FCS MATHO Third lesson
Classwork

Caboara

Exercises

[y

. Using the Euclidean algorithm, compute gcd (:U3 —3x+2, 23— 2?3z + 6).
2. Solve the system
P +322+r-2=0
{x3+2x2—1:0.
3. Solve in R the equation 23 — 22% — 22+ 1 =0.
4. Solve in R the equation 3z — 422 — 2z + 1 = 0.

5. Solve in R the equation 2z* + 23 — 522 — 22 +2 = 0.

Solutions

Exercise 1
We compute the sequence of pairs (fy+1,9k+1) = (gk, rem( f, : gk.)), starting from
(fo,90) = (2 =3z + 2, 2° — 2% — 32+ 6).
Step 1. We divide fy by go: 2% : 2% =1.
3 4022 —3x +2| 23 —22-32+6

—23 422 4+3x -6 1
J 2t ) —4

= (f1,91) = (go.rem(fo : go)) = (z* — 2* — 3z + 6, 2% — 4).
Step 2. We divide f; by g1: 2% : 2% = x, then —2? : 22 = —1.

3 —x? -3z 46| 224
—3 +4x r—1
J —z* +x +6
+x? —4
/ x 42

- (f2,92) = (gl,rem(fl : gl)) = (22 -4, z+2).



Step 3. We divide f, by go: #?:2 =z, then —2z: 2 = —2.

2?2 +0r —4| z+2
—x? -2z T —2
J —2x —4
+2z +4
J 0

== (f3,93) = (gg,rem(fg : gg)) =(x+2, 0).
Summary.
(2 =3z +2, 222 —30+46) = (23— 22— 3246, 22 —4) = (2 —4, 24+ 2) = (x +2, 0),
S0, since x + 2 is already monic,
ged(z® =3z 42, 2° —2® — 32 +6) =z +2.

Check. 22 — 32 +2 = (z+2)(x — 1)? and 2% — 22 — 32 + 6 = (2 + 2)(2% — 3z + 3); since
1—-343=1#0, the cofactors have no common roots. v’

Exercise 2

Let p(x) = 2° + 322 + v — 2 and q(x) = 2% + 222 — 1. A number « solves the system if and
only if it is a common root of p and ¢, that is, if and only if (z — «) divides both p and gq,
that is, if and only if « is a root of ged(p,q). We compute the GCD as a sequence of pairs

(frt15 k1) = (gr>rem(fy : gr)) starting from (fo,g0) = (p, q).-
Step 1. We divide fo =p by go =q: 2 : 23 = 1.

w

3 4322 4z 2| 24222 -1
—z3  —222 +1( 1
/ 2?2 4z -1

- (fi,91) = (go,rem(fo : go)) = (2* + 22 — 1, ° + 2 — 1).
Step 2. We divide f1 by gi: 2% : 2% =z, then 22 : 22 = 1.

x> 4222 40x —1| 22 +zx—1
—z2 -2 4z z+1
/ 2 4r -1
—2?2 -z +1
/770

- (f2,92) = (gl,rem(fl : gl)) =(z*+z—1, 0).
Summary.
(343202 2 —2, 224222 - 1) = (@3 +22° -1, 2 +2-1) = (@ + 2 -1, 0),
hence
ged(p, q) = 22+ — 1.
The solutions of the system are the roots of 22 + 2 —1: A=1+4=25,so

1=V 146

T=—F"")>
2 2

Check. p(z) = (2?2 + 2 — 1)(z +2) and ¢q(z) = (2® + 2 — 1)(2 + 1); the cofactors x 4 2 and
2 4+ 1 have no common roots, so there are no other solutions.



Exercise 3: 23— 22> —2x+1=0
Let p(z) = 2% — 222 — 22 + 1. It is monic and ag = 1, so the only candidate rational roots are
+1.
We test them:
p(1)=1-2-241=-2  p(-1)=—-1-2+2+1=0.
So z = —1 is a root. We divide by = + 1:

3 222 22 41| z+1

—x? =2 2?2 -3z +1

J —3x? —2z +1
+32% +3x

/ r +1
-z -1
J 0

= p(x) = (x +1)(z? = 3z +1).

Wesolve 22 =32 4+1=0: A=9—-4=5s0z= 3 :|:2\/3' Hence the solutions are
z=—1, 5623_2\/5, $:3+2\/5'

Exercise 4: 323 — 422 —2x+1=0

Let p(z) = 323 — 42% — 22 + 1. Here ap = 1 and a3 = 3, so r = 1 and s € {1,3}, and the
candidates are

+1, 1.
We test them:

p(1)=3—-4-241=-2  p(—1)=-3—4+2+1=—4,

1-4—-649
P =t-f-2e1= 00,
So z = % is a root, and 3z — 1 divides p(z). We divide by 3z — 1:

3z3 —42?2 —2x +1| 3zx—1
—3z%  +a? 22—z —1
J —3z% -2z +1
N
J =3z +1
+3z -1
J 0
= p(x) = Bz —1)(2® —z —1).
Wesolve 22 —2—1=0: A=14+4=05,s0z= 1 12\/5. Hence the solutions are
U D VA S R )
3’ 2 2

3



Exercise 5: 2z*+ 23 — 522 —2x+2=0

Let p(z) = 22% + 23 — 522 — 20 + 2. Here agp = 2 and aq = 2, so r € {1,2} and s € {1,2}, and
the candidates are
+1, £2, +1.

We test them:
p(1)=241-5-242= -2, p(-1)=2-1-5+2+42=0.

So x = —1 is a root. We divide by = + 1:

204 4a® —5z? —22 42| x+1
—2z%  —223 223 — 2% — 42 + 2
J —x® —5x% -2z +2
+a3 +a?
J —4x? -2z +2
+42? 4z
J 2z 42
—2x =2
J 0

= pla)=(e+ D). gla)=22" —2® —dz+2

The candidates for ¢ are among those for p; 1 is excluded, while —1 must be tested again since
it could be a double root:

g(-1)=-2-1+4+4+2=3, ¢(2)=16-4-8+2=6, q(-2)=—-16—4+8+2=—10,
o3 =3-4-2+2-0
).

Sox = % is a root of ¢, and 2z — 1 divides ¢(x). We divide by 2z — 1:

203 —a? —dx 42| 22-1
—22%  4a? 2 —2
/ J —dx +2
+4xr -2
/0

= q(x) = (22 — 1)($2 —2).
We solve 22 — 2 =0: z = ++/2. Hence

p(a) = (z +1)2z - 1)(z* - 2),

and the solutions are

I
o

r=-1, r=—, :c:—\@, x



