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Abstract

In some recent papers we have been pursuing regularity results up to
the boundary, in WZ’Z(Q) spaces for the velocity, and in Wl’l(Q) spaces
for the pressure, for fluid flows with shear dependent viscosity. To fix
ideas, we assume the classical non-slip boundary condition. From the
mathematical point of view it is appropriate to distinguish between the
shear thickening case, p > 2, and the shear thinning case, p < 2, and
between flat-boundaries and smooth, arbitrary, boundaries. The p < 2,
non flat boundary case, is still open. The aim of this work is to extend
to smooth boundaries the results proved in reference [9]. This is done
here by appealing to a quite general method, introduced in reference [7],
suitable for considering non-flat boundaries.

AMS subject classification 35J25, 35Q30, 76D03, 76DO05.

1 Introduction

The Navier-Stokes system of equations with shear dependent viscosity has been
studied in the last forty years by a great number of researchers, not only in
pure and applied mathematics, but also in engineering, physics and biology. A
typical model of generalized stationary Navier-Stokes system of equations with
shear dependent viscosity is the well known model

-V -T(u,m)+u-Vu = f,

(1.1)
V-u=0,

where T' denotes the stress tensor olg
(1.2) T=—-nl+vr(u)Du

and 1
Du= i(Vu—i— vul).

The first mathematical studies on the above class of equations go back to O.A.
Ladyzhenskaya in a series of remarkable contributions. See [33], [34], [35] and



[36]. In references [38] and [39], Chap.2, n.5, J.-L. Lions considers the case in
which D u is replaced by Vu. However in this case the Stokes principle, see [57]
and [55] page 231, is not satisfied. Such models, an instance of which is (1.1),
were intensively studied in the eighties and nineties by J.Necas and his school.

Nonlinear shear dependent viscosities are used, in particular, to model prop-
erties of materials. The cases p > 2 and p < 2, see equation (2.1), capture shear
thickening and shear thinning phenomena, respectively. The case p = 3 was
introduced by Smagorinsky, see [56], as a turbulence model. In the sequel, we
concentrate on, and assume that, 1 < p < 2 and (for convenience) that n = 3.

For comments and references, both to modeling and theory, we refer the
reader to [30], [42], [43] and [49]. Let us give some references (far from being
complete) on papers by other authors, concerning existence of solutions, inte-
rior regularity results, and mathematical literature on related physical problems.
The first paper treating the unsteady case, for p < 2, is [40]. In [51], [52] regu-
larity results with periodic boundary conditions are proved. Interior regularity
results are proved, for instance, in [27], [28], [44], [54] and [59]. In references
[1], [24], [50], [51], [52] and [53] the authors consider electrorheological fluids.
Fluids with energy transfer, thermal viscous dependence, and related topics are
treated in [17], [18], [19], [20], [21] and [22]. For particularly interesting results
in two dimensions see [31], [32] and references therein. Numerical results may
be found, for instance, in [12], [25], [26] and [48]. For anisotropic problems see,
for instance, [2] and [13].

In a series of recent papers, see also [41], we introduced a general scheme
suitable to solving the problem of the W?2 9(Q)) —regularity up to the boundary,
for p-fluid flows, under typical boundary conditions. We began this series of
papers by considering the half space case, see [4], and the case of a cubic domain,
see [5] and [6]. In this last case the interesting boundary condition is given on
two opposite faces, and space-periodicity in assumed in the other two directions.
These two frameworks avoid the need of appealing to localization techniques and
to changes of variables (in order to flatten the boundary). It is worth noting
that when p # 2 the extension of regularity results from flat boundaries to
arbitrary, regular, boundaries presents many new unusual obstacles, compared
to the (still non trivial) classical case p = 2.

Since we have dedicated a certain number of papers to the above subject,
the following overview could help the interested reader. In [4], we establish
the main lines to treat problems in the flat boundary case. More precisely, we
consider the slip and the non-slip boundary value problem in the half space R} ,
and p > 2. In reference [5] we replace, for simplicity, the half-space R’ by
the above three dimensional cube and consider the non-slip boundary condition.
Further, we introduce the convective term and the evolution problem.

In reference [6] we consider the p < 2 case. Here, an idea borrowed from
the Lemma 6 in reference [24], is crucial (see the Lemma 3.2, [6]). Further, by
introducing a new device (see [5], Remark 5.1), we drop the — Au term from
the equations.

It is worth noting that the addition of a — A w term on the left hand side of
the equations simplify the proofs. Actually, it allows much stronger regularity
results, specially in the p < 2. This case, much easier to handle, is more in
accordance with the physical problems. Actually, in [8], it is shown that weak
solutions belong to W' 4(Q), for any finite ¢, provided that an z-dependent



growth condition holds, p = p(z) < 2. Convexity-type assumptions are not
assumed. Under more classic assumptions, see for instance [16], one shows that
ue W22(Q).

To finish this overview on our recent contributions, we refer to [10], where
the previous results on the shear thickening case are improved.

A main open problem remains the extension of the above types of results to
non-flat boundaries (in this context, see also the pioneering paper [41]). This
requires really new ideas, since the presence of the Du term together with
p # 2, makes the boundary value problem particularly difficult. We solve this
problem in reference [7], where p > 2.

In the mean-time, in references [14] and [15], F. Crispo has extended the
p < 2 results to cylindrical domains, by appealing to cylindrical coordinates.
This change of coordinates requires particular care, due to the non linear p-
term. Further, L.C. Berselli, see [11], improves the argument followed in [5], by
replacing the classical (isotropic) Sobolev embedding theorems by anisotropic
embedding theorems. This very fruitful idea is used by us below (in section 7).
Next, in reference [9], we improve previous results shown for the shear thinning
case. In particular, we obtain a better value for the parameter py in the Navier-
Stokes problem (see bellow) by replacing the device borrowed from [24], by a
different idea. It remains the open problem of the extension, from flat to regular
boundaries, of the sharp results proved in [9]. This is the aim of this paper.

For convenience, we call ”"the Stokes problem” the problem without the
convective term (u - V) u, and ”the Navier-Stokes problem” the problem with
the above term included. Concerning our approach to W2 !(Q) regularity results
up to the boundary, the really new points mostly concern the stationary Stokes
problem. In fact, in our proofs, the inclusion of the convective term, and the
consideration of the evolution problem, are reduced in a very simple way to the
stationary Stokes problem. It goes without saying that we do not claim that it
is not possible to obtain better results by different methods. In our approach,
a) The Stokes evolution problem can be easily reduced to the stationary Stokes
problem, with the same range of admissible values of p. b) In the stationary
case, the presence of the convective term requires an assumption of the type
p > pg for some pg < 2, see Theorem 2.3. Under this assumption the regularity
results for the Stokes and the Navier-Stokes stationary problems, coincide. c)
For the Navier-Stokes evolution problem we need a condition p > p;, for some
p1 > 2. Hence the shear thinning case is excluded, except for sufficiently small
initial data. In this last case we believe that it should be not difficult to prove
the existence of a global, regular, solution.

2 Main results

In the sequel we consider the following very basic model of generalized Stokes
stationary problem, where vp(u) = (1 + |Dul)P~2:

(2.1)

-V ((1+ |[Du))P2Du)+Vr=f
Vou=0, in Q,



under the non-slip boundary condition
(2.2) ur=0.

The domain  is a bounded, connected, open set in R?, locally situated on one
side of its boundary I, a manifold of class C?.
In the sequel we use the following exponents

2q 2q 6q
23 = T a5 )\ = -, =
(2.3) (9 2—p 1 g (9) pp—— (q) Fp p——
and also
4p— 2
2.4 g=4p—2, Il= }
(2.4) g=4p o1

Theorem 2.1. Assume that f € L (Q) and let u € V,, be a solution to the

problem (2.1), (2.2), where 3 < p < 2. Assume that

(2.5) Due LI(Q),
for some q satisfying
p<qg<6.
Then
(2.6) we WHe@)nw2r (@), vre L"9(Q).
Further,
@D Vulawe <O+ ) (14 19uld)
and
(28) 1D ulg,0+ V7,0 < C O+ Ifly) (14 1V ul,F) -

Note that the assumption (2.5) holds for ¢ = p. This furnishes a first
regularity theorem (statement left to the reader). Furthermore, the Theorem
2.1 allows a bootstrap argument, similar to that introduced in references [4]
and [5]. This leads to the following improvement, and extension to general
boundaries, of the Theorem 1.4 in [6].

