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Coxeter groups background

* (W,S) a Coxeter system: a group W generated by a set of
involutions S;
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Coxeter groups background

* (W,S) a Coxeter system: a group W generated by a set of
involutions S;

e reflections of (W,S): T ={wsw™!|we W,sc S}
¢ length of w € W: ¢(w) = min{k | w = wywo - - wy, w; € S};
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Coxeter groups background

(W, S) a Coxeter system: a group W generated by a set of
involutions S;

reflections of (W,S): T = {wsw™!|wec W,s € S}
length of w € W: ¢(w) = min{k | w = wywo--- wy, w; € S};
left-reflections of w € W: Ty(w)={t € T | {(tw) < £(w)};
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Coxeter groups background

* (W,S) a Coxeter system: a group W generated by a set of
involutions S;

e reflections of (W,S): T ={wsw™!|we W,sc S}

¢ length of w € W: ¢(w) = min{k | w = wywo - - wy, w; € S};
e left-reflections of w € W: Ty(w)={t € T | {(tw) < {(w)};

[ ]

(right) weak order: given u,v € W,

u<pv = Lv)=Lu)+Lutv) = Ti(u) C Ti(v);
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Coxeter groups background

* (W,S) a Coxeter system: a group W generated by a set of
involutions S;

e reflections of (W,S): T ={wsw™!|we W,sc S}

¢ length of w € W: ¢(w) = min{k | w = wywo - - wy, w; € S};
e left-reflections of w € W: Ty(w)={t € T | {(tw) < {(w)};
* (right) weak order: given u,v € W,

u<pv = Lv)=Lu)+Lutv) = Ty(u) C Tu(v);

® Bruhat graph: directed graph with W as vertex set and
uSs v < thereis t € T such that v = tu and £(u) < £(v)

Computing Joins in the Weak Order of Coxeter Groups of type B



Preliminaries and motivation ults and further questions

[e] Jelelele]

Example on B,

By =<so,5 |5 =5t =(s0s1)*=e>, T ={s0,51,551%, 51551}

2
(s0s1)
S0S1S80 S$1S80S1
5051 5150

| |
0\6/1

Hasse diagram of (B;, <g).
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Motivating conjecture

Definition (Dermenjian, 2025)

Given A C T, an A-Bruhat path is any directed path in the Bruhat graph
starting from e € W whose edges have labels in A.
The Bruhat preclosure of A is

A = {t € T |there is an A-Bruhat path from e to t}.
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Motivating conjecture

Definition (Dermenjian, 2025)

Given A C T, an A-Bruhat path is any directed path in the Bruhat graph
starting from e € W whose edges have labels in A.
The Bruhat preclosure of A is

A = {t € T |there is an A-Bruhat path from e to t}.

Note: in general, A # A (counterexamples in Hs and Fy).
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Example on B,

_ 2 _
By =<sp,s1|s5=s

Bruhat graph of Bs.
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Preliminaries and motivation nd further questions
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Example on B,

2 4 __ _
B, =<sp,5 | g =5t =(s0s1)* =e>, T ={s0,51,5515%,51%5}
8051
505150 518081 —_—

° If A= {sp,s15051}; then A= A. 505150

5051 S150 81

A-Bruhat paths.
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Example on B,

By =< so,51 | 5§ = s = (s0s1)* = e >, T = {s0,51,50815, 51551}
(s081)

/ \ 818081

_ 508180 518081 —

° If A= {sp,s1s0s1}; then A= A. S0S150
5051 S150 S1

_ —>

o If A={sp,s1}; then A=T. So

so\e/sl

A-Bruhat paths.
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Motivating conjecture

Conjecture (Dyer, 2019)
Let W be a finite Coxeter group and u,v € W. Then

TL(U VR V) = TL(U) U TL(V).
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Motivating conjecture

Conjecture (Dyer, 2019)

Let W be a finite Coxeter group and u,v € W. Then

TL(U VR V) = TL(U) U TL(V).

