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A note on coding techniques in IAg

by

Alessandro Berarduccil and Benedetto Inirigila?

IAp is the subtheory of Peano Arithmetic (PA) where the axiom scheme

of induction is restricted to Ag-formulas, namely formulas in which every

guantification has the form 3 x =zt or v x < t, where t 158 a term in the

language 0, 1, +, - not containing x. It is known that v = x2 (x, v € NJ is
definable by a Ag-formula in such a way that the basic properties x0=1,

x0+leyxf are provable in Iaq (cfr. [Bel, [GD], [Pul). In this paper we use the

notion of “pseudo-sequence” Lo present a slight variant of the Ag-definition

of yv=x2 due to Paris (cfr. [GDI) which does not use the chinese remainder
theorem. We show that with minor changes the proposed Ag~definition

generalizes to some cases of matrix exponentiation. As an application we give
a Ag-definition of the graph of the Fibonacci function, as well as a Ag-

definition of exponentiation in the ring of gaussian integers. We then prove
the basic properties of these functions in IAg.

1. Sequences and pseudo-sequences.

Pudlik [Pu] defined a sequential theory to be a theory T which interprets
a reasonable fragment of arithmetic (IAg or even Robinson's Q) and for

which there exists a formula of three variables s[t] = v such that, letting N be

the domain of the natural numbersin T, T proves:
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a)vie Nvsaly(slt]=y) |
(g0 we can denote by slt] the unique v such that slt] = y)
b)Vte NvyVvsads suchthat sTtl =y AV ne N(n#t - sinl = sinl).

Intuitively slt} =y means that y is the t-th element of the sequence coded
by s. We modify this notion by dropping the requirement that we can always
compute the t-th element slt] of a sequence s. In exchange we require that
sequences can be concatenated, and sequences of one element can always be

formed. This can be made precise using the notion of “pseudo-sequence”

[.1. Pseudo-sequences.

Let M BT and let Atom(x) be a formula (possibly containing parameters
from M). We say that M has a coding of pseudo-sequences from Atom if
there are formulas with parameters from M, Seq(x) (sequence), x*y = z
(concatenation), <x> = ¥ (singleton), and © = v (empty sequence), such that,
letting [, g, h range over SeqM, and a, b, ¥, v range over Ame, the

universal closure of the following is true in M:

1) Concatenation: 3 | h & Seq (f*g = h);

2) singleton: 311 & Seq (x> = f);

%) empty sequence: 31 f e Seq (o =f);

4) Monoid axiom: (Seq, *) is a monoid having © as its neutral element and
satisfying the cancellation laws: f*g = *h — g = h and g*f = h*f — g = h;
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1.2. Smullian representation.

We recall that the Smullian representation in base B of a natural number
f £ 0 is given by a representation of { in the form f = ¥; ,a;B! where 1< a; <

B. We think at f as a code for the sequence of the a;'s. The reason we use the

Smullian representation rather than the ordinary representation in base B is

to avoid problems with leading zeros (cfr. [WP]).

1.3. Theorem. Let Mk=1Ag and let BeM be a power of 2. Then the Smullian

representation in base B gives, in M, a Ag-definable coding of pseudo-

sequences of elements < B,

Proof. Define Seq(f) « f=f and Atom(x) « x < B, So Atom is a formula with
parameter B € M. The empty sequence is 0; <> = x+1; For f # o, define
sizeg(f) = U« Uisapowerof Band U-1 sf-(B-1)<BU- 1 S0iff =
SiendB! With 1 < aj < B and n > 0, then sizeg(f) = BY*1 If f - o - 0, then
sizegll) = 1. Define concatenation f*g as follows: f*g = f + U.g where U =
size(f). Note that, since B is a power of the g;rimé number 2, then (following
an idea of Pudldk [Pul) we can express “Uis a power of B” in a Ag-way by: 2
is the only prime divisor of U and B-1{U-1. It is clear that these definitions

constitute a coding of pseudo-sequences in the standard model. Moreover it
can be verified that (1) to (7) can be proved by Ag-induction, so we have a

coding of pseudo-sequences of elements < B in any model M of IAg. QED.

