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[ PLAN OF THE TALK ]

1) Preliminaries: (co)homology of groups
2) Braid groups and configuration spaces

3) Computation: H.(B, / Z(B,); IF,)



(PRELIMINARIES: (CO)HOMOLOGY OF GROUPSJ




[INTRODUCTION TO GROUP (CO)HOMOLOGYJ

ALGEBRA TOPOLOGY

G discrete group n ———> = BG classifying space
(simplicial complex)

Recover algebraic information @

EXAMPLES: : Study the
H:.(BG;Z) = G/[G, G] (co)homology of BG

H?2(BG; A) = |central extensions)/ ~




[HOMOTOPICAL CHARACTERIZATION OF BG ]

G =1
0 else
Moreover, this condition characterize BG up to homotopy

Theorem: 7, (BG) = {

EXAMPLES: COMPUTATIONS:
1)B(Z) ~ §* => | WH((BZ2) = Z[x]/ ()

2) B(Cy) ~ RP* 2)H(BCy; Z) ~ Z[x]/ (2x)



RECAP

G discrete group |:> BG classifying space
characterized by

2 =1
] = {OG else

Geometric model
for BG

Algebraic information <:| computation of
about G H*(BG) , H.(BG)




(CONFIGURATION SPACES AND BRAID GROUPS}




[CONFIGURATION SPACES ]

3. 4.
Ordered configuration space: . °2
F,(C) = {(er s Zn) €EC" | z; # Zj} covering

i map
Unordered configuration space: . .

C.(C) =F,(©)/Z,

Threorem:
PB =1
1) .(F,(C)) = {0 " :lse The (ordered) configuration space

is a classifying space

(for its fundamental group)
B, »=1

0 else

2) m.(Cu(0)) = {



{BRAID GROUPSJ

Pure braid group: \
PB, = my(FA(C)) t
Braid group: \

B, = m1(C4(0)

Presentation (Artin):
B, =<0y, ...,0n1 | 0i0j = 0j0; if li—j| = 2, 0i04410; = 0141010141 >




[THE COHOMOLOGY OF PURE BRAID GROUPS (Arnol'd)]

Pure braid group/ordered configuration space:
. Aw;j | i<]) .
H*(F,(C); Z) = with |wij] =1
(wijwik + wjkwki + Wkiwi;)

Geometric interpretation: PD : H*(F,,(C)) = HE,I,V,I*(PH (©)

PD(wij) = P —>+j

..............................................

PD(ZUf]'ZUjk) PD(w,-kwk,-) PD(wkiwi,-)



[THE HOMOLOGY OF BRAID GROUPS (Cohen, Arnol'd)J

Rationally: Over the integers:
H.(C,(C); Q) = Qxo®Qx; | | complicated, but explicit!

IDEA: it is convenient to study C,(C) all together!
C(©) = L Cu(©)

H,(C(Q)) has a rich algebraic strucure (E;-algebra):
1) . : H,(C(C)) ® H.(C(C)) — H.(C(C)) commutative product
2) [-,-]: H.(C(C)) ® H,(C(C)) — H.(C(C)) Lie bracket

Geometric interpretation:
@ : C(C) x C(C) — C(C) associative, commutative (up to homotopy)
x [ > IR
. .

Theorem (Cohen):
H.(C(C);F,) = ]Fz[t, Qi Q%, ... ]
H.(C(C); Fy) = By [1, QI 1, Qe ), .. | @ A, ([, 4], Qlt, 1, QL1 ], -..)



[THE HOMOLOGY OF B, /Z(Bn)J




[THE CENTER OF THE BRAID GROUP]

Fact: Z(B,) = Z - A2 A= S

[GOAL: compute H.(B, /Z(Bn))}

We need a good geometric model
for the classifying space B(B,, / Z(B,))

ALGEBRA TOPOLOGY
Short exact sequence <> Fiber sequence
0—>ZB,)—B,—B,/Z(B,)—0 BZ — B(B,) — B(B,,/ Z(B,))



[HOMOTOPY QUOTIENTS ]

PROBLEM:
ordinary quotients are not homotopy_invariant!
eg R~ butlR/Z # +/ Z

PROPERTIES:
NX=Y=X//G=Y//G
2) If G acts freely on X, then X/ G =~ X// G
3) Fiber sequence: X < X //G — BG




RESULTS

Theorem 1 (R. 2023): let x be a variable of degree 2. For any
n € N and p prime we have:

H(C,(C)®F,[x] if n=0,1modp

H.(By/Z(B.); F,) = {H*(Cn(C))/Im(dz) else

Theorem 2 (R. 2023): for any 7 € IN and p prime
H.(B,./ Z(B,); F,(£1)) is computed explicitly
(additive basis described)



{SKETCH OF PROOF FOR H, (B, / Z(B,); ]F,,)J

We can try to compute
H.(CA(€)// S}, F,)
via the Serre sp. sequence associated to
Cn(C) = CH(C)//S* — BS?

MEMO: B(B,, / Z(B,) ~ C(C) /| S? =>

Degeneration Theorem: X space with an Sl-action, consider the Serre Sp. seq.
associated to X — X//S! — BS! (IF,, coefficients). Then:

Y dimg H(X) = Y, dimg, H;(X?#) = E, = E.,
i=0 i=0

&

Theorem 1 (R. 2023): for any n € IN, p prime

H.(C,(C)// S}, F,) = H.(C,(0))®H.(BS") if n=0,1modp
S T HC(©) i) else



[SKETCH FOR H,(B,,/ Z(B,); ]F,,(il))J

Key fact 1: g
H.(E(1;S81);,) = @DH.(B,/ Z(B,); Fy(£1)) | I
Key fact 2:
H.(E(%;5Y);F,) = H.(C(C;S")) ® H.(BSY) i
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