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Basic Math - First lesson

Caboara

Notations

. The set of natural numbers (positive integers) is denoted by N. The elements of N are

0,1,2,--- etc..

. The set of integer numbers is denoted by Z. The elements of Z are 0,1,—-1,—-2, —2---

etc..

. The set of rationals (numeric fractions) is denoted by Q. The elements of Q are —3,0,2, 2

y“yr 5
etc..

. The set of reals is denoted by R. Elements of R are —3,0, 2, %, V2,7 etc..
. Note that all these sets are nested NCZ C QCR

. The set of polynomials over R (with real coefficients) is denoted by R[z]. Elements of

R[z] are mz + 1,2° — 22% + 1,27 — V2 ete..
The sets N[z], Z[z], Q[z] are defined similarly.

Note that these sets are nested N[z] C Z[z] C Q[z] C R[z].

Definition 1. Let n € N. The set of divisors of n, denoted DIV(n), is the set of all natural
numbers that divide n. For example,

2

DIV(12) = {1,2,3,4,6,12}.

Theorems and Propositions

Proposition 2. For all a,b € R[z], the following hold:

e a’—b = (a+0b)(a—0).

o a3 — b= (a—0b)(a®+ ab+b?).

o a3+ b= (a+0b)(a®—ab+b?).

e a? +b? cannot be factored further over R.



Theorem 3 (Ruffini’s Theorem). Let f(x) € R[z] and a € R such that f(a) =0 (i.e., a is a
root of f(x)). Then,
(x—a) | f(z).

Proposition 4}; Let f(z),9(x), h(z) € Rlz] such that f(x) | h(z), g(z) | h(z), and f(z),g(z)
are coprime. Then,
f(@)g(x) | h(z).

Theorem 5 (Rational Root Theorem). Let f(z) = agz? + ag_129 1t + -+ 4+ ag € Z[z] and
a € Q such that f(a) =0. Then,

ac {iz | p € DIV(ap), g € DIV(ad)} .

3 Exercises

1. P(z) = 2% + 2% + 22 + 1 = 0. Note that P(—1) = 0. Use polynomial division.
e Factorization 2® + 22 + 22 + 1= (22 + 1)(2® + 1) = (2 + 1)(2® + 1)(2® — 2 + 1).
e The solution is x = —1.

2. P(z) = 2° — 92 — 82 + 72 = 0. Note that P(£3) = P(2) = 0. Use division.
e Factorization 2® — 923 — 822 + 72 = (z + 3)(z — 3)(x — 2)(2? + 22 + 4).
e The solutions are z = +3, 2.

3. P(x) = 2* — 32° + 22 — 6 = 0. Note that P(3) = 0. Use division.
e Factorization 2% — 323 4+ 22 — 6 = (z — 3)(a® + 2).
e The solutions are x = 3, £/—2.

4. For the parameter a € R, P(x) = 2® — ax® — 2z + 2a = 0. Note that P(a) = 0. Use
division.
e Factorization 2® — ax? — 22 + 2a = (v — a)(2? — 2).
e The solutions are z = a, +/2.

5. For the parameter a € R, P(x) = 2° — az? — 22 + 2a = 0. Note that P(a) = 0. Use
division.
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e Factorization 23 — ax? — ax + a? = (v — a)(2? — a).

e The solutions are x = a always, if a > 0 also +/a.



4 Proposed exercises

Solutions will be given in the next installment of these notes. Regrouping will be more difficult
here. Use of the root rule and Ruffini is recommended.

1. 232—-1=0

2. 28 -4=0

3. 23+ (1—a)z? — (a+6)x + 6a =0

4. 223 —172% + 382z — 15=0

5. 3z* — 222% — 202 4+ 662 — 21 =0

6. 3 —172% + 922 — 160 = 0

7. 25 —122% + 4722 — 60 =0

8. x3 —xa® — 2wab — xb* — 22 + a® +2ab+ > =0

9. 23 + 322y + 3xy? + 4> — 222 — 4oy — 2y? — x — y + 2 = 0. Hint: try to detect powers.



