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Abstract

We treat a general technique to obtain Church - Rosser extensions
of the A\B-calculus, based on the notion of “confining class” and on an
infinitary version of A-calculus. We apply the technique to find a large
class of terms which can be consistently equated to every other term, and
we also show that many equations between A-terms can be consistently
added to the the \B3-calculus.

1 Introduction

We treat a general technique developed by the authors to obtain Church - Rosser
consistent extensions of the AS-calculus. (We do not consider here the ASn-
calculus.) Let M and N be two non-convertible closed A-terms and assume that
we want to prove that the theory A8 + {M = N} is consistent, i.e. A\ +{M =
N} + K = S does not hold (written Con(M = N) ). An idea due to Mitschke
(see [1] Section 15.3, [13]) is to obtain such consistency result via a stronger
(but often easier to prove) statement: that some suitable theory ASu, where u
is a notion of reduction, is a Church - Rosser extension of the theory AB. The
theory A\Bu has to enjoy the following properties: M is convertible to N (with
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respect to the extended notion of reduction), though K is still not convertible
to S. Mitschke applied this idea to give a new proof of a result of Jacopini,
which states that for every closed term M we have Con(M = Q), i.e. € is an
easy term. This was obtained by adding (for a fixed M) the new reduction rule:
Q — M to the B-reduction rules.

In [7] it is shown how to extend such technique to terms much more complex
than € by “collapsing” a whole class of zero terms. As a corollary it was shown
that the class of easy terms is not stable in the sense that if we equate all the
easy terms to €2, then some non-easy term is forced to be equal to an easy term.

The method is improved in [3], where the idea of using Bohm trees is also
introduced. In this way many counterintuitive consistency results were obtained
as a consequence of a general separation theorem: given a solvable closed term A,
there is a closed zero term X such that =Con(X = A) and for every closed term
B whose infinite 5-Béhm tree is incompatible with the one of A, Con(X = B)
holds. As a corollary we have: (1) there is a closed term X which can be
consistently equated to every closed term A #g Az.z but not to Az.z; (2) there
is a closed term that can be consistently equated to every closed normal form,
but not to every closed term.

Here we take further this semantical approach using, instead of B6hm trees,
the infinitary A-calculus developed in [2]. Our goal is to obtain Church-Rosser
extensions of finite A-calculus, and we use infinite A-calculus only as a tool to
obtain such extensions. We believe that the consistency results we obtain in
section 5 would be very difficult to prove without this detour into infinitary
A-calculus.

To keep the paper self-contained we recall the main definitions and results of
infinite A-calculus in section 3. We also include a new characterization of mute
terms, namely those terms whose infinite normal form is L.

Infinite A-calculus was independently introduced by Klop, Kennaway and
F-J. de Vries in a recent preprint [12]. Our approach is different since we do not
equate all the unsolvable terms.

This paper is meant to be a continuation of the line of research developed
by the two authors in the papers quoted in the bibliography, and we refer to
those papers for further motivations and results.

Notations: The sign = between terms stands for syntactical identity up
to renaming of bound variables (a-conversion). The arrow — denotes one-step
p-reduction, —* is its transitive closure, and = stands for provable equality
in some theory (in most of the cases = is S-convertibility). For other notions
of reduction extending S-reduction we use subscripts like, —+,. We write ——,
for the symmetric closure of —, so that A —+—, B if and only if A =+, B or
A = B. We write —,, for the notion of reduction generated (taking closure
under substitutions and contexts) by the union of —, and —,.

A context C[ ] is a term containing some occurrences of a special constant [
called “hole”. C[B] is the term obtained by replacing all the occurrences of the



holes with the term B. With the notation A[z := B] we indicate as usual the
result of substituting all the free occurrences of z in A with B after renaming the
bound variables of A in such a way that the free variables of B do not become
bound in A[z := B]. The difference between substitutions and contexts is that
the free variables of B might become bound in C[B] but not in Az := BJ.

These notions make sense also for the infinite A-terms introduced in section
3, in which case C[] is allowed to contain any number of holes, possibly infinitely
many.

A trivial context C[] is a context consisting only of the hole: C[]=0. A
collapsing context is a context B-reducible to the hole, or equivalently C[z] —* x
where z is a fresh variable.

We write Con(X = M) to mean that AB+{X = M} is a consistent A-theory.
An easy term is a term X such that for every closed term M, Con(X = M)
holds.

We make use of the following A-terms: K = \xy.z, S = Azyz.22(yz), Q =
Az.zx)(Mx.zx), Q3 = (A\z.2zzz)Az.xzz), Y = (Ahz.x(hhz))(Ahz.z(hhz)).

For technical reasons we expand the language of A-calculus with a special
constant L.

2 Top normal forms and mute terms

In this section we recall the notion of top normal form of a lambda term defined
in [2] and the associated notion of top reduction. Since top reductions are
special cases of head reductions, there will more terms with a top normal form
(i-e. normal form with respect to top reduction) than terms with an head normal
form. To avoid complications we start by working in the usual (i.e. finite) A\3-
calculus, namely we do not consider for the moment either infinite terms or
infinite reductions. We recall that a zero term is a term which cannot be (-
reduced to an abstraction term, i.e. to a term of the form Az.A. Examples of
such terms are Q@ = ww = (Az.2z)(Az.22), Q3 = wWiws = (A\z.zzz)(A\z.22T)
and the special constant L. A top normal form (t.n.f) is a term of one of the
following three kinds:

1. a variable;
2. an abstraction term Az.B;
3. an application term of the form AB where A is a zero term.

It is easy to see that any f-reduct of a t.n.f is again a t.n.f., and moreover it is
a t.nf. of the same kind. To see this it suffices to observe that if A is a zero
term, then any -reduct of AB has the form A’'B’ with A —* A’ and B —»* B'.
This justifies the name top normal form. We say that a term has a top normal
form if it can be reduced to a term in top normal form.



It follows from the Church-Rosser property that if a term A has a top normal
form of the i-th kind (¢ = 1,2, 3), then all its top normal forms are of the i-th
kind. Tt is not possible for instance that a term can be reduced both to a term
of the form Az.B and to a term of the form UV with U a zero term.

There are terms, for instance €2, which do not have a top normal form. Such
terms are called mute. Notice that the special constant | is a mute term.

Not all zero terms are mute: the S-reduction Q3 — Qsws shows that the
zero term {23 has a top normal form of the applicative kind, namely Q3ws.

