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Multiplicities for finite groups II

⟨χ1 ⊗ χ2, χ3⟩ =
1
|H|

∑
h∈H

χ1(h)χ2(h)χ3(h)

• Very hard to compute.
• ⟨χ1 ⊗ χ2, χ3⟩ = ⟨χ1 ⊗ χ2 ⊗ χ∗

3, 1⟩
• (χ1, . . . , χk) ∈ Ĥk

⟨χ1 ⊗ · · · ⊗ χk , 1⟩.
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Sn case

• Ŝn ↔ Pn partitions of size n.

• Multiplicities for Sn ⇝ λ, µ, ν ∈ Pn

⟨χλ ⊗ χµ, χν⟩.

• Kronecker coefficient gν
λ,µ

• One of hardest problem in algebraic combinatorics.
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Finite reductive groups

• H = G (Fq), where G reductive over Fq

• H = GLn(Fq), SLn(Fq),PGLn(Fq), SOn(Fq).
• Representation theory of H ” = ” rep. theory of Weyl group of G +
alg. geom. G .
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Case of GLn(Fq)

• H = GLn(Fq).
• Character table described by Green (1950s).

• Geometric description (Deligne-Lusztig and Lusztig-Srinivasan)
(1970s).
• Jordan decomposition of irreducible characters.

• Bijection ̂GLn(Fq) and Cl(GLn(Fq)).
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Example

• n = 2.

• T (Fq) ⊆ GL2(Fq) diagonal matrices.
• B(Fq) ⊇ T (Fq) upper triangular matrices ⇝ π : B(Fq) → T (Fq).(

∗ 0
0 ∗

)
⊆

(
∗ ∗
o ∗

)
.

• T (Fq) ∼= F×
q × F×

q ⇝ T̂ (Fq) ∼= F̂×
q

2
.

• γ = (α, β) ∈ T̂ (Fq)

RGL2
T (γ) = Ind

GL2(Fq)
B(Fq)

(γ ◦ π).

• Irreducible if α ̸= β ⇝ cong. class of diag. matrix with 2 distinct
eigen. (regular ss.)
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Unipotent characters

• µ ∈ Pn ⇝ Rµ ∈ ̂GLn(Fq) unipotent.

• Unipotent character Rµ ↔ unipotent conj. class Cµ.
• µ = size of the Jordan blocks.
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Multiplicities for GLn(Fq)

• Multiplicities for GLn(Fq) : open problem.

• Geometric picture ⇝ some results.
• Generic k-tuple (χ1, . . . , χk)

• Results of Hausel, Letellier, Rodriguez-Villegas:
i) Combinatorial expression of ⟨χ1 ⊗ · · · ⊗ χk , 1⟩
ii) related to character varieties and quiver varieties
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Aim

• With Emmanuel Letellier: studying other finite reductive groups.

• We studied character varieties for PGLn ⇝ multiplicities for SLn(Fq)

• SLn= Langlands dual of PGLn.
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Character varieties for GLn

• k-tuple C = (C1, . . . ,Ck) conj. classes of GLn(C) (semisimple).

• C generic= general choice of eigenvalues.
• XC = {(X1, . . . ,Xk) ∈ C1 × · · · × Ck | X1 · · ·Xk = 1}.
• MC = XC/GLn character variety.
• D ⊆ P1

C, |D| = k .
• MC ⇝ moduli space of local systems on P1

C \ D
• Local monodromy around D by C .

Tommaso Scognamiglio June 3, 2026 12 / 31



Character varieties for GLn

• k-tuple C = (C1, . . . ,Ck) conj. classes of GLn(C) (semisimple).
• C generic= general choice of eigenvalues.

• XC = {(X1, . . . ,Xk) ∈ C1 × · · · × Ck | X1 · · ·Xk = 1}.
• MC = XC/GLn character variety.
• D ⊆ P1

C, |D| = k .
• MC ⇝ moduli space of local systems on P1

C \ D
• Local monodromy around D by C .

Tommaso Scognamiglio June 3, 2026 12 / 31



Character varieties for GLn

• k-tuple C = (C1, . . . ,Ck) conj. classes of GLn(C) (semisimple).
• C generic= general choice of eigenvalues.
• XC = {(X1, . . . ,Xk) ∈ C1 × · · · × Ck | X1 · · ·Xk = 1}.

• MC = XC/GLn character variety.
• D ⊆ P1

C, |D| = k .
• MC ⇝ moduli space of local systems on P1

C \ D
• Local monodromy around D by C .

Tommaso Scognamiglio June 3, 2026 12 / 31



Character varieties for GLn

• k-tuple C = (C1, . . . ,Ck) conj. classes of GLn(C) (semisimple).
• C generic= general choice of eigenvalues.
• XC = {(X1, . . . ,Xk) ∈ C1 × · · · × Ck | X1 · · ·Xk = 1}.
• MC = XC/GLn character variety.

• D ⊆ P1
C, |D| = k .

• MC ⇝ moduli space of local systems on P1
C \ D

• Local monodromy around D by C .

