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The Euler equations (1.1) for the motion of a nonviscous imcompressible fluid in
a plane domain 2 are studied. Let E be the Banach space defined in (1.4), let the
initial data v, belong to E, and let the external forces f(¢) belong to L (R: E). In
Theorem 1.1 the strong continuity and the global boundedness of the (unique)
solution v(r) are proved, and in Theorem 1.2 the strong-continuous dependence of ¢
on the data vy and f is proved. In particular the vorticity rot r(r) is a continuous
function in £, for every ¢ € R, if and only if this property holds for one value of 7.
In Theorem 1.3 some properties for the associated group of nonlinear operators S(z)
are stated. Finally, in Theorem 1.4 a quite general sufficient condition is given on
the data in order to get classical solutions.

1. INTRODUCTION AND MAIN RESULTS

Let 2 be an open, connected, bounded set of the plane R? with a regular
boundary I, say, of class C*%, a > 0. We denote by n the outward unit
normal to I. In this paper we study the Euler equations

ov
E_*_(U.V)U:f——vﬂ in Q—_;RXQ,
dive =0 in @,
(L.
v-n=0 on X=R XTI,
Uypmg = Uglx) in Q,

where the velocity field ¢(z, x) and the pressure 7(t, x) are unknowns. In (1.1)
the external force field f(z, x) and the velocity v,(x) are given; moreover,
divey(x)=0in Q and vy-n=0 on I.

Existence of local solutions of (1.1) was proved by L. Lichtenstein. Global
classical solutions were studied by many authors, for instance, E. Holder, J.
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Leray, A. C. Schaeffer [7], and W. Wolibner [8]. More recent studies are
those of V. L Judovich [3], T. Kato [4], J. C. W. Rogers [6], and C.
Bardos [1].

The aim of our paper is to prove some properties for the global solutions
of Eq. (1.1) by setting the problem in a very natural functional framework,
the Banach space E(Q) consisting of all divergence-free vector fields v(x)
which are tangential to the boundary and for which rot v(x) € C(2). The
properties of global solutions in this space can be summarized as follows:

(i) For every initial velocity v, € E() and for every exterior force
S E L, (R;E(R2)) the solution o(r) is strongly continuous, ie.,
v € C(R; £(2)) (see Theorem 1.1; see also Remark 2.1).

(ii) The solution v(¢) depends continuously, in the norm topology, on
the data v, and f. More precisely, if v{" - v, in E(Q) and if f,,— f in
L'(I; E(2)) for every compact time interval 1, then v,,(f) = v(¢) in E(), the
convergence being uniform on every compact time interval / (Theorem 1.2).

(iii) Estimate (1.6’) holds; in particular the solution is globally
bounded in time if f € L'(R; E(£2)). Moreover if /=0 then [lo()lll = |l volll,
V{ER, ||| - || being the norm of E(£2).

The crucial property (ii) appears not to have been proved in any Banach
space. Note that continuous dependence with respect to weaker topologies
can be (in many cases) trivially verified.

Property (iii) shows that E(£2) might be a suitable space for the study of
asymptotic properties; note that E(2) seems to be the space of the most
regular functions for which property (iii) holds.

Assuming for simplicity that /=0, and combining the above results, one
gets Theorem 1.3, which shows that the essential properties of hyperbolic
groups of operators hold for Eq. (1.1) in the space E(Q2).

On the other hand, we note that Theorems 1.1 and 1.2 also prove the
nonexistence of shocks for the curl of the velocity field; more precisely,
rot v(t) is a continuous function in 2, for every ¢ € R, if and only if this
property holds for one (arbitrary) value of ¢; this statement holds even in
presence of quite discontinuous (in time) external forces. Actually, rot v(¢)
must then be a continuous function in Q. In the remainder of this section we
introduce notation and state the above results in complete form. For
simplicity, we will assume that @2 is simply-connected; the reader should
verify that the usual device (see [3, Sect. 5] and [4]) utilized to treat the
general case also applies to our proofs; hence the results stated in our paper
hold for non-simply-connected domains.

In the sequel 2 denotes the closure of 2 and C(£2) the space of continuous
(scalar or vector valued) functions in £ normed by ||8]| = sup |6(x)], x € Q.
For simplicity we avoid in our notation any distinction between scalars and
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vectors. C¥(Q) (k, a positive integer) is the space of all k times continuously
differentiable functions in £2 equipped with the usual norm || - ||,. Sometimes
we will write D'.0 to denote a generical derivative of order /. The scalar
product in the Hilbert space L*(£2) is denoted by (. ).