A defect of the notion of top normal form, if compared with the notion
of head normal form, is that it is not constructive: there is no algorithm to
test whether a term is a zero term, hence whether an applicative term is in
top normal form (it is a co-recursively-enumerable predicate). To have a top
normal form, is even less constructive (it is a 3V predicate in the arithmetical
hierarchy). This should not deter us from working with top normal forms since
in many cases, like the case of 3, they can be easily computed.

Associated with top normal forms is the notion of top reduction. We say that
a p-reduction A — B is a top reduction if the redex A C A being contracted
is A itself. Top reductions are special cases of head reductions (see [2]), i.e.
reductions of the form

AZ1, .. T (M U)V My ... My = Azq .. .2, Uz := VM ... M.

Indeed top reductions are the special case n = k = 0.

It follows from the definitions that a term A is in top normal form if and
only if it is different from L and there are no top reductions from A to some
other term. The following result illustrates the relationship between mute terms
and top reductions.

Theorem 2.1 For a term A not B-convertible to L the following are equivalent:

1. A is mute;

2. There is an infinite sequence of B-reductions A — A; — Ay — ...
which contains infinitely many top reductions (not necessarily consecu-
tive). Moreover we can take such an infinite sequence consisting entirely
of head-reductions.

Before giving the proof we recall that if s:A — B and r: A — C are two
B-reductions starting with the same term, then there is a well known way of
defining a term D and two S-reductions s/r:C — D and r/s: B — D (see [1]).
The reduction s/r is called the projection of s over r.

Proof of Theorem 2.1. We need a result from [2]: if a term has a top
normal form, then it can be reduced to a top normal form by a finite sequence
of head reductions. Granted this, suppose that A is not mute. Then A has



a top normal form B which can be reached by a sequence of head reductions
A — By - By —» ... » B, = B. By taking projections it follows easily that
any sequence of reductions starting from A and containing more than n head
reductions (not necessarily consecutive), ends up in a reduct of B, hence still in
a top normal form. This proves that 2 implies 1.

For the converse it suffices to observe that if A is a mute term not S-reducible
to L, then A must be an applicative term of the form UV with U not a zero term.
It then follows that U can be reduced to an abstraction term Az.T', hence A can
be reduced to (Az.T)V. We can now reduce this last term to T'[z := V] via a
top reduction. Repeating the argument starting from the mute term T'[z := V)
we obtain an infinite sequence with the desired properties. QED.

3 Infinite A-calculus

In this expository section we recall the definitions and results of [2] that we need
in the sequel.

3.1 Infinite \-terms

Our next goal is to introduce the “infinite normal form” of a (finite) A-term. We
will see that such a notion is similar to the infinite Bohm tree (see [1]), except
that is is computed using top normal forms instead of head normal forms.

We identify A-terms with their parsing trees, so we write them either in linear
form or in tree form. An infinite A-term is defined as a finite or infinite rooted
tree with binary application nodes “@”, unary abstraction nodes “Az” (where x
is any variable), and leaves labeled either by a variable or by the constant “1”.
Each node of an infinite A-term determines a subterm, namely the subterm
whose root (in the tree-representation) is the given node. The infinite \-terms
include as special cases the finite ones.

Infinite A-terms arise in a natural way as “limits” of infinite sequences of (-
reductions if we try to compute top normal forms “hereditarily”. So if we start
with €23 we obtain the top normal form Q3ws and continuing in the same fashion
we generate the infinite sequence of S-reductions Q23 — Q3w3 — (Q3w3)wz —
etc. It is natural to take some kind of limit of this process and to set Q3 —
((((.. )w3)ws)ws)ws (infinitely many ws’s). In tree-form:



/K ws
/@\ w3
/@\ w3

w3

Figure 1

Notice that the infinite A-term on the right is a normal form because it has
no S-redexes (i.e. subterms of the form (Ax.A)B). It is natural to call it the
infinite normal form of €23. Thus we see that contrary to what happens in the
usual (finite) A-calculus, there are infinite A-terms which are in normal form
and yet they begin with an application node.

3.2 Finite f-reductions among infinite terms

B-normal forms are defined for infinite terms as for finite ones: namely as terms
not containing subterms of the form (Az.A)B.

B-reduction is also defined as for finite terms, namely as the process of re-
placing a subterm of the form (Az.A)B with A[z := B] (with renaming of bound
variables to avoid conflicts).

The Church-Rosser property fails in a trivial way for g-reductions among
infinite terms. Indeed take A = z(z(z(...))) (infinitely many 2’s) and let B be
a term which can be S-reduced to, say, B'. Then (Az.A)B can be S-reduced to
B(B(B(...))) (infinitely many B’s). On the other hand (Az.A)B can also be
reduced to (Az.A)B’, hence to B'(B'(B'(...))). Now it is clear that we cannot
find a common reduct of B(B(B(...))) and B'(B'(B'(...))) via a finite sequence
of B-reductions, and the Church-Rosser property fails.

In section 3.3 we will introduce a notion of infinite S-reduction in such a way
that B(B(B(...))) can be reduced to B'(B'(B'(...))) via an infinite S-reduction.
This however will not solve all our problems with the Church-Rosser property
(as a more complicated example will show) and a suitable rule concerning L
must be added to restore it.

To stress the difference between [-reduction and the infinite S-reduction
of section 3.3 we sometimes call the former one finite S-reduction. So finite
B-reduction is either one-step B-reduction — or its transitive closure —*.

The notions of zero term and top normal can be defined for infinite terms in
exactly the same way as for finite ones, namely using finite S-reductions. So an
infinite term A is a zero term if and only if there is no finite S-reduction from
A to an abstraction term. An infinite term is a top normal form if and only if
it is either a variable, or an abstraction term, or a term of the form BC with



B a zero term. An infinite term has a top normal form if it can be reduced to
a top normal form by a finite S-reduction. An infinite term is mute if it has no
top normal form.

3.3 Infinite S-reduction

We will define infinite f-reduction among infinite terms. So among infinite
terms we have both a notion of finite g-reduction —*, and a notion of infinite
B-reduction — .

Definition 3.1 Given two infinite terms A and B, we say A =, B if A and B
coincide up to the n-th level of their tree-representation. More precisely:

1. A=q B iff A and B have the same root.

2. A=, Biff A and B have the same root and each immediate subterm
of A is in relation =,, to the corresponding immediate subterm of B.

We recall that the root of an infinite term is either an application node @, or
an abstraction node Az, or a variable x, or the constant L (in the last two cases
the whole term coincides with its root). Note that A = B iff A =,, B for every
n. We agree that for n negative A =,, B always holds. Since infinite terms are
identified with trees, they possess a natural topology and a notion of limit.

