
Logarithmic geometry and tropicalization "piecewise linear

-
X As

"decorated" version of algebraic geometry,
where varieties are equipped with

& sheet of monoids my combinatories ,

&

commutative polyhedral geometry

Plan : 1
.
Toric varieties

2
. Log geometry
3. Tropical geometry and tropicalization.

-

1.Medicvarieties (Cox-Uttle - Schenck ,
Toric varieties]

Def : a monoid is a set p with +: PXP ->P associative

and cementative
,
with a neutral elt

.
OEP .

Ex : every abelian gp is a manoid

· IN with t and O is a menoid
,
IN" withemponent-wise

↓ and J0 , ..., 0) .

[products PXQ are as you'd expect
· p= 0 1 12

,
with 1+ 1 = 1

De : a homomorphism of meroids f: P-Q is



a function compatible with t and 0
.

Associatedgroup : P my P&P
= P

idea : (p,9)> p-9

(p ,9) ~(p ! q) E> p+g = p + g+r

[Freps .t
.)

this become a group with the induced operation .

There is a homom .

P-> pgP and this is universal,
p + [(p . 03]

in the sense thatFother ab . group G
, every hom.

P- > G will factor .

↓
pap
!

2 (-18 : (Mon) -> (Grp) is the left adjoint of the inclusion

(Grp)> (Moul Hem (P80, G) = Momman (P ,G)

Def : a menoid israd if p + r =

g + r in P =
p=

q

(equivalent to saying that P + p8P is injective)

andrated ifitisIntegrala
as

new We



E :· NK is saturated, (NK1P = xk

o P = <2 ,
3) IN p9i=

"

Sa .2+ b .3 /a , bEIN3 1= 3 -2

Cut 1P
, so P

is not saturated.

· P= 50 , 13 with 1 + 1 = 1 is not even integral

Det :

amovidisgenerated if
there

a
a

17 p.... pre Ps .
t

. pep upip
fine = integral and futely generated.
-

Es fine and saturated

Apresentation of a monoid is a cequalizer diagram
g

NI "EP P= < gewerters/relations(
n7p7 ! flei) g(ej)= h(ej)

The (Radei) : every finitely generated menoid is finitely

presented.



E : P = <
p, 9 , r(p+ q = 2r > (E < (10)

,% ,2) , (1 , 113(x2)
P = <p . 9 , rs /p = r+S > (E <(1 , 0, 01

,
10, 1,0

,
20

,
0

. 1) ,

(1) ,
- 1) 7)

Del : a manoid is Laria if it isAssion free

k =E
,
think

i

. e. nx = my => X=

y

k= 4 if you want
WEI

, xry =P

z
n+ 0

Det : theene
is dgebra of P is RIPT= R . +P

peP

is the free R-vect . Space
on the set P

with the multiplication detaed by tP .
+9 = tot,

extended by linearity.

Every R-algebra gives a monoid using its multiplication,
and the obvious P-RIP] (hom, of monoids

p+ - tP
Xany K-algebra

is initial wort . hom P- A

P - A ( . e .
the functor PH RTPJ is

↓kp 5 ! the left adjoint to the forgetfull



In particular a presentation IN-N"-> P

will give a coequalizer in k-algebras
RIINKII"-> RIPS

1 U 112

KTy , , . . YR] k[X , .,Xm]

KIXion Ym7

=> RTPI -
(g(yi) -h(yi)

Ex : P =<pign/p+= 22) ve Rip] =Riy-z2
p = < p , g ,

+
, /p+q=+S) we RipT =Kix

(xy - zw)

Fromnow on p will be toric
,

in part .

#[P] E
KIX ....XmGI

KTPI has an associated offire ag-variety ,

SpecIk[P]) = VII) =A= dim't office space
*
vanishing locus

& ASpect #) X is fine ,
and A = R*T is its

(normal)
Coordinate ring &

Def : anoffmetoric variety (TV) is an office var. /R

with a dense open immersion TEX ,
where



T is an algotorns , and the translation action

TXT-> T extends to an action TXX-X.

(x , yD1X . y

The : Ap := SpeckTP] is an office TV ,
and all affure

TVs arise like this.