If X is a Banach space, L|,.(R;X) is the linear space of all X-valued
strongly measurable functions u(¢), t € R, such that |u(¢)||, is integrable on
compact intervals {—T, T, ¥z > 0.

Some of the above definitions will be utilized also with (2 replaced by Q or
by 0, =10, T] X Q.

If 6(t, x) is defined in Q we sometimes denote by 6(¢) the function 8(t, -)
defined for x € Q.

Finally, N denotes the set of positive integers and c¢, ¢y, ¢,,... denote
constants depending at most on £2. Different constants may be denoted by
the same symbol c.

The following definitions are classical: for a scalar function w(x) in £ we
define the vector Roty = (éw/dx,, —0w/dx,) and for a vector function
v=(v,,v,) we define the scalar rotv=dv,/dx, —0dv,/éx,. One has
—4 = rot Rot. Note that Rot y is the rotation of the gradient Vy by 7/2 in
the negative direction (counterclockwise). Let now  be the solution of

—Ay =460 in 0,

(1.2)
y=0 on I.
By the above remarks v = Rot y is the solution of
rotv =40 in 0,
dive=0 in 2, (1.3}

v-n=0 on .
Let us introduce the Banach space
E@)={v€C@):dive=0in2,v-n=0o0nT, rotv € C(Q)}, (1.4)

equipped with the norm |||l = irotv|| + [[v}l;2n,- In the sequel (2 being
simply-connected) we use the equivalent norm

il = [lrot vij. (L.5)

Concerning the existence of solutions we prove the following statement:

THEOREM 1.1. Let v, € E(2) (or equivalently rot v, € C(2), div v, =0
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inQ,v,-n=0onT)and let f € L}, (R; L*(2)) with tot f € L .(R; C(2))."

Then problem (1.1) is uniquely solvable in the large, the solution v belongs 1o
C(R; E(R2)) (or equivalently rot v € C(R; C(Q))) and

ool < Neall + | | ot 7)1

, VteER. (1.6)

If rot £ =0 equality holds in (1.6).

Remark. Instead of f€ L} (R;L*2)) we could assume that / is a
distribution in Q, the significant condition being only rot f € L}, .(R; C(22)).
Furthermore, in view of the decomposition formulae (5.1), our assumption
on f is equivalent to £ € L}, .(R; E(2)) and estimate (1.6) is equivalent to

el < el + | [ e ae] . veer (16)

Remark. We don’t consider explicitly the regularity of dv/¢¢ and Vz
since it follows from the regularity of Vv and f. See Appendix 2.

THEOREM 1.2. Let v, f, 0™, and f,,, m € N, be as in Theorem 1.1, and
let v and v,, be the solutions of (1.1) with data v,, f and v{", f,,, respec-
tively. If v v, in E(Q) and rotf,—rotf in L. (R;C(Q))* then
v,(t)—>v(t) in E(Q), the convergence being uniform on every compact
interval, ie., v,,— v in C([—T, T); E(2)), for every T > 0.

Now assume rot /=0 and denote by S(¢), r € R, the nonlinear operator
defined by S(t) vy =0v(t), Yv, € E(L2), where v(t) is the solution of problem
(1.1). Put also Ju = —u. One has the following result:

THEOREM 1.3. Under the above assumptions and definitions one has:
(i) S@S)=8t+r1), v, 1€R; S(O)=1

(i) S() is “unitary” in the sense that ||S()uf|=|u]l, Yu € E(Q).
Moreover S(t)™' = S(—t)=JS(t)J, VtER.

(iii) S(¢t) is a strongly-continuous group of operators, i.e., Jor every
u€ E(Q) the function S(t)u is a strongly-continuous function in R with
values in E(0).

(iv) For every t € R the nonlinear operator S(t) is a bicontinuous map

(in the norm topology of E(2)) from all of E() onto itself. Moreover if
u,, — u the convergence S(t)u,,— S(t)u is uniform on compact t-intervals.

"Plus (f2u,) € L|(R), k = 1,..., N. if 2 is not simply-connected. For the definition of u,
see Appendix I.
2If 2 is not simply-connected we also assume that (/. #,) = (/s 1) in Lo (R), k= 1,..., N.
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We also study some questions concerning the existence of classical
solutions. OQur main concern will be the continuity of Vv on Q, additional
conditions on f in order to get continuity for dv/ét and Vz will then be
trivial. We want to characterize explicitly a Banach space C,(£2), the data
space, such that »€ C(R;C'2)) whenever rotv,€ Cy(2) and
rot f € L (R: C()).