Tommaso Scognamiglio June 3, 2026 12 / 31



Character varieties for GLn

• k-tuple C = (C1, . . . ,Ck) conj. classes of GLn(C) (semisimple).
• C generic= general choice of eigenvalues.
• XC = {(X1, . . . ,Xk) ∈ C1 × · · · × Ck | X1 · · ·Xk = 1}.
• MC = XC/GLn character variety.
• D ⊆ P1

C, |D| = k .
• MC ⇝ moduli space of local systems on P1

C \ D

• Local monodromy around D by C .

Tommaso Scognamiglio June 3, 2026 12 / 31



Character varieties for GLn

• k-tuple C = (C1, . . . ,Ck) conj. classes of GLn(C) (semisimple).
• C generic= general choice of eigenvalues.
• XC = {(X1, . . . ,Xk) ∈ C1 × · · · × Ck | X1 · · ·Xk = 1}.
• MC = XC/GLn character variety.
• D ⊆ P1

C, |D| = k .
• MC ⇝ moduli space of local systems on P1

C \ D
• Local monodromy around D by C .

Tommaso Scognamiglio June 3, 2026 12 / 31



Cohomology of character varieties

• H•
c (MC ,Q) =?.

• Weight filtration W k
• H

k
c (MC ,Q) =?

• Hc(MC ; q, t) =
∑

m,k q
m
2 tk dimW k

m/W
k
m−1H

k
C (MC ,Q) =?.
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Cohomology of character varieties II

• Hausel, Letellier, R.Villegas result:

i) Conjecture Hc(MC ; q, t) = Hµ

(
t
√
q
, t
√
q

)
ii) Theorem E (MC ; q) = HC (MC ; q,−1) = Hµ

(
−1
√
q
,−√

q

)

• µ ∈ Pk multipartition encoding multiplicities of C1, . . . ,Ck .
• Hµ(z ,w) ∈ Q(z ,w)

• Theorem obtained by counting over Fq.
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Proof

• O1, . . . ,Ok conj. classes of GLn(Fq).
• Same multiplicities of C1, . . . ,Ck .

• Polynomial count

#MO,Fq(Fq) = #{(X1, . . . ,Xk) ∈
∏
i

Oi | X1 · · ·Xk = 1}/|GLn(Fq)|.

• #MO,Fq(Fq) = E (MC ; q).
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Relation to multiplicities

• (O1, . . . ,Ok)⇝ (χ1, . . . , χk) characters.

• H.L,R-V.:
⟨χ1 ⊗ · · · ⊗ χk , 1⟩ = Hµ(0, q).

• Conjecture holds then

⟨χ1 ⊗ · · · ⊗ χk , 1⟩ = PHc(MC , q)

• PHc(MC , q) pure part
• PHc(MC , q) =

∑
k dimW k

k /W
k
k−1q

k/2.
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Combinatorial setting

• Λ(x) ring of symmetric functions over Q(z ,w).

• Λ(x) = representation ring of symmetric groups.
• Λk = Λ(x1)⊗ · · · ⊗ Λ(xk).
• µ = (µ1, . . . , µk) ∈ Pk ⇝ hµ = hµ1 ⊗ · · · ⊗ hµk .
• ⟨, ⟩ on Λ ⇝ ⟨, ⟩ on Λk .
• H.,L.,R-V. introduce Ω(z ,w) ∈ Λk and

Hµ(z ,w) = ⟨Ω(z ,w), hµ⟩.

• Ω(z ,w) encodes all cohomology of generic character varieties.
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Combinatorial setting II

• Ω(z ,w) =?

• Main object to define Ω(z ,w) ⇝ Macdonald polynomials.
• λ ∈ P ⇝ H̃λ(x; z ,w) ∈ Λ(x) (modified) Macdonald polynomial..
• Combinatorial definition:

i)H̃λ(x(1 − z); z ,w) ∈ Q(z ,w){sµ}µ≥λ

ii) H̃λ′(x;w , z) = H̃λ(x; z ,w)
iii) ⟨H̃λ(x, z ,w), s(n)⟩ = 1.
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Macdonald polynomials

• H̃λ(x; z ,w) =
∑

µ∈P K̃λ,µ(z ,w)sµ.

• Values of characters of GLn(Fq) expressed through K̃λ,µ(z ,w).

K̃λ,µ(0, q) = Rλ(Cµ).
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PGLn character varieties

• C = (C1, . . . , Ck) k-tuple conj. class of PGLn(C)

• XC = {(X1, . . . ,Xk) ∈ C1 × · · · Ck = 1}.
• MC = XC/PGLn PGLn-character varieties (actually stacks).
• C generic ⇝ MC smooth (Deligne-Mumford).
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Conjugacy classes of PGLn

• Conj. classes of PGLn?

• Example n = 2. p2 : GL2 → PGL2

• g ∈ PGL2 semisimple is conjugated to

p2

((
1 0
0 x

))
where x ∈ C∗.
• Cx , Cx ⊆ GL2,PGL2 cong. classes
• If x ̸= −1, p2 : Cx → Cx isomorphism (non-degenerate).
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Conjugacy classes of PGLn II

• We have
p2 : C−1 → C−1

is a 2-covering (degenerate).