Where is the torns of Ap ? P & P&P
my KTPTERIP9P]

pap ET" for seme VEN ,
and

↳ [087 ERTEV) = k[X ,..
XrF"]

Speak- XFC (Spekt
RTX, .., Xu

*
] =
kTX ,

* ]@pk[x
* ]Q - --

... Du RTXr
* ']

Speck[tit"] EA-bo3 (k
*

)

A (splrt) algebraic forms is a group variety ismorphic
to (R*

Since you can realize RIPL RTP8P] by loalizing at

#+Pi where Spok is a generating set of D ,

Tp= SpuKTPgpy[Speck5P] is a principal open.



The action TpX/Ap-Ap is given by

KTP) -> RIPAPJORKIPT

time t + P

E : P =( < 1 ,d) ,
(1 ,2) , 21 ,

17 x **, Pr=
2

RIPT = KEXyity-zu = REPSO) = KIS*
5 (1 , 01

(1 , 012 x - S te 10 , 1)

11 12s y m+
St2

21 , 15z mest

So that TpxAp-Ap looks like

(S ,
t) · (a ,

b , c) = (Sa ,
stab

, stc)

ab = ch

Ruk : normality of Ap > saturatedness of P

E : Speck[<2
,37] E Specktag]/3-ya ,

a new-normal

and integraloffere TV · red, sep-scheme of funte
normall ↓ type over K

~

Det :avariety is a normal variety ,
w/ a dence open

torns TEX sit. the translation action of



↑ on itself extends to X
.

Example : Im is a toric variety : (K*** /" IPR,
the action is (K

* )"xp"- > Iph

canonical
(a,, . .

,an [xyxm) = [X0 ,
a

,
X
, . . -anxn]

Any #V has anoffice open cover of the form Api

This is completely described by a fran
,
a collection

of comes in the rector space NOIR ,
where N

is the cocharacter lattice.

/character of T : T- ** morphism ofog , groups

cocharacter ofT : K
*+T. "

characters of T form a lattice
,
denoted by M = pgP

cocharacters... " 1 N

and NEW"canonically via <, > : MXNeTL

RPC T-RF
,

k
*-T r

k* -T- k
*

Det :

arerationalPelyoa
T
tti

-

r = [Edu/dno = Come

where Se is fute.



TheId of rN v = >meMim1 < m
,
nc 20 Ener]

Mir

This is again a RPC
,

and (OVY=5.

The point is that every toric manoid P can be written

as NVM foraonglyGVeXRPspace.zordim'R

Ex : P= <(
,0) ,

21 ,
21

,
11

,
17 = runM

-

where o = Cone (10 , 1) , (2, -17) &IR2
& (1 ,2)
-
- ov
·

-true
Def : a fan is a fute collection of strongly envex Ro

2 = 45] sit .

· onot is a face of both wand o 'Fa ,
de Z

.

ma

(a face of 2
, TW

,

is the intersection

of r with afsupporting hyperplane")
· if25 ,

rez = rel



From a fan [ in Nir
, get a TV Xz :

· +E us Xr := Ap = Specrip) ,
P = &M

· Eet my X+ 2 Xf an open embedding.

· int =t me Xo ,
Xo' can be glued dong Xt , a common

open subvariety.
· do all the gluing, prescribed by the fan ,

to get NE.

Thi X2 is a Tr and every No arises like this.

E : ·foriccurves : -> > k*

- Al
-

52 Th AuA = 1P)
--

T (k
*)52

· Fr =+ we /2

·2 (Ph has a similar higher
don't fan)

· (X'X
in general

&logan : the Lequivariant) geometry of X is controlled



by the "combinatorics" of E.

E: Xz is proper (7) compact) E> /21=U = NiR

· Xe is Smooth > every re[ is smartl, i ne .

themonimal ray generators
are part of a X-basis of N .

for example ,
thecone o : Leve((0 , 11 , 12-13) of

yesterday is not smooth
,
and the corresponding

Xo = SpeckExy , z]ky-zu has singularity
at10 ,

0
,07

quadriccone creal trace)

You can show thata is Smooth XrE** (*-R

This implies that smooth toric varieties are evered

by office spaces ,
and that XILT

,
the codim= I

6
"forc boundary" is a simple normal crossings divisor

-
A

↑irred
. components the components

are smooth
intersect transversely

· itI
,
divisors/line bundles, (cohomology ,

Chow ring ,

equrariant vector bundles, .. of Xz .



can all be described/computed from the fan [

Ruck : projective NVs are encoded by lettice polytopes,-

via the "normel fan" construction .

