FCS MATHo Thirs Lesson
Polynomial Equations: Ruffini’s Theorem and Rational Roots

(IT)

Caboara

Exercises

Solve the following equations in R.

1. 234222 —-2:—-3=0

2. 203 - 322 —4r—1=0

3. 323 +222 4+ 22 —1=0

4. x* — 23 — 42 —5x —-3=0

5. 20* 4+ 323 — 222 — 22 +1=0

6. z*+23—-322—242=0
Solutions

Exercise 1: 2% +21% — 22 —-3=0
Let p(z) = 23 + 222 — 2 — 3. Tt is monic, so the candidates are the divisors of 3:
+1, +3.
We test them:
p1)=1+2-2-3=-2, p(-1)=-1+2+2-3=0.
So x = —1 is a root. We divide by = + 1:

x> 4222 —2x 3| x+1

—r3 a2 2?4+ x—3

/ x? -2z -3
-

J —3x -3
+3r +3
J 0

— p(z) = (z + 1) (22 +z - 3).

Wesolve 22 +2 -3 =0 A=1+12=13,s0 2 = Aj;\/ﬁ (irrational, which is why they

were not among the candidates). Hence the solutions are

1V 14V

:—1 -
xT s T 5 s 5



Exercise 2: 223 — 322 —4xr—1=0

Let p(x) = 223 — 322 —4x — 1. Here aqp = —1 and a3 = 2, so r = 1 and s € {1,2}, and the
candidates are
+1, +3.

We test them:

p(l) =

1

p(3)

So x = —% is a root. We divide by 2z + 1:

3—4—-1=-6, p(-1

- )
b--2-1-- p(-h)--k-de2-1-

203 322 —4x 1| 2z+1
—22% 22 22 —2x —1
J —4x? —dx -1
+42? 422
) —2z -1
+2z +1
J 0
= p(z) = 2z +1)(2® — 22 — 1).

We solve 22 — 2z — 1 = 0: =1+4+1=2,s0x =1+ 2. Hence the solutions are

1
T=-3, r=1-1+2, r=1+2.

Exercise 3: 32°+2224+2:—-1=0

Let p(z) = 323 + 222 + 22 — 1. Here aqp = —1 and a3 = 3, so r = 1 and s € {1,3}, and the
candidates are
1
+1, +1.
We test them:

p(1)=3+2+2-1=6, p(-1)=-3+2-2—1=—4,

P =g +3+3-1= 2"
So x = % is a root. We divide by 3z — 1:
323 +22? 42z -1 3z-—1
—3z3  4a? m
J  3x? +2¢ -1
—32%2  +x
J 3z -1
-3z +1
J 0

— p(z) =Bz —1)(2®+z+1).

The equation 22 +x +1 =0 has A =1 -4 = —3 < 0, so it has no real solutions. Hence the
only real solution is



Exercise 4: 2% — 23 —42? — 52 —3=10
Let p(z) = 2* — 2® — 42% — 52 — 3. Tt is monic, so the candidates are the divisors of 3:
+1, £3.

We test them:
p()=1-1-4-5-3=-12, p(-1)=1+1—-44+5-3=0.

So x = —1 is a root. We divide by = + 1:

zt —xd —42® —bx 3| x+1
A 23 — 222 — 2 — 3
J —2x3 —4x? —5xr -3
4223 4222
J —22% -5z -3
+22% 22
J -3z =3
+3z 43
J 0

-

p(z) = (z+1)q(z), q(z)=2>—22*—22-3.

The candidates for g are still =1, 43; 1 is excluded since it is not a root of p. We test:
g(-1)=—-1-2+2-3=—4, q(3)=27-18—-6—-3=0.

So z = 3 is a root of q. We divide by = — 3:

x> 222 —2x -3| -3
e e
/ r? -2z -3
—z? +3x
/ x -3
-z +3
J 0

= q(z) = (x = 3)(z* + =+ 1).

The equation 22 + 2 + 1 = 0 has A = —3 < 0, so it has no real solutions. Hence
p(z) = (z+ 1)(z —3)(2? + = + 1),

and the real solutions are
r = 3.

= -1,



Exercise 5: 22*+ 323 — 222 —2x+1=0

Let p(z) = 22* + 323 — 222 — 22+ 1. Here ap = 1 and a4 = 2, so 7 = 1 and s € {1,2}, and the
candidates are
+1, +3.

We test them:
p(1)=2+4+3-2-241=2, p(-1)=2-3-2+2+1=0.

So z = —1 is a root. We divide by = + 1:

224 323 222 22 41| x+1
—2x% —223 223 + 22 — 3x + 1
/ 3 222 -2z +1
—SL’3 —ZE2
J —=3z% -2z +1
+322 +3x
/ r +1
—x -1
/ 0

—  p@)=(@+1)q), q@)=2"+2" —3e+ 1.

The candidates for ¢ are +1, :l:%; 1 is excluded, while —1 must be tested again since it could be
a double root:

g(-1)=-2+1+3+1=3, ¢H)=1+1-34+1=0.
So x = % is a root of ¢. We divide by 2x — 1:
203 +2? —3r +1| 2x—1
—22% 422 2?2 +x—1
J  22? -3z +1
—222 4
J —2x +1
+2x —1
/0
= q(z) = 2z —1)(z* +z - 1).
-1+ 5
Wesolve 22 +2—1=0: A=1+4=05, sox—2\[. Hence
p(x) = (. +1)2x — 1) (2> + 2z — 1),
and the solutions are
1 ~1-5 ~1++5
xr = —1, T = —, = , - .
2 2 2



Exercise 6: z*+ 22 —32°—2+2=0

Let p(z) = 2* + 2% — 322 — x + 2. It is monic, so the candidates are the divisors of 2:
11, +2.

We have p(1) =1+1—-3—-1+2=0, so x =1 is a root. We divide by = — 1:

ot 42’ 322 -z 42| 21
—zt a3 234222 —2 -2
J 223 —32%2 —x +2
—2z3 4222
) -z -z 42
+2? -z
J —2x +2
+2z -2
J 0

= p(x) = (z—1)q(z), q(z)=2"+22"—z-2.

The candidates for ¢ are again +1,42, and 1 must be tested again since it could be a double
root: ¢(1) =1+2—-1-2=0. We divide by =z — 1:

3 4222 —x 2| -1
—z3 4 2243z +2
J 32 -z -2
—32% +3x
J 2z =2
—2z +2
J 0

= q(@) = (e -1)(® +3z+2).

We solve 22 +324+2=0: A=9—-8=1,s02 = —

, that is, t = —1 and z = —2. Hence

p(z) = (x = 1)*(z + 1)(z +2),

and the solutions are
x =1 (double), x= -1, x= -2