® True for types | and A (Biagioli-P., 2025);
® verified on Sagemath for F4, H3 and Hy;
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Motivating conjecture

Conjecture (Dyer, 2019)

Let W be a finite Coxeter group and u,v € W. Then

TL(U VR V) = TL(U) U TL(V).

® True for types | and A (Biagioli-P., 2025);
® verified on Sagemath for F4, H3 and Hy;

Theorem (Dermenjian, 2025)

Let W be a Coxeter group and w € W. Then T (w) = Ty (w).
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Motivating conjecture

Conjecture (Dyer, 2019)

Let W be a finite Coxeter group and u,v € W. Then

TL(U VR V) = TL(U) U TL(V).

® True for types | and A (Biagioli-P., 2025);
® verified on Sagemath for F4, H3 and Hy;

Theorem (Dermenjian, 2025)

Let W be a Coxeter group and w € W. Then T (w) = Ty (w).

This implies Ty (uVgv) 2D Tr(u) U Tr(v).
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Signed permutations

o Let [£n]={n,n—1,...,1,1,...,n—1,n}, where a = —a;
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Signed permutations

o Let [£n]={n,n—1,...,1,1,...,n—1,n}, where a = —a;
® a signed permutation is a bijection o : [£n] — [£n] such that
0(3) = o(a),Va € [£n]; SB is the group of signed permutations.
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Signed permutations

Let [£n] ={n,n—1,...,1,1,...,n—1,n}, where a = —a;
a signed permutation is a bijection o : [£n] — [£n] such that
0(3) = o(a),Va € [£n]; SB is the group of signed permutations.

Complete notation: o = o(n)---o(1)o(1)---a(n).
Short notation: o = o(1)o(2)---o(n).

Computing Joins in the Weak Order of Coxeter Groups of type B



Preliminaries and motivation nd further questions
00000e

Signed permutations

o Let [£n]={n,n—1,...,1,1,...,n—1,n}, where a = —a;
® a signed permutation is a bijection o : [£n] — [£n] such that
0(3) = o(a),Va € [£n]; SB is the group of signed permutations.

Complete notation: o = o(n)---o(1)o(1)---a(n).
Short notation: o = o(1)o(2) - - - a(n).
® Let n < a < b < n; we call transposition and denote by (a b) € 5,’,3

o the swap of a with b and of 2 with b if b # 3;
o the swap of a with 3, if b= 3.
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Signed permutations

o Let [£n]={n,n—1,...,1,1,...,n—1,n}, where a = —a;
® a signed permutation is a bijection o : [£n] — [£n] such that
0(3) = 0(a),Va € [£n]; SB is the group of signed permutations.

Complete notation: o = o(n)---o(1)o(1)---a(n).
Short notation: o = o(1)o(2) - - - a(n).
® Let n < a < b < n; we call transposition and denote by (a b) € 5,’,3

o the swap of a with b and of 2 with b if b # 3;
o the swap of a with 3, if b= 3.

Consider S = {sp=(11) ,51=(12),...,50-1=(n—1n)};
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Signed permutations

o Let [£n]={n,n—1,...,1,1,...,n—1,n}, where a = —a;
* a signed permutation is a bijection o : [£n] — [£n] such that
0(3) = 0(a),Va € [£n]; SB is the group of signed permutations.
* Complete notation: o = o(A)---o(1)o(1)---a(n).
¢ Short notation: o = o(1)o(2) - - - a(n).
* Let n < a< b< n; we call transposition and denote by (a b) € SB

o the swap of a with b and of 2 with b if b # 3;
o the swap of a with 3, if b= 3.

