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Multiplicities for finite groups

e H finite group.
e H irreducible characters.
e CI(H) cong. classes.
e Multiplicities?
® X1,X2,X3 € H
(X1 ® X2, Xx3)-
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Multiplicities for finite groups |l

@ xz) = Zm(h x2(h)xa(h)
heH
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Multiplicities for finite groups |l

(X1 ® x2,X3) =T Z x1(h)xa(h)xa(h)
heH
e Very hard to compute.
e (1 ®x2,x3) = (Xx1 ® x2 ®x3,1)

‘(X1,~--,Xk)€ﬁk
(X1 ® -+ ® Xk, 1).
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~

e S, < P, partitions of size n.
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S, case

¢S, Ps partitions of size n.
e Multiplicities for S, ~» A\, u, v € P,

O @ X", xY).
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S, case

¢S, Ps partitions of size n.
e Multiplicities for S, ~» A\, u, v € P,

O @ X", xY).

e Kronecker coefficient 8X .
e One of hardest problem in algebraic combinatorics.
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Finite reductive groups

e H= G(Fg), where G reductive over F,
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Finite reductive groups

e H= G(Fg), where G reductive over F,
o H=GLu(Fg),SLs(FFq), PGLA(Fq),SOn(Fyq).

e Representation theory of H" =" rep. theory of Weyl group of G +

alg. geom. G.
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Case of GL,(IF,)

o H = GL,(F,).
e Character table described by Green (1950s).
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Case of GL,(IF,)

o H = GL,(F,).
e Character table described by Green (1950s).

e Geometric description (Deligne-Lusztig and Lusztig-Srinivasan)
(1970s).

e Jordan decomposition of irreducible characters.
e Bijection GL ( q) and CI(GL,(Fg)).
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Example

on—=2.
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o n=2.
o T(Fy) C GLy(F,) diagonal matrices.
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on=2.
o T(Fy) C GLy(F,) diagonal matrices.
e B(F,) O T(F,) upper triangular matrices ~» 7 : B(Fy) — T(Fy).

6 2)<l )
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on=2.
o T(Fy) C GLy(F,) diagonal matrices.
e B(F,) O T(F,) upper triangular matrices ~» 7 : B(Fy) — T(Fy).

* 0 * %
02
— —2

o T(Fq) =Fy xFy ~ T(Fg) =Ty .
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on=2.
o T(Fy) C GLy(F,) diagonal matrices.
e B(F,) O T(F,) upper triangular matrices ~» 7 : B(Fy) — T(Fy).

x 0 * %
0= )
— —2
o T(Fq) =Fy xFy ~ T(Fg) =Ty .

Y= (Oé,IB) € T(FQ)

GL> (T,
R?-Lz(’y) = IndB(;‘g)q)(fy o).
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on=2.
o T(Fy) C GLy(F,) diagonal matrices.
e B(F,) O T(F,) upper triangular matrices ~» 7 : B(Fy) — T(Fy).

x 0 * %
0= )
— —2
o T(Fq) =Fy xFy ~ T(Fg) =Ty .

Y= (Oé,IB) € T(FQ)

GL> (T,
R?-Lz(’y) = IndB(;‘g)q)(fy o).

e Irreducible if a # 3 ~~» cong. class of diag. matrix with 2 distinct
eigen. (regular ss.)
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Unipotent characters

o u€Py~R,eGL ( g) unipotent.
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Unipotent characters

o u€Py~R,eGL ( g) unipotent.
e Unipotent character R, < unipotent conj. class C,,.

e 1 = size of the Jordan blocks.
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Multiplicities for GL,(Fy)

e Multiplicities for GL,(F4) : open problem.
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Multiplicities for GL,(Fy)

e Multiplicities for GL,(F4) : open problem.

e Geometric picture ~~ some results.

e Generic k-tuple (x1,.-.,Xk)

e Results of Hausel, Letellier, Rodriguez-Villegas:

i) Combinatorial expression of (x1 ® - -+ ® xk, 1)
ii) related to character varieties and quiver varieties
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e With Emmanuel Letellier: studying other finite reductive groups.
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e With Emmanuel Letellier: studying other finite reductive groups.

e We studied character varieties for PGL, ~~» multiplicities for SL,(Fy)
e SL,= Langlands dual of PGL,.
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Character varieties for GL,,

e k-tuple C = (G, ..., Ck) conj. classes of GL,(C) (semisimple).