Theorem 2.2. Assume that f € L (Q) and let u € V,,, see (3.2), be a solution
to the problem (2.1), (2.2), where3 < p < 2. Then (see (2.4))

(2.9) we WHHQ) Nwh1(Q), Ve LY(Q).
Moreover,
3
(2.10) fullig < C(L+ [IfI,7")-
and
5—p
(2.11) lull2,e < C OISl + [£7 )



Concerning the full Navier-Stokes system

v ((u+ |Du\)”_2Du> Y (u-Vut V=
(2.12)
V-u=0,

one has the following result.

Theorem 2.3. Let u be a solution to the full Navier-Stokes equations (2.12)
under the boundary condition (2.2). Set

20
2.1 = —.
( 3) Po 11

Then, under the assumption p > po, (2.9) holds.

Besides the extension to general boundaries, the above result improves the
lower bound py == %2 obtained in [6] and the lower bound py = Lﬁ,

obtained in [11]. It coincides with the value pg that was reached in reference
[9]-

It is worth noting that the boundedness of () is not essential here. In fact,
our proof is done locally, i.e., in ”small” neighborhoods of each point zq € T.
Consequently, the results hold, in particular, in any bounded subset of €2, since
boundedness is used only in order to work with a compact boundary (just to
guarantee that local parameters associated with the boundary I" have uniform
bounds).

3 Notation. Weak Solutions

In general we set

1
(31) Tsym = 5 (T + TT) ’

where T is a generic tensor field and 77 is it transpose. In particular, Du =
(Y )

The symbol || . ||, denotes the canonical norm in LP(2). Further, || .| = ||. ||2-
We denote by W’“’(QP, k a positive integer and 1 < p < oo, the usual Sobolev
space of order k, by W, *(§2) the closure in W1 (2) of C§°(Q) and by W17 (Q)
the strong dual of W, (), where p’ = p/(p—1). The canonical norms in these
spaces are denoted by ||.[|xp. L (€2) denotes the subspace of L? consisting of
functions with vanishing mean value.

In notation concerning duality pairings and norms, we will not distinguish
between scalar and vector fields. Very often we also omit from the notation
the symbols indicating the domains 2 or I', provided that the meaning remains
clear.

We set

L (Q0) = [LP(Q)]°, WHP(Qo) = [WHP(Q)]*, W, () = Wy "(Q0)]°

for any open subset Qg of IR3.



We set
(3.2) V,={ve W (Q): (V-v)jo=0; vy =0} .

Note that, by appealing to inequalities of Korn’s type, one shows that there is
a positive constant ¢ such that

(3-3) IVollp + llvllp < clDollp

for each v € V. Hence the two quantities above are equivalent norms in V.

Actually, [|[Dvl|, is a norm in Wy*.

We denote by ¢, ¢, ¢1, co, etc., positive constants that depend, at most, on
Q, and p. The dependence of the constants ¢ on p is not crucial provided that
1< po < p<p < oo. The same symbol ¢ may denote different constants,
even in the same equation.
Definition.We say that a pair (u,7) is a weak solution of problem (2.1), (2.2)

if it belongs to Wy () x L% (), and if it satisfies
Jo 1+ [Dul)P~2Du- Dpdx
(3.4)
— Jo (V- -9)dz+ [ (V-u)vde= [, [-pdx.

for each (¢, 1) € WyP(Q) x L% ().

Note that (1+ b)P~2b < 2P~ 1(1+ vP=1) for b> 0.
Since a solution u of (3.4) necessarily satisfies

/ V-udr=20,
Q

it readily follows that (3.4) holds for each (¢, 1) € WP (Q) x LP ().
Existence and uniqueness of the above solution is well known.

By replacing v by v and ¢ by 7 in equation (3.4) one gets
(3.5) /(1 + | Du))P72 [Dul? de < < f, u >,
Q

where the symbols < -,- > denote a duality pairing. Hence, by setting A =
{z:|Du|<1,}, B={x: |Du|> 1}, one shows that

/(1+ |Du|)P~? |Dul? do > 2P—2/ |Dul? do + 2p—2/ |Dul? dz .
Q A B
By appealing to the obvious inequality |[Du|P < 1+ |Du|?, one shows that
/ (1+ [Du|)P~2 |Dul? dx > 2P~ (/ |Du|? dx — Q|> .
Q Q

It follows that

(3.6) [Dullp < 2°77 < f,u>+[9|.



Hence
(3.7) IVulp=™ < e (-1 + 1)
where, in general, ¢’ denotes the dual exponent of ¢, namely
(3.8) d=—.
Remark 3.1. Since
/(u V)u- udxr =0,
Q

it readily follows that all the above estimates hold for weak solutions u to the
complete Navier-Stokes equations

-V ((qu |Du|)p*2Du> + Vr=F,
(3.9)
V-u=0,

where
F=f—(u-V)u.

This means, in particular, that (3.7) holds with the external force f not replaced
by F'.
The following result, basically due to Necas (see [45]), is well known.

Lemma 3.1. If a distribution g is such that Vg € W=12(Q) then g € L*()
and

(3.10) lgllze < cllVall-1.a,
where LYy = L*/R.
By setting in (3.4) ¢¥» = 0 and by using test-functions ¢ € C§°(€2) one gets
(3.11) Vr=-V-[(1+ [Dul)P"*Du] + f.
By appealing to (3.10) we prove that
(3.12) Il < (1 + 1).

For convenience we fix m by assuming that its mean value in ) vanishes.

4 The change of variables

In order to reduce our problem, by a suitable change of variables, to a problem
involving a flat boundary, we need to consider functions with a sufficiently small
support.

Let xg € T be given and let II be the tangent plane to I' at xy. We assume
that the axes of z;, ¢ = 1,2,3, are such that the origin coincides with xy and
the x3 axis has the direction of the inward normal to I' at zo. Hence the axes of
x;, i = 1,2, lie in the plane II. We may use this particular system of coordinates



since the analytical expressions that appear on the left hand side of (3.4) are
invariant under orthogonal transformations.

We assume that I' is a manifold of class C?. Let o € T’ be given and let
(2',23) = (x1,22,23), be the above system of coordinates. We assume that
there is a positive real @ and a real function z3 = n(z’), of class C? defined on
the sphere {a’ : |2/| < a}, such that: the points z for which z3 = n(z’) belong
to I'; and the points x for which n(2’) < z3 < @+ n(z’) belong to Q; the
points & for which —a + n(2') < x3 < n(2’) belong to R — Q. Without loss
of generality, we assume that a < 1. In principle @ may depend on the point
x9 € I'. However, since I' is regular and bounded, the greatest lower bound
a of the values a(xg) is positive. Note that if we do not assume that € is
bounded then the above greatest lower bound could be equal to zero. In this
case our results hold on any bounded subset of €.

The positive values of a for which @ < a are called admissible. For each
admissible a define

L={z: 2| < a —a+n)<xz3<a+n)},
(4.1) Qy={z€ I, : ni@) < z3},
Fo={zxe I, : x3=n()}.

Clearly Q, = QNI, and T, =TnN1I,.

Actually, we extend the function n(z’) to the whole of Q, by setting n(z’, x3) =
n(z’). Nevertheless, since 7 is independent of x3, we use the notation n(z’).

It is worth noting that along the course of our proof (more than once, but
a finite number of times) we need to impose additional smallness assumptions
on the positive parameter a, i.e., on the admissible values of a. Actually, each
time we appeal to (4.8) we are just imposing to the admissible values of a a
smaller positive upper bound.

Next we introduce the change of variables y = T x given by

(4.2)  (y1,92,y3) = (x1,22, w3 — n(2")), (x1,22,23) = (y1,92, Y3 + 1(¥")),
and set

Jo={y: V| < a, —a< y3< a},
(4.3) Qo={ye J.: 0< ys},
Ae={ye€ J,: ys=0},.

The map T is a C? diffeomorphism of I, onto J,, that maps €, onto @, and
T’y onto A,. Note that the Jacobian determinant of the map T is equal to 1.
We define functions g by setting g(y) = g(x) or, more precisely, by

(4.4) g(y) = g(T™' (),

where g denotes here an arbitrary scalar or vector field. As a notation rule, g =
g(x) and g = g(y). Moreover, partial derivatives and differential operators when
applied to functions g concern the x variables and when applied to functions
g concern the y variables. We primarily use the notation Ji g instead of aa—mgk.
Hence




and
dg(x)
a.%k ’

Ok g =

Note the distinction between 6} and Vf. Actually, VNf(y) = (V)T y))

and (Vf)(y) = Vy[f(T~(y))]-
Since some expressions are quite long, in addition to the ”tilde” notation we
also use the symbol 7 to denote the map f — f. In other words,

(T Hy) = fy).

