0β(N) determined by ξ”.

Then, by transfer, Θβ(X) = [0, x] is the initial segment of ∗N determined by x.
We now show by induction on α ≥ β that |θβα(X)| ≤ exp(κ, β + 1), so that

|[0, x]| = sup {|θβα(X)| : β ≤ α < κ} ≤ exp(κ, β + 1) < κ̂

Since Uβ |= “X ⊂ θ0β(N)”, it is |θββ(X)| = |X| ≤ |θ0β(N)| ≤ exp(κ, β + 1). If α
is limit, then

|θβα−(X)| = sup {|θββ′(X)| : β < β′ < α} ≤ exp(κ, β + 1)

and |θβα(X)| = |θβα−(X)|κ ≤ 2exp(κ,β)·κ = exp(κ, β + 1).
At successor stages α = γ+1, we constructed Uα by using an internal ultrapower

of Uγ . The point of it was to make θγα(θ0γ(N)) = θ0α(N) an end extension of θ0γ(N),
so no new hypernaturals are added at this stage. In other words, θγα is a 1-1 map
of θβγ(X) onto θβα(X) and so |θβα(X)| = |θβγ(X)| ≤ exp(κ, β+1). This completes
the proof that each initial segment of ∗N has cardinality < κ̂.

It remains to prove that ∗N κ̂-like contradicts the principle IPi. We now work
in V. The internal structure 〈∗N, ∗<〉 has a proper internal elementary extension
〈N′, <′〉 Âi 〈N, ∗<〉 (perform the usual Skolem construction of nonstandard integers
internally in V). By transfer from the standard fact, there are elements η ∈ N′ such
that ∗N is a subset of the initial segment [0, η] = {ν ∈ N′ : ν ≤′ η} determined by η
in N′. Since there are initial segments of N′ of cardinality ≥ |∗N| = κ̂, while ∗N is
κ̂-like, we conclude that 〈∗N, ∗<〉 and 〈N′, <′〉 cannot be isomorphic. ¤ Claim 4.

• Claim 5: V is κ-saturated.
This follows directly from the κ-saturation of U . Let us prove this latter fact.

Let {Ai : i ∈ I} ∈ Vn(Y ) (n ∈ ω) be a collection of U-internal sets with the
FIP, |I| < κ. As κ is regular, there is a limit ordinal α such that for each i ∈ I,
Ai = Θα−(Bi) for some Bi ∈ Uα− . Here Θα− = Θα ◦ θα−α maps Uα− into ∗V (X).
Then (by elementary equivalence) the family {Bi : i ∈ I} has FIP in Uα− . As Uα

is (isomorphic to) the ultrapower of Uα− modulo a κ-regular ultrafilter, there is
ξ ∈ Uα such that Uα |= “ξ ∈ θα−α(Bi)” for all i ∈ I. Letting x

.= Θα(ξ), we have
x ∈ Ai for all i ∈ I. ¤ Claim 5.

The next claim completes our proof.

• Claim 6: Every V-internal poset 〈P,≤〉 (i.e. P ∈ ∗Vn(N) for some n), has
a generic filter.

First we work in U . Pick Q ∈ Uγ with Uγ |= “Q is a poset” and P = Θγ(Q). For
each α ≥ γ, let Pα

.= θγα(Q) ∈ Uα, hence Θα(Pα) = P .
We now construct a sequence {qα | γ ≤ α < κ} so that
(1) qα ∈ Uα and Uα |= “qα ∈ Pα”;
(2) If β ≤ α then Uα |= “qα ≤ θβα(qβ);
(3) For successor ordinals α = β + 1, Uα |= “∃y ∈ θβα(δ) such that y ≥ qα” for

all δ ∈ Uβ with Uβ |= “δ is a dense subset of Pβ”.
We begin by picking qγ so that Uγ |= “qγ ∈ Q”. For limit α, we consider the

sequence {θβα−(qβ) | γ ≤ β < α} ⊆ Uα− . As mappings θβα− are elementary
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embeddings, by inductive hypothesis it is easily seen that the type

Σα−(x) .= {x ∈ Pα−} ∪ {x ≤ θβα−(qβ) | γ ≤ β < α}
is finitely satisfiable over Uα− . [Pα− denotes θγα−(Q).]

