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W finite reflection group p

Bombat Amphsey

so Wissenated 6g attore stations ma
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R setof all reflections in W each red fixes a hype Ita

A Ha ser the reflection arrangement of W

The union Ye Ha stratifies IN into faces the connected components

of A IV M are called chambers

W acts simply transitively on the setof chambers
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in particular W actsfreely on A I Y'It

V chamber Cio the closure to is a fundamental domainfor the action

of W



To is a polyhedral come with walls each HA s.t Hint is

Open in Ha Il theonlypoint which is feed by all W in 0

i e Te fatta e 03 then to in simplicial i e

to in linearly isomorphic to the positive ochant è An

We can assume that up to Rating INT

Let SCR be the reflections which correspond to the walls of

Co then W 5 in a Coxeter system manina that W is

presented as
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Tane e face of Co F AH sto for some ICS

set generate a subgroup We CW called parabolic standard

subgroup W Staff actually every fare 6 ofthe strati

fiction is coniugati lo exactly one fan Fato the set

NEW v F E g Ws is a cont of Stale and

Stab in a coniugate of Ws by any we g.WS

length the length w.n.MS in lsu mimfklw.si sie sie

Prop Every cosetw.VE of a parabolic subgroup contains a unique

element of minimal ls length V5

ex AES SeEisner sa1,33 parabolic subgroups
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Complexification W acts diagonallyover ERLIK

ht Ace IL Half be the complexified arrangement

Then
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Theorem Deligne Yu so Y is a Kiti space

He peedmare Il Q in simplicial then Y is Kiti

y
hey

Adhoc proof in some cases
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Care Am Ye ID E Zu I Zi Z

P Yu Yun 7 i tua 7 7m is easily seen to be a locallytrivial

bundle with fiber e C n pts Since the fiber io e Kit 1 by

i tifa tti Yn Fla tifa
T T

Case Buen very similar because Ye Ci 7m Zi Izi Zito

The fiber of thebundle p Yn Yun is ailments

Case Da here Yn17 D Zitta In 24

Here pit sta is nota trivialbundle p 7 it Eee imput il Zito Vi

P Zi 2 E In npt il one zie0

Here 22 4 VK.hu e0 in KM sametrick as before Themap

Yn Zine Z i zu s z Zi z Z

is a locally trivial fibering withfiber e Kiti



 

 

 

 

 

 

 

 

 

 

 

 

 

 

In general there is apparently no fibration

Deligne proof is general based on Garsidetheory

Garside Delaney Paris McCannard

EXAMPLES

Free abelian group

G 2 IN A 1 1 E E En EE 0,13
mortar Farsene

element tall divisorsofAL in IN

IN is a poset with a 4 an e 6 b i b e ai bi ti è

E 7CEN ac b

multiplicative notation

Then P aev ad

ad

Notice IN is a cancellativamenaid which in a lattice

a v6 e mandaibi a 16 min aibi



 

 

 

 

 

 

 

 

 

 

 

 

 

 

it is generated by P bodean lattice in thrice

let generators a 1,0 6 0,1 0 c 0,011,0

here is the 3dim case
a

g a

P

i m

We label the edges of the Hasse diagram of P by the generators

Notice G L 9,6 e abeba ec a bec b

i e presentation is obtained byreading labels on the manimal chains

of the intervals ix y x ey

So ne have all ingredients of a Garside structure

a left andright canalatine monoid Intl which is a lettend right

lattice I vi M IN st venivano ematomi

A special element Al MI the Garside element whose left andright

divisors coincide and generate Mht



 

 

 

 

 

 

 

 

 

 

 

 

 

 

din a and generate Il

and thegroup 6 is thegroupof left fractions l'g.f.geMt

Firstconsequence NORMAL FORM

6 Garsidegroup graspof fractionsof M withMD Garante Then every gol

has a uniqueform G D si se

MEZE si D S D Se 1 Vi Sieged si Se A
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Try toget all informations from the post P