Vector fields are transformed here coordinate by coordinate (as independent
scalars). More precisely

(4.5) Ui(y) = vi(@) = v (¥, ys + 1Y),
where j = 1,2, 3. Conversely,
(4.6) vj(z) = 9;(y) = v;(2’, 25 — n(a’)).

Given z, if y = Tz then y’ = a’. Hence 1j(y) = n(z) = n(z’) = n(y’), moreover

an(z") _ 9ny)
oz Oy

use the sole notation 7(y’).
We set

, and so on. In the sequel we identify the above functions and

V() = {v:veWyP(Q), suppv C I},
V(Q.)={v:ve Wé’p(Qa), supp 0 C Jo}.

Clearly, if a test function ¢(z) belongs to V(€2,) the transformed function ¢(y)
belongs to V(Q,).
A main point in the sequel is that

(4.7) om0 =0, j=12,

which holds since II is tangential to I at xy. The following trivial, but funda-
mental, result is a consequence of (4.7) together with the continuity of V7 over
I.

Lemma 4.1. Given a positive € there is an a(eg) > 0 such that
(4.8) [(Vn(y)| < €0, foreach y' suchthat |y'|< a(e).
Moreover, a(eg) is independent of the point x.

Note that a(eg) depends on the C'(J,) norm of 7. Since I is compact the
desired independence holds.

In the sequel we express the derivatives with respect to the y variables of
functions ¢(y) in terms of the transformations of the derivatives of the original
functions ¢(x).

Lemma 4.2. One has the following formulas

(4.9) Ok ) (¥) = (O10)(¥) + (B () (950)(y) ,
and
(4.10) (O10)(y) = (O &) (y) — (Du)(y') (95 0)(y)

If k = 3 the second terms on the above right hand sides vanish identically.



Proof. Since _
P(y) = ¢(T""y)
it follows that

Ok D) (y) = Bk d) (T y) + (B3 0) (T y) D)) =

(Ok0)(¥) + (Or)(¥) (D30)(y) -
Note that Js 5 = 5;;25 O

From the above Lemma it follows that

(4.11) (Vo)y) = (Vo) y) — (V)(y) @ (950)(y)
and that
(4.12) (Vo)) = (V- 0)y) — (VD)) (3:0)(y).

Lemma 4.3. Given an €y €]0, 1] there is an a(eg) > 0 such that if a < a(ep)
then

(4.13) (VW) — (Vo)) < el(@50)®),  Yy€ Qa.

The same result holds if we replace y by y — h (a tangential translation. See the
next section). Clearly we may replace V by D.

Proof. From (4.9) one shows that the left hand side of (4.13) is bounded by

IV n(y)| (95 ¢)(y)| . Since V(0) = 0 it follows that |Vn(y')| < € in a suffi-
ciently small neighborhood of xg. O

REMARK. Note that the identity V ¢(z) = (%)(y) together with (4.13)

leads to a ”point wise equivalence” between | V ¢(x)| ,|(V ¢)(y)| and |(V ¢)(y)].
In particular, L?-norms of these quantities are equivalent.
Next, from (4.9) one gets (point wisely in y) that

O (Ok &) — Os (O 8) = (D5 O ) (B3 8) + (k) (0505 B) .

In particular, by appealing to (4.8), one shows that

1105 0k d) | — |05 Bk ) || < ¢| D*n| |05 6| + 0|5 (D5 0) |,

point wisely in the y variables. By appealing to the above estimate for k =
1, 2, 3, and to (4.8) with (for instance) g = 1, one proves the following result:

Lemma 4.4. Let s = 1,2, 3 be fized. For a sufficiently small a(eg) > 0 one
has

(4.14) 0. (V)| < 2[0: (Vo) |+ c| D*nl[056] . Yy € Qu.
The left hand side and the first term in the right hand side may be switched.

Clearly ¢ may be a vector field since the above result holds for each com-
ponent. In particular, by considering s = 1, 2, one proves the first estimate in
the following lemma.

10



Lemma 4.5. For a sufficiently small a(ey) > 0 one has

(4.15) IV, (V)| < c|V.(Vu) |+ c|D*n|1053|, Vye Qa.
Moreover,

(4.16) -

|V (Du)| < |V.(Du) |+ c|Vn||Vidsul+ c|D*nl |05t ,  Vy€E Qa-

The left hand side and the first term in the right hand side in both estimates
may be switched.

The estimate (4.16) follows since, if we apply the above transformation for-
mulae to 9s (D), we get

0. (D5 = 0, (Du)i s + 5 [(0;m) (0. 0570) + (0rn) (2 05 1)) |+

5 10.0m) (05 ) + (0, 91m) (257)].

By iteration, (4.10) may be extended to higher order derivatives (not used in
the sequel):

T(B?k ¢) = 8]2'k 5 — (Okm) 8?3 5
—(95m) O3 &+ (95m) (D) 05 6 — (55 m) D 0

REMARK. We want to emphasize that, basically, our regularity results will
be proved in the following local form. Let zo and €2, be as above. If (u,7) €
WLP(Q,) x L¥' (Q,) satisfies (2.1) in the weak sense in Q, and satisfies (2.2) in
I'4, then the regularity results hold in Q, for r < a (for instance, for r = §). We
prove this local result by assuming that a > 0 is sufficiently small. Our final
value of a is not necessarily equal to the initial one. As we proceed through
the proof we may need to consider smaller values of a. However we will show
explicitly that each new (smaller) value of a depends only on an upper bound of
the C?(.J,) norm of 7. In particular, a positive lower bound for a, independent
of the point x, exists since I is compact. This leads to the global result in the
whole of €.

5 Translations and related properties

In the sequel we deal with translations of h; in the y;-direction, j = 1,2. For
notational convenience we consider the case 5 = 1 and set h = h;. We use the
following convention:

y+h:(y1+h)y27y3)a y/+h:(y1+hay2)

The amplitude |h| of the translations is always assumed to be smaller than the
distance from the support of QNS to the set (0 Qq)\ Aq.

A test-function ¢(z) is transformed into a function ¢(y). Since in the follow-
ing we made translations in the y variables we need to determine (and study the

differential properties) of the test function ¢p,(z) such that (¢p)(y) = ¢(y + h).
This is the aim of this section.

11



Lemma 5.1. Let ¢(x) € V(Q,). Define ¢p, by

(5.1) on(x) = d(x1 + hyx2, 23 — n(2") + n(z’ +h)).
Then
(5.2) on(y) = dy+h).

The verification is left to the reader.
Next we want to establish the transformation law for derivatives of the
”pseudo-translations” ¢p (z). One has the following result.

Lemma 5.2. Let ¢(z) € V(2,), let ¢pp(x) be as in the previous lemma, and let
k < 3 be fixed. Then

(5.3)  (Okdn)(y) = (O0)(y + h) + (930)(y + h) [(Oen) (¥ + h) — (Bm)(¥)]-

If k = 3 the second term on the right hand side vanishes identically.
Proof. From (5.1) it readily follows that

(Ok¢n)(x) = (D) ((«" + h, w3 + (2’ + h) — n(z’))+

(On) (2" + D, w3 + (2" + h) — n(2")) [(Okn) (2" + h) — (Fpn)(2")] -

Note that the last term is not taken into account if k¥ = 3. By the definition of
the "tilde” functions

(Ocdn) () = (Oxdn)(T™y) = (Oen)(T)

(5.4)

where
T = (T1,T2,73) = (¥ ys + n(y)).

Hence from (5.4) with x replaced by T we get an expression for (D’k}gh)(y) in
terms of Z. By taking into account the definition of T we obtain

(kb)) = (Oud) (Y + hy y3 + n(y' +h))+

(030)(y' + h, ys + n(y" + h)) [(Okn)(y' + k) — (Oken)(y')].

Since (y' + h, y3 + n(y’ + h)) = T~ (y + h) it follows that

(Ok®) (Y + By ys + 1y + 1)) = (%) (y+h) .
Consequently (5.3) follows from (5.5). O

(5.5)

By setting in general
(V@)ik = Ok
it follows from (5.3) that

(5:6) (Vo)) = (VO)(y+h) + (330)(y + h) @ (V) (' +h) — (Vn)(¥)]

where, since 1 does not depend on the 3-rd. variable, we set

Vn = (01n,02m) .