Definition 3.2 Let < A, | n € w > be a sequence of infinite terms. We say
lim < A, >= A if A is an infinite term, and VkInVm >n A,, =, A.

Definition 3.3 The depth of a specific occurrence of a subterm A in A, is
defined as the length of the path connecting the root of A to the root of A in
the tree-representation of A. The depth of a S-reduction A — B is defined as
the depth of the redex A C A being contracted.

So for instance the depth of A in A is 0. The depth of A in Az.A is 1. The
depth of A in Ax.AB and in A\z.BA is 2. The depth of A in Az.ABC is 3. Notice
that if the reduction A — B has depth n, then A =,,_; B.

Definition 3.4 Let s: 49 - A; — A, — A3z — ... be an infinite sequence of
B-reductions. We say that s converges to the infinite term B if:

1. B:lim<Ai >,
2. the depth of the reduction A; — A;;1 tends to infinity with 4.

So for an infinite sequence of reductions to converge we require not only that
the terms in the sequence converge, but also that the depth of the reductions
tends to infinity. This is called strong convergence in the context of term rewrit-
ing systems [11]. To illustrate the difference consider a term H, constructed by



the help of a fixed point combinator, such that Hx — H(sz) where s is a A-
representation of the successor function. Then H0 — H(s0) — H(s(s0)) — ...
etc. The terms in this reduction converge to the infinite term H(s(s(...)))
(infinitely many s’s), but the sequence of reductions itself does not converge
because the depth of the redexes does not tend to infinity.

Definition 3.5 We define A —, B (infinite B-reduction) if and only if either
A —* B or there is an infinite sequence of reductions starting from A and
converging to B.

In the previous section we have seen an example of an infinite 8-reduction
starting from the term Q3. This was an example of an infinite S-reduction
starting from a finite term and ending up in a f-normal form. Clearly not all
infinite reductions have this property. We need the following fact:

Proposition 3.6 —, is transitive, i.e. —>o coincides with its transitive clo-
sure =5 .

3.4 Infinite § 1l-reductions

Infinite S-reduction —, is not Church-Rosser. Indeed let I = Az.x, and A =
(Az.(zz))(Ax.X(zz)). Then we have both A — I(I(I(...))) (infinitely many
I's) and A —=* (Az.zz)(Az.zz), and no common infinite S-reduct exists. It
turns out that the mute terms are the only ones responsible for the failure of
the Church-Rosser property.

Definition 3.7 We define a L -redex as a mute term different from L. Define
now — as the least notion of reduction which contains — (S-reduction) and
sends all the mute terms to L (it can be proved that every substitution instance
of a mute term is mute, so we do not need to take closure under substitutions).
Now define — o, exactly as —, but starting from — instead of —.

It can be shown that — o, is transitive. Notice that if a term has no §-
redexes, it has no L-redexes as well. So the notion of 8-normal form coincides
with the notion of 8 L-normal form and we can speak simply of normal form.

Definition 3.8 We say that an infinite term B arises from a finite term if there
is a finite term A with A — |  B.

So the infinite term (((...)ws)ws)ws arises from the finite term ;.

Theorem 3.9 (/2])

1. = is Church-Rosser if restricted to terms B which arise from a finite
term.



2. Every infinite term A can be reduced to a B-normal form via — 1 o. This
B-normal form is unique if A arises from a finite term.

Definition 3.10 If A arises from a finite term, we denote by A* the unique
p-normal form such that A — o, A® and we call A* the infinite normal form
of A.

Thus Q% = (((...)ws)ws)ws. We believe that Theorem 3.9 holds without
the restriction to terms arising from finite terms. A possible way to prove this
fact is to use transfinite reductions of length bigger than the ordinal number w
as in [11] L.

The easy part of the theorem, namely the existence of infinite normal forms,
holds without the restriction to terms arising from finite terms and follows easily
from the following proposition.

Proposition 3.11 1. If A —»* x, then A® = x;
2. if A —=* \x.B, then A® = \x.B>®;
3. if A—=* BC and B is a zero term, then A® = B*(C>;
4. if A is mute (which amounts to say that 1,2,3 do not apply), then A =1.

The hypothesis that B is a zero term in clause 3 ensures that BC is a
top normal form of A (hence all the -reducts of BC' are of the form B'C’ with
B —* B' and C —* C"). Notice that if A has a 8-normal form B with respect to
finite S-reduction, then A = B. So infinite normal forms are a generalization
of normal forms. We have 1>*°=1, (Az. 1)® = Az. L and (LL1)>® =11.
This is to be contrasted with the theory of infinite B6hm trees where we have
ll=Az. L=1.

A basic difference between infinite normal forms and infinite B6hm trees
is that an infinite normal form can begin with an application node (as in the
case of L1 and the infinite normal form of €23). Another difference is that an
infinite normal form can begin with infinitely many A’s. This is the case of the
infinite normal form of the term YK, where Y = (Ahz.x(hhz))(Ahz.z(hhz))
is the Turing fixed point combinator and K = Azy.xz. Indeed we have
Y = Az.z(z(x(...))) (which is essentially the Bohm tree of Y) and YK —
Ayo(Ay1 (Aya(...))) (infinitely many X’s).

Sometimes it is not so easy to compute infinite normal forms due to the fact
that we might not be able to test algorithmically whether clause 3 in Proposition
3.11 can be applied (as the notion of zero term is not decidable). So in general
the computation of A* requires some ingenuity. As an exercise the reader can
verify that (YY) is the complete infinite binary tree (with application nodes
@ only, and no leaves).

L1Added in proofs: alternatively one can work with reductions of length at most w and
obtain the infinite Church-Rosser theorem via a kind of standardization theorem.



3.5 Some properties of infinite reductions

In this section all the terms are assumed to be infinite terms arising from finite
terms (unless otherwise stated). Under this hypothesis the Church-Rosser prop-
erty for = o, holds and we have existence and uniqueness of infinite normal
forms. Clearly S-convertible terms have the same infinite normal form. Actually
we have more:

Fact 3.12 if A -, B, then A>® = B>.
We also need in the sequel the following result:

Fact 3.13 if A — 1 B, then A is a zero term iff B is a zero term. Hence A
is a zero term iff A* is an applicative term or L.

Recall that a zero term is defined in terms of finite S-reductions, so the above
result does not follow immediately from the definitions. Indeed Fact 3.13 has
some not entirely trivial consequences concerning finite A-calculus:

Corollary 3.14 1. If A and N are two finite terms such that A — AN,
then A is a zero term.