° Consider S ={sp=(11),51=(12),...,50-1=(n—1n)};
* (SB,5) is a combinatorial description of the Coxeter system B, in
which reflections coincide with transpositions

T={(ab)|a#be[£n]}
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Signed permutations

Some important statistics of a signed permutation o € SB:
e Inv(o) ={(a,b) € [n] x [n] | a < b,o(a) > o(b)} inversions;
® Neg(o) ={a € [n] | o(a) < 0} negative entries;
® Nsp(o) = {{a, b} C[n] | a # b,o(a)+0c(b) < 0} negative sum pairs.
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Signed permutations

Some important statistics of a signed permutation o € SB:
e Inv(o) ={(a,b) € [n] x [n] | a < b,o(a) > o(b)} inversions;
® Neg(o) ={a € [n] | o(a) < 0} negative entries;
® Nsp(o) = {{a, b} C[n] | a # b,o(a)+0c(b) < 0} negative sum pairs.

{(o) = [Inv(o)[ 4 [Neg(c)[ + [Nsp(o)]-
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Signed permutations

Some important statistics of a signed permutation o € SB:
e Inv(o) ={(a,b) € [n] x [n] | a < b,o(a) > o(b)} inversions;
® Neg(o) ={a € [n] | o(a) < 0} negative entries;
® Nsp(o) = {{a, b} C[n] | a # b,o(a)+0c(b) < 0} negative sum pairs.

{(o) = [Inv(o)[ 4 [Neg(c)[ + [Nsp(o)]-

Ti(o) ={(ij) | (i.j) € Inv(e ")}y {(i i) | i € Neg(c™")}
U{(i j) | {i.j} € Nsp(c™1)}.
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Signed permutations

Some important statistics of a signed permutation o € SB:
e Inv(o) ={(a,b) € [n] x [n] | a < b,o(a) > o(b)} inversions;
® Neg(o) ={a € [n] | o(a) < 0} negative entries;
® Nsp(o) = {{a, b} C[n] | a # b,o(a)+0c(b) < 0} negative sum pairs.

{(o) = [Inv(o)[ 4 [Neg(c)[ + [Nsp(o)]-

Tu(@) ={(i ) | (i.J) € nv(e™ )} L {(i i) | i € Neg(c™")}
UA{(7 J) [ {i,j} € Nsp(e ™)}
0 <prT <= Inv(c 1) CInv(r 1),
Neg(o™") € Neg(r 1),
Nsp(c~1) € Nsp(771).
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Signed permutations

Consider o = 4123 € SP and its inverse 01 = 2341.

Computing Joins in the Weak Order of Coxeter Groups of type B



Preliminaries and motivation Results and further questions
00000e 000000

Signed permutations

Consider o = 4123 € SP and its inverse 01 = 2341.
° Inv(c™1) ={(2,4),(3,4)};
® Neg(c71) = {1,4};
* Nsp(o™%) = {{1,4}};
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Signed permutations

Consider o = 4123 € SP and its inverse 01 = 2341.

e Inv(oc~1) ={(2,4),(3,4)};

® Neg(o™!) = {1,4};

* Nsp(o~h) = {{L,4}};

® /(o) =5, indeed a reduced expression is 0 = $355)5150;
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Signed permutations

Consider o = 4123 € SP and its inverse 01 = 2341.

* Inv(oc™") = {(2,4),(3,4)}i

* Neg(o™') = {1,4};

* Nsp(o—') = {{L.4}};

® /(o) =5, indeed a reduced expression is 0 = $355)5150;

T(o)=1{(24),34),(11),(44),(14)}.
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Signed permutations

Hasse diagram of (S£, <g)
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(Markowsky-like) Algorithm: definition by example