12



In particular, since Du = (Vu)sym ,
(5.7)

(Do) = (DA)(y + k) + {(Bsd)(y + ) @ [(Va)(y' +h) = (Tn)(y)] |

sym

Moreover,

(5.8) (V-n)(y) = (V-0)(y+h) + (350)(y +h) - (Vo) (y' +h) — (V) ()]

Lemma 5.3. Given an €y €]0, 1] there is an a(eg) > 0 such that if a < a(ep)
then

o) (Tow - Taw-n) - (VO - (Vo -n)| <

€0 [(930)(y) — (33 0)(y — R + [k][nllc2(q@u) [(9s0)(y — )]
Proof. From (4.10) one has

(Vom - (Vo)y—m) = (VO — (Vo)y—h) =

~ V) @ ((@:0)) — (Bs8)(y — 1))

= (V@)= Valy' —h)® (9s6)(y — h).
Hence, in a sufficiently small neighborhood of zp, (5.9) holds. O

5.1 Estimates for some second order derivatives of the
velocity in terms of the pressure

For convenience, in the sequel C' denotes positive constants which are bounded
from above provided that the quantities ||V 7||c1(a,) and ||V 0| c1(q,) are bounded
from above. These constants may also depend on the bounded quantities
IV ullp, [|7lly, || f]lpr (vecall (3.7) and (3.12)). In short,

(5.10) C = CUIVaullp: 7l IValleran, IVOller @) -

Explicit expressions for these quantities follow easily from our calculations. For
the reader’s convenience (and for completeness) we often write the explicit de-
pendence on the above quantities before including them in a constant of type
C. Multiplicative constants of type ¢ will be incorporated in C.

In the sequel, in the absence of an explicit indication, tilde-functions inside
integrals are calculated at the generic point y. Compare equations (5.11) and
(5.12). Moreover, in the absence of an explicit indication, norms of functions of
the x variable concern the domain €, and norms of tilde-functions concern the
domain Q.

From (3.4), by making the the change of variables x — Tx = y, it follows
that

J (1+ [Dul)*~*Du - D dy
(5.11) - - s
— [ RV dy+ [ (V-uyddy= [ [-ddy.
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for each ¢ € V(Q,) and each ¢) € LP(Q,). Recall that the Jacobian determinant
of the T-transform is equal to one.

Next we consider the equation (5.11) with ¢ and « replaced by the admissible

test functions ¢y and vy, respectively. Then by the change of variables y — y—h
we show that

J (14 [Duly = ))*~*Duly — h) : Dén(y — h) dy
(512)  — [ F(y—h) (V- only—h)dy+ [ (V-uly—h)vn(y —h)dy =
J Fly—=n)-énly —h)dy.
for each ¢ € V(Q,) and each ¢ € LP(Q,).
By appealing to (5.2), (5.3), (5.6), (5.7) and (5.8) we may write the equation

(5.12) in the form
(5.13)

J (1 + [Du(y — h)|)P~2Du(y — h) : De(y) dy

+ [ (L+ [Duly = WP >Duly — ) : | (Bsd)y) @ (V)W) — (Vo) — )] dy

— [y —h)(V-9)(y)dy
— [ &y — ) (@50)() - (Yn)() — (Vo) — )] dy
+f <vm-u><y — )Yy dy = [ Fly—h)-dly)dy.

Finally by taking the difference, side by side, between equation (5.11) and (5.13)
we get
(5.14)

J ((1 + [Du(y))**Duly) — (1+ [Duly — W)|)*~>Duly ~ b)) : (DS)(y) dy
— [ Fy) =7y~ ) (V- o)) dy

+( — (V-u)(y = 1) d(y) dy =
—J fw) - (Bl + h) - év))dy

+ [ (L+ [Duly = WP >Duly — ) : | (Bsd)) @ (V)W) = (Vo) = )] dy

sym

-7 ) (930) () - (V) (') = (Vi) (y' = h)] dy .

Remark 5.1. Now we would like to replace in (5.14) %(y) with Vu(y) —
%(y — h) and, by consequence, @vgb(y) with Y/Dvu(y) - ﬁl(y —h). Unfortunately
this is not allowed since %(y — h) is not the transformation of the gradient of
an x-test function. However our goal will be obtained "up to a perturbation
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term” by setting in equation (5.14)
(5.15) ¢(x) = (u(w) — u_p(z)) 6*(x),
where 6 is an arbitrary regular real function such that
supp 0 C I,.
Just for the reader’s convenience, assume from now on that 0 < 6(z) < 1.

Note that (9/\2/) = (6)2 and Vo2 =20V0. Clearly

(5.16) d(y) = (u(y) — aly —h)) (0)*(y).

Lemma 5.4. Let ¢(z) be the admissible test-function given by (5.15). Then
the y-transformed of V ¢(x), D ¢(x), 03 ¢p(x) and V - ¢(x) are respectively given
by (5.17), (5.18), (5.19) and (5.20) below.

Proof. By taking the gradient of both sides of equation (5.15), by passing from
the z to the y variables and by appealing to (5.6) it readily follows that

Voly) = (Vuly) - Vuly - 1) 0)°()

(5.17) +(D3u)(y — 1) @ (Vo) (y') — (V) — 1)) (8)*(y)
+20(y) (aly) — aly — h)) @ VO(y).

In particular, one has

Doly) = (Duly) - Duly— b)) (0)(y)

(5.18) + {(537&)(1/ —h) @ [(Vo)(y') — (Vn)(y' — h)] (5)2(11)}

sym

+20(y) {(a(y) —a(y—h)® %(y)}

sym

and also (since d3n = 0),

85 8(y) = (Bsuly) ~ dsuly — 1)) @)+
(5.19)

20(y) (u(y) — uly — h)) 9:0(y) .

Similarly, from (5.2) and (5.8) it readily follows that

V-oly) = (VN-U(y) - V-u(y - h)) (0)2(y)+
(5.20) @su)(y — h) - (V) (y') — (V) (y' — h)] (8)*(y)+

20(y) (uly) — uly — h)) - Vo(y).
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On the other hand, by setting

(5.21) P(x) = (n(z) — 7_p(x)) 6*(2),
it follows
(5.22) U(y) = (F(y) — 7y —h) (0 ().

Next we replace in equation (5.14) the test functions ¢ and ¢ by the expressions
indicated in equations (5.15) and (5.21). We start by estimating each of the
terms that appear in equation (5.14). In order to treat the first integral on the
left hand side of (5.14) we appeal to the following well known result. for the
proof see, for instance, the Lemma 2.19 in reference [53].

Let A, B be two symmetric matrices. Then

(5.23)
(1+ |ADP2A— (14 |B))’2B) - (A— B) > ¢ (1+ |A|+ |B| )P |A- BJ?,
| (1+ [A])P"2A— (1+ |B))P"2B| < ¢ (1 + |A|+ [B|)""? |A- B|.

Proposition 5.1. Let a(y) be given by (5.15). Then
(5.24)

J (1+ 1Du@))=2 Duly) = (1+ [Duly — k)| =2 Duly — b)) : Dé(y) dy >

—2

e (1+ 1))+ 1DwE-ml)" 1(Pw) - (Du)y — b 6)2() dy
—C|| Vs h?.

Proof. For convenience, denote by S the left hand side of (5.24). By (5.18) one
has
(5.25)

Si= [ ((1+ Du(y))»~* Du(y) - (1+ [Duly —h)] )~ Duly b)) -
(Duty) — Duty — 1) ) (@) dy

+ [ (@ + 1Du)])» = Duly) — (1+ [Duly — ) )*~ Duly — h)) -
{@)w—m e (YE) ~ (TN -n]} 03 )dy

+ [ ((1+ [Duty)| )2 Duy) — (1+ [Duly — h)|)»~2 Duly — h))

{Gity) ~ iy - e vow)} 8y dy

sym
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From (5.23) it follows that
(5.26)

$12 ¢ [ (14 Buty)] + Buty - w1 )" [Duty) ~ Duty - | 62 dy

—~ p—2 | — —
—c [ (1+ Du)] + Duly - ))" " |Duly) - Duty ~ 1) |

@)~ 0| (V) () — (V) — h) | (B)2(o) dy
—c (14 Buty) + [Buty -~ )

[Duly) - Duly — b)| 8ly) [aly) — aly — )| 1V0()|dy

By appealing to Cauchy-Schwartz inequality one easily shows that
(5.27)

$1> ¢ [ (14 [Du(w)| + Buty 1)) |Buly) ~ Duty 0| 6)2w)dy

p—2

e[ (14 1Dutw)] + [Duty 1)) |[@w)w— )|

(V) (') — (V) (' — R)* (8)2(y) dy

—~ p—2 ~ o = |2
—c [ (1+ [Dul)l+ Duty - w)|)" " fily) ~ @y ~ ) |V@)| dy.
The last two integrals are bounded by

ch? (ID* 0% + I1D*0113) [IVu(w)ll} -

Next we estimate the second integral on the right hand side of (5.14).