-Arbitcone correspondena Is orbit closures for the
&

inclusion-reversing
action of T on XI

(s orbits of the action )
n=HN

- V(t)=toEXz
↓m V(r = n-dimo

(O())
↑ torns

VIII is actually a 01-toric

variety.

E : Xz = (2 = (k
+) 2 5 T2

orbits :S10 . 0)3 ,
X-axis origin ,

(a , b)) (x ,y) = (ax , by) yaxs lorigin,

2 · (4)20
T

t

Muh ; the boundary XGIT is a union of toria varieties of

lower dimension
,
the VIS for 50

-

garithmicgeometry /Abramovich etal-Legarithmic geometry]
and moduli



The geometry of a N is quite constrained ,
for example

its are all rational (birational toPh) ·

log structures alm to generalize the theory of TVs.by

retaining some of the combinatorial aspects ,
but on more

complicated varieties.
Speecktp]

Recall that on an office TV /Ap we have P-KEP]

p + ti

ptpir to . +P

exponential"
Idea : globalize this homanorphism by "shefifying".

Def :astructure onaschemea variety ,
or even

complex analytic space (

is (M ,
2) where :

pre-los

(
· M is a sheef of monoids (for theetale topology ,

structure
think Euclidea top . (C)

· < : M + (0x,
↑sheet of regular functions ,

1.
.

2
. morphisms to /A

is a homom of monoids

· (E)
: <"(0**) Of is an isomorphism .



↑schem is a ( .
M

, d) of a scheme w/ a leg str .

Ruk : every pre-log str , can be canonically turned

into a leg str, as fellows : given :M - UX

2 (8
*)M

J
(Ma, 29) isFrench the "associated

pushout
.... leg structure".- Ox
i

Amorphism (M ,
Gl+ /M, d) is a

homom
. M &M' Sit.

M-M1commutes .

Id a
Ox

E : M = OF and = i : 0* OX is the trival

log structure on
simple normal crossing

·

if
(X

,D) is a SNC pair ,
then one can construct

the
divisorial a leg str . as follows

egstr
· 7 Mp(U) = (fe(V) / flanu-O

*

3 QND

ind .33 u = X ~ loud equations for the components

of D .

&If at xeX
,
fine , .... Auto are local equs around

of the components of D
,
the



MD
,
x e Ox* DIN(fix

, .., (n)x

This also applies to toric varieties , by taking the pair

(x2
,
X2T) .

(and also to Foroidal embeddings" i
. e.

VIX that locally look like the embedding
of TpE/p).

· log points : X = Speck (a paint) ,

M = k*P - k

(pi o=
if -

if p + e

P= I we "standard log point" ("punctured point"
-

log structures can be pulled back (and pushed forward) :

on Y
If fix3Y is a morphism ,

and (M ,
a) is a log structure is

we can obtain a pullback log str. on X : MESOY

fME"

Oy -> Ox is a pre-estructure ,
and

we can take the associated eg str . (fM7
%

- Ox
.



E : on (Ao we have the divisorial beg structure.

The only non-trivial stalk of M is at 0
,

and

MoeO<0
= (x=0)

We can pull this log str .
back to the origin itself

along 4012/A! If you do this , you get
exactly the standard log point .

Bet : amophism of log schemes (X ,M , a) -(Y, N , B) is

a fix + Y + f : f
*

N- > M of lg stron A.

Ex : if (X ,D) ,
(Y , E) are SNC pairs ,

a morphism

f : (X , Mp) +1Y , ME) is exactly a

fix + Y St
. f"CE*D (E) fIXIDEYE)

· A -A is afthisto DanT

V(xy -t) (x ,y) +- xy = t
n
3

"versal deformation of amode" #

Can restrict to the origin with the pullback log structures :

X the log str . remember "something"
↓ about the whole family.&



Def : theMaracteristic sheaf of (M, is= M*
this has a "discrete/combinatorial" nature ,

in

the presence of good local models.

Def : a part for (M , 2) is a hom . P-M(X) sit.

M
Ruk : P + M(X-Ox(X) we k[P] + Ox(X w> X- > SpaRIP)=Ap

P-MLX) is a chart es Xt/Ap ispict ,
ie

,

He by stron X is the pullback
of the divisorial one on Ap .

Def : a log scheme is Is if it lolly adints charts

from s monoids.

Rule : if P +MI is a chart
,
then the stalks of t are

quotients of p by faces.