Combinatorial GARSIDE THEORY

Start from a finite bounded edie labeled post P

f A setof labels

a
y X xd a EA

È coinuleton Itf
edgeof the Hassediagram

maximal chain i x Ex r has a labeling

8 9 a E A

we associata a monoid É
ÌA se M P è Lee O Hey 8.8 maximalchains in

some interval x y
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and a group

G GIP definedby the same presentation

Main example 6 group MCG monoid DEM seme element

A setofgeneratorsof M landofG sit M1 is atomic So

Misa finita height poset w.net divisibility and

P 1 A in edge labeled by A

del Say that Pina combinatorialGarside structure if
P in a groupline a balanced i 3 graded 41 lattice

Icemlinatorialconteperts of cancellative leftandrightdivisors da coincide

Then

Theorem CombinatorialGarsidestructure Then

1 There are inclusions ci MAIL.EC I y'If



 

 

 

 

 

 

 

 

 

 

 

 

 

 

1 Mi 68

ihere H x ey one has the amo

Sky ta EA 8 maximal chain between andy

them tre every ta e Lfo represents thesame elemental

1 1 by definition d M 1 So in Xp

2 Setting Ad i f da 8maximalchain in 8 M.A in a

Garside structure M ancellative atomic lattice G Garside group

3 There is a Wrangler A complex
set
orduceglexd8KIM ARJANEIKE 1

most USEFUL Let G Gea group IERI generating set and

the G balanced leftdivisors rightdivisors 6 in a partwith

sua lah ilrk.is la I minimal length factorizationof y beginning



 

 

 

 

 

 

 

 

 

 

 

 

 

 

4 I RI RI b al a fatten of y ego ng

Teimiditationax It Eietwhich in

edge labeled by Life Then if P in a combinatorial Geniale

structure i Pin a lattice then 68 in a Garside group with Garside

intendgraystructure M I g

MI Il Gin a Garside group with Garsidestructure MD

then Pitt.AM is a post w.net divisibility edge labeled by the atoms

a LED and M MP GER therefore M and6 has

a presentation read from the labels ofchains in 8

group live x Eyez hey et
y

È

Lixia 14,4 Igt L.ly 7 LA z 1.4.7

sufficient Pelt 93 rightCayley graph of a grasp

balanced EVA I xD IL.it ye8
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Forexample

6 a
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Luke 963 2cg

Examples

I Standard Garside structure

N.S finite Coxeter system es W IN the length function

Re Yusa all reflections A Ha reflection arrangement

Co base chamber Then

lsa H Ha separates Co from w.CO

I unique element SEW ofmaximal length e

lsu e R

for weW set Rawle re R I H separates C from w.co

and new l.su tls EwY lsW La RWC QQ

weak Bruhat order Then



 

 

 

 

 

 

 

 

 

 

 

 

 

 

We 1,5 is an 5 labeledposet Coninternet

a
8 321
6

731We GE S a 112 6123

µ

Ii diabete66 e

a 6

WeiTa SE a 112 6123 C 34

Frega

Se ab abat 4327

NOTICE CGH.SI è II XXV è ARTIN GROUP Gw

same presentation weLis ses gsgsi.i gs.gs mesi factors



 

 

 

 

 

 

 

 

 

 

 

 

 

 

monoid MIEISI GE same presentation

es for WeOn Gne Bau

Gà e BE is givenby positivebraids

amarono I III n

Ylang
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ei

Matsumoto lemma il tiroreducedwords in W represent the same element then

one can pass from one to other by win only braid relations

This implies that there in a section of the natural map

Gin
Now to conclude the Deligne proof infinite case one can

A show that PeteSIEW in a lattice itdrives from the

Deletioncondition exercise



 

 

 

 

 

 

 

 

 

 

 

 

 

 

2 un lattice property and a CWmedel as tw above to pure

that the universalcovering of Vw is contractible

alternatively one can proof that the associatedamplex K

which is a Nail by post3 ofthe themabove in homotopy

equivalent to the abitconfiguration space see for ex Delucchi 09