We don’t expect the above result if we just define C4(2) as C(2). On the
other hand, if we define Cy(Q2) as C®*(2), 1 > 0, the result holds easily;
hence we want a larger space. We construct Cy () as follows; for every
9 € C(2) let us denote by w,(r) the oscillation of # on sets of diameter less
than or equal to r:

we(r)= sup  |6(x)—6(y). (1.7)
0<|x—)1<r
x,veQ

Clearly wy(r) = wy(R), Vr > R = diameter of Q. Let us put
R dr
(0= ) wolr) - (1.8)

and define C.(2)={0€ C(2): [0]x < +oo}. Then |8, =0]x + 6] is a
norm in the linear space Cy(£2). Moreover C, () is a Banach space. Note,
by the way, that [6], <R*A7'[#], where [-], is the usual A-Holder semi-
norm.

We prove the following result:

THEOREM 1.4. Let rot v, € Cy() and f € Li,(R; L*(Q)) with tot] €
Lioo(R; Cy(Q))." Then the solution of problem (1.1) belongs to C(R; C'(Q)),
moreover

o, < ce it {I{rot olls + ”rOtf[.Ll(O,t;C*(Q—))}’ (1.9}

where B = ||rot vyl +|[tot |10 ey - If in addition f is such that the terms
g(t) and VF(t), in the canonical decomposition (5.1), are continuous in Q °
also dv/ct and Vr are continuous in Q (classical solution).

2. ProoFr or THEOREM 1.1

In the following we consider Eq. (1.1) in the time interval [0, T}, T> 0
arbitrary. Proofs apply also to intervals [T, 0; alternatively one can reduce
this case to the previous one by a change of variables. In fact the solution of

1t suffices that £ € C(R; W'?(2)), for some p > 2.
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the problem (0v/dt)+ (v - V)v=/f—Vn, t€ [-T,0], with v,_,=0v,(x) is
given by v(t) = —u(—1) where (Gufot)y + (u-V)<u=g—Vn,,
gt x)=f(—t,x), my(t, x)=n(—t, x), t € [0, T|, u;;_o = —04(x).

Assume the data v, and f fixed as well as 7> 0. For convenience put
{y=rotv,, d=rot f; B=|{| + [FI|é(x)l] dr, and define

K= {6EC(Q—T):“€HT < B, 2.1)

where || - [, denotes the norm in C(@,) = C([0, T]; C(2)). K is convex,
closed, and bounded in C(Q;). From now on # denotes an arbitrary element
of K. Now let i be the solution of problem (1.2)

V)= so) b d  x€Q, (22)

and let v = Rot v be the solution of (1.3); since v € W?(Q2), Vp < +o0, the
meaning of Eq. (1.3) is clear. It is well known that the Green’s function
g(x, y) for the Laplace operator —A4 with zero boundary condition (see, for
instance, {5]) verifies the estimates

D glx, )| <elx—yp|™Y,  |Diglx, p)<clx—y|> (2:3)

By using classical devices in potential theory one shows that |[v]| <c, |||
and that [v(x)—o(y)|<e 10]l|x— ylx(x — »]) where x(r)=log(eR/r),
Vr > 0; see [4, Lemma 1.4]. Hence for every ¢ € [0, T}, ||[v(¢)]| <¢,B and

ot x)— vt Y <e Blx—ylx(x—y) Vx,ye2.  (24)

Clearly v € C(Q;). Let U(s, t,x) be the solution of the system of ordinary
differential equations

d
— U(s, t,x) = v(s, U(s, t, x)), for s€ [0, 7],
ds

(2.5)
Ut t, x) =x,

where (2, x) € Q. Let us show that
[U(s, 1, x) — Uls;, 14 » X))l
e Bls—s|+e(l+ clB)('x—'xl"s + e~ flla)a (2.6)

where c,=max{l,eR} and Jd=e ¥1. Put x(s)=U(st,x), x,(s)=

U(s, £, 1), p(s)=|x(s) — x,(s)l. One has |p’(s)| < ¢, Bo(s) x(p(s)) and p(t) =
|x — x,]. On the other hand the function

p,(s)=eR <———|x E_Rxll ) e BED
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is the solution of pi(s)=c,Bp(s) x(p,(s)), s € {0, T], with p,(t) =[x —x,|.
Hence p(s) < p,(s) for s > t. For s <t a corresponding argument holds. Then