Tommaso Scoghamiglio June 3, 2026 12/31



Character varieties for GL,,

e k-tuple C = (G, ..., Ck) conj. classes of GL,(C) (semisimple).
e C generic= general choice of eigenvalues.

Tommaso Scoghamiglio June 3, 2026 12/31



Character varieties for GL,,

e k-tuple C = (G, ..., Ck) conj. classes of GL,(C) (semisimple).
e C generic= general choice of eigenvalues.
OXC:{(Xl,...,Xk)E G x -+ x Cy | X1 X = 1}.
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Character varieties for GL,,

e k-tuple C = (G, ..., Ck) conj. classes of GL,(C) (semisimple).
e C generic= general choice of eigenvalues.

o Xc={(X,..., Xk) €CL XX Ce | Xp--Xie = 1}.

e Mc = Xc/ GL, character variety.
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Character varieties for GL,,

e k-tuple C = (G, ..., Ck) conj. classes of GL,(C) (semisimple).
e C generic= general choice of eigenvalues.

o Xe={(X1,... . Xk) € Cux -+ x Ce | Xp-- X =1}.

e Mc = Xc/ GL, character variety.

e DCPL, |D| = k.

e Mc ~ moduli space of local systems on PL \ D

e Local monodromy around D by C.
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Cohomology of character varieties

b H;(MC7Q) =7.
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Cohomology of character varieties

o H*(Mc, Q) =7.
e Weight filtration WAHX(Mc, Q) =2
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Cohomology of character varieties

o H:(Mc,Q) =7.
e Weight filtration WAHX(Mc, Q) =2
o Ho(Mciq,t) =3, , g2 thdim W/ WE_ HE(Mc,Q) =?.
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Cohomology of character varieties |l

e Hausel, Letellier, R.Villegas result:
t
i) Conjecture H.(Mc;q,t) = H <,t q)
) Mcia0) = By (2 tva

ii) Theorem E(Mc; q) = Hc(Mc; q,—1) =H, (\_/%, —\/ﬁ)
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Cohomology of character varieties |l

e Hausel, Letellier, R.Villegas result:
t

i) Conjecture H.(Mc; q, t) = H, (\/a, tﬁ)

ii) Theorem E(Mc; q) = Hc(Mc; q,—1) =H, <\_/%, —\/ﬁ)

e /1 € PX multipartition encoding multiplicities of Cy, ..., C.
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e O1,..., O conj. classes of GL,(FFy).

e Same multiplicities of Cy, ..., Ck.
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e O1,..., O conj. classes of GL,(FFy).
e Same multiplicities of Cy, ..., Ck.

e Polynomial count

#Mor,(Fq) = #{(X1,.... X)) € [J O | X1+ X = 1}/| GLa(Fq)|.

Tommaso Scognamiglio June 3, 2026 15 /31



e O1,..., O conj. classes of GL,(FFy).
e Same multiplicities of Cy, ..., Ck.

e Polynomial count

#Mor,(Fq) = #{(X1,.... X)) € [J O | X1+ X = 1}/| GLa(Fq)|.

e #Mor,(Fq) = E(Mc; q).
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Relation to multiplicities

e (01,...,0k) ~ (x1,---,Xxk) characters.
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Relation to multiplicities

e (01,...,0k) ~ (x1,---,Xxk) characters.
e HLR-V.:
(X1 ® - ®xk, 1) = Hu(0,q).

e Conjecture holds then

<X1®®Xk71> = PHC(MC,Q)
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Relation to multiplicities

e (01,...,0k) ~ (x1,---,Xxk) characters.
e HLR-V.:
(X1 ® - ®xk, 1) = Hu(0,q).

e Conjecture holds then

<X1®®Xk71> = PHC(MC,Q)

e PH.(Mc, q) pure part
e PH.(Mc,q) =3, dim W}/ Wk g~/
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Combinatorial setting

e A(x) ring of symmetric functions over Q(z, w).
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Combinatorial setting

e A(x) ring of symmetric functions over Q(z, w).
e A(x) = representation ring of symmetric groups.
o N =A(x1) ® -+ - @ N(xk)-

.M:(Ml,...,uk)epkWh#:hul®"’®huk.
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Combinatorial setting

e A(x) ring of symmetric functions over Q(z, w).
e A(x) = representation ring of symmetric groups.
o N =A(x1) ® -+ @ A(xk)-

o= (pt,...,u%) e Pk hy=ha®---®h
e (,)on A~ () onA.