Now, by construction, Uα is κ-saturated over Uα− . Since |Σα−(x)| < κ, there is
qα ∈ Uα with Uα |= “Σα(qα)”, where

Σα(x) .= {x ∈ Pα} ∪ {x ≤ θβα(qβ) | γ ≤ β < α}
It is easily shown that qα has the desired properties.
For successor α = β + 1, let D be the collection (in Uβ) of all dense subsets of

Pβ . For each δ ∈ D, let

Λδ = {x ∈ Pβ : Uβ |= “x ≤ qβ and x ≤ y for some y ∈ δ”} .

It is easily verified that the family Λ .= {Λδ | δ ∈ D} has FIP in Uβ . By the
hypothesis P ∈ ∗Vn(N), it follows that Uβ |= “|Λ| ≤ |D| ≤ exp(ℵ0, n + 1)”. Clearly,
we can assume exp(ℵ0, n + 1) < κβ

.= exp(κ, β). We now use the regularity of the
ultrafilter Eβ over κβ .

Recall that Uβ = V (X)Iβ

Dβ
|Fβ , and θβα = φα ◦ eβ where

eβ : Uβ → U ′β
.= (V (X)κβ

Eβ
)Iβ

Dβ
|Fβ

is the canonical embedding into the internal ultrapower, and φα : U ′β → Uα is an
isomorphism.

We shall show that there exists an element x ∈ Uα such that Uα |= “x ∈ θβα(Λδ)”
for all δ ∈ D.

Let Λ = λDβ
∈ Uβ , where the function λ : Iβ → Vn(N) is such that, for all i ∈ Iβ ,

λ(i) has FIP. Notice that |λ(i)| ≤ exp(ℵ0, n + 1) < exp(κ, β). Since the ultrafilter
Eβ over κβ is regular, for each i there is x(i)Eβ

∈ Vn(X)κβ

Eβ
with V (X)κβ

Eβ
|=

“x(i)Eβ
∈ ⋂

λ(i)”. We can assume x(i)Eβ
= x(j)Eβ

whenever λ(i) = λ(j). This
way, if f : Iβ → (Vn(X))κβ

Eβ
is the function defined by f(i) = x(i)Eβ

, we are sure
to have fDβ

∈ U ′α (because eq(f) ⊇ eq(λ) ∈ Fβ). By the definition, it is clear that
U ′β |= “fDβ

∈ eβ(Λδ)” for all δ ∈ D. The element qα
.= φα(fDβ

) ∈ ∗V (N) ∈ V has
the desired properties. We finally let

G
.= {g ∈ P | g ≥ Θα(qα) for some α < κ} .

By properties 1 and 2 above, G is a filter over P . Moreover, as each internal
dense subset of P has the form Θβ(δ) where Uβ |= “δ is a dense subset of Pβ”, by
property 3 we have Θβ+1(qβ+1) ≤ y ∈ Θβ+1(ϑβ,β+1(δ)) = Θβ(δ) for some y. Since
any such y ∈ G, this shows that G meets every U -internal dense subset of P . The
claim follows by noticing that δ ⊆ P is U-internal iff it is V-internal. ¤ Claim 6.

The proof is completed by putting together the claims. ¤

7. Some Applications

A number of examples of the use of ∆0 and ∆1 are given in [7]. We note that
the equivalent combinatorial versions expressed in terms of path functions simplify
many (but not all) of them even further. For example, the fact that there is
a bijection between any two ∗infinite sets follows immediately from the two-sided
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version of ∆0 (see Theorem 3.1), upon noticing that the following internal collection
is biextendible:

F .= {f ∈ Fun(A,B) | f is ∗finite and 1-1} .

The original “poset” formulation of ∆0 strongly suggests a connection with set-
theoretic forcing. We make a few remarks on this subject. For all notions and
constructions below, we refer to [10] §§16-18.

Let 〈V (X), V (Y ), ∗〉 be a nonstandard universe. Its internal universe ∗V (X)
models a weak set theory, whose axioms include power set, separation schema for
bounded formulas and regularity over Y . Given an internal poset 〈P, <〉, one can
work inside ∗V (X) and define the complete Boolean algebra B of regular cuts in P ,
and then the Boolean-valued universe (∗V (X))B. Of course, obvious modifications
to take care of the urelements are needed. Thus (∗V0(X))B .= ∗X(= Y ); and for
all x ∈ ∗X, y ∈ ∗V (X), ‖y̌ ∈ x̌‖ = 0, and ‖x̌ = y̌‖ = 1 [0, resp.] ⇔ x = y
[x 6= y, resp.]. If D is the (internal) collection of all internal dense subsets of P
then G ∈ V (Y ) is D-generic if and only if it is generic over ∗V (X) in the usual set-
theoretic sense. Now one can construct the G-interpretation ıG : (∗V (X))B → V (Y )
(we can assume ıG(x) = x for all x ∈ ∗X). If ∗V (X)[G] denotes the range of ıG,
we have ∗V (X) ⊆ ∗V (X)[G] ⊆ V (∗X), and the following Forcing Theorem holds
for ∈-formulas with bounded quantifiers:

∗V (X)[G] |= ϕ(a1, . . . , an) ⇔ ∃p ∈ G p° ϕ(̊a1, . . . , ån)

where åi is a name for ai, i = 1, . . . , n. But we are interested in validity of ϕ in
V (∗X), not in ∗V (X)[G]. If ϕ is of the form ∃y1 · · · ∃ym ψ, where all quantifiers in
ψ are bounded, the former follows from the latter. In this way, one could use forcing
techniques to prove results for nonstandard universes that satisfy ∆0. However, in
practice it always seems much easier to argue directly. Moreover, the technology
of set-theoretic forcing does not seem easily extendible to the stronger principles.
Below, we give several examples motivated by forcing that appear to be new.

The work of M. Ozawa came to our attention after the present paper was ac-
cepted. In [19] Ozawa gives a very detailed development of forcing in nonstandard
analysis (along somewhat different lines than the above sketch). From our point
of view, he shows that for any standard poset P there is a nonstandard universe
where ∗P has a generic filter. In comparison, our principle ∆0 is a kind of Martin’s
Axiom: There is a nonstandard universe where every internal poset has a generic
filter. Ozawa used forcing to single out the ingeneric universe (in our setting, it is
the universe ∗V (X)[G] above) and applied it to the study of operator algebras.

Proposition 7.1 (∆0). Let U be an internal nonprincipal ultrafilter on ∗N. Then
there is an X ⊂ ∗N such that, for all internal A ⊆ ∗N, A ∈ U ⇔ X \A is ∗finite.

We note that X ∩ A is internal for each ∗finite A, but X is external. [Proof:
Otherwise, X ∈ U and we can write X = X1 ∪X2 as a disjoint union where both
X1 and X2 are internal and not ∗finite. Then one of the two sets must belong to
U , say X1 ∈ U ⇔ X \X1 = X2 is ∗finite. A contradiction.]

This statement is equivalent to the failure of the Scott-completeness property for
the hyperreal line. As, for any given κ, there are κ-saturated nonstandard models
which are Scott-complete, this Proposition cannot be proved from κ-saturation
alone. [For the notion of Scott-completeness and the quoted result see [18].]
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Proof. We imitate Prikry forcing. The set P consists of pairs 〈σ, S〉 where σ :
[0, ν] → ∗N is an increasing internal function defined on an initial segment of ∗N,
S ∈ U and ran(σ) < S, i.e. σ(i) < s for all i ∈ dom(σ) and all s ∈ S. The ordering
¹ is defined as follows:

〈σ, S〉 ¹ 〈τ, T 〉 ⇔ σ ⊇ τ and S ⊆ T and ran(σ) \ ran(τ) ⊆ T.

Clearly 〈P,¹〉 is an internal poset. Let G be the generic filter on P provided by
∆0, and let g

.=
⋃{σ | 〈σ, S〉 ∈ G for some S}. It is proved in a straightforward

manner that internal subsets

Λ(ξ) .= {〈σ, S〉 ∈ P | ξ ∈ dom(σ)}
are dense in P for all ξ ∈ ∗N. By genericity, G meets all of them and thus it is
proved that g is an (increasing) function defined for all ξ ∈ ∗N, and that X

.= ran(g)
is unbounded in ∗N. Also sets

ΦA
.= {〈σ, S〉 ∈ P | S ⊆ A}

are dense in P for each A ∈ U . If 〈σ, S〉 ∈ G ∩ ΦA, then clearly ran(g) \ ran(σ) ⊆
S ⊆ A, so X \A = ran(σ)\A is ∗finite. Vice versa, let X \A be ∗finite, and assume
by contradiction that A /∈ U . Then its complement A ∈ U , hence X \ A = X ∩ A
is ∗finite, hence X = (X \A) ∪ (X ∩A) is ∗finite. But this is not possible, because
X is unbounded. ¤

Proposition 7.2 (∆0). There exists an external unbounded X ⊂ ∗N such that,
for any ν, ξ ∈ ∗N and any internal partition of ∗N into ξ classes, there is η ∈ ∗N
such that [{x ∈ X | x > η}]ν is contained in the same class of the partition.