• We have (p2)∗(Q) = Q⊕ Lϵ

• Lϵ is a non-trivial PGL2-equivariant local system on C−1

• Conj. classes of GLn have no non-trivial GLn-equivariant local
systems (stab are connected).
• Similar construnctions for any n.
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Our geometric results

• Local systems L on MC with degenerate conj.classes.

• H•(MC ,L).
• Joint work with Emmanuel Letellier:

i) Conjecture for Hc(MC ,L, q, t).
ii) Computation of E (MC ,L; q).
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Geometric results II

• L coming from Galois cover ⇝ H•(MC ,L) understood through
action of a finite group on cohomology of a GLn-character variety MC .

• Pick C for GLn s.t. pn(Ci ) = Ci
• pn : MC → MC and (pn)∗(Q) ∼= ⊕

χ∈Γ̂Lχ.

• Γ = Galois group.
• E (MC ,L; q) ⇝ twisted counting of points over Fq (twist=group
action).
• Twisted counting= MC (Fq)

γF , for γ ∈ Γ, F = Frobenius.
• Similar combinatorial setting to GLn.
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Representations of SLn(Fq)

• T ′(Fq) ⊆ SL2(Fq) diagonal matrices.

• δ ∈ T̂ ′(Fq) = F̂×
q ⇝ RSL2

T ′ (δ)

• We have RSL2
T ′ (δ) = Res

GL2(Fq)
SL2(Fq)

(RGL2
T ((1, δ))).

• αo ∈ F̂×
q non-trivial s.t. α2

o = 1.

• Two cases:

{
δ ̸= αo ⇝ RSL2

T ′ (δ) irreducible (non-degenerate)
δ = αo ⇝ RSL2

T ′ (αo) = f1 + fϵ (degenerate)

• f1, fϵ characteristic functions of character sheaves.
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Character sheaves

• Character sheaves=perverse sheaves on SLn,Fq .

• Characteristic functions of char. sheaves = basis of C(SLn(Fq)).
• C(SLn(Fq)) = class functions of SLn(Fq).
• Different from irreducible characters in general.
• Character table SLn(Fq) (2003). (Shoji, Bonnafe).
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Representation theoretic results

•(C−1,Lϵ)⇝ fϵ (C−1,Q)⇝ f1.

• To (C,L) we associate (χ1, . . . , χk) class functions of SLn(Fq).
• χ1, . . . , χk characteristic functions of character sheaves for SLn(Fq).
• If Conjecture holds

⟨χ1 ⊗ · · · ⊗ χk , 1⟩ = PHc(MC ,L, q).
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Arithmetic mirror symmetry

• SLn is the dual group of PGLn

• Ĝ dual group of G .

• Examples: ŜO2n+1 = Sp2n.
• Mirror symmetry: cohomology for character varieties for G ↔
cohomology of character varieties for Ĝ .
• "Arithmetic" mirror symmetry: cohomology of character varieties for
G ⇝ rep. theory of Ĝ (Fq).
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Other groups?

• What about other groups?

• Character varieties for SLn= character varieties for GLn ⇝
multiplicities for GLn(Fq) ↔ PGLn(Fq) = GLn(Fq)/F×

q

• Type not A.
• (SO2n+1, Sp2n)?
• Cong.class + local system (C , ζ) on G ⇝ char. sheaf for Ĝ .
• Invariants hard to compute.

Tommaso Scognamiglio June 3, 2026 29 / 31



Other groups?

• What about other groups?
• Character varieties for SLn= character varieties for GLn ⇝
multiplicities for GLn(Fq) ↔ PGLn(Fq) = GLn(Fq)/F×

q

• Type not A.
• (SO2n+1, Sp2n)?
• Cong.class + local system (C , ζ) on G ⇝ char. sheaf for Ĝ .
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Combinatorial hope

• Λ(2) = Λ(x)⊗ Λ(y)

• Λ(2) representation ring of Weyl groups of type B .
• Weyl group of Bn ⇝ (Z/2Z) ≀ Sn.

• P(2) bipartitions (pair of partitions) index ̂(Z/2Z) ≀ Sn.
• (λ, µ) ∈ P(2) ⇝ s(λ,µ) = sλ(x)⊗ sµ(y) ∈ Λ(2)
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Difficulties

• For any (λ, µ) ∈ P(2) ⇝ H̃(λ,µ)([x, y]; z ,w) wreath Macdonald
polynomial (Bezrukavnikov and Finkelberg, 2014).

• Defined trough geometry (equivariant Hilbn(C2)).
• H̃(λ,µ)([x, y]; z ,w) =

∑
(α,β)∈P(2) K̃(λ,µ),(α,β)(z ,w)s(α,β)(x, y).

• K̃(λ,µ),(α,β)(z ,w) not easily related to character theory of
SOn(Fq), Spn(Fq).
• Geometric reason: irreducible characters of Weyl groups not in
bijection with unip. conj. classes of G in type B .
• Character tables and point counting way harder.
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