Proposition 5.2. Let (y) be given by (5.15). Then
(5.28)

[ (Lt Duly = W) Duly — 1) [ Gs0)(w) @ (V) — (V) — b dy| <

¢ [ (1+ |Du(y)| + [Duly — h)| )P~ [Duly) — Duly)]? (6)*(y) dy+
Ch2 || Vallp.

Proof. Denote by S the integral on the left hand side of (5.28). By (5.18) one
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has
(5.29)

S= [ (1+ |Duly — h)|)»~2 Du(y — h)-

[ (Bsuly) = dsuly =) @) @ (In)(y) = (V) — ] dy

sym

+2 [ (1+ [Duly — h)|)"~*Duly — h)-

[ ((y) — ity — 1) %60 @ (V)W) — (V) = m)]|  Blw)dy.
The second integral on the right hand side of (5.29) is easily seen to be bounded
by
c|Vllos D%l oo I VEIE 22,
hence bounded by the last term in the right hand side of equation (5.28).
Denote by I; the first integral on the right hand side of (5.29). By splitting

this integral into two integrals, the first one including the term 03 u(y) and
the second one including the term 03 u(y — h); by appealing to the change of
variables y; — h — ¥ in the second integral; and, finally, by splitting this last
integral in a convenient and obvious way, we get

(5.30)

I =

J (@ [Duly = W))P=> Duly —h) + [S5u(y) 0)°@) © (Vo)) — (V) — )| dy

sym

— [ (14 [Duy)| )2 Duly) : [Bsuly) () @ [(In)(y) — (In)y' — hﬂ]sym

— [ 1+ |Duly)] )"~ Duly) : {{533(3/) (0)%(y + h) @ [(Vn)(y' +h) — (Vn)(y’)]}

dy
sym

- [0t 0700 © ()~ T = w]] | L.
The last integral on the right hand side of (5.30) is bounded by
C IVl Va5 p?,

hence is bounded by the last term in the right hand side of equation (5.28). It
remains to estimate the absolute value of difference of the two first integrals
on the right hand side of (5.30). By appealing to (5.23) one shows that this
absolute value is bounded by

¢ / (1+ [Du(y)| + [Duly — )| )2 [Duly) — Duly — h)

105 u(y)] (6)° () [(Vn) (') — (Vm)(y' —h)| dy.
In turn, this quantity is bounded by

¢ [ (4 [Butw)]+ [Duty ~ W)~ [Duly) - Dty ~ W @) dy+
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c / 195 u()* 1(V) ()= (V) (' =) P (1 [Duly) 1+ [Duly—h) )7~ (0)* () dy -
Since the last integral is bounded by
C | D2|12, [Vl b,
the estimate (5.28) follows. O
From (5.24) and (5.28) we get the following result.

Proposition 5.3. Let a(y) be given by (5.15) and denote by S the difference
between the first integral on the left hand side of (5.14) and the absolute value

of the second integral on the right hand side of the same equation. Then
(5.31)
-2

— p — — ~
§>ef (1+1Buw)l+ Bu-nl)" [(Buw) ~ (Du)y I 6)2() dy
—C[Vullbh?.

Next we consider the f-term. A classical result shows that (s = 1, 2)

(5.32) | / Fw) - B+ k) — 3w)) dyl < k| Tl 19 3l

Since (b(y) is given by (5.16), straightforward calculations yield (recall that
0<6(z)<1)

[ F)- (6ly + h) = d(y)) dy| <
(5:33) h 7l (f|as iy) - 0.y — W 0 () dy) " +

12| Flly 195 @lly 1V (6)2]oc-

At this point it looks convenient to the reader to establish here a full stop.
In this regard we write the equation that follows from (5.14) by appealing to
Proposition 5.3 and to equation (5.33). One has
(5.34)

I (1+ 1Buw)+ 1Bw—iy])" [(Bu)y) — Du)ly — ) @) dy <

+ [ 7 (y) (Bsu)(y —h) - (Vo)) — (V)Y — )] (0)*(y) dy
+ [ Fy) — 7y —h)0(y) (@ly) — a(y —h)) - VO(y) dy

— [ Fy—n) @sw)y) - [(Vn)(y') = (V) = )] (6)*(y) dy

— [ Ry —h) (@ly) — @y —h) %0(y) - [(Vn)(y') — (Vn)(y' — 1] B(y) dy

‘d\'—‘

+C[Vullgh? + kI Fly ([ 10 () = 0,y = B (0)(y) dy)” +
Bl 19l 19 (8)2 o -
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By recalling, if necessary, (4.9) one easily shows that the fourth integral in the
right hand side of the above equation is bounded by

C IV Olloo Il [IVuallp b
Similar estimates hold for the first and the third integrals in the right hand side
of the same equation. We set, for convenience,
~ — — p—2 — ~
&= [ (14 1Buw)+ 1Duty - 1)) [Buty) ~ Duty - b P(w)dy.
The above arguments prove the following estimate

A2 < [ (Fly) -7y —h)0(y) (@y) — @y — h)) - VO(y) dy+

Wl ([ 10saly) — dsa(y — h)[P (8)2(y) d ’
oy M (J10.ay) - osaty — W) B)*(y) dy) " +

B2 (| Fllp 11V wllp [V (6)? [0+

C (14 IVOIZ) (IVullp + lIxlly [Vullp) 22
By recalling the definition of constants of type C, we state the following theorem.

Theorem 5.5. The following estimate holds.
(5.36)

(|72 A% < [n72 [ (7(y) — 7y — h)) O(y) (@(y) — @y — h)) - VO(y) dy+

=

Bl (f10.7() - 0saity — WP @) dy)” + C.
Note that
| [ F(y) — 7y — h)0(y) (@y) — @y — h)) - VO(y) dy| <

(5.37) Clhll[u(y) = uly = W)ll2 |(7(y) = 7(y = h)) 6(y)ll2 <

C'[h| |05 all2 |(7(y) — 7(y — h)) O(y)|l2 -
Next define
(5.38) Aq) = Q_iﬁ.

One has, for 1 < A < \(q),
(5.39)

[ (D) (y) — (Du)(y — )} 0 (y) dy <

(2=p) A
2

J (14 1Dw))| + (D) — ) )

(P=2) X

(14 1P+ (Pw-nl) (D))~ (Du)ly = WP P (y)dy.

By Hélder’s inequality with exponents % and % the following result holds.
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Lemma 5.6. Let be p < g and 1 < A < X(q). Then
)\ —~ C=—p X A
.40 [ (B~ Buy— WP w)dy < 11+ 2Bl ().
2— X

Note that A < A(q) is equivalent to % < ¢, moreover the correspond-
ing equalities are equivalent.
From (5.40), with A= p, A= A(q), and A = r(q) it follows that

Corollary 5.1. (truc2)

— 2-p)p ~ ~
(5.41) /wu —(Du)(y—h)P ) dy < ||1+2|Dul [y A< C AL,
542
NI
/ (Du)(y) — (Du)y — W@ D) dy < |1+ 2(Dullly * - (A
and
(5.43)
— — ~ —~ 2-—p)r(q) ~
[ 1B0@) - Gy - HrOFOwdy < 1+ 2Bl * ().

5.2 [Estimates for the tangential derivatives of the pres-
sure in terms of the velocity

Next we prove the following main estimate.

Lemma 5.7. For each ¢ € C2(Qq) one has
(5.44)

[ VIGE) 7y —0)6] - ddy| <

(@ + 1Du)P~*Duly) — (1+ [Duly — b)) )"*Duly - b)) : V(66)(y) dyl+
o | (F(y) ~ 7y — 1)) B2 |V 62+

T (00)y+h) = (09)v)) dyl+

Clhl (1 + IVullz= + [I7]lp) VSl
where €y and a are chosen below.

