FCS MATHO Third Lesson
Polynomial Equations: Ruffini’s Theorem and Rational Roots

Caboara

Recall

Theorem (Ruffini). Let p(z) be a polynomial and a a number. The remainder of the division
of p(x) by x — a is p(a). In particular,

pla) =0 <= (x—a) divides p(x).

a) q(x) + r, with r a constant since degr <

Proof. Dividing p(z) by = — a we get p(z) = (z —
=0-q(a)+r=r. 0

deg(z — a) = 1. Substituting = = a gives p(a)
So every root a of p lowers the degree: p(x) = (z — a)q(z) with degqg = degp — 1, and
the remaining roots of p are the roots of q. The quotient ¢(x) is computed by polynomial long
division.
Proposition (Rational roots). Let p(z) = anz" + an_12" " + --- 4+ a12 + ag be a polynomial
with integer coefficients, a, # 0, ag # 0. If i, with r, s coprime integers and s > 0, is a root of
s

p, then
r divides ag and s divides an,.

Proof. Multiplying p(r/s) = 0 by s" gives
™ 4 17" s+ o+ ars™ T 4 ags™ = 0.

All terms except ags™ are multiples of r, so r | ags™; since ged(r,s) = 1, r | ap. Similarly, all
terms except a,r"™ are multiples of s, so s | a,7™ and hence s | ay,. O

r
Hence the only candidate rational roots are the fractions +— with r a positive divisor of ag
s

and s a positive divisor of a,. If p is monic (a, = 1), the candidates are just the divisors of ay,
which are integers.

After finding a root a and dividing, the candidates for the quotient ¢ are among those for p,
and the candidates already rejected for p need not be tested again (except a itself, which may
be a multiple root).

r r r
If the root is a fraction a = —, then x — — divides p(x), and so does sx — 1 = s (:L‘ — 7). It
s S
is convenient to divide by sx — r: in this way the quotient still has integer coefficients and no

fractions appear in the computation.

Exercises

Solve the following equations in R.
L 23+22-52+3=0

2. 83—t —2x—-2=0



203 — 322 - 3x4+2=0
-2 2?2 -2 -2=0

2t 423 — T2 4+5:r—-1=0

I

3xt4+ a2 —3x—-1=0

Solutions

Exercise 1: 23+ 22 —52+3=0

Let p(x) = 23 + 2% — 52 + 3. It is monic, so the candidates are the divisors of 3:
+1, +3.

We have p(1) =14+1—-5+4+3=0,s0x=11is aroot. We divide by = — 1:

> +2? —hr 43| z-1
—z3 4 2?2422 -3
J  2x® —bx +3
—222 42z
J -3z +3
+3z -3
J 0

= p(x) = (z — 1) (2% + 22 — 3).
We solve 22 4+ 22 — 3 = 0: %:1—1—3:4, so x = —1 =+ 2, that is, z = 1 and x = —3. Hence
p(x) = (z — 1)*(z +3),
and the solutions are
x =1 (double), xr = —3.
Exercise 2: 23— 22 —2-2=0
Let p(x) = 2% — 22 — 2 — 2. It is monic, so the candidates are the divisors of 2:
+1, £2.

We test them:

p(l)=1-1-1-2= -3, p(-1)=—-1-14+1-2=-3, p(2)=8—-4-2-2=0.

So x = 2 is a root. We divide by x — 2:

2 -z —x 2| -2
—2® 4222 alta4l
/ x> -z -2
—z? 422
/ x —2
—x 42
J 0




== p(z) = (z — 2)(z* + 2+ 1).
The equation 22 + 2+ 1 =0has A =1 —4 = —3 < 0, so it has no real solutions. Hence the
only real solution is
r=2.
Exercise 3: 223 — 322 -32+2=0

Let p(z) = 223 — 322 — 32 + 2. Here ap = 2 and a3 = 2, so r € {1,2} and s € {1,2}, and the
candidates are
+1, £2, +1.

We test them:
p(1)=2-3-3+2=-2, p(-1)=-2-3+3+2=0.