If X ,
M ,
2) is fs , then it is locally constant on

a stratification of X . (this generalizes theorbit



strutification of a toric variety) ,

Ex : A
?

=Speeklin'

= Canalogous picture(for Ap

xys -TheStaunt
-

egsmoothnessand log curves

There is a motion of smoothness for mas of leg schemes,

which is more flexible than the classical one.

The definition is via an "infinitesimal lifting criterion";
but

Thm : f : ( ,Mi-(Y ,N) of slegschemes is log smooth

iff locally on X and Y there are darts

P +M()
,
Q + N(Y)

,
P- P Sit .

strict
X- X-X' is classicallyF
X-> /Ap

B smooth↓ ↓ ↓ T

Y - Aq & (+ technical condition

Strict on Q+P ,
true e.g-



if chark = 0 and QP)

"leg smeath = smooth + combinatorial"
.

E : oif chark = 0 and Q40 is injective Ap + Aq

is log smooth
log

· Q = 0 my /Ap- Speck is smooth

· in particular /A2-A' above is leg smooth

Cit is induced by INTN) ,
and this

stays time for the central Liber
X
↓
⑧

In particular , you can study beg sweeth curves and their

moduli spaces. I
Th : logsmeth curves are precisely model (marked

curves .
Around a mode p in a liber of a family

(4 c) - (S iMs) of logmeth curves ,
the

family is locally pulled back fromA2-IA'

along (S , Ms)+ (1), 0) (zu> meMs(s)
↑

"logarithmic deformation
parameter of the mode"



The moduli space (stack) of be curves is

Deligne
-isomorphic to the leg stack given by the

Mumford DM compactification Agin , equipped of the

divisorial leg str. from the boundary Ainlgin
Ca NC divison).

sometimes
W

Working with by smooth objects gives a compact mod . Space .

this principle has been applied e.g .
to log GW invariants

and log compactification of the universal Jacobian.
-

Itropicalgeometry /Char-lectures on tropical curves]
and their moduli spaces

"

picewise-linear/polyhedral As
"

&

history : if K in a non-archimedean feld / valuation

v : K
*
+ IR (=H

=Utl
and a closed X<(**" us Trop(X =TXJEIR"

v : (#" -IRY

component-wise
The : Trop(X) is a (balanced valuation .

polyhedral complex .



e .g. a line 12 becomes sorting love
curves get tropicalized to metric graphs.

Abstracting :

fute
Def : a tropical curve is a metric graph T, possibly
-

-

with legs (i . ee. unbounded edges we only 1 endpoint
and a weighting g : v(M)+N ·

These things show up as the "duc graph"of a nodal

curve :

C model curve my ↑(C) vertices> iro · camp.
I of C

gi :genusedges < nodes

legs as markings

- 2
·-: us &--·
3 4

The length of an edge come from ral of a deformation

parameter of the corresponding mode, because the



Stable curve that you tropicalize will come as the

central fiber of a stable model of a Smooth curve

over (whose residue field is the k over which

the stable curve lives). 1stbetti
↓

The genus of M is g(v + b, (N)-

There is a moduli space Matrip ofNopical curves of gens g,
generalized

and this is a"Come complex . There is a tropicalization

map Berkovich analytification

-

There is a version of tropialization in l geometry,
modeled on Xg> & for toric varieties.

Given an Is (X , M , 2)
,
let as be the generic point

of the lg stratum S.

#xs my Us = /Mistin = Mem (Mxs , Rao) a RP

if xgmxs' (i . e. 525) ,
there is a quotient

map Mxsiec Mxs ,
that dualizes to



a face inclusion Is 5g

e .g.: the quotient IN
2 EIN on A"that we had before

diys "y>

dudizes to 10sir
2 (0,)

Define thetropialization Ex as the gloving of all
these cares along these face inclusions .

This is ageneralized) cone complexwith integral
structure) .

Ex : Exe = /E1
,
but without the embedding

in NIR-

· Zap= Pir = Ham (P , Rad = E(Spek
, Kop)

Tropicalizing by curves gives (families) of tropical
curves. When you

take the deal graph ,
thelength"

of an edge is the leg . def . parameter of the

corresponding node.



Ex : A -> A
my

El =Rad-

(x,y) + xy A
-
into ↓

xy=t

2

This stuff was fundamental for various recent

developments e .g . in log CW theory ,
the Gross-Siebert

program , and compactifications of the universal

Jacobian ,