Proof. From (5.14) with ¢ = 0 and ¢ replaced by 6 ¢ one shows that
(5.45)

[ @ (y) =7y — ) (V- (0))(y) dy =

J (@ + 1Duly)| =*Duly) — (1+ [Duly = )))*~*Duly b)) : D(O4)(y) dy

+J T (00)w+h) — (#0)w)) dy+ R
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where R satisfies
(5.46)

Rl < [BllInllc= (L + [Vully)*~* 195 (06)l, + [R] [nllce Il 10506)]], -

Since a?@?z)) = 0050+ ¢0s0 (recall, in particular (4.10) for k = 3) it follows
that . _
105(60) 1, < CIV Sllp -
One has
(5.47) Rl < C B[V, -

On the other hand, by appealing to (4.12), one shows that

(V-(00)=0V-8)+ ¢ -VO—6(Vn)- (356) — (3:0) (V) - ¢.

Hence we may decompose the left hand side of (5.45) as
(5.48)

J Gly) =7y — 1) (V- (00)dy = [ [(7(y) — 7y — 1)) 8] (V- &) dy+
J Gly) =7y =) (V) - ddy — [ [(F(y) — 7y —h) 6] (V) - (95 ) dy—
[ G(y) =7y — 1) (0:0) (V) - ddy.

By means of a suitable translation one shows that
(5.49)

J Gly) =7y — 1) (V) - ddy=— [ 7(dly+ h)—d(y)) - (V) dy
— [ 7oy + h)- (Vo(y+h) - Vo(y)) dy.

Hence the second integral on the right hand side of (5.48) satisfies

|| Gy) =7y — h)) (VO) - ddy| <
(5.50)

B 1V 8llcr |17l IV Sl -

A similar device applied to the last integral on the right hand side of (5.48)
shows that
(5.51)

I/(%(y)—%(y—h))(asg) (V)-ddy| < clBl IV nllc, 195 0lc, 17 IV &ll, -

On the other hand

(5. 52) _

| [ [(F(y) =7y — 1) 6] (V) (95 ) dy| < [[(F(y) =7y — 1) bll2 |V nllcs, IVl -
From (5.48), (5.50), (5.51) and (5.52) it follows that
(5.53)

[ Gy) =7y —0) (V- (06) dy = — [ VIFy) =7y —1)6] - ddy+ R,

for each 5 € C3(Q.), where Ry satisfies the estimate

(5.54) [Ral < C IR Flly IV Sllp + €0 |(F(y) = 7y — 1) Ol2 [V 6|2,
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for an arbitrarily small positive ey, provided that a < a(eg). We applied to the
fact that V7(0) = 0. From (5.53), (5.54) and (5.45), (5.47) the estimate (5.44)
follows. 0

. Next we prove the following result.

Lemma 5.8. The following estimates hold.
(5.55)

(@ + 1Dutw) =2 Duy) — (1+ [Duly — h))P~>Duly — b)) : V(8 dy| <
C ALV l2+ C IR (1 + [Vull, )P~ [V 8,
Proof. From (4.11) it follows that
V(09) = 6V - 6((Vn)® 859 + 6 V0,
for each y € Q4. Moreover
(5.56) 0V - 0[(Va)© d56]l < ClO]|V gl

hence, by appealing to (5.23), it follows that
(5.57)

I (4 Puly))P-*Duly) — (1+ [Duly — b)) ~>Duly ~ h)) : V(86)dy| <
¢ f (14 1Duw) + [Duty 1)) Duly) ~ Duly | BV 3] dy+

(@ + 1Dul))r*Duly) — (1+ Duly — B)P=*Duly — b)) : (6@ Vo) dy| .
Next, since p < 2, it readily follows that
(5.58)
—~ —~ -2 —~ ~ ~
J (14 1Du) + Puty—n)I)" " Duly) - Duly — b)| 0]V 9] dy <

c ALV |2

which is the desired estimate for the first integral in the right hand side of (5.57).

We could appeal to similar devices to obtain as well an useful estimate for
the second integral in the right hand side of (5.57). However, the lack of 6(y) in
this integral would imply some tricky arguments. We rather prefer to introduce
a more elegant device to obtain the desired estimate. Denote by I the referred
integral. An obvious translation shows that

I= / (1+ |Du(y)| )P ~*Duly) : (d(y) ® Vo(y)) dy

- / (1+ [Du(y)|)P~>Duly) - (B +h) © Yoy +h)) dy.

By appealing to an obvious decomposition of (g(y +h)® V(y+ h)) - ((E(y) ® %(y)),
it readily follows that

11 < el [V0lles (1 + 1(Tw)llp)* " (6], + IV 6ll,) -
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Hence
(5.59)

| ((1+ Dutw)P=*Du(y) — (1+ [Duly — b)) >Duly — 1)) : (6@ Vo) dy| <

Clal L+ [IVull, P71V &l -
By appealing to the equations (5.57), (5.58) and (5.59) one proves (5.55). O

Next, by appealing to an obvious decomposition of the 8¢ terms, one shows
that

ooy | [ T (00 - @E)w) dol < CIbl1Fly 1V 3l

The following result follows from (5.44), (5.55) and (5.60).

Lemma 5.9. Given ¢y > 0 there is a(ep) > 0 (independent of the point )
such that for a < a(eg), one has

| VIFE®y) -7y —h)b] - ddy| <

c A1 ||V ¢|l2+
(5.61)

e |F(y) — 7y — 1) bll2 |V &2+
Clal (L + [[Valz= + (|7l + | fll) 1Vl

for each ¢ € C2(Q.).
The following Theorem follows from the above estimates.

Theorem 5.10. For sufficiently small positive values of a (which are indepen-
dent of the particular point xo) one has

IGF(y) =7y —h) O]l < ¢ A+
(5.62)
Clhl QA+ [Vullp=t + 7l + [ flly) -

Proof. Equation (5.61) shows that V [(7(y) —7(y—h)) 0] € W—12(Q,) and that
the corresponding norm is bounded by the right hand side of equation (5.63)
bellow. A main point here is that 0 has compact support in J,. To fix ideas the
reader may assume, once and for all, that

supp 0 C Qs

a

and that the translation amplitudes satisfies |h| < §. Next, by appealing to
Lemma 3.1 (see also the appendix), one shows that

IF(y) — 7y — h) Oz < €0 l|(F(y) — 7y — h)) O]+
(5.63) N
cAr+ Clhl (L + [VulZ=" + |7l + I £lly) -

This proves (5.62). O
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From equations (5.36), (5.37) and (5.62) it follows that

A 7% Ay < CIR| 7 [a(y) = @ly—h)ll2, .+ BI " 1f (/Iﬁs (y) — A5y — M) (0)*(y) dy)p+0-

From the above estimate we get:

Theorem 5.11. The following estimate holds:
(5.64)

=2 f (14 Dutw)] + [Buy )| )" [Duly) — Duly — WI28(y) dy <

S

C05 T )2, + CEI 1l ([1057) — 0ty — WP (0)*(v) dy)” + C.

Remark 5.2. It is worth noting that the particular features of the problem
under hands require a special care, and some new device, in order to apply the
translation’s method here. On the other hand, going on with the explicit ex-
pressions of the differential quotients would be detrimental to the reader, since
the main ideas would stay in hiding among intricate expressions. On the other
hand, the work already done by appealing to the differential quotient’s tech-
nique, is largely sufficient to allow the interested reader to carry on the proofs
by this technique. We also refer to [7], where this technique is continuously
applied. The above situation leads us to come to a compromise: From now on,
we replace the differential quotients by the corresponding derivatives.

For convenience, we define the nonnegative quantity A by

-2

~ — p — ~
Gos) = [ (14 20B0))" 0. D06 @@ dy.
By taking into account (5.64) and the above remark, we may write
(566)  32< C0,uw)a .+ Clfly (f102, )P @)20)dy)” + C.

Equations (5.41), (5.42), (5.43), and (5.62) show the following result.

Theorem 5.12. The following estimates hold.

(5.67) |(V.Du)d |t < CAP,
p) (a) ~
68 I D0IRG < ¢ (14 1Bul ) B,
p) (q) ~
(5.69) | (V. D0 dID < e (1+ [Dul, ) i,
and
(5.70) I(V.7)0)3 < C(1+ +|fI12 + A%).
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Finally (roughly speaking), we prove that the tangential derivatives of the
full gradient V u can be estimated in terms of the tangential derivatives of the
symmetric gradient Dw. See the remark 3.1 in reference [7].

We start by the following auxiliary result, where the bounded open set D
has a ”Lipschitz” boundary consisting on the union of two disjoint pieces, S
and Sy, both with not vanishing 2—dimensional measure. The exponent p may
be any real p > 1.