2. It is impossible for a finite term A to satisfy: A - AN and A - AM
where N and M are two distinct finite terms.

Proof. Part 2 follows from part 1 and the Church-Rosser theorem. To prove
part 1 assume A — AN. Then we have the infinite sequence of reductions
A — AN — (AN)N — ((AN)N)N — ... etc., which converges to the infinite
term (((...)N)N)N (infinitely many N’s). So A = (((...)N)N)N, which is a
zero term because any finite S-reduction starting from it can only happen inside
the N’s, so it cannot change the whole term to an abstraction term. QED

The notion of context makes sense also for infinite terms. In general a context
C[ ] may contain infinitely many holes. The infinite normal form C*[ ] of C[ ]
can be defined by treating the hole as if it were a new free variable and setting
C®[]1=(C[])*®. Evenif C[]is a context with only one hole, its infinite normal
form C*°[ ] may contain any number of holes, possibly zero or infinitely many.

Example 3.15 Let H be a term satisfying Hx — Hxz(Hz). Then the infinite
normal form of Hzx is the complete infinite binary tree with application nodes
only and no leaves. The variable = has disappeared because it has been pushed
to infinity. So the context C[] = HO has an infinite normal form with no holes.

The possible presence of infinitely many holes makes the following fact not
entirely trivial:

Fact 3.16 (Assume all terms mentioned arise from finite terms)
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1. If B—1o B', and C[ ] 5100 C'[ ], then C[B] = 1 C'[B'];
2. (CIB)™ = (C[B¥)™.
3. If B* is a zero term, then C[B]* = C*°[B*].

Proof. Part 2 follows immediately from Part 1 and the Church-Rosser prop-
erty of — o observing that the two terms (C[B])* and C*°[B*] are both
(= Loo)-reducts of C[B]. Part 3 follows by observing that if B is a zero term,
then C*°[B®] is a normal form. For the proof of part 1 see [2]. QED

4 Church-Rosser Extensions

Up to Definition 4.10, we shall be concerned only with finite terms, and “term”
means “finite term”. Let X and M be two closed terms. It is well known that
there is no algorithm to test whether Con(X = M) holds. However we will give
sufficient conditions which work in many cases.

Let us first make some reductions: it is known (see [1]) that two unsolvable
terms can always be consistently equated. So we can assume that at least one of
X and M, say M, is solvable (i.e. it has an head normal form). B6hm’s famous
theorem states that two Bn-normal forms cannot be consistently equated [4],
and actually any two terms with incompatible infinite Sn-Béhm tree, cannot
be consistently equated (see [1]). So we can assume that X has an infinite
Bn-Béhm tree compatible with the one of M (in the sense that replacing the
bottom with suitable terms we can get the same Bohm tree). In particular X
could be unsolvable. To simplify things we assume that X is the simplest kind
of unsolvable: namely a zero term. So our general assumptions are: X is a zero
term and M is solvable. Under these hypothesis we want to decide whether
Con(X = M) holds.

Since a zero term does not act on its arguments, the non-expert reader may
think that the answer is always positive. However, this is not the case. The
reason is that a zero term may give information simply by expanding itself! As
an example, Q3 f-reduces to Q3ws. So, e.g. in the theory A8 + {25 = K} we
obtain K = Kws and the theory turns out to be inconsistent. So we have to
take into account all the S-reducts of X. In particular, some reducts may be in
the form C[Y], for some non trivial context C[ ] and some Y S-convertible to
X. Then, from the equality X = M, the equality C[M] = M follows. Now, at
an informal level, we have to distinguish between three different cases:

1. C[] begins by a hole, i.e. it is of the form CI(N1[]) ... (Nk[])- In this case
the theory A8 + {X = M} cannot be consistent for every choice of M (to
get an inconsistent theory choose a suitable projector); it can be however
consistent for particular choices of M. (The above example falls in this
case, since €23 gives rise to the context [ws.)
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2. Any such context C[ ]| has a prefix (i.e. it does not begin with an hole)
but we are not able to detect if M = C[M] is consistent.

3. Any such context C[ ] has a prefix and moreover the form of such prefix
is such that we expect that no contradiction can arise from M = C[M].

The following makes precise the intuition corresponding to Case 3. Later we
discuss some examples belonging to Case 2.

Definition 4.1 (Confining Classes I)
Given a closed term M, a class C of closed terms is called a confining class for
M if the following holds:

1. every element of C is a zero term;

2. C is closed under f-reduction, i.e. if B € C and B S-reduces to B; then
B; € C;

3. for every non-trivial context C|[ |, if C[B] € C and B € C, then C[M] € C.

Theorem 4.2 Given terms M and X, if there exists a confining class C for M
such that X € C then Con(M = X).

According to our informal discussion the third clause corresponds to the case
in which the prefix is such that C[M] is still a zero term. This is enough to
obtain consistency. In fact we obtain more:

Theorem 4.3 ([3] Theorem 3.4) Let M be a term and C a confining class for
M. Let u be the notion of reduction generated (taking substitutions and contexts)
from the following reduction rules: for every B € C,B —, M. Then the notion
of reduction Bu is Church-Rosser.

Remark 4.4 It is easy to see that Theorem 4.2 is a corollary of Theorem 4.3.
In fact if X € C, then X is obviously Su-convertible to M. On the other
hand K and S are still in normal form since they contain neither 8- nor u-
redexes (observe that a p-redex must be a zero term). Thus K and S are not
Bu-convertible (as Bu-reduction is Church-Rosser) and we obtain the desired
consistency result. Theorem 4.3 actually gives more: it is consistent with the
AB-calculus to simultaneously equate all the terms in C to M.

For later reference we sketch the proof of Theorem 4.3 (see [3], Theorem 3.4,
for details).

Proof of Theorem 4.3
Claim: ——, is Church-Rosser and therefore —}, is Church-Rosser.

To prove the claim observe that the case of disjoint u-redexes is obvious. So
let T and C[T] two nested p-redexes. We have: C[M] ,« C[T] —, M, but
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C[M] € C so the diagram can be completed by reducing C[M] to M (plus an
empty reduction).
Claim: —7 and —}, commute.

To prove the claim observe that:

Fact: if we have: C' 4 A =3 B, then there is a term D and reductions
C—o—p D B (B-reductions can create many copies of, leave untouched or
erase p-redexes, but cannot make a y-redex a non-redex).

Now we can use the strip method: start with the diagram: C,+ A —g
A1 =g ... =5 Ap and use the above fact to get a shorter —% reduction; so
(arguing by induction) the claim follows.