Proof. Note that, assuming existence of a selective ultrafilter U on N, the thesis
follows immediately from the previous proposition applied to the internal selective
ultrafilter ∗U on ∗N. [Recall that an ultrafilter U is selective (or Ramsey) iff for
any Y ⊆ [N]2, either there is A ∈ U with [A]2 ⊆ Y or there is A ∈ U with
[A]2 ∩Y = ∅. Martin’s Axiom implies that selective ultrafilters exist. On the other
hand, there are models of ZFC with no selective ultrafilters. See for instance [4]
and the references given there.]

The result can however be proved in ZFC by imitating Mathias forcing. We
consider pairs 〈σ, S〉 as in the previous proposition, except that S can be any
∗infinite set. The definition of the partial ordering ¹ is unchanged, as is that of X,
as is the proof that X is unbounded. Given an internal partition P of [∗N]ν , we
show that

{〈σ, S〉 | [S]ν is contained in the same class of the partition P}
is dense, using the internal version of Ramsey’s theorem. The rest is immediate. ¤

Proposition 7.3 (∆0). Let κ be an internal cardinal and 〈T, <〉 an internal tree
of height κ such that for each t ∈ T and α < κ there is s ∈ T of level ≥ α, such
that t < s. Then T has a branch b of length κ such that b ¹ α is internal for all
α < κ.

(Of course, there are no infinite von Neumann ordinals in superstructures. To say
that “〈κ,<〉 is an internal cardinal” means that κ is an internal subset of ∗X and
that “< is a well-ordering of κ, no initial segment of which is in a 1-1 correspondence
with κ” is true in the internal universe ∗V (X).)
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Proof. We can assume that T ⊆ A<κ =
⋃

α<κ Aα is ordered by ⊆. The assumption
of the proposition then amounts to extendibility of T . ¤

Proposition 7.4 (∆0). Let κ be an internal regular cardinal and A ⊆ κ an internal
unbounded set. Then there is an external closed unbounded X ⊂ A such that X ∩α
is internal for all α < κ.

Proof. We imitate the forcing notion from Baumgartner et al. [3]. Let

P
.= {p ⊆ A | p is internal, closed and bounded }

The ordering ¹ is by end-extension, i.e. p ¹ q ⇔ q = p ∩ α for some α < κ. Let
G be the generic filter for 〈P,¹〉 and let X

.=
⋃

G. For each α < κ, Γα
.= {p ∈ P |

max(p) > α} is an internal dense set. If we take pα ∈ G∩Γα, then X ∩α = pα ∩α
and α < max(p) ∈ X. The required properties of X follow immediately. ¤

Note that, assuming ω1-saturation, the cofinality of κ is uncountable, so X can-
not have order type ω (if it did, the result would be trivial).

In order to give an illustration of the use of ∆1 we reprove the key fact used by
R. Jin [14] in his proof of nonexistence of very bad cuts.

Proposition 7.5. [∆1] Let H = {1, . . . , H} ⊂ ∗N be a hyperfinite set, and let c ∈ H
be such that cN

H ∼ 0 for some infinite N ∈ ∗N. Then there exists an X ⊂ H with
the following properties:

(i) X has outer Loeb measure 1 and inner Loeb measure 0.
(ii) For all x, y ∈ X, x 6= y ⇒ |x− y| > c.

Proof. Let ℘i(H) be the internal powerset of H, A .= ℘i(H)× {0, 1}, and let

F .= {f ∈ Fun(A,H) | f is 1-1 ;
if 〈a, 0〉, 〈b, 0〉 ∈ dom(f) and a 6= b then |f(〈a, 0〉)− f(〈b, 0〉)| > c ;

if 〈a, 0〉 ∈ dom(f) and µ(a) < 1− cN

H
then f(〈a, 0〉) /∈ a ;

if 〈a, 1〉 ∈ dom(f) and µ(a) >
N

H
then f(〈a, 1〉) ∈ a }

where µ is the counting measure on H. Clearly F is internal.
• Claim: F is finitely extendible.