/"k'
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Combinatorial setting

e A(x) ring of symmetric functions over Q(z, w).
e A(x) = representation ring of symmetric groups.
o N =A(x1) ® -+ @ A(xk)-

o= (pt,...,u%) e Pk hy=hp®-- @ h.
e (,)on A~ () onA.

e H,L.,R-V. introduce Q(z,w) € A and

H,(z,w) = (Q(z,w), hy,).
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Combinatorial setting

e A(x) ring of symmetric functions over Q(z, w).
e A(x) = representation ring of symmetric groups.
o N =A(x1) ® -+ @ A(xk)-

o= (pt,...,u%) e Pk hy=ha®---®h
e (,)on A~ () onA.

e H,L.,R-V. introduce Q(z,w) € A and

/"k'

H,(z,w) = (Q(z,w), hy,).

e Q(z,w) encodes all cohomology of generic character varieties.
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Combinatorial setting I

e Q(z,w) =7
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Combinatorial setting I

e Q(z,w) =7

e Main object to define Q(z, w) ~» Macdonald polynomials.

e A€ P ~ Ay(x; z,w) € A(x) (modified) Macdonald polynomial..
e Combinatorial definition:

i)/:lé(x(l —z); 2, WN) € Q(z,w){su}u>r
i) Hy (x; w,z) = Hx(x; z, w)
I“) <H/\(X,Z, W)vs(n)> =1
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Macdonald polynomials

(] Fl)\(x; zZ, W) = ZHGP R)\,,u(z’ W)SM'
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Macdonald polynomials

(] Fl)\(x; zZ, W) = ZHGP R)\,,u(z’ W)SM'

e Values of characters of GL,(F,) expressed through K)\’M(Z, w).

Kau(0,9) = RA(Cp)-
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PGL,, character varieties

e C = (C1,...,Ck) k-tuple conj. class of PGL,(C)
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PGL,, character varieties

e C = (C1,...,Ck) k-tuple conj. class of PGL,(C)
OXC:{(Xl,...,Xk)Ecl X+ Ch :1}.
e Mc = X¢/ PGL, PGL,-character varieties (actually stacks).
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PGL,, character varieties

e C = (C1,...,Ck) k-tuple conj. class of PGL,(C)

o Xo ={(X1,...,Xk) €Cy x---C =1}.

e Mc = X¢/ PGL, PGL,-character varieties (actually stacks).
e C generic ~ M smooth (Deligne-Mumford).
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Conjugacy classes of PGL,

e Conj. classes of PGL,,?
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Conjugacy classes of PGL,

e Conj. classes of PGL,,?
e Example n =2. p, : GL, — PGL,

e g € PGL, semisimple is conjugated to

=((6 )

where x € C*.
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Conjugacy classes of PGL,

e Conj. classes of PGL,,?
e Example n =2. p, : GL, — PGL,

e g € PGL, semisimple is conjugated to

10
P2 0 x
where x € C*.

e C.,Cy C GLy, PGL, cong. classes
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Conjugacy classes of PGL,

e Conj. classes of PGL,,?
e Example n =2. p, : GL, — PGL,

e g € PGL, semisimple is conjugated to

10
P2 0 x
where x € C*.

e C.,Cy C GLy, PGL, cong. classes
o If x £ —1, pp : Cx — Cx isomorphism (non-degenerate).
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Conjugacy classes of PGL, Il

o We have
po C_l — C_l

is a 2-covering (degenerate).
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Conjugacy classes of PGL, Il

o We have
po C_l — C_l

is a 2-covering (degenerate).
o We have (7).(Q) =Q & L,
e L. is a non-trivial PGL;-equivariant local system on C_;

e Conj. classes of GL, have no non-trivial GL,-equivariant local
systems (stab are connected).
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Conjugacy classes of PGL, Il

e We have
pp:C.1—C_1
is a 2-covering (degenerate).
o We have (7).(Q) =Q & L,
e L. is a non-trivial PGL;-equivariant local system on C_;

e Conj. classes of GL, have no non-trivial GL,-equivariant local
systems (stab are connected).