So z = —1 is a root. We divide by = + 1:

223 322 -3 +2| x+1
—22%  —22? 22% — 5w + 2
J —5x? -3z +2
+52% +5x
J 2z +2
—2z =2
J 0

= p(z) = (z +1)(22°% — 5z + 2).
5+3 1
We solve 222 — 5z +2=0: A=25—-16=09, sox:T,thatiS,m:2andx:§. Hence
p(z) = (z +1)(z — 2)(2z — 1),

and the solutions are

Exercise 4: 2' —2® — 2> —2-2=0

Let p(z) = 2* — 23 — 22 — 2 — 2. Tt is monic, so the candidates are the divisors of 2:
1, +2.

We test them:

p(1)=1-1-1-1-2=-4, p(-1)=141-14+1-2=0.



So x = —1 is a root. We divide by = + 1:

xt 3 2 - 2| x+1
—zt a3 23— 2202+ —2
) —2z% —2? —x -2
+223 4222
/ 2 —x =2
A
J —2z =2
+2x +2
J/ 0

—  p@) =+ )a@), q@)=a" -2 +a-2
The candidates for ¢ are still £1,+£2; 1 is excluded since it is not a root of p. We test:
g(-1)=-1-2-1-2=—6, q(2)=8-8+2-2=0.

So x = 2 is a root of ¢. We divide by z — 2:

3 =222 42 2| -2
—z3 4222 241
/ J o =2
-z +2
J 0
= q(z)=(z—2)(z" +1).

The equation 22 4+ 1 = 0 has no real solutions. Hence
pla) = (¢ +1)(z - 2)(2® + 1),

and the real solutions are

Exercise 5: 22+ 23 — T2 +5x—1=0

Let p(z) = 22% + 23 — 722 + 52 — 1. Here aqp = —1 and ay = 2, so r = 1 and s € {1,2}, and the
candidates are

+1, +3.
We have p(1) =2+1—-7+5—-1=0, so x =1 is a root. We divide by = — 1:
224 423 72?2 +5r 1| -1
—2x% 4213 203 + 322 —dz +1
J  3x3 —Tz* +5x -1
—32% +32?
J —4z* +5z -1
+42% —4x
/ x —1
-z +1
J 0




— p(z) = (z —1)q(x), qlz)=223+32% -4+ 1.

The candidates for ¢ are again +1, :I:%. We test:
q1)=2+3-4+1=2, q(-1)=-2+3+4+1=6, q(3)=31+3-2+1=

So x = % is a root of ¢q. We divide by 2z — 1:

203 4322 —4x +1| 2z —1
223 4a? 2?2+ 22 —1
J  4x? —4x +1
—42% +22
J —2x +1
+2z -1
J 0

= q(z) = 2z — 1)(2® + 2z — 1).

A
We solve 22 4 2z — 1 = 0: ik 1+1=2,s0x=—1=%+/2 (irrational, which is why they were

not among the candidates). Hence
p(z) = (x —1)(2z — 1)(2® + 22 — 1),
and the solutions are

1
z=1, T=3 r=—-1-—1+/2, z=—-1+V2.
Exercise 6: 3z*+23—-3x—1=0

Let p(z) = 32% + 2% + 022 — 32z — 1. Here ag = —1 and ay = 3, so r = 1 and s € {1, 3}, and the
candidates are
1
+1, +1.
We have p(1) =34+1—-3—-1=0, sox = 1is aroot. We divide by  —1 (note the zero coefficient
of 22 in the dividend):

3zt 42% 4022 -3z —1| z-1
—32% 4323 323 4+ 42? +4x + 1
) 4ad —3z —1
—42%  +42°
J  4x? -3z -1
—42? +4x
/ x —1
—x +1
J 0

— p(z) = (z—1)q(z), qx)=32>+42% + 42 + 1.



The candidates for g are again +1, :I:%. Since all the coefficients of ¢ are positive, g(z) > 0 for
x > 0, so only the negative candidates need to be tested:

g(-1)=-3+4-4+1=-2  ¢(-})=-+d-4+1= _1+49_12+9 =0.
Soxz = —% is a root of ¢. We divide by 3z + 1:
323 +4z? +4z +1| 3z +1
-3z —2? m
) 3xr +dx +1
—322 -z
J  3x +1
-3z -1
J 0

= q(z) = (3:6—1—1)(302—1—90—1-1).

The equation 22 +z+1=0has A =1—4 = —3 < 0, so it has no real solutions. Hence
pla) = (z = 1)(Bz + 1)(2”* +x + 1),

and the real solutions are