(U(s, t,x) — U(s, £, x,)| < (€R) 72 |x — x| < ey [ x — %% Q.7)

Now one easily gets |U(s, tx)—Ul(s,, tx)<c,B|s—s,| and
|\U(s, t,x) — U(s, t,,x)| <c,c?B® |t —1,]° (see [4]); estimate (2.6) follows.
Define now the map {= @[f] by

£, x) = LU0, £, x)) + j't 6(s, UG, t, x)) ds. (2.8)

THEOREM 2.1. The inclusion ®(K)cK holds, moreover ®(K) is a
Jamily of equicontinuous functions in Q. Hence D(K) is a relatively
compact set in C(Qy).

Proof. Obviously |{(f, x)| <B. The equicontinuity of the family
¢,(U(0, t, x)) follows from (2.6) and from the uniform continuity of ¢, on Q.
Let us prove the equicontinuity of the second term on the right-hand side of
(2.8); clearly

[ 665, UGs, 1.x)) ds ~'(” 6(s, UGs, t,, x,)) ds

t
0

<[ oo as

ot

+1 165, Us, £, x)) — 8(s, U(s, 1y, ) ds. (2.9)
Y0

Moreover, to each v > 0 there corresponds 4, > 0 such that

n=ri<i=| [ loelas

<. (2.10)

Define for every ¢ > 0

w(s,8)=sup |g(s, y) — 9(s, y,)- (2.11)

ly—yt<e

Since w(s, &) < 2|¢(s)| and lim,_, w(s, &) =0 for almost all s € [0, T, it
follows from the Lebesgue dominated convergence theorem that to each
v > 0 there corresponds an g, > 0 such that

T
J (s, g,)ds <. {2.12)
0

Furthermore to every g, > 0 there corresponds a 4, > 0 such that

max{|t — |, |x —x, |} <A, = |{Us, t,x) — Us, £, x ) < &g (2.13)
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uniformly with respect to s; this follows from (2.6). Hence
-t -t
‘J d(s, U(s, 1, x))ds — | g(s, Uls, 1,,x,)) | ds < 2v (2.14)
0 “0

if max{|t—1¢|,|¥ —x,|} <min{d,,4,}. The equicontinuity of the family
@(K) is proved. The last statement follows from the Ascoli-Arzela
compactness theorem. N

THEOREM 2.2. The map @:K - K has a fixed point.

Proof. 1t remains to prove the continuity of the map ®. Let 6, € K,
8., 6 uniformly on Q.. Denoting by v, the solution of (1.3) with data ,, it
is clear that v,,— v uniformly on Q.. Let & > 0 be given and N, be such that
lo —vnllp, <& whenever m > N Put x(s)=U(s, 1, X), X,(s)=U,(s, t,X),
and p(s)=|x(s) —x,(s), where U, denotes the solution of (2.5) with v
replaced by wv,. For m >N, one has |[p/(s)|<<|x'(s)—x/(s)<
&+, B[x(8) — x,, () x(|x(s) — x,,(8)])- Hence |p’(s)| < € + ¢, Bex(e) because
rx(r) is an increasing function on [0, R|. Moreover p(f) = 0. Consequently
|U(s, 8, x) ~ Up(s, £, x)| < T(€ + ¢, Bex(e)), Vs€[0,T], and U,(s, 1, x) is
uniformly convergent to U(s, £, x) on [0, T]> X 2, when m — +oo. It follows
easily from (2.8) and (2.12) that {,, — { uniformly in Q,, where {, = ®[4,,].
Actually, it suffices to show the pointwise convergence of {,, to {; uniform
convergence follows then from the compactness of subsets of @(K). I

Remark 2.1. The above method of proving strong continuity of {(¢) in
C(2) seems not to work in Holder spaces, even if f=0. In fact if
(€ C™*(2) we cannot prove that {,(U(t,x)) € C(R; C**(2)) by using
(only) regularity results for U(f,x) (other arguments must eventually be
added); in fact, if {(U)=+|U| and U(t,x)=:—x the function
{(t, x) = §(U(1, x)) verifies

@t x) — Lz x) — (8, p) + L@ p)| =[x — y|? (2.15)

fx=t1,y=1.

The situation becomes worse with respect to the strong-continuous
dependence on the data.

Now we verify that the function v corresponding to the fixed point { = 8 is
a solution of (1.1); see also [4].