Lemma 5.13. There is a linear continuous map from fo € LP(D) into w €
WL P(D) such that V- w = fy in D and w= 0 in Sy. In particular,

(5.71) [wllh,p < ¢l follp-

Proof. Extend the domain D to a fixed domain D "throughout” S;. Then
extend fo to all of D in such a way that the extension Fj has vanishing mean
value in D (for instance, F{ constant outside D). Then, it is well known (see
[29] chapter III, for proofs, section IT1.3, and quite complete references section

IIL.7) that there is Wy € W1P(D) such that V- Wy = Fp in D and Wy = 0
on 0D . We define w as the restriction of Wy to D. O

Theorem 5.14. For each 8 > 1, one has
(5.72) 10V (V) lls,q. < cll0V.(Du)llg,q. + C,
mn Qg , for each admissible value of a.

Note that 6§ can be replaced by any positive power of 9.
Proof. Set

U= 00,1,
s=1,2. From V -u = 0 and from (4.10) it follows that
V= (01n) (0311) + (02n) (03 2).

Straightforward calculations show that

(V- D). = fo,
(5.73)

;E\Aa =0,
where _ _

fo(y) = 0[(01m) (Os3u1) + (92m) (Os3u2)] + R,
and _
[R(y)| < ¢(IVO(y)| + [D*n(y)]) [V aly)] -

Hence,
(5.74) I folls < IV nlloe (10013 alls + (10 Oes@t]l5) + C.

Next we define w as in lemma 5.13, where D = @Q,, D= J, and S; = A, . Set

g=v—w.
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One has

(V- 9. =0,
(5.75)
ﬁ‘Aa =0.

From (5.75) it follows that there is a constant ¢ (independent of the particular
g) such that

(5.76) 911,56 < clDglls -

The proof follows essentially by appealing to a classical result of Necas. See, for
instance, [47], Lemma 1.1 and Proposition 1.1.
By taking into account the definition of g and (5.71), it follows that

IV@ls < c(IDTs + IIfolls) -

Finally, by taking into account that o = 6 d, @, that

IV ©dsa) | = [0V (9su) ||| < C,
that _ _

D @0sa) || = [10D (s u) ||| < C,
and the estimate (5.74), one proves (5.72). Recall that ||V 7. < €, for
arbitrarily small €. O

Theorem 5.15. One has

(5.77) A< CA+Ifly +1V2Tl35 g, ) -

Proof. From (4.16) it follows that

10V« (D) llp, . < 10V (Pu)llp, Q. + €l 0Va (V) lp, Q. + ClIVullp, Q. -

By applying (5.72) to the second term on the right hand side of the above
inequality, and by choosing ¢g sufficiently small, we prove that

(5.78) 10V (D) ||y, . < ¢l V. (Du) ||y, q. + C-

Next, from (5.66), (5.72) and (5.78),we get

A2 < C(L+ |IVatllz,qu + Iflly 10V (Du) llp,q.) -
Finally, by appealing to (5.67), we show that
A< O+ |Vaillz . + 11l 4).-
This proves (5.77). O
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5.3 Estimates for the ”tangential derivatives” in terms of
the data

For the reader’s convenience we recall once more that V., denotes the gradient
with respect to the variables y;,j = 1,2. Hence

and

Theorem 5.16. The following estimates hold.

(5.79) 10V (V)lp.g. < CA+ Iflly + VLT3 0, )

(5:80) [0V (Va)lng,@u < CA+ IDulg™ YA+ [y + IVl g, )

IN

2—p
2
q

(5.81) [0V (Vt)lr(g). 00 < CU+ IDulls® A+ [ flly + IV.ill3o,)

3
and

(5.82) 16V lo,q. < C L+ Iflly + IV-7l35 g, )-

Proof. From equations (5.72) and (5.67) (together with (4.16), and related de-
vices already explained), and (5.77), we show that (5.79) holds. We also appeal
here to (4.14). Similarly, by appealing to (5.68) and (5.69), one proves (5.80)
and (5.81). Finally, from equations (5.70) and (5.77) we show (5.82). O

REMARKS. . N
— Note that we may replace the norms ||Vul|,, |7l and || f|ly ., in Qq, by the
norms ||Vull,, ||7]l, and || f|l,r in €4, hence by these last norms in the whole
of 0
~The constants C' depend on the C2-norms of n and # in Q,. However the
C?-norm of 7 is bounded from above on I', hence is independent of the partic-
ular point zg. On the other hand the particular truncation function 6 may be
fixed once and for all in our proofs as a regular function equal to 1 for [z'| < &
and with compact support inside I,. This shows that the dependence of the
constants C' on 6 is just a dependence on a.
~Whenever we appeal to a ”sufficiently small” ¢, recall (4.8), a smaller, posi-
tive, upper bound on the values of the parameter ¢ must be assumed. However
this situation happens a finite number of times. Hence a strictly positive lower
bound for a exists. Further, as already shown, this value does not depend on
the point z.
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6 The linear system for the normal derivatives
of the tangential components of the velocity

We set

and

Note that derivatives are with respect to the z-variables. Due to (4.8), we may

replace (on "right hand sides” of estimates) derivatives Ogn, for k = 1,2 simply

by €. Recall that d3n7 = 0. In the same line, cep and €3 can be replaced by €.
We will use without a particular warning that

(6.1) 959 = Osg.-

Lemma 6.1. One has a.e. in Qg

(6.2) &3] < [V.(Vu)| + col€'].

Proof. From V - u = 0 it follows that

(6.3) € = —03(dru1 + Dyuz).

On the other hand, from (4.10),

(6.4) B3 (Omtty) = OOty — (D) D (D).

Hence, for m,l # 3, -
|050mui] < [V (Vu)| + € [¢]

By taking into account (6.3), the thesis follows. O
Lemma 6.2. One has a.e. in Qg
(6.5) [D2u(y)| < [Vu(Vu)| + e €]
Proof. From (4.10)
T (950 w) = 0Dy w) — (D) 005 w) -

By appealing to the above estimates the thesis follows easily. Note that if
j =k =1=3 the result follows from (6.2). O

Straightforward calculations show that

(6.6)
O (14 [Du))P2Du) =

(1+ [Dul)P™20 Du+ (p— 2)(1+ |Du|)’ 3 Du|"" (Du- O Du)Du.
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By appealing to (6.6), the j.*" equation (2.1) may be written in the form

(6.7)

3
—(1+ Du)" Y Ry
k=1

3
—2(p=2) 1+ [Dul)P 2 Dul™" D DD 0w + 20;m = 2 f5,
l,m,k=1

where D;; = (Du);;. Let us write the first two equations (6.7), j = 1,2, as
follows:

(L+ [Dul)" =2 055 u

2
(6.8) +2(p—2) (14 [Du))P 7 |Dul " Djs Y Dis 35w =
1=1
Fj((E) + 28j7r— fj7
where the Fj(x),j # 3, are given by
(6.9)

2
Fi(z):= —(L+ [Dul)’? Y 0y
k=1

3
~2(p=2)(1+ [Dul)’*[Du|™" { D33 Djs3sus+ Y.  DimDjx 0y
Il,m,k=1

(m.k)#(3,3)

In the sequel, the equations (6.8), j = 1,2, will be treated as a 2 x 2 linear
system in the unknowns 03, u;, j # 3. Note that, with an obviously simplified
notation, the measurable functions F} satisfy

(6.10) [Fj(@)] < c(1+ [Dul)*=2|DZu(a)],

a.e. in €.
Hence, from (6.5) it follows that

By < € (14 3y72) (IVa(Va) + e [€]) <
(6.11)
C(1+ M) [Vu(Vu)| + 6 C (1 + M)P~2|¢].

Next we consider the 2 x 2 linear system (6.8) in terms of the y variables, i.e.,
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the system

2
(L+ [M))P72& —2(2—p)(1+ M)P~3 M_lﬁja 2513& =

(6.12) (=1
Fean- T

and we show that this system can be point-wisely solved for the unknowns gj,

J = 1,2, for almost all y € Q2. The elements a;; of the matrix system A are
given by

A= (1+ MP2)6;,+2(p—2)(1+ MP > M ' DDy,
for j,1 # 3. Note that a;; = a;;. One easily shows that

n—1 2
S @uh= (L+ MP 2N — 2(2 - p) (L + M)P3 A {(137&) : /\}

3
Jl=1

In particular

2
~ 3 e
(6.13) ;1 aj\N = 2(p— 5) (1+ [Dul)” 202,
]’ =

Hence the following result holds.