To conclude the proof, observe that since —>2§ is Church-Rosser, —>;§ and —,
are a pair of commuting Church-Rosser notions of reduction. Therefore by the
Hindley-Rosen Lemma (Lemma 3.3.6 of [1]), =, is Church-Rosser. QED

For applications see [3]. It must be pointed out that it is not at all clear how
to choose a class C which works for a given term M and a given zero term X.
In particular, to apply Theorem 4.2, we need a class closed under g-reduction
(but not necessarily under $-convertibility). One source of complications is that
some (-reduct of M may contain X as a subterm, and so new potential redexes
arise. We will prove a strengthening of Theorem 4.3, which will later allow us to
use infinite normal forms in the definition of the confining class. Recall that C[ ]
is called a collapsing context if C[z] —* x, where z is a fresh variable. Clearly
every trivial context is collapsing.

Definition 4.5 (Confining Classes IT)
Given a closed term M, a class C of closed terms is called a weak confining class
for M if the following holds:

1. every element of C is a zero term;

2. C is closed under fS-reduction, i.e. if B € C and B S-reduces to By, then
B, € C H

3. for every non-collapsing context C[ ], if C[B] € C and B € C, then C[M] €
C.

The intuitive meaning of Definition 4.5 (with respect to Definition 4.1) is that
we are no more afraid of possible “circular” behaviour of X (say X —3 IX),
which gives rise to collapsing but non trivial contexts (e.g. IJ). Notice that if
C[] is collapsing then for every closed N, N and C[N] have the same infinite
normal form. The following theorem states that a weak confining class is enough
to get the required Church-Rosser extension.

Theorem 4.6 Let M be a closed term and C a weak confining class for M.
Moreover, let iy be the notion of reduction obtained from the following reduction
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rules: for every B € C, B =, M. Then the notion of reduction Su is Church-
Rosser.

As usual we close =, under substitutions and contexts, so if B —, M,
then C[B] —, C[M] for every context C[ ] (closure under substitutions is not
actually needed since C is a class of closed terms and M is also closed). The
proof of Theorem 4.6 is a modification of the proof that all mute terms are easy
[2]. Since it is rather complex we split it in a series of lemmas.

Lemma 4.7 Any diagram C 4 A —, B can be extended in one of the follow-
ing forms (for some term D ):

1. B—3 D=C;
2. B=D - C;
3 B—=_,D_C

The lemma follows easily by considering the relative positions of the two
p-redexes and the definition of weak confining class. The main point to notice
is that, unlike what happens in Theorem 4.3, u-reduction is not Church-Rosser.
In fact, if C[B] € C and B € C, where C[] is a collapsing context, then C[M ]
C[B] =, M, but at this point a common p-reduct may very well be lacking
(since C[M] is not necessarily in C). To cope with this problem, we suitably
extend p to a larger notion of reduction p which turns out to be Church-Rosser.

Definition 4.8 (p-reductions and collapsing reductions)

1. Let ¢ be the notion of reduction obtained from the following reduction rule:
for every collapsing context C[ ], and for every closed term N, C[N] —. N.

2. Define A —, B iff either A -, Bor A —, B.

We call c-reductions collapsing reductions. Notice that such a reduction can be
simulated by a sequence of S-reductions.

Collapsing reductions were used in [2]. The proof of Theorem 4.6 is obtained
through the following sequence of results which simplifies the treatment in [2]
via the key observation that collapsing reductions are Church-Rosser. The proof
of this fact is given in the appendix.

Lemma 4.9

1. —_. is Church-Rosser.

2. ==, is Church-Rosser, and therefore =~ , is Church-Rosser.
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3. Any diagram C 4~ A —. B can be extended to one of the form C ——,
D 4+ B for some term D.

4. Any diagram C' 4 A —g B can be extended to one of the form C —_g
D % B for some term D.

5. Any diagram C ;4 A —g B can be extended to one of the form C ——_g
D 7+ B for some term D.

6. —>;§ and —):; commute.

7. —>Z B 18 Church-Rosser.

Proof. See the appendix. QED

Proof of Theorem 4.6. Since c-reductions can be simulated by sequences
of B-reductions, —%, coincides with —% ,, hence it is Church-Rosser by the
previous lemma. QED

As we observed above, the main problem is to find suitable confining classes.
The following shows how this can be done starting from sematical considerations
based on normal forms of infinite terms.

Definition 4.10 (Confining Classes III)
Given a closed finite term M, a class Cy of infinite closed terms arising from

finite terms is called a confining class of infinite terms for M if the following
holds:

1. every element of C, is a zero term;

2. for every non-trivial infinite context C°°[ ] (possibly with infinitely many
holes), if C*°[B*°] € Co and B> € Cw, then (C®°[M*])* € Cs provided
that C*°[M*°] arises from a finite term.

The restriction to terms arising from finite terms is only needed to ensure
that the Church-Rosser property for — | , reductions holds, and probably it
can be omitted. The following result shows that when we come back to finite
terms in the natural way, we get a weak confining class.

Theorem 4.11 IfC, is a confining class of infinite terms for M and C = {N |
N is a finite closed term and N*° € C}, then C is a weak confining class for
M. (Hence it is consitent to simultaneously equate all terms in C to M.)

Proof. We have to check clauses (1) - (3) of Definition 4.5. Observe that
4.5(1) follows from the fact that terms whose infinite normal form is a zero
term are themselves zero terms (Fact 3.13). Moreover, from the fact that §-
convertible terms have the same infinite normal form it follows that C is closed
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under B-reduction. Actually C is even closed under B-conversion (this was not
necessarily so for the confining classes of Definition 4.1, namely those used in
[3])-

Now, let C[B] € C, B € C and let C[ ] be a non-collapsing context. This
is the same as saying that the infinite normal form C*°[ ] of C[ ] is a non-
trivial context (since C[z]>® = z iff C[z] »* z, where z is a fresh variable).
We have to show that C[M]*® € Cy, i.e. (C®[M>®])* € Co. Since B and
C[B] belong to C, by definition of C we have (C[B])*® € Cx and B*® € (.
Moreover (C[B])*® = (C*®°[B*])™ = C*[B*] by Fact 3.16. Now clause 2 in
the definition of confining class of infinite terms gives us C[M]* € Co. QED

5 Applications

5.1 Self-similar Terms

In [2] a mute term is also called zero term of degree zero. One then defines a
zero term of degree n + 1 as a zero term [-convertible to a zero term of degree
n applied to some other term. A zero term is said to be of infinite degree in
the remaining cases. So €2 is of degree zero, QK is of degree one, and 3 is
of infinite degree. Since mute terms are easy and an easy term applied to any
other term is easy, all zero terms X of finite degree are easy. So if one consider
the question of whether a zero term X is easy, the only interesting case left is
when X is a zero term of infinite degree. In this case X may or may not be
easy. For instance Q3 is not easy (as we have seen that it cannot be equated to
K). On the other hand, as a first application of Theorem 4.11, we prove that
Qs3I (which is a another zero-term of infinite degree) is easy. More complex
examples of such terms can be found in [5, 3].