We start by showing that for fixed (s, £) the map x — U(s, ¢, x) is measure
preserving in £2. Let § €K, 8, € C([0, T]; C*(22)), 6,,~ 6 uniformly on Q.
If v,, is the solution of (1.3) with data 6,, one has v,, € C([0, T]; C'(£2)) and
divv, = 0. Hence x— U,(s, 1, x) is measure preserving. On the other hand
we know from the proof of Theorem 2.1 that U,— U uniformly on
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{0, T]Z X Q. It follows that U is measure preserving. For, define
Tx=U(s, t,x), T,x=U,(5,t, x), x € 2, and let £ be a compact subset of 2
and A an arbitrary open set verifying T(E)c 4 < Q. Recalling that
T, - Tx uniformly and that T(E) is compact one shows that there exists an
integer m, such that T, (E)c=d4; hence [T, (E)=|E|<|4| consequently
|E| < |TE|, where || denotes Lebesgue measure. An analogous property
holds for the map T~ 'y = U(t, s, ¥), hence the measure preserving property
holds.

Lemma 2.3, Let { =0 be the fixed point constructed above. Then 8/t =
—div({v) + ¢ in the sense of distributions in Q.
Proof. We show that

%(4’, ¥)=({{v, V¥) + (¢, V), YWe Cr42). (2.16)

Denoting by {,(#, x) the second term in the right-hand side of (2.8) and
taking into account the measure preserving property one gets, by the change
of variable y = Uls, ¢, x),

@)= [ ds | 666, ) PV 5. ) .

Hence

d - ot ~
= G P)=] 9 ¥V dy+ | ds | o(s, ) (e UG s )
“Q 0 Q

: (V T)(U(tv S, y)) dy,

and returning to the variable x = U(t, s, y) in the last integral one gets (2.16)
for {,. One argues similarly with the first term in the right-hand side of (2.8).

LEMMA 2.4. Let v€E W' (Q), divo=0in Q and v-n=0 on I. Pu
rot v =, Then rot[(v - Vo] =div(v{) in the sense of distributions in £, ie.,
((v-Viv,Rot V)= (v{, V¥P), V¥ E CP(Q).

Proof. A direct computation shows that for a regular v, say, v € C*(2),
the above equation holds pointwise. For a general v consider a sequence of
regular {,, such that {, — ¢ in L*(£2). Denoting by v,, the solution of (1.2)
with data {,, and defining v, = Rot y,, it follows that v,,~ v in W} ().
This allows us to pass to the limit when m— +oo in the above weak
form. [

Now we verify that v is a solution of (1.1). Clearly D r&
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C(|0, T]; L?(2)), Vp < +o0. Moreover, (v € C([0, T]; L*(2)) hence from
Lemma 2.3 one gets 8{/dr€ L'(0,T; W~"2(2)). Recalling that #=¢
Eq. (1.2) yields —A(ow/ot)=20(/dr in Q2, dw/ét=0 on I. Consequently
y/or € LY0, T; H*(Q)) and &év/dt=Rot(Qw/ét) € L0, T; L*(2)). In
particular (9v/dt)+ (v - V)vo — f € L'(0, T; L*2)). Moreover, rot[(dv/dt) +
(v-V)y—~f1=0 in the distribution sense, by Lemmas 2.4 and 2.3. Conse-
quently there exists 7 € L'(0, T; W'*(22)) such that (1.1), holds. On the
other hand {,,_,=¢,, i.e, rotv,,_,=r0t vy in ; divy,_y=dive,=0in 02;
and v,_o - n=v,-n=0onI. Hence v,_,v,. Finally, the uniqueness of the
solution v follows as in Bardos {1, Theorem 2].

3. ProOOF OoF THEOREM 1.2

In this section we write { = @,(6, {,, ¢) instead of { = @(8) since {, and ¢
are variable. For convenience we denote by y,, w,, y;, respectively, the
maps v=y,(f) defined by (1.3), U=uw,(v) defined by (2.5), and
{=v,(U, 4, 6) defined by (28). Hence @,(6, &y, 6)=ps(wa(w,(6)), o 9).
The map @, is defined for every (0, {,, ¢) € C(Q,) X C(2) X L' (0, T; C(2)).
Note that v is the solution of problem (1.1) if and only if ¢ =y ({) for a {
verifying { = @,((, {,. 9).

Turorem 3.1. Let K, be a relatively compact set in C(2), K, a
relatively compact set in L*(0,T; C(2)), and K a bounded set in C(Qr).
Then the set @,(K X K; X K,) is relatively compact in C(Q;).