e Similar construnctions for any n.
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Our geometric results

e Local systems £ on Mg with degenerate conj.classes.
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Our geometric results

e Local systems £ on Mg with degenerate conj.classes.
o H* (M, L).
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Our geometric results

e Local systems £ on Mg with degenerate conj.classes.
o H* (M, L).
e Joint work with Emmanuel Letellier:

i) Conjecture for H.(Mec, L, q, t).
i) Computation of E(M¢, L; q).
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Geometric results |l

e L coming from Galois cover ~ H*(Mc, L) understood through
action of a finite group on cohomology of a GL,-character variety Mc.
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Geometric results |l

e L coming from Galois cover ~ H*(Mc, L) understood through
action of a finite group on cohomology of a GL,-character variety Mc.
e Pick C for GL, s.t. ps(Cj) =C;

e pp: Mc — M and (pp)«(Q) = D erlx

e [ = Galois group.

e E(Mc, L; q) ~> twisted counting of points over [ (twist=group
action).

e Twisted counting= Mc(F,)F, for v € T, F = Frobenius.

e Similar combinatorial setting to GL,,.

Tommaso Scognhamiglio June 3, 2026 24 /31



Representations of SL,(F)

o T'(Fq) C SLy(Fg4) diagonal matrices.
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Representations of SL,(F)

o T'(Fq) C SLy(Fg4) diagonal matrices.
e 5 € T(Fq) = Fj ~ R$2(5)
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Representations of SL,(F)

o T'(Fq) C SL2(IF ) diagonal matrices.

e b T(Eq) =F; ~ RSLz(é)
e We have R%z(&) = gtz((I]FFq))(RGL2((1 5))).
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Representations of SL,(F)

o T'(Fq) C SL2(IF ) diagonal matrices.

e b T(Eq) =F; ~ RSLz(é)
e We have R%z(&) = gtz((I]FFq))(RGL2((1 5))).

—

e a, € Fy non-trivial s.t. a2 = 1.
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Representations of SL,(F)

o T'(Fq) C SL2(IF ) diagonal matrices.

o« de TI(Fy) =Fy ~ RSLZ(é)

GLy(F
o We have R%Z(a) = Resg 20 (RF2((1,9))).
e, € ]:Eq; non-trivial s.t. a2 = 1.

# Qp ~ RSL2(5) irreducible (non-degenerate)

e Two cases:
{6 = o v RT/ (o) = i + f. (degenerate)
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Representations of SL,(F)

o T'(Fq) C SLy(Fg4) diagonal matrices.
e 5 € T(Fq) = Fj ~ R$2(5)

GL
o We have R3}?(6) = Resg 22 (RS2((1,9)).

e a, € Fy non-trivial s.t. a2 = 1.
T § # o~ R§-'72(5) irreducible (non-degenerate)
e Two cases:
d=ao~ R%z(ao) = fi + f. (degenerate)

e f, f. characteristic functions of character sheaves.
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Character sheaves

e Character sheaves=perverse sheaves on SL, .
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Character sheaves

e Character sheaves=perverse sheaves on SL, .

e Characteristic functions of char. sheaves = basis of C(SL,(Fy)).
e C(SL,(FFy)) = class functions of SL,(Fy).

e Different from irreducible characters in general.

e Character table SL,(F4) (2003). (Shoji, Bonnafe).
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Representation theoretic results

.(C,]_,Ee) ~ fe (6717(@) ~ ﬂ
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Representation theoretic results

o(C-1,Le) » fe (C-1,Q) ~ A
e To (C, L) we associate (X1, ..., xk) class functions of SL,(FFy).
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Representation theoretic results

o(C_1,Le) ~ fo (C-1,Q) ~ f.
e To (C, L) we associate (X1, ..., xk) class functions of SL,(FFy).
® X1,...,X«k characteristic functions of character sheaves for SL,(Fy).

e If Conjecture holds

<X1 ® cte ®Xk71> = PHC(M07£7q)'
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Arithmetic mirror symmetry

e SL, is the dual group of PGL,
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e G dual group of G.
e Examples: S@;l = SPap-

e Mirror symmetry: cohomology for character varieties for G <
cohomology of character varieties for G.
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Arithmetic mirror symmetry

e SL, is the dual group of PGL,
e G dual group of G.
e Examples: S@;l = SPap-

e Mirror symmetry: cohomology for character varieties for G <
cohomology of character varieties for G.

e "Arithmetic" mirror symmetry: cohomology of character varieties for
G ~ rep. theory of G(Fy).