1.4. Definition. We call “B-sequences”, the pseudo-sequences of elements < B

coded according to the Smullian representation.
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To make explicit the dependence of B in the definition of concatenation
we will write sometime [f*glg instead of f*g.

Note that we can express in IAg the fact that two B-sequences f, g have

the same length by comparing sizeglf) and sizeg(g), so without actually

computing the lengths of { and g (the length is approximately the logarithm

of the size).

1.5, Theorem. IAg has a Ag-definition of pseudo-sequences of arbitrary

objects, not necessarily < B, that is we can find a Ag-definition of pseudo-

sequences where Atom(x) « x=x.

To prove the theorem we use Smullian representations in base 4 and we
interpret a 4-sequence as a sequence of words separated by commas

represented by the digit 4. This is made precise in the following definitions.

1.6. Definition. We say that W is a “word” if W does not contain 4 in its

Smullian representation in base 4.

1.7. Definition. We say that S is a sequence of words, if the most significant

digit in the Smullian representation in base 4 of S is 4, that is $ has the form
[A*<3>]4 (recalling that <> = x+1). We say that the word W occurs in S if § has

the form § = [A*<3>*W*<3>*Blg or § = [W*<3>*Bly.

A number X = 3j.a;2! (1< a; < 2) can be encoded into the word W(x) -

Zicpai4!, from which we can form the one-word sequence § = [W(x)*<3»l4. 8

can then be concatenated as a 4-sequence to other word-sequences. Note



that the map x +» W(x) is into the set of words but not onto since W(x) never

has the digit 3 = <2,
To define y = W(x) in a Ag-way we first note that the relation sizez(u)z =

size4(v) expresses the fact that the length of u in the Smullian

representation in base 2, is equal to the length of v in the Smullian
representation in base 4. Using this relation we can compare the
corresponding coefficients of ¥ and vy in base 2 and 4 respectively and

impose that they are equal. In other words we can define:

1.8. Definition. For x # 0 we define v = W(x) iff sizez(x)z = size4ly) and
whenever we have a decomposition x = [u*vly, y = [z*wlyg with sizes(u)? -

size4lz) » 0, then u and z have the same leading digit i € {0, 1}, ie. we can

write u = [h*>]p and z = [g*<d>l4. For ¥ = 0 we define W(x) = © = 0,

It is easy to prove by Ag-induction that there is always a unique v < 432

with vy = W(x). Morever x is uniquely determined by v.
We define concatenation u*v of two sequences u, v of words as their
concatenation as 4-sequences. The new singleton operation is given by

1k [Wx)*<3ly. With this setting we get, in IAg, a notion of pseudo-

sequences of arbitrary elements, i.e. we can set Atom(x) « x=x, thus proving
theorem 1.5. It can actually be proved that IAg is sequential also in the
sense of [Pul, but this requires more involved techniques that basically
amount to “count” the number of words in a pseudo-sequence (this can be

done using results from [PWW]). However pseudo-sequences are already
enough to give a Ag-definition of y=x® as we next show.

2. Exponentiation.



We want to give a Ag-definition of the relation y = ¥x™. The idea is to

employ the relations x20-(x1)2 and x20*1 - (x0)2.x,

2.1. Definition. Let x > 1. We say that C is a computation of v = x if C is a
sequence of words (in the sense of def. 1.6) such that, letting J(x, v} be a
suitable word encoding the pair (x, v), we have:
1) Each word occurring in C has the form J(u,i) (the idea is that u = xi);
2)If J(u, i) and J(v, j} are consecutive words in C (ie. C has the form A*J(u,
i)¥<3>*J{v, })*<3>*B where A and B are sequences of words), then either v
- u? and j=2i,0rv= u?x and j=2i+1,

3) The last word in C is J(v, n) and the first one is J(1, 0).