Progf. Let K|, K,, and K be contained in balls with center in the origin
and radius k,, k,, and B,, respectively. The set of functions {(U(0, ¢, x)),
for #€K and {,€K,, is bounded in C(Q,) by k,. By the necessary
condition of the Ascoli-Arzela theorem the functions {, € K, are equicon-
tinuous in 2. By (2.6) the functions U(0, ¢, x) are equicontinuous in Q.
Hence the family {,(U(0,1,x)) is equicontinuous in Q, and by the
Ascoli-Arzela theorem constitutes a relatively compact set in C(Q;).

Analogously the family

Gx)=[ ¢, UG 1, x)dx,  OEK, $EK,, G.1)

is bounded by k, in C(Q,). We want to prove that every sequence (5™ (f, x)
contains a convergent subsequence in C(QT). This proves compactness for
the family (3.1).

Let 8,, € K and ¢, € K, be arbitrary sequences and consider

C, x) = [ 6,5, Uyy(s, 1, X)) ds. (3.2)
70
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By the compactness of K, there exists a subsequence of ¢, and a function
¢ € L0, T; C(2)) such that ¢,,— ¢ in L'(0, T; C(2)).* Moreover a well-
known theorem ensures the existence of a subsequence such that

8,,(s, ) o(s, -) in C(Q), for almost all s € [0, T}. (3.3)

Denote by w,,(s, &) the modulus of continuity of ¢,(s, -) in 2 (see (2.11))
and define @(s, €) = sup,, .y W, (S, €). From (3.4) and from the Ascoli-Arzela
theorem it follows that

1irr(} @(s, €) =0, for almost all s € [0, T). (3.4)

Now let {a,},.n be a sequence of real positive numbers such that
Y i% a, < +oo. Since ¢, - ¢ in L'(0, T; C(£2)) there exists a subsequence ¢,
such that

T
[ 166) = sl ds <ar,  vkEN.
Define by(s) =2 5 [[6(s) — ()], s € |0, T}; clearly b, is integrable over
[0, T]. Moreover w,(s,&) <21 <2 1o(s)| + 2by(s) = 2b(s) hence
@(s, €) < 2b(s) where @& is defined with respect to the subsequence w, and
b(s) is integrable. By using (3.4) and Lebesgue’s dominated convergence
theorem it follows that to every v > O there corresponds an ¢, > 0 such that

T
[ s e)ds<v, VKEN. (3.5)

Equation (3.5) generalizes (2.12) in the proof of Theorem 2.1.

On the other hand, by the boundedness of K, the functions v, and U,
verify (2.4) and (2.6) uniformly with respect to k. Hence (2.13) holds tor
every U, with 4, = 4,(¢,) independent of k. We now proceed as in the proof
of Theorem 2.1 and we show the equicontinuity of the set of functions
(¥, x) in O (note that (2.10) holds uniformly with respect to k, since
()l < b(s)). From the equicontinuity the existence of a subsequence
convergent in C(Q,) follows. 1

THEOREM 3.2. The map @,: C(Q,) X C(2) X L'(0, T; C(2)) - C(Q,) is
continuous.

Proof. Let (6,,.C0".9,)— (0, 0). Arguing as in the proof of the
continuity of the map @ in Theorem 2.2 one shows that v, =y ,(f,)—~v =
w,(0) uniformly in Q, consequently U,, = w,(v,,)~ U= y,(v) uniformly in

* For convenience we use the same index m for sequences and for subsequences.
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[0,T]*X 2. Now one easily verifies that {,=uw,(U,, L™, 6,)— (=
w3(U, {,. ¢) pointwise in @, since

I/ 16a(s, U, 1,5 = 605, Uts, 1, )] s

< Uouts) o6 ds + J 1665, U5, 1.39) = 605, UGs, £, 1) .

Now by using Theorem 3.1 with K= {0}, K, = {{{™}, and K, = {g,,} it
follows that the convergence of {,, to { is uniform in Q; (this can be shown
without resort to Theorem 3.1).

Proof of Theorem 1.2. Assume the hypothesis of Theorem 1.2 and put
{y=r0tv,, ¢=rotf, {(=rotv, (" =rotv{™, ¢, =rotf,, {,=rotv,,
YymE&N. By the assumptions (,=®,(,,™, ¢,), ¥YmEN. Further,
gim ¢, in C(2) and ¢, - ¢ in L'(0, T; C(2)).

