Math 0 — Analytic geometry

Lines, parabolas and circles: solved exercises

Caboara

Reminders. A parabola with vertical axis has equation y = ax? 4+ bx + ¢, a # 0; its vertex

b
has xy = g The equation 224 y?+ Dz + Ey+ F = 0 can be written, completing the squares,
a

as
D\2 EN2 D?+FE?
— -] =—-—F.
<x+ 2) * (y+ 2) 1
It is a circle, with center (—%, —%) and radius r = \/% — F, if and only if % —F>0.

Two non-vertical lines are perpendicular if and only if the product of their slopes is —1. The
distance between P = (z1,y1) and P = (x9,y2) is \/(1'2 — 1)+ (y2 —y1)2.

Exercise I. Let v:y =2 -3z and C: 22 + 3% — 22 —15=0. Find yN C.
Solution. The curves. Completing the square, C': (z — 1)? + 32 = 16: circle with center (1,0)
and radius 4. The parabola v has vertex at zy = %, Yy = % — % = —%, and meets the z-axis at
r=0and z = 3.

The system. The points of v N C are the solutions of

y=a%—3z
2?2 +y? — 22 —15=0.
Substituting the first equation into the second:

242?322 -20—-15=0 < ' —62°+92° + 22 - 22— 15=0
— f(z):=a" — 62> +102* — 22 — 15 = 0.

No rational roots. By the rational root test, a rational root must be one of £1,+3,+5, +15.
We have f(1) = =12, f(—-1) =4, f(3) = =12, f(—=3) = 324, f(5) = 100, f(—5) = 1620, and
f(£15) # 0 (f(15) = 32580, f(—15) = 73140). So f has no rational roots, and the intersection
points cannot be found with the usual factoring methods.

There are exactly two real roots. Set x = u + % Then 22 — 3z = u
and since f(z) = (2% — 32)? + (z — 1)? — 16,

2_9 _ 1
—zandx —1=u+ 3,

o Ifu2 < %, thenu4—%u2 :u2(u2—%) <0 and u < 2, so g(u) Su—% < 0: no roots
there.

o If u > /7/2, then ¢/(u) = 4u — Tu +1 = u(4u® — 7) + 1 > 0: g is increasing, from a
negative value to +oo, so it has exactly one root.

o If u < —/7/2, then u < 0 and 4u? — 7 > 0, so ¢'(u) = u(4u® —7) +1 < 0 (because
w(du?® —7) < —/7/2-7 < —1): g is decreasing, from +o0o to a negative value, so it has
exactly one root.



Location and approzimate values. From f(—1) =4 > 0, f(0) = =15 < 0, f(3) = =12 < 0,
f(4) =9 > 0, the two roots lie in (—1,0) and in (3,4). Bisection (or Newton’s method) gives

r1 ~ —0.902, To 2 3.767,
and from y = z? — 3z,
yNC ={P, P}, Py =~ (—0.902, 3.519), P~ (3.767, 2.889).

Geometrically: the vertex (%, —%) lies inside C, since (%)2 + (%)2 = % < 16, so the parabola

enters the disc and leaves it once on each side.

Y

Exercise II. Let y:y =2% —2x —4 and C: 2% + y? — 22 — 24 = 0. Find yN C and draw ~
and C.

Solution. The system.

y =122 —4

224+ y?—22—-24=0.
Instead of substituting y (which gives a fourth degree equation), note that both equations contain
22 — 2x. From the first, 22 — 2z = y + 4. Substituting into the second:

(Yy+4)+12—24=0 <= > +y—-20=0 < (y—4)(y+5) =0,
soy=4ory=->5.
ey=4:2?2-22-4=4 & 1?-22-8=0 < (z—4)(x+2)=0,s0x=4orx=—2.

ey=-522-2r—-4=-5 <= 22-22+1=0 <= (z—1)2=0, 502 =1 (double
root).

Hence
yNC ={(-2,4), (4,4), (1,-5)}.

Check, for instance, (4,4): 16 + 16 — 8 — 24 = 0.

Drawing. C: (z — 1)? + y? = 25 is the circle with center (1,0) and radius 5. The parabola
has vertex xy =1, yy =1 —2 —4 = —5, that is V = (1, —5): the vertex is the lowest point of
the circle. The double root = 1 means that at V' the parabola and the circle are tangent (both
have horizontal tangent line y = —5). The parabola meets the z-axis where z? — 22 — 4 = 0,
that is 2 = 1 + /5, and the y-axis at (0, —4).



(2,4 4,4)

(17_5)

Exercise ITI. Find the parabola 7 (with vertical axis) such that (1,2) € v, (0,3) € v, (3,5) € .