A simple definition of ] is given by J(u, i} = [W{u)*<2>*W(i)l4. (Another

possibility is to use a hijective pairing function.) A crucial observation to
make is that, for x > 1, the computation C of v = ¥ can be bounded by a

{standard) polynomial in y. We will see later that we can take a polynomial
P(y) = x13 + R of degree 13. We can therefore give the following Ag-definition

of v = x,

2.2. Definition. For x > 1 define v = x «» 3 C < Ply) “C is a computation of y =

1 For x = 0, 1 define y = x by cases in the usual way.

The unicity of computations can easily be proved by Ag-induction,

namely one proves by Ag-induction on C that if C is a computation of y = x1

and C' < C is a computation of z = x, then C = C' (hence v = z). The polynomial

P must be chosen to be big enough so that if C < P(y) is a2 computation of v =

6



x1, then there are computations C < P(y2) of y2 = x21 and C" < P(y2x) of y2x
= 201 1n other words computations can always be prolonged one more
step remaining within the polynomial bound.

For a precise evaluation of the polynomial P we must extimate the sizes
of the computation C' and C'. By definition we must have € =

C*W(y2)<2>*W(2n)*<3>, C" = C*W(y2x)*<2>*W(2n+1)*3>. To give a polynomial
bound of C and C' we need the following properties of the sizep function

(provable by Ag-induction):

2.3. Proposition.
i) sizep(f*g) = sizep(f)- sizep(g);
i) f < B-sizep(f);
iii) £40 - sizep(f) < Bf;
iv) sizea(x) < 4sizeq(x);

v) sizeq(W(x)) = sizez(x)2 < 16size4(x)2.

For n and v big enough (ie. n, v = K for a suitable K & IN which could be
easily computed in advance) the words W(v2)*2>*W(2n)*<3> and
W(y2x)*<2>*W(2n+1)*<3> are bounded by W(y3)*W(y3), hence sizeq(C) and
sizeq(C) are bounded by  sizeq(C) sizeg(W(y3))2  which is <
size4(C)- 44sizeq(y3)4 < 49Cy12. Hence €, C" < 410Cy12 (for vy » K). It is now
clear that a polynomial of the form y13 + R, with RelN big enough, will do the
job. We have thus proved that computations can always be extended one

more step, that is:

2.4. Lemma. y = x0 ~ (y2 = x20 apg y2x = x20+1)



We also need the following “inversion formulas™

25 Lemma. u=x20 5 3y (u=y2 ay =xMand u =341 & gy (u=y2x ay

== X}.}'}.

Using these facts one can prove the following:

2.3. Theorem(IAg). y = xM - yx = W andu =3xS 3y (y = a2 au = ya).

Proof. We distinguish two cases:

Case 1. Supposen >0 iseven, sayn=2m. Lety = x2M Then 3 z such that
v = 72 and z = x™. 1t follows that zx = ¥2M*1 Hence yx = x2m*l Now
suppose u = 20+ then y = z2% with z = x. Hence z2 = x20 So y has the
form yx with y = x2M. gt

Case 2. n odd. Similar. QED.

The above theorem implies that in every model of IAg, the exponential

function can be defined on a initial segment of the model closed under
successor (and containing 0).

Note that, once we have exponentiation, we can define in a Ag-way "y is
the n-th digit in the Smullian representation in base B of ¥”. Thus we can
now refer to the n-th element of a B-sequence and compute its length.
Moreover we can speak of B-sequences where B is not necessarily a power of
2 {such a requirement was introduced in order to be able to express “Uis a

power of B”, with exponentiation at our disposal this is no longer a problem.)

3. Matriz exponentiation.



The advantage of the above approach is that it can be used with minor
changes to define exponentiation of certain kxk matrices with integer entries
(k standard). For simplicity consider a 2x2 matrix A. Let J(a, b, ¢, d, i) be a

. . (ab . S .
word encoding the matrix ( ¢ d) and the number i. To simplify the notation

I , , , b
we also write J(D, i) instead of J(a, b, ¢, d, i) when D is the matrix (g d)'

3.1. Definition. A computation C of B = A™ consists of a sequence of words of

b .
the form J(a, b, ¢, d, i) (whose intended meaning is (Z d) = AY). In complete

analogy with the case of integer exponentiation we require that if J(D, i) and
JE, j) are two consecutive words of C, then either j = 2i and E = D2, or j=2i+1
and E = DZA. We also require that the last word of C is J(B, n) and the first

one is J(I, 0) where I is the identity matrix. Note that “C is a computation of B
= AD” can be defined by a Ag-formula.