Proposition 5.1 Q31 is easy.

Proof. Let M € Ag be given. As a confining class of infinite terms for
M containing Q31 we simply take the class containig only (Q31)™, i.e. Coo =
{(Q31)™}. Clearly, Cy contains only zero terms. We have to show that if
C[B*®] € Cx and B*® € (Cy, then (C[M])*® € Cx or (C[ ])*° is the trivial
context. The key point to observe is that the infinite term (23I)* has not any
proper subterm identical to itself. To see this, just draw the picture:
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(By contrast, Q3° has infinitely many subterms identical to itself.) This
shows that if (C[B])® € Co and B*® € Co, then C[ ] has no holes or it is
trivial. In the former case, (C®[M>])® = (C*®[]))* = C®[] = C*[B™] € Cw.
In the latter (C[ ])*° is trivial and we are done. QED

The given proof of easiness is extremely simple, if compared with proofs
in [7] or [3]. Of course, this depends on the machinery set up in the previous
section. But we stress that, once this has be done, we can prove consistency
or easiness results simply by looking at the infinite normal form of the terms
involved. As an example, we can immediately generalize the above result to a
large class of zero terms:

Definition 5.2 A (finite) closed term A is self-similar if A contains a proper
subterm identical to itself.

For instance, 23, YQ3, YY are all self-similar, whilst 231, 23K, YQ3I are
not self-similar (the “I” or “K” break the symmetry). In [3], a quite complex
proof of the easiness of YQ3I was given (in fact, the easiness of YQ3N was
proved, with N a term with head normal form). Now, such results can be
obtained from the following quite general proposition.

Theorem 5.3 If A € Ag is a closed zero term which is not self-similar, then A
15 easy.

Proof. Exactly as the proof of Proposition 5.1. Indeed in that proof we have
only used the fact that Q31 is not self-similar. QED

As a corollary we obtain that every closed mute term is easy (as A is mute
iff A =1, and clearly L has no proper subterms identical to itself). Actually
the proof shows more: it is consistent to simultaneously equate all the closed
mute terms to a fixed closed term M arbitrarily chosen (for a detailed proof of
this fact see [2], where the result is proved even for non-closed mute terms).

We feel that theorem 5.3 is a nice formal counterpart of the general intuition
that a zero term can give information about itself only by expanding itself (see
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the discussion at the beginning of the previous section). If a zero term is not
self-similar, then also this way of communicating is not practicable, so we have
no information at all and the term turns out to be easy.

5.2 A Consistency Result

The second application of Theorem 4.11 that we give here is a consistency result
improving a previous one of [3]:

Proposition 5.4 If X = Q3X, then Con(X = w3) holds.

From [3] (Theorem 5.5. and Corollary 5.6) we have the weaker result that
some particular fixed points of Q3 (e.g. X = YQ3) can be consistently equated
with w3, while here we deal with an arbitrary fixed point X = Q3X without
knowing its exact shape. The idea is that even if the exact shape of X is
unknown, the equation X = Q3X determines uniquely X as follows (where
for typographical reasons we have omitted the “@Q” sign as a label of the binary
nodes):

Figure 3

To prove the proposition we need a suitable confining class for w3 containing
X and closed under the clauses of Definition 4.10. If we find such a class we
will get the stronger result that all finite terms whose infinite normal form is in
the class can be simultaneously equated to ws. Figure 3 suggests the following
definition:

Definition 5.5 An infinite closed term U is an ws-term if every closed subterm
T of U either is identical to ws or it is an applicative term (as usual we regard
finite terms as special cases of infinite terms).
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So if we identify U with its parsing tree, then every node of U is either inside
an occurrence of w3 or is labeled by the application node @. This includes the
infinite normal form of Y23 and the infinite normal form of any X satisfying
X = Q3X. It also includes the infinite normal form of Y'Y, which contains only
applicative subterms and no occurrences of ws. Notice that YY and YQ3 are
not themselves ws-terms, only their infinite normal forms are such.

Lemma 5.6 For an infinite wz-term X, we have that X is a zero term iff X
is an applicative term.

Proof. Let X be an applicative wz-term. Then X is the application of two
ws-terms A and B, say. To show that X is a zero term it suffices to show that
every one-step f-reduct of AB is again an applicative ws-term. So let AB — C.
If the redex being contracted is AB itself, then A is an abstraction term and it
follows that A = w3 and C = BBB, which is obviously an applicative wz-term.
If the redex being contracted is inside A or B then we apply the same argument
inside A or B. QED

Lemma 5.7 Let A be an infinite term arising from a finite one (so that A> is
well defined). If A is an ws-term, then A> is also such.

Proof. Assume that A is an w3 term. It is clear that any finite S-reduct of
A is still an ws-term.
Claim: for every k there exists a finite S-reduction A —* A’ such that every
subterm of A' at depth < k is a top mormal form.

To prove the claim, we argue by induction on k. Let £ = 0. If A is an
abstraction term, then A = w3 and there is nothing to prove. If A has the
form (BC)D with B, C ws-terms, then by Lemma 5.6 BC is a zero term, hence
A = (BC)D is a top normal form. If A has the form w3 B, then A — BBB and
the previous case applies. If £ > 0, observe first that every finite S-reduction
starting from A does not create any abstraction term different from ws. Then
use the argument given for the case k = 0, to every S-redex of level n. The
claim follows.

As an immediate consequence any subterm of A is a top normal form,
and therefore | is not a subterm of A®°. It remains to prove that A* is an
wsz-term. Let D be a closed subterm of A®°; we already know that D cannot be
1 and that if the root of D is labeled by Az, then this Az arises from a finite
B-reduction starting from A and therefore D = ws. So, if D is not ws, then it
is an applicative term.QED

We are now ready to define our confining class:

Theorem 5.8 Let A7 be the class of all applicative infinite terms which are
wz-terms, are in normal form, and arise from a finite terms. Then A is a
confining class of infinite terms for ws.
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Proof. By Lemma 5.6, we know that every element of A2’ is a zero term.
Now let C°[] be a non trivial context such that C*°[B*] € A3, and B® € A%;
it is easy to see that C*[ws3] is an applicative ws-term. If it does not arise from
a finite term there is nothing to prove since clause 2 of Definition 4.10 holds
vacuously. If it does, then by Lemma 5.7 (C*®[ws])* is an ws-term, and by

Lemma 5.6 it is an applicative term. QED

We can now prove:

Corollary 5.9 Let X be a finite closed term such that X*° is an ws-term. Then
Con(X = ws) holds.