Solution. We look for v: y = ax?® + bx + ¢ with a # 0. Each point gives a linear equation in
a,b,c:
(0,3): ¢=3
(1,2): a+b+c=2

(3,5): 9a+3b+c=5.
Substituting ¢ = 3: a+b = —1 and 9a+ 3b = 2. From the first, b = —1 — a; then 9a — 3 —3a = 2,

5 5 11
so 6a =5, a = 5 and b=—-1— 6= "6 Since a # 0 this is indeed a parabola:
5 o 11 . 2
vy = gx . Fx + 3, equivalently 6y = 5z~ — 11z 4 18.

Check: =z = 1: WZZ r=0:3; z=3: w:&

Exercise IV. Find the circle C such that (1,2) € C, (0,3) € C, (3,5) € C.

Solution. The three points are not collinear (the slope from (0, 3) to (1,2) is —1, the slope from
(0,3) to (3,5) is %), so there is exactly one circle through them. We look for C': 22 +y? + Dz +
Ey+ F=0:

(1,2): 1+4+D+2E+F=0 D+2E+F =—5
(0,3): 9+3E+F=0 — {3E+F=-9
(3,5): 9+25+3D+5E+F=0 3D +5E + F = —34.

From the second, F' = —9 — 3E. Substituting:

D+2E-9-3E=-5 < D-E=4, 3D+5E-9-3E=-34 < 3D+2E = —25.
37 17 111

FrOHlD = E+4 3E+12+2E = 725, SO 5E = 737, E = 7?’ D = 73, and F = *9+?

6—56. Multiplying by 5:
C': 522 + 5y? — 172 — 37y + 66 = 0.

) D E 17 37
Center and radius. Center (—5, —5> = <ﬁ’ E> and
r27D2+E2_F7289+1369_13207@ r*\/338*13ﬂ
4 100 100 100’ 10 10

3



. 2 2
Check with (0, 3): (%) + (3 - %) = 28%549 = % =72,

Exercise V. Let y: y =22 -3z and C: 2?2+ 4> +22 —15=0. Find yn C.

Solution. The curves. Completing the square, C': (z 4+ 1) +y? = 16: circle with center (—1,0)
and radius 4. The parabola is the same as in Exercise I: vertex (%, —%), zeros x = 0 and x = 3.
The system.

{y =22 -3z
22+ 9%+ 22— 15 =0.
Substituting the first equation into the second:
2?4 (22 —32)2 422 -15=0 < 2* — 62> + 922 + 22 + 22— 15=0
— p(x) = 2* — 62% +102% + 22 — 15 = 0.
Rational roots. The candidates are +1,4+3, 5, £15. We find
p(-1)=146+10—-2—-15=0, p(3) =81 —-162+90+6 —15=0.
So p(z) is divisible by (z + 1)(x — 3) = 22 — 22 — 3. Long division gives
xt — 623 + 1022 + 22 — 15 = (22 — 22 — 3) (2 — 42 +5).

(Check: (22 — 2z — 3)(22 — 4z + 5) = 2* — 42 + 52? — 22 + 822 — 102 — 322 + 122 — 15 =
zt — 623 + 1022 + 22 — 15.)

The factor 22 — 4z + 5 has discriminant A = 16 — 20 = —4 < 0: no real roots. Hence the
real solutions are x = —1 and = = 3 only.

The points. From y = 2> — 3x:

r=-1: y=143=4, r=3: y=9-9=0.

v N C= {(_174)) (37 0)}
Check: (=1,4): 1+16—2—-15=0; (3,0): 94+0+6 — 15 = 0. Note that (—1,4) is the highest
point of C' (center (—1,0), radius 4) and (3,0) is its rightmost point.
Y

Y
(_174)

(3,0)

Exercise VI. Find, if possible, center and radius of 22 + ¢y — 2z — 2y + 7 = 0.

Solution. Completing the squares:

(> =20+ 1)+ (2 -2y +1)—1-14+7=0 < (z—1)?+(y—1)? = -5.



The left-hand side is > 0 for every (z,y), while the right-hand side is negative: no point of the
plane satisfies the equation. Equivalently, £ ZZEz —F = % — 7 = -5 < 0. So the equation

does not represent a circle (its set of points is empty), and center and radius do not exist.

Exercise VII. Find the line r such that » L {x + y+ 1 =0} and (1,1) € .

Solution. The line x4+y—+1=0isy = —x—1, with slope m = —1. A line perpendicular to it has
slope m’ with mm’ = —1, so m’ = 1. The line through (1,1) with slope 1isy—1=1-(x — 1),
that is

riy==xax (equivalently z —y = 0).

Check: the direction vectors (1, —1) of the given line and (1, 1) of r have scalar product 1—1 = 0,
and (1, 1) satisfies y = z.

Exercise VIII. Find the distance between (3, —1) and (2,4).

Solution.

d=+/(2-3)2+ (4 —(-1))2 =1+ 25 =26 ~5.10.