Define K = {{,,}, K, = {¢{™}, K, = {¢,,}. From (2.8) it follows that a set
w3(S, $,,5,) is bounded whenever .S, and S, are bounded, independently of
the particular set S. Consequently K is bounded because
Cm — W}(Wz(vll(gm))! Cgm)’ ¢m)’ ¥Ym & N. Now Theorem 3.1 shows that
? (K, K,,K,) is a relatively compact set in C(Q) hence K c @ (K, K,, K,)
verifies the same property.

Let {, be any convergent subsequence of {,, and put for convenience
{=1lim, . {.. From the identity {, = ®,({,, {}, 4,) and from Theorem 3.2
it follows that { = ®,({, ,, ¢). Consequently &=y, ({) is a solution of (1.1)
hence #=v and {=¢( It follows that all the sequence {,, converges to ¢
uniformly in C(Q,), i.e., v,, » v in C([0, T]; E(£2)). 1

Remark 3.1. 1In Theorem 1.2 convergence of /™ to f is not requested
since v is determined by system (4.2). Convergence of /" to f in
L, (R;L*(Q)) would imply the additional convergence Vrx,— Vr in
Lio(R: L*(92)).

4. PROOF OoF THEOREM 1.4

We start by proving that composition of C.-functions with Holder
continuous functions yields C,-functions.

Lemva 4.1. Let a€ Cu(2) and UEC*®(2;0), 0<5<K 1. Then
a o U& Cy(R2), moreover

[ AUl dr

[0 Ul <—5_J0 @, ()= (4.1)
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in particular

o Ul < fade 5 (t0g 25 a, @)

/

where R = diameter 2 and the second term in the right-hand side of (4.2) is
dropped if ([U],R®)/R< 1.

Proof. Put {=ao U, |Ul;=K. One easily verifies that
w,(r) < w,(Kr?), vr> 0,

consequently
R dr
[C]* < ’ wa(Kra)_‘
B r

By using the change of variables p = Kr® one has dp/p = 6 dr/r hence

1 ‘Mf‘ dp 1

[Cle < wa(/’)—p“<*5—

g (R) (¥ dp
R 0 JR ' i

R dp
‘ wa(p)-p_-+ o

‘9
LEMMA 4.2. Let U:[0,T)? X Q~ Q be a continuous map verifying
[UGs, t,x)— U(s, t, Y <K, |x—y|®, Y(s,.x)€ [0, T]* X 2, (4.3)

where 0 < 6 < 1. Let ¢ € L'(0, T; C(R2)) and define
~t
Gty x) = | §(s, Uls, 1, X)) ds. (4.4)
-0

Then {, € C(|0, T); C+(R)) moreover

8

1

KR
{CZ([)]* < —6— g [¢le(0.t;C*(D—)) -+ 2 IOg !

“¢“L‘(O,[:C(§))§ . (4-5)

where [¢]L1(O.I;C*(f§)) =[5 [6(D)]c- () dt.
Proof. With straightforward calculations one shows that

R
|

Che< [ ds [ sup 1805, UGss 1) = 605, UG, 6 N T, 46)

Y0 0<ix—yILr
x,vell

hence

[0 < [86) 0 Uyl s,

.t
0
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where ¢(s)=¢(s, -) and U , = U(s, t, -). By using (4.2) one gets

.f K RB
<] |5 IOl + 5108 (S5 poeol] s @)
ie., Eq. (4.5).
We now prove the continuity statement. Assume, for instance, ¢, < {. From
definition (4.4) one gets

[6(6) = £(t0) 1

d

<J ds| sup  |9(s, UGs, £, x)) — d(s, U, 1, 1)) =

te  “0 0<|x—y[<r r
x,yel¥

+) ds|sup (s Uls, 1)) = 9(s, Uls: o, X))
0 O<|lx—yILr
x,yed

06 UG5, ) 4 006 Ulss g ) =B, 4 By (48)

As for (4.6) we show that B, is bounded by the right-hand side of (4.7)
with the interval (0, r) replaced by (¢,, ¢); hence B, goes to zero when [t — £,
goes to zero. We now prove that B, — 0 when ¢ — ¢,. Assumption (4.3) yields
F(to, 1,8, 7) < 2r 'w,, (K, r®) where F(ty,1,s,r) is the integrand in B,. The
above function is integrable over [0, T| X [0,R] since for almost all
s € [0, T] one has

L 81 + 2108 (555 oo

R dr
J w(s) (K r )
0 12

as one shows by arguing as in the proof of Lemma 4.1. Moreover for every
s€[0,T] for which ¢(s, )& C(Q), and for every re& 10,R], one has
lim,,, F(¢), ¢, s,7)=0. An application of Lebesgue’s dominated convergence
theorem proves that B, ~ 0 if t—~¢,. N

