FCS MATHO Third Lesson
Exercise 3.2

Caboara

Exercise 1

Using the Euclidean algorithm, compute the greatest common divisor of the following pairs of
polynomials.

(a) A(x) =2® —22%2 —4x+5, Bx)=2+z-2;

(b) A(z) =23 +22-32-3, B(z)=2%-2zr—1.

Solution
(@) (fo,g0) = (¢° —22° —dx 45, 2* + 2 - 2).
Step 1. We divide fy by go: 2% : 2% = x, then —32? : 2% = —3.

3 —22% —dx +5| 2P+ -2
—z3  —2? 42 r—3
J —3z% -2z +5
+322 +3z —6
/ x —1

- (f1,91) = (go.rem(fo : go)) = (2* + = — 2, = —1).
Step 2. We divide f1 by g1: 2% : 2 =z, then 2z : z = 2.

2> 4 2| z—1
= T+ 2
J  2x =2
—2x +2
J 0

= (f2,92) = (g1,rem(f1 : 1)) = (z — 1, 0).

Summary.
(23— 222 —dx+5, 2’ +2-2) = (2P +2 -2, 2—1) = (x—1, 0),

so0, since x — 1 is already monic,

ged(A,B) =x — 1.

Check. A(z) = (x—1)(22—2—5) and B(z) = (x—1)(z+2); since (=2)?—(=2) =5 =1 # 0,
the cofactors have no common roots. v’



(b)  (fo,90) = (z* +2* =3z -3, 2* — 2z — 1).
Step 1. We divide fy by go: 2 : 23 = 1.
23 422 -3z 3| 2221

—a3 +2x +1] 1
J  x? —x =2

— (fi,1) = (go,rem(fo :go)) :(:1:3—2x—1, a;z—:c—2).
Step 2. We divide f; by g1: °: 2?2 = x, then 2 : 22 = 1.

3 4022 22 —1| 22—2-2
—r3  +2? 2x z+1
/A S|
—z2 4z 42
/ x +1

= (f2,92) = (g, rem(f1 : 1)) = (2® — 2 — 2, z+1).
Step 3. We divide fo by ga: 2% :2 =z, then —2z : 2 = —2.

x> -z 2| z+1

. —" r—2
) —2x -2
+2x +2
/0

— (f3,93) = (g2, rem(f2 : g2)) = (z + 1, 0).
Summary.
(P +a2?-3x-3, 220 —-1) = (2®—22-1, 22 —2-2) > (2 —2 -2, +1) = (z+1, 0),
S0, since x + 1 is already monic,
ged(A,B) =x + 1.

Check. A(z) = (x + 1)(z%® — 3) and B(x) = (z + 1)(z? — 2z — 1); a common root of the
cofactors would satisfy their difference x —2 = 0, but 22 — 3 = 1 # 0, so the cofactors have no
common roots. v’

Exercise 2

Solve the system
{:cg —2x—4=0

-2 —x—2=0.



Solution

Let p(x) = 2® — 22 — 4 and ¢(z) = 23 — 22 — 2 — 2. A number « solves the system if and only
if it is a common root of p and ¢, that is, if and only if (z — «) divides both p and ¢, that is, if
and only if « is a root of ged(p, ¢). So we compute the GCD with the Euclidean algorithm, as a

sequence of pairs (fi+1,9k+1) = (gr, rem(fx : gr)) starting from (fo, g0) = (p, @)
Step 1. We divide fo =p by go = q: 2 : 23 = 1.
3 4022 22 —4| 23— —x—-2
-3 +2? 4z 42| 1
/ 2 —r =2

— (f1,1) = (go,rem(fo : go)) = (xg 22— =2 P —x— 2).
Step 2. We divide f; by g1: 23 :2% = 2.

3 2

3 -2 -2
—z® +2? 422
VA B

= (f2.92) = (g1, rem(f1 : g1)) = (2* —2 — 2, 2 — 2).
Step 3. We divide fy by go: 2?: 2 =z, then z : 2 = 1.

2 —x =2 z—2
—x? 2z z+1
/ x —2
—x 42
J 0

= (f3,93) = (g2, rem(f2 : g2)) = (z — 2, 0).

Summary.
(®—20—4,2° -2 —2-2) > (P —a2?—2-2, 22 —2-2) = (2®*—2—2, 2—2) = (z—2, 0).

Hence
ng(pv q) =T — 27
and the only solution of the system is
T =2.
Check. p(2) =8—-4—4 =0and q(2) = 8—4—2—2 = 0. Moreover p(z) = (z—2)(x?+22+2)
and q(z) = (z — 2)(2? + = + 1); the cofactors have no common roots (a common root would

satisfy their difference  +1 =0, but (—1)? +(—1) + 1 =1 # 0), so there are no other solutions,
not even complex ones.