Proof. If X = w3, then X —* w3 and Con(X = wj3) obviously holds. If
X #£ w3, then X* must be an applicative ws-term, hence it belongs to the
confining class AZ;, therefore and Con(X = ws) holds. QED

Actually the method of the confining class proves more: all terms X such
that X°° is an ws-term can be simultaneously equated to ws.

The line of reasoning we use to prove Theorem 5.9, can easily be extended
to obtain a full generalization of the results of [3] concerning terms which can
be written with only one variable.

6 Open Problems

6.1 Non-zero Terms

The method of confining class does not work for non-zero unsolvable terms. The
main problem is that if we introduce a new reduction rule sending some non-zero
terms to some fixed term, then an application of this rule may destroy S-redexes.
It is however very likely that a similar technique, with suitable adaptations,
could cope with non-zero terms. So we state the following problem.

Problem 6.1 Extend the confining class method to non-zero unsolvable terms.

Remark 6.2 The reader should observe that non-zero terms have an obvious
way to give information about themselves, that is by acting on their arguments.
As an exercise, the reader may check that A\z.Q(zx) is not easy (whilst QN is
easy for every N).

6.2 An Easiness Problem
Problem 6.3 Is YQ3 easy ?
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In our opinion, this is the most remarkable open problem on easy terms. This
problem was posed ten years ago in [10] and, as far as we know, it is still open.
In [3], we proved that Y5 is normal form easy, that is it can be consistently
equated to every closed normal form. Moreover we proved Con(YQ3 = M)
where M is not of the form: Ax.xN; N>, where at least one of Ny, Ny is unsolv-
able and if NV; is solvable then N; = x. So a countexample, if any, has a very
special form. In fact, this form is needed to break any confining class!

We illustrate this situation, by giving an example of of a term very similar
to Y23 which is neverthless not easy.

We define the following combinators: K; = Azyz.zz , H = Az.2zK; and
Q, = HH . Then Qk, — Qk,Ki, so Qk, behaves like €23 but with the
normal form ws replaced by the normal form K;. Both are self-similar zero
terms of infinite order. We have:

Theorem 6.4 YQxk, is not easy

Proof. Let N = Azyz.z(YQk,000z2) and consider the theory A3 + {YQk, =
N}. This theory proves:

1. N = Azyz.2(N000z2) = Azyz.zz = Kjy;
2. YQk, = N =Kj;

3. Ok, N = Qk, (YQk,) = YQk, = N;

4. Qk,K; = N;

5. Qk, = Ok, K1 = N;

6. NN =Qg,N = N;

7. KiK; = K;.

From the last equality we obtain U =V for U and V arbitrary. QED

6.3 A consistency problem

Let X be a non-easy zero term, we would like to know what terms can be
consistently equated to X. Infinite normal forms give a partial answer, since if
Y behaves in a sufficiently similar way to X with respect to S-reduction, then
X® =Y and Con(X =Y) follows. It seems likely that the same holds for
[B-conversion. So, e.g., the following problem arises:

Problem 6.5 Let M be such that M = Mws. Does Con(M = 3) hold?

Remark 6.6 M can very well be a normal form (see [5] for a general method
for constructing normal forms with a prescribed “functional behaviour”). So,
in the present case, infinite normal forms are of little use.
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7 Appendix
Proof of Lemma 4.9. The proof is split into a series of sublemmas.
Lemma 7.1 —_. is Church-Rosser.

Proof. Let C & A —. B. We want to find a common c-reduct. Let C1[Ny]
the c-redex reduced to N7 in A —. B and let C2[N;] the c-redex reduced to N» in
A —. C. So C]] and C»[] are collapsing contexts. We can assume that the two
c-redexes are nested (otherwise the result is trivial) and that the outer context
coincides with A. So without loss of generality assume C1[N;] C C»[No] = A.
We have to distinguish several cases. The main difficulty is that, in order to
find a common c-reduct, we cannot simply collapse the two contexts C1[ ] and
C>[] in a different order: in some cases we have to produce two new collapsing
contexts different from those we started with. We treat the difficult cases first.
In what follows let z and y be new variables not appearing in A, B or C.

Case 1. Suppose that Ny C No C C1[N1] C C3[N2]. Then we can write
C2[N2] = U[V[Z[N]_]]] where 02[] = U[V[ ]], V[Z[ ]] = C]_[ ] and Z[N]_] = N2.
To find a common reduct it suffices to show that U[ ] and Z[ | are collapsing
contexts, for then we can write:

UIVIZIN] = U(ELNI]

Z[Nl] —e N

Since C1[ ] and Cs[ ] are collapsing, V[Z[z]] =* = and U[V[z]] =* z. Thus
Az.V[z] has both a right and a left inverse in the AS-calculus and therefore it is
B-convertible to the identity Az.z (see [1] Corollary 21.2.22). Since we already
know that U[V[z]] =* z and V[Z[z]] —=* z, it follows that U[z] —* z and
Z[z] =* z as desired.

Case 2. Suppose that Ny and N, are disjoint and Ny C C1[N1] C Ca[Na].
Then we can write C2[Na2] = U[V[Ny, N3] where:

(ii) Cl[m] = V[Z’,Nz] —* .

We claim that this is impossible, so that case 2 actually never arises. We
can assume that (i) and (ii) are head reductions (because head reductions are
normalizing). The idea is to replace in (i) the term N; and all its residuals by a
new variable x for as long as some residual of N7 is applied to some other term.

If this never happens, then we can replace N; and all its residuals by a new
variable = everywere in (i) and we get U[V[z,y]] =* z. It then follows that
Ny = U[V][z, N2]] = Ulz] (by applying (ii) inside U[ ]). Thus U[z] assumes the
constant value Ny for every z contradicting (i).

So some residual N, of N is applied to some other terms in the reduction
(i), namely we have a reduction of the form U[V[Ny,y]] =* N{Ti...T, with
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n > 1. If we take such a reduction of minimal length, then we can replace Ny
by z in this reduction and get a reduction of the form U[V[z,y]] =* 2Q1 ... Qn
with n > 1. If we now substitute y := N2, we reach a contradiction with (ii).