Let f ∈ F and A1, . . . , An ∈ dom(f). For every a ∈ ℘i(H) with µ(a) < 1− cN
H ,

we can pick ξa ∈ H such that ξa /∈ a and |ξa − f(Ai)| > c for all i = 1, . . . , n. Notice
in fact that:

µ

(
n⋃

i=1

{f(Ai)− c, . . . , f(Ai) + c} ∪ a

)
< 1− cN

H
+

n(2c + 1)
H

< 1.

Now let A /∈ dom(f) be given. If A = 〈a, 0〉 with µ(a) < 1 − cN
H then f can

be extended to f ∪ {〈A, ξa〉} ∈ F . If A = 〈a, 1〉 with µ(a) > N
H then f can

be extended to f ∪ {〈A, η〉} ∈ F where η ∈ a is an arbitrary element such that
η /∈ {f(A1), . . . , f(An)} (such η always exist because in this case a is infinite). The
extendibility of f in the remaining cases is trivial. ¤ Claim.

By ∆1, there is a path F for F with dom(F ) = A. Then the set

X
.= {F (〈a, 0〉) | 〈a, 0〉 ∈ A} ⊆ H
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satisfies: (1) X ⊆ a ⇒ µ(a) ≥ 1− cN
H ∼ 1, and (2) a ⊆ X ⇒ µ(a) ≤ N

H ∼ 0. In fact,
(1) holds because otherwise there would be f ∈ F such that F (〈a, 0〉) = f(〈a, 0〉) /∈
a, while F (〈a, 0〉) ∈ X. As for (2), assume that a ⊆ X, µ(a) > N

H . Pick f ∈ F
with η

.= F (〈a, 1〉) = f(〈a, 1〉). Now, µ(a) > N
H ⇒ η ∈ a ⊆ X ⇒ η = F (〈b, 0〉) for

some 〈b, 0〉 ∈ A, a contradiction with F 1-1. We conclude that X has the required
properties. ¤

Next we prove a result that does not follow from ∆1.

Proposition 7.6 (∆2). The ordered sets 〈∗N\N, <〉 and 〈∗N\N, >〉 are isomorphic.

Proof. For ν ∈ ∗N, let ∗Nν
.= {µ ∈ ∗N | ν ≤ µ} and

Fν
.= {f ∈ Fun(∗Nν , ∗Nν) | f is ∗finite, strictly decreasing and

for all η ≤ ν and all ξ, ζ ∈ dom(f), ξ = ζ + η ⇔ f(ζ) = f(ξ) + η}.
Then F .=

⋂
n∈N Fn is an ω-halo and dom(F) = ran(F) = ∗N \ N. We claim

that F is biextendible. Let f ∈ F and τ, σ ∈ ∗N \N. We extend f to f ′ defined at
τ as follows. Let 〈νi | i ≤ N〉 be an (internal) increasing enumeration of dom(f).
Assume νi < τ < νi+1 (the cases τ < ν0 and νN < τ are similar). If there is
k ∈ N such that τ = νi + k [τ = νi+1 − k, resp.] we define f ′(τ) .= f(νi) − k
[f(τ) .= f(νi+1) + k, resp.]. Otherwise we choose f ′(τ) so that, for all k ∈ N,
f(νi) − k > f ′(τ) > f(νi+1 + k). That this is always possible follows from the
well-known fact that the quotient (∗N \ N)/Z is a dense linearly ordered set (with
the ordering inherited from 〈∗N \N, <〉.) It is easy to see that f ′ ∈ F . In a similar
way one can extend f to f ′′ ∈ F so that σ ∈ ran(f ′′). By Theorem 5.1 (ii), F has
a surjective path F that provides the desired isomorphism. ¤

Let µ(0) .= {x ∈ ∗R | x ∼ 0} be the monad of 0. As a consequence of the above
proposition, we have

cof 〈µ(0), <〉 = cof 〈∗N \ N, >〉 = cof 〈∗N \ N, <〉 = cof 〈∗R, <〉.
R. Jin [11] proved that for every κ, there are models of IP (κ) where the cofinal-

ities of µ(0) and ∗R are different. Hence we have

Corollary 7.7. ∆1(κ) 6⇒ ∆2, for any κ.

Other results of a similar nature can be proved from ∆2. For example:

Proposition 7.8 (∆2). If two dense linearly ordered sets without endpoints are
ω-halos, then they are order-isomorphic.

In particular, under ∆2, 〈µ(0), <〉 and 〈∗R, <〉 not only have the same cofinality,
but actually are isomorphic.