Tommaso Scoghamiglio June 3, 2026 28 /31



Other groups?

e What about other groups?
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Other groups?

e What about other groups?

e Character varieties for SL,,= character varieties for GL,, ~~
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Other groups?

e What about other groups?

e Character varieties for SL,,= character varieties for GL,, ~~
multiplicities for GL,(Fq) <> PGL,(Fq) = GL,(Fq)/Fy
e Type not A.
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Other groups?

e What about other groups?

e Character varieties for SL,,= character varieties for GL,, ~~
multiplicities for GL,(Fq) <> PGL,(Fq) = GL,(Fq)/Fy

e Type not A.

® (SO2n+1,5p2,)?
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Other groups?

e What about other groups?

e Character varieties for SL,,= character varieties for GL,, ~~
multiplicities for GL,(Fq) <> PGL,(Fq) = GL,(Fq)/Fy

e Type not A.

d (502n+17 Sp2n)?
e Cong.class + local system (C,() on G ~~ char. sheaf for G.
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Other groups?

e What about other groups?

e Character varieties for SL,,= character varieties for GL,, ~~
multiplicities for GL,(Fq) <> PGL,(Fq) = GL,(Fq)/Fy

e Type not A.

® (SO2n+1,5p2,)?

e Cong.class + local system (C,() on G ~~ char. sheaf for G.
e Invariants hard to compute.

Tommaso Scognamiglio June 3, 2026 29 /31



Combinatorial hope

o A2 = A(x) @ A(y)
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Combinatorial hope

o N® = A(x) & A(Y)
o A representation ring of Weyl groups of type B.
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Combinatorial hope

o A = A(x) @ A(y)
o A representation ring of Weyl groups of type B.
e Weyl group of B, ~» (Z/2Z)1 Sp.
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Combinatorial hope

o A2 = A(x) @ A(y)

o A representation ring of Weyl groups of type B.

e Weyl group of B, ~» (Z/2Z)1 Sp.

e P() bipartitions (pair of partitions) index (Z@ Sh.
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Combinatorial hope

o A2 = A(x) @ A(y)

o A representation ring of Weyl groups of type B.

e Weyl group of B, ~» (Z/2Z)1 Sp.

e P() bipartitions (pair of partitions) index (Z@ Sh.
o (\p) e PR Sive) = SA(x) ®@ su(y) € AR)
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Difficulties

e For any (A, 1) € P® ~ ITI(A,u)([x,y]; z, w) wreath Macdonald
polynomial (Bezrukavnikov and Finkelberg, 2014).
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e For any (A, 1) € P® ~ ITI(A,u)([x,y]; z, w) wreath Macdonald
polynomial (Bezrukavnikov and Finkelberg, 2014).

e Defined trough geometry (equivariant Hilb,(C?)).
o Hovwy (< ¥] 2, w) =220 gyep@ Ko (.8) (2, W)S(a,8) (X Y)-

° R(A’H),(aﬁ)(z, w) not easily related to character theory of
Son(Fq)a Spn(]FQ)'

e Geometric reason: irreducible characters of Weyl groups not in
bijection with unip. conj. classes of G in type B.
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Difficulties

e For any (A, 1) € P® ~ ITI(A,u)([x,y]; z, w) wreath Macdonald
polynomial (Bezrukavnikov and Finkelberg, 2014).

e Defined trough geometry (equivariant Hilb,(C?)).
o Hovwy (< ¥] 2, w) =220 gyep@ Ko (.8) (2, W)S(a,8) (X Y)-

° R(A’H)V(aﬁ)(z, w) not easily related to character theory of
Son(Fq)a Spn(]FQ)'

e Geometric reason: irreducible characters of Weyl groups not in
bijection with unip. conj. classes of G in type B.

e Character tables and point counting way harder.
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