A convenient definition of J(a, b, ¢, d, i) is given by the word
[W(ay<2>*W(b ) -<2>*W(cl2>*W(d)*<2>*W(i)ly. Sequences of consecutive

words are separated by <3> (as usual). We have: B = A & 3 C (Cis a

computation of B = AT), It is easy to see that C can be bounded by a

polynomial in o where « is an integer coding the matrix A (note that o is

polynomially related to the maximum of the entries of A). So in the

particular case when o can be bounded by a polynomial in B, where § is a

code for B, then we can reason as in the case of integer exponentiation to
give a polynomial bound on C in terms of (a code for) B, thus obtaining a Ag-

definition.
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However in cases like (é 1;1) = ( (1) i)n the maximum of the entries of the

v l 4 )
matrix B = (0 rll) grows only linearly with n and the above method fails. So it

is natural to ask: is B = AD always Ag-definable?

While an answer to the above question is still lacking, we can make use of
the favorable cases of matrix exponentiation to give a Ag-definition of the

relation y = F{n), where F(n) is the n-th Fibonacci number. A similar method
will yield a Ag-definition of exponentiation in the ring of gaussian integers.

3.2. Fibonacci numbers.
We recall the definition: F(0) = 0, F(1) = 1, F(n+2) = F(n+1) + F{n). It is well
known that this can be reduced to matrix exponentiation as follows: first put

the recurrence relation for F(n) in the form of a 2x2 system of linear

equations
{P(n-%l) = F(n) + Gln)
G(n+1) = Fin)

with the initial conditions F(0) = 0, G(0) = 1. Next put the system in matrix

form: @({1;:11))) = ( i é) @EE)}) Deduce that @Eﬁ?)) = (i é)n(?) Thus to give a

. 11y
Ag-definition of v = F(n) it is enough to give one of B = A where A = (1 0 }

Since the entries of AD grow exponentially with n, it is not difficult give a

polynomial bound on the computation C needed to compute B = AR thus
obtaining a Ag-definition of B = AR for this particular matrix A.

ab
Some details: suppose that C is a computation of B = (g d) = A (where A

Y,

1
= ( i OJ)We can prove by Ag-inductionon Cthata= b = ¢ > d, so a = max{a,

b, ¢, d). Consider the computations C' and C" of B' = AZDl and B" = AZD*]
respectively. Then C' = C*J(B', 2n)*<3» and C" = C*J(B", 2n+1)*<3> where B’ and
B" are the matrices BZ and BZ2A respectively. Letting a' and a" be the
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maximum of the entries of B’ and B" respectively, we have a2 <a' < a" < 4a2.
Thus J(B', 2n)*3> and J(B", 2n+1)*<3> are bounded, for n big enough, by
W(4a2)*W(4a2)* W (4a2)*W (4a2)*W(4a2) (a copy of W(4a2) for each entry of
the matrix, plus one more copy to majorize the remaining ingredients of J(B',
Zn)*<3> and J(B", 2n+1)*<3>). 1t follows that sizeq(C') and size4(C") are <
sizeq(C)- size4(W(4a2))5 < sizeq(C)- 420210 Thus C and C' are < 422Cal0. If we
now choose a polynomial P(a) = all+R with Re IN big enough, it follows, from
the assumption C < P(a), that C' < P(a') and C" < P(a") respectively. So if we
define, for n big enough, B = AR « 3 C (C < (maximum of B)IR and Cis a

computation of B = A%), we have that {n | 3 B (B = An)} defines, in every
model of IAg, an initial segment | closed under successor and containing 0.

Moreover on this initial segment Af+*l = ARA_ From this we obtain a Ag-

definition of v = F(n) such that for all n € J, F(n+2) = F(n+1) + F(n).

3.3. Gaussian integers.

. , o . , . . ab
Gaussian integers can be identified with matrices of the special form (-b a)

01 : . , L
where («1 0) represents the imaginary unit. Any gaussian integer has norm

0,1or=2 If Aisa matrix corresponding to a gaussian integer with norm =
2, then the norm of A% is » 2 and we can give a Ag-definition of B = AR

using the techniques of the previous section. The remaining cases correspond
to the gaussian integers 1, -1, i, -i, and 0. In these cases A% is cyclic with

period 4 and we can define exponentiation in a trivial manner.
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