Lemma 6.3. Ifp > % the matriz g(y) is positive definite for almost ally € Q.
More precisely (pare)

(6.14) det 4 > {2 (p— g) (1+ |1’>7¢|)P—2} .

This lemma allows the following estimate.

Lemma 6.4. One has a.e. in Q,
(615) &< CIVL(Va)l+ € (1+ M 7) (IVarl+ [F),

Proof. From (6.12), i.e. from
2 ~ — —_— ~
(6.16) ZajlleFj+ajW_fj7
=1

together with (6.14), it follows that

2 2
(6.17) doaaé =Y (F+ 07— )&
I,j=1 j=1
holds. Consequently
(6.18) (1+ M) €| < |Fy+ 07— fl,
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a.e. in Q,. By appealing to (6.11) we show that
(6.19)

(L M)P2) ] < € (14 MP=2 |Vo(Vu) 4 60 C (14 M2 €]+ | Vaml el ]
Hence (6.15) holds. We also appeal here to (6.2). O

Corollary 6.1. For any admissible positive a one has in Q, (wtescad2)

(6:20)  [[Ellng) < C IV (V)i + C (1 + Dl ) (IV< 72 + |1 Fl)-

In particular, for j =1, 2,

2

1
(621) 03955l 0p <€ (14 1DulZd) (L 920013 o, + 151
Proof. Since

(L + M)* PVl < 11+ M[377 [ Va2,

the estimate (6.20) follows easily from (6.15).
Next, write (6.20) in Qs and estimate the quantities ||V (Vu)|lr(q),@a
2

and ||Vf:/7r|\2)Qg by appealing to (5.81) and (5.82). Take into account that 6
2

is no-negative and equal to 1 on Qs . It readily follows (6.21). We have used

that 0 < 252 < 2— p. O

Further, from (5.80), a similar argument shows that

— 2—-p PO
(6.22) |V, Vulag.q <C (14 1Dul, 7, ) 0+ Iy + 1915 ,) -

2

7 Proof of Theorem 2.1

We start by stating the following particular case of more general results proved
by Troisi in reference [58], to which we refer for details.

Proposition 7.1. Let Qg be an open, bounded, ”sufficiently reqular” set, and
let v e Wh(Qo). Assume that

(7.1) Opv € LP*(Qo) ,for k=1,2,3,

where (condtro2)

3
1 1 1 1
7.2 e
Then v € LP(Qo) and
8 1
(7.3) lollp < e TTIokv s + cllll, -
k=1
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Obviously, we may replace ||v||, by any other L® norm, s > 1.

An essential point in order to get the limit exponent [ in the Theorem 2.2,
is that the constant ¢ on the right hand side of (7.3) does not depend on the
values of the exponents p; used in the sequel. This property holds provided
that p lies bounded away from 3. This follows essentially from the equation
(1.15) in the above reference (note, however, that all the values pj that will be
used here lie bounded away from 3).

Further, note that the exponent Q(q), see (2.3), satisfies

(2 )

Qg 3\ Mo 79 '
Proof. We apply Troisi’s Theorem, in Q2 , to the single components of Vu.
By appealing to (6.21) and to (6.22) we show that

— 1 2(2—p)
1) [Fullow.ay < CO+ VTl o, + 1) (1+ 120l d”)
From (7.4), by passing from the y to the x variables, it follows that,
1 2(2—p)
15 1Vulow.ay <CO+ IVulda, + 1) (14 19ulid")

Clearly, (7.4) also holds if @, is contained in Q. Actually much stronger interior
estimates hold (obtained in a much easier way).
By setting ¢ = p we get

1
(7.6) IVl s, Qg <CQA+ [[Vulls o, + [/l
Since 6
p
> 2
8—3p 7’

for p > 3, it readily follows (by a standard argument) that |[Vulz,o < C.

1
Hence, we may drop the [[Vul|3, term from the right hand side of (7.5).
This leads to

2(2-p)
(7.7) IV ullo@.oq <C O+ [flp) (1+ IVul,q, ) :

a
2

It readily follows that (2.7) holds, where C' depends on the (fixed) number N
of sets of type Qg (plus the number of spheres contained in the interior of )
sufficient to cover €.

In a similar way, from (5.81) and (6.21), we show (2.8). O

Further, from (5.82), it follows
(7.8) IVirlla,@q < C(L+ [fllpr)-

On the other hand, by writing the equation (6.7) for j = 3 we obtain an explicit
expression for dsm. In particular, it follows that

(7.9) 05| < c(1+ [M(2))P*) |D* u(@)| + [ f(2)]-
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Since p < 2, [0s7| < C(|D*u(z)| + |f(z)]). By transforming the inequality
(7.9) from the = to the y variables one gets (for instance, for y € Qs )

(7.10) 105 7(y)| < e|(D2u)(y)] + [F)].

This equation together with (2.8), and (7.8), show that ||V 7|[,(g), o is bounded
by the right hand side of (2.8).

8 The boot-strap argument. Proof of Theorem
2.2

The proof follows that in reference [4]. Since Du € LP(Q), it follows from (2.7)
that Du € L") (Q), where Q(p) 8f§p . Since this last exponent is greater
than p, we may start an induction argument. Recall that our constants C' are
independent of the integrability exponents used here.

Define the strictly increasing sequence

q =p,
(8.1)
Gny1 = Q(qn) -

Note that the exponent ¢ given by (2.4) is the limit § = limy—ooqn. In
particular, g is the fixed point of the map ¢ — Q(q).
From (2.7) it follows that

2(2=p)
3

(8:2) llltsgnes < €+ [ Fl) A+ ully g ).
With an obvious notation, we write this equation in the form
ant1 < b(1+ ap).
Note that 0 < « < 1. By arguing as in [5] we prove that
[ull1, g, = an < 2(b+ bT7),

at least for sufficiently large values of n. Consequently, ||ull1,7 is bounded by
the right hand side of the above equation. This shows that

3
lullg < €A+ I7127).

The estimate (2.10) follows. Further, the estimate (2.11) follows easily by apply-
ing once more the estimate (2.8), now with ¢ = g, and by taking into account
(2.10). Note that r(g) = [. Very similar devices show that Vr € L.

9 APPENDIX I

The proof of theorem 2.3 is done by following the short proof of theorem 1.1
in reference [9], section 6. As in some of our previous papers, the proof in
the presence of the convective term (u - V)u follows in a straightforward way
from the corresponding result obtained without this last term. However, with
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respect to the proof in reference [9], it is worth noting that in this last reference
the constant C', that appears in (2.11), depends only on ||V u|,. Here (see
(5.10)) C also depends on ||7||,. A fundamental point in the proof given in
[9], section 6, is that the introduction of the convective term does not change
the energy estimate obtained for ||V u||,. In fact, this estimate is obtained by
multiplication by u followed by integration on €2, and the contribution of the
convective term here vanishes. Hence, in order to be sure that the proof given
in reference [9] applies here, we have to take into account the dependence of C

on |||, . We overcome this obstacle by showing that for p > 2 one has

I7lly < cllVul-

This result is sufficient to our purpose, since % < po-
In the case of the full Navier-Stokes equations (2.12) one has an additional
term (u - V)u on the right hand side of equation (3.11). This leads to an

additional term |[u?|,s on the right hand side of (3.12). If p > 2 this last

term is bounded by ¢||[Vu|2. Hence, if (u, 7) is a weak solution to the full
Navier-Stokes equations (2.12), then

I7lly < IV ully + I fll-1.p + 1)

The main point here is that, on the right hand side of the above estimate, one
has f and not F = f— (u - V)u (see (3.9)).

10 APPENDIX II

Often, in Lemma 3.1, the additional assumption g € L¢ is required. We claim
that it is sufficient to assume that ¢ is a distribution in Q (see also [23] for a
similar claim). Nevertheless, for completeness, we show here a different proof
of (5.62), based on the following result.

Proposition 10.1. Let p be a scalar field in L?. Then, there is a constant c
such that

(10.1) lp = Bl < clVpll-1,
where P is defined by

(10.2) p= Q" /pdx.
Q

For an exhaustive proof of the above proposition see the end of Appendix II,
page 1111, in [3] (warning: in this last reference the symbol p denotes p — p).
Set, for convenience,

P(y) = (7(y) =7y — 1) 0(y) .
Clearly 7 € L*(Q) C L”,(Q) . Hence, by the above proposition,
[ — 2 < c[VP[-12-
By appealing to

7= @ / F(y) (7 () — Ty + b)) dy,

the desired estimated follows.
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