Constructing o Vg 7 from the complete notations of o and 7.
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(Markowsky-like) Algorithm: definition by example
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(Markowsky-like) Algorithm: definition by example

c1(1) >0 1) <0
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(Markowsky-like) Algorithm: definition by example

c1(1) >0 1) <0 m =11
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(Markowsky-like) Algorithm: definition by example

c1(1) >0 1) <0 m =11
Hy =0 H3 = {1}
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(Markowsky-like) Algorithm: definition by example

c1(1) >0 1) <0 m =11
Hy =0 H3 = {1}
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(Markowsky-like) Algorithm: definition by example

c1(1) >0 1) <0 m =11
HS = HI = {1} M = 1221
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(Markowsky-like) Algorithm: definition by example

c1(1) >0 1) <0 m =11
HZ =0 Hy = {1} 7y = 1221
Hy = {2} Hf ={2,1,2}
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(Markowsky-like) Algorithm: definition by example

c1(1) >0 1) <0 m =11
HZ =0 Hy = {1} 7y = 1221
Hy = {2} Hf ={2,1,2}
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(Markowsky-like) Algorithm: definition by example

c1(1) >0 1) <0 m =11
HS =0 Hy = {1} 7y = 1221
HY = {2} Hi ={2,1,2} 73 = 132231
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(Markowsky-like) Algorithm: definition by example

c1(1) >0 1) <0 m =11
Hg =0 Hf = {1} ™ = 1221
HY = {2} Hi ={2,1,2} 73 = 132231

HZ = {1,2,3} H = {3,1}
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(Markowsky-like) Algorithm: definition by example

c1(1) >0 1) <0 m =11
HS =0 HI = {1} m = 1221
Hg = {2} H; ={2,1,2} 73 = 132231

HZ = {1,2,3} H = {3,1}
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(Markowsky-like) Algorithm: definition by example

c1(1) >0 1) <0 m =11

Hg =0 HE = {1} T = 1221

H3 = {2} Hi ={2,1,2} 73 = 132231
Hy ={1,2,3} H; = {3,1} T4 = 41322314

Computing Joins in the Weak Order of Coxeter Groups of type B



es and motivation Results and further questions
©00000

(Markowsky-like) Algorithm: definition by example

c1(1) >0 1) <0 m =11

HE =0 Hy = {1} o = 1221

H = {2} Hi ={2,1,2} 73 = 132231
Hy ={1,2,3} H; ={3,1} T4 = 41322314
HZ =0 HI =0
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(Markowsky-like) Algorithm: definition by example

c1(1) >0 1) <0 m =11

HE =0 Hy = {1} m = 1221

H3 = {2} Hi ={2,1,2} 73 = 132231

Hy ={1,2,3} H; = {3,1} T4 = 41322314
HZ =0 Hg =0 5 = 5413223145
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(Markowsky-like) Algorithm: definition by example

c1(1) >0 1) <0 m =11

HE =0 Hy = {1} m = 1221

H3 = {2} Hi ={2,1,2} 73 = 132231

Hy ={1,2,3} H; = {3,1} T4 = 41322314
HZ =0 Hg =0 5 = 5413223145

Theorem (Biagioli-P., 2026+)

Let o, 7 € S,‘,B,' then T, = 0 VR T.
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Characterization through statistics

N
Let 0,7 € S5;
set N = Neg(c~1) UNeg(r) and P = Nsp(c—*) U Nsp(r71).

Inv((o Vg 7)) = (Inv(o 1) UTnv(r 1)),
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Characterization through statistics

N
Let 0,7 € S5;
set N = Neg(c~1) UNeg(r) and P = Nsp(c—*) U Nsp(r71).

Inv((o Vg 7)) = (Inv(o 1) UTnv(r 1)),

Neg((c VR 7)™ ) =NuU{ie[n]|3jeN,(,i) €Inv((c Vr 7))}
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Characterization through statistics

N
Let 0,7 € S5;
set N = Neg(c~1) UNeg(r) and P = Nsp(c—*) U Nsp(r71).