LEMMA 4.3. Let U verify the assumptions of the preceding lemma, let
{ € Cy (), and define (¢, x) = {(U(0, ¢, x)). Then , € C(|0, T|; C«(2)),
moreover

6O <t et o108 (KE ) jg e @)

Proof. Estimate (4.9) follows from Lemma 4.1. The continuity statement
follows as in the preceding lemma (with many simplications).
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Equations (2.6), (2.7), (2.8), definition of , and the two preceding lemmas
give the following result:

LEmMma 4.4. Assume that hypothesis of Theorem 1.4 holds and let
{=rotv, g=rot f, {y=rotvy. Then (€ C(R; Cy(Q)), moreover for every
tER

1@ < e [ )w + [8]i0uicaamn + 316+ 3 18li0.ican)  (4-10)

where B = || (o) + 0 liL10,e:ccm -

The following theorem is crucial for our proof.

Tueorem 4.5. Let € C4(Q) and let y be the solution of problem (1.2).
Then w € C*(Q2), moreover

lwll, <o 0, YOE Cy(Q). (@.11)

This result seems well known even if an exact reference is not available to
us (see [2, Chap. 4, problem 4.2]); we are able to prove it for a uniformly
elliptic second-order equation Ly =80 in 2, Bu=0 on I, at least if L has
smooth coefficients and the boundary operator B is regular (for instance,
Dirichlet or Neumann boundary value problem). This result doesn’t depend
on the dimension n 2> 2.

The main statement in Theorem 1.4 follows immediately from v = Roty
and from (4.10), (4.11); recall that #={_ Moreover if g and VF are
continuous in @, it follows from (5.3) that Vz, is continuous, from
V7 =V7z, + VF that V7 is continuous, and from (1.1); or (5.2), that dv/dt is
continuous. I

APPENDIX 1

We recall some well-known facts about vector fields defined in non-
simply-connected domains. Let 2 be an (¥ + 1)-times connected bounded
region, the boundary of which consists of simple closed curves I'y, I'y ooy Iy,
the curve [ containing the others. In that case the kernel of the linear
system rotv =0 in 2, dive =0 in 2, v - #=0 on [ has finite dimension N.
Let us fix a base u,,..., #y and assume for convenience that (u;, u,) = Jy,
i,k=1,.,N. Any tangential flow (vector field verifying divo =0 in £,
v-n=0onT)is uniquely determined by the field rot v in 2 and by the real
numbers (v, u,), kK = 1,..., N. The quantity ol =rot v} + Y%_, (v, ) is a
norm in E(£2), equivalent to the norm |[rot v || + {|v ]| 2(q)-
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Let now f be an arbitrary vector field in . Solve the problem
—Ay,=rot fin 2, y,=0 on I and put g, = Rot v,. Clearly rot g, =rot f,
div g,=0, and go-n=0 on I. If g= go+ >, A lis, Where A = (fiuy), it
follows that g is a tangential flow, moreover rot(f— g)=0 in £,
(f— g u,)=0, k=1,..,N. Hence there exists a scalar field F such that
J—g=VFin £, ie., the vector field g is the tangential flow in the canonical
decomposition

f=g+VF. (5.1)

Note that g depends only on rot f/ and on the N real numbers (f, u,).

APPENDIX 2

Let us decompose the external force f in Eq. (1.1), as indicated in (5.1)
and let us consider the auxiliary problem

ov .
E—{-(u-V)v:g~Vﬂ1 in Q,

divo=0 in Q,

(5.2)
v-n=0 on 2»
Ujpmo =10y in £2.

The solution of (1.1) consists on the same velocity field v as in (5.2) and on
the pressure term Vz = Vz, + VF. Moreover, from (5.2) it follows that

b -
—Ar, = N av; i
721 X 0%,
on, 2 on, G-
—= Y .
on 57, 0x;

Assume that the regularity of V() is known. Then the elliptic boundary
value problem (5.3) gives the regularity of Vz, and (5.2) gives the regularity
of dv/ét. In particular various regularity results for dv/ot (and for Vr) are
trivially obtained by assuming different conditions on /. Hence the regularity
of Vu(f) is the basic one. Note by the way that Vz is the only term
depending fully on f. The other terms considered above depend only on rot f
and on (/. uy), k= 1,..., N.
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