Our last example illustrates use of the principle P. We re-prove a theorem first
established by Ross [22] under the assumption of Full Saturation, and later proved
by Jin [15] from the Special Model axiom.

Proposition 7.9 (P). Let H be a ∗finite set. Every automorphism of the Loeb
measure algebra on H is induced by a permutation of H.

Proof. Let ℘i(H) be the internal power set of H. Given an automorphism Φ of the
Loeb algebra, let

R
.= {〈a, b〉 ∈ ℘i(H)× ℘i(H) | Φ([a]) = [b]} .
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We say that σ ∈ Fun(℘i(H), ℘i(H)) is a similitude if for every ν ∈ ∗N:

µ(
ν⋂

i=0

aαi
i ) = µ(

ν⋂

i=0

σ(ai)αi)

holds for all internal sequences 〈ai | i ∈ ν〉 of elements of dom(σ) and 〈αi | i ∈ ν〉
of elements of {0, 1}. [Here a0 .= a; a1 .= H \ a.] Let

F .= {f ∈ Fun(℘i(H)2, ℘i(H)2) | there exist internal functions f1, f2 s.t.
f(〈a, b〉) = 〈f1(a), f2(b)〉 for all 〈a, b〉 ∈ dom(f) ;
σ

.= {〈a, f1(a)〉, 〈f2(b), b〉 | 〈a, b〉 ∈ dom(f)} is a similitude ;
µ(a4 f2(b)) ∼ 0 and µ(f1(a)4 b) ∼ 0 for all 〈a, b〉 ∈ dom(f) }.

[x4 y = (x \ y) ∪ (y \ x) is the symmetric difference.] F is an ω-halo which is
finitely R-extendible. By P, F has a partial path F with domain R. Let

Ψ .= {〈a, c〉, 〈d, b〉 | 〈a, b〉 ∈ R and 〈c, d〉 = F (〈a, b〉)} .

Then Ψ is an automorphism of ℘i(H) where µ(a) = µ(Ψ(a)) and Φ([a]) = [Ψ(a)]
for all a ∈ ℘i(H). The desired permutation π of H is obtained by letting {π(x)} =
Ψ({x}), for any x ∈ H. ¤

Open problems.

1. Consider the following statement:
∆′

0(κ): Let F be internal and extendible. Then every partial path F0 with
|F0| < κ can be extended to a [strong] path.
Is ∆0(κ) equivalent to ∆′

0(κ)?
2. Consider the following statement:

∆′′
0(κ): Every internal extendible F has a [strong] κ-path.

Is ∆0(ℵ1) equivalent to ∆′′
0(ℵ1)? What is the relation (if any) between

∆0(κ) and ∆′′
0(κ) in general?

[R. Jin (personal communication) showed that ∆′′
0(κ) ⇒ ∆0(κ) cannot be

proved in ZFC for all κ.]
3. Consider the principle:

∆−
1 : Every internal finitely extendible F has a path.

Does ∆−
1 ⇒ ∆1?

[∆−
1 easily implies that any two internal sets which are infinite have the

same cardinality (first, prove a two-sided version of ∆−
1 ). Hence ∆0 6⇒ ∆−

1 .
Also note that ∆−

1 suffices to prove Proposition 7.5.]
4. Consider the principle:

∆′
1(κ): Let F be a κ-halo with internal domain [and range], and H ⊆ F ar-

bitrary. If H is finitely [bi]extendible and dom(H) = dom(F) [and ran(H) =
ran(F)], then there is a [surjective] path for F .
Does ∆′

1(κ) ⇒ κ-saturation?
[It can be shown that ∆′

1(ℵ1) ⇒ ∗N is not an ω-halo, hence SMA(ℵ0) 6⇒
∆′

1(ℵ1).]
5. Consider the principle:

∆+
1 (κ): Let F be a κ-halo with internal domain [and range], F [bi]extendible.

Then every partial path F0 for F with |F0| < κ can be extended to a strong
[surjective] κ-path F for F .
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Does ∆1(κ) ⇒ ∆+
1 (κ)?

[It is easy to show that SMA(κ) ⇒ ∆+
1 (κ).]

Renling Jin announced the following solution to open problem 1: The princi-
ple ∆′

0(κ) does not imply κ-saturation, while its strong version (postulating the
existence of a strong path) is equivalent to ∆0(κ).
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