Inv((o Vg 7)) = (Inv(o 1) UTnv(r 1)),

Neg((c VR 7)™ ) =NuU{ie[n]|3jeN,(,i) €Inv((c Vr 7))}

Nsp((o Ve 7)™") = PU{{i,j} |i,j € Neg((c VR 7)71)}
U{{i,j} | 3{h,i} € P,(h,j) € Inv((c VR 7)1}
U{{i,j} | 3{h,m} € P,(h,i),(m,j) € Inv((c Vg T)_l)}.
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Conjecture on S&

Theorem (Biagioli-P., 2026+)

Let 0,7 € SB; for any t € T (0 Vg T) there is a palindromic
(Ti(o) U T.(7))-Bruhat path reaching t. In particular,

TL(U VR 7') C TL(U) U TL(T).
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Conjecture on S&

Theorem (Biagioli-P., 2026+)

Let 0,7 € SB; for any t € T (0 Vg T) there is a palindromic
(Ti(o) U T.(7))-Bruhat path reaching t. In particular,

TL(U VR 7') C TL(U) U TL(T).

® The proof is divided in 3 cases thanks to the previous
characterization;
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Conjecture on S&

Theorem (Biagioli-P., 2026+)

Let 0,7 € SB; for any t € T (0 Vg T) there is a palindromic
(Ti(o) U T.(7))-Bruhat path reaching t. In particular,

TL(U VR 7') C TL(U) U TL(T).

® The proof is divided in 3 cases thanks to the previous
characterization;

® The palindromicity comes from the transitive closure of the set of
inversions.
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Example on the conjecture

Consider o = 213, 7 = 132 in S5.
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Example on the conjecture
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Example on the conjecture

Consider o = 213, 7 = 132 in SP. Their join is ¢ Vg 7 = 321.
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Example on the conjecture

Consider o = 213, 7 = 132 in SP. Their join is ¢ Vg 7 = 321.

° Ti(o)={(11),(12)}, Tu(r)={(11),(23)}
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Example on the conjecture

Consider o = 213, 7 = 132 in SP. Their join is ¢ Vg 7 = 321.

° Ti(o)={(11),(12)}, Tu(r)={(11),(23)}
e Ti(evrT)={(23),(11),(12),(13)}.
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Example on the conjecture

Consider o = 213, 7 = 132 in SP. Their join is ¢ Vg 7 = 321.

° Ti(o)={(11),(12)}, Tu(r)={(11),(23)}
e Ti(evrT)={(23),(11),(12),(13)}.

Let's check that Ty (o Vg 7) = T(0) U Ti(7).
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Example on the conjecture

Consider o = 213, 7 = 132 in SP. Their join is ¢ Vg 7 = 321.

° Ti(o)={(11),(12)}, Tu(r)={(11),(23)}
e Ti(evrT)={(23),(11),(12),(13)}.

Let's check that T (o Vg 7) = T (o) U T1(7).
Compute all the (T, (o) U T.(7))-Bruhat paths using labels in

T(e)U T (r)={(23),(11),(12)}
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Example on the conjecture
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Example on the conjecture

Ti(o)u Ty (r) = (12) 312 231
{(23),(11),(12),(13)}

= TL(O' VR 7'). =
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Further questions

"What about type D?"
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Further questions

"What about type D?"
® D, is a subgroup of B, but (D,, <g) is not a sublattice of (B, <g);
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Further questions

"What about type D?"
® D, is a subgroup of B, but (D,, <g) is not a sublattice of (B, <g);

® We would like to have an analogous algorithm working on the
combinatorial description.
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Further questions

"What about type D?"
® D, is a subgroup of B, but (D,, <g) is not a sublattice of (B, <g);

® We would like to have an analogous algorithm working on the
combinatorial description.

Theorem (Dermenjian, 2025)

Bruhat preclosure is a closure in Coxeter groups of type A.
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Further questions

"What about type D?"
® D, is a subgroup of B, but (D,, <g) is not a sublattice of (B, <g);

® We would like to have an analogous algorithm working on the
combinatorial description.

Theorem (Dermenjian, 2025)

Bruhat preclosure is a closure in Coxeter groups of type A.

Can we prove it is a closure in type B? (Remember it fails in H3 and Fy.)
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That’s all, thank you!
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