Case 3. Suppose Ny C Ny C C1[N;] C C2[Nz]. Then we can write Ca[Na] =
U[C1[Z]N2]]] with Cs[z] = U[C1[Z[z]]] =* z, Ci[z] =* = and N = Z[Nq]. It
follows from the Church-Rosser property of S-reduction that U[Z[z]] =* = and
we can find a common c-reduct as follows:

UIGI[Z[No]]] = U[Z[N]]

c e

Ns = No

Case 4. Suppose N, and C; [NV;] are disjoint (and contained in C3[N3]). Then
we can write CQ[NQ] = U[NQ,Cl[Nl]] with U[.CE,Cl[Nl]] —* z and Cl[.'E] —* .
It follows that U[z, N1] =* x and we use this collapsing context (plus an empty
reduction) to find a common c-reduct.

Case 5. Suppose that N; C C1[N1] C Na C C3[N2]. This is easy: Ci[ ] and
C5[ ] can be collapsed in either order to yield the same c-reduct. QED

The next lemmas are essentially proved in [2] except that here we use an
arbitrary weak confining class C (= the set of all u-redexes) instead of the class
of all mute terms.

Lemma 7.2 Any diagram Cys— A —. B can be extended to a diagram of the
form:

A =, B
du =y
C ——-. D

Proof. let U be the p-redex contracted in A —, C and let H[N] be the
credex of A —. B.

Case 1. Suppose U C N. This is easy: the two reductions can be performed
in any order.

Case 2. Suppose that N C U C H[N] with N # U. We can then write
U = Ui[N] and H[N] = H1[U1[N]] for some contexts U1[ | and Hq[ ] with one
hole, such that Hq[Ui[z]] —* z, where z is a fresh variable. Since U;[N] is a
p-redex, it is in particular a zero term. Hence Us [z] is also a zero term. But then
the only possibility to have Hq[U;[z]] =* z is that U;[z] —=* = and H;[z] =* .
It follows that N is a p-redex because U;[N] =* N and p-redexes are closed
under S-reductions. Thus we have:

Hl[Ul[N]] —e N

u du
H,[M] —. M
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and the result follows.

Case 3. Suppose that U C H[N] and U is disjoint from N. Then we can
write H[N]| = H1[U, N] for some context H[, ]| such that H;[U,z] —* z. Since
U is a p-redex, U is a closed zero term, so U can be replaced by a variable in this
reduction yielding Hy[z,x] =* . Hence Hi[M,z] —=* « and H;[M,N] —. N.
Thus we have:

H,[UN] —. N

b =

Hi[M,N] -, N
and the result follows.

Case 4. Suppose H[N] C U and H[N] # U. We can write U = U;[H[N]].
Since Uy [H[N]] is a p-redex and U;[H[N]] —=* U1[N], U1[N] is a p-redex. Hence
we have:

Ur[H[N]] = Ui[N]

~Lu Iz
M = M

and we are done. QED

Lemma 7.3 ——, is Church-Rosser, and therefore =~ , is Church-Rosser.

Proof. By the previous two lemmas and Lemma 4.7 QED

Lemma 7.4 Any diagram C s— A —3 B, can be extended to a diagram of the
form:

A —)ﬁ B
e o
C —):5 D

Proof. Let A = (A\y.S)T be the S-redex contracted in A —3 B, and let
H[N] be the c-redex of A —. C.

Case 1. Suppose that A C N. By contracting A we obtain a reduction
N —3 N'. Thus we can write:

H[N] —p H[N']
le e
N —g N'

which gives the desired result.

Case 2. Suppose that N C A C H[N] and N # A.
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Notice that A cannot be of the form NT', because otherwise H[N] = H1[NT]
for some context Hp[ | such that H;[zT] —* z, which is impossible since T'
cannot be erased without erasing x as well. So N is contained either in S or
in T. Suppose N C T. Then A = (Ay.S)T1[N] and H[N] = Hi[(M\y.S)T1[N]]
for some contexts T1[ | and H;[ ] (with one hole) such that Hy[(Ay.S)Ti[z]] —=*
z. It then follows (form the unicity of normal forms for S-reduction) that
H,[S[y :== T1[z]]] =* z. In this reduction the left-hand-side may contain several
occurrences of z, but only one of them has a residue (while the others are erased).
This occurrence of x gives us a collapsing context and therefore we have:

Hi[(Ay-S)T1[N]] —p  H:i[Sly := Th[N]]]
N = N
The case in which N C § is similar.

Case 3. Suppose that A C H[N] and A is disjoint form N. Then A C H[]
and by contracting A we obtain a context H'[ | with H'[z] —=* z. The desired
result follows.

Case 4. Suppose that H[N] C A and A # H[N]. Since H[z] —* =z, if
H[N] = M\y.S, then the only possibility is that H[N] = N = Ay.S. In this case
A —. C is the empty reduction and there is nothing to prove.

So we can assume that H[N] is contained either in S or in 7. Suppose
H[N] CT. Then A = (A\y.S)T1[H[N]] for some context T3[ ] with one hole. So
we can write:

(Ay-S)Ti[H[N]] —p Sy :=Tr[H[N]]

c obx
(A\y-S)TW[N] =5 Sly:=Ti[N]]

The vertical reduction on the right is =} rather than —. because there are
several occurrences of H| ] being erased.

On the other hand if H[N] C S, then H[N] being closed is not affected by
the S-reduction and the diagram can be easily completed.

Case 5. If A and H[N] are disjoint the result is trivial. QED

Lemma 7.5 Any diagram C 4~ A —g B can be extended to a diagram of the
form C' ——p Dj+ B.
Proof. We can use the same argument of Theorem 4.3 (Claim 2), i.e. that a

beta reduction can create many copies of, leave untouched or erase p-redexes,
but cannot make a y-redex a non-redex . QED

Theorem 7.6 —>g and —>;", commute.

25



Proof. We sketch the proof and leave details to the reader. Let r and s be,
respectively, the multistep p- and 8- reduction.To prove the theorem we argue
by induction on the length of s (that we write length(s)).

Case 1. Let length(s) = 1. Then use Lemma 7.4, Lemma 7.5 and induction
on the length of r.

Case 2. Now let length(s) > 1. Then use Case 1 to get a shorter S-reduction.
QED

Corollary 7.7 —j p 18 Church-Rosser.

Proof. As in Theorem 3.3, since —% and —7 are a pair of commuting Church-
Rosser notions of reduction we can conclude by the Hindley-Rosen Lemma .
QED

The proof of Lemma 4.9 is now completed.
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