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1. INTRODUCTION

In this paper we study the motion of a non-viscous fluid consisting of two
components, both incompressible, say, saturated salt water and water, taking
into consideration the diffusion among these components. The equations of
the model are obtained, for example, in Frank and Kamenetskii [6], and the
viscous case is studied in Ignat’ev and Kuznetsov [8] and Kazhikhov and
Smagulov [9, 10]. For a presentation of this kind of problems see also
Kuznetsov [11]. Observe that in [8—10] the problem is solved only for fluids
whose viscosity u is sufficiently large; i.e.,

A *
H > =05 py. (*)
Since we get the existence and uniqueness of the solution for non-viscous
fluid (u = 0), condition (*) can probably be suppressed.

Let p,=const. >0, i=1,2, be the characteristic densities of the
components of the mixture, v’ = v (1, x), v® = v?(¢, x) their velocities
and ¢ =c(¢, x), d=d(t, x) the mass and volume concentration of the salt
water.

The mean density of the mixture is

plt, x)=d(t,x)p, + [1 —d(t. x)]p,
and we introduce the mean-volume and mean-mass velocities as follows

v(t, x)=d(t, x) v V(6 x) + [1 —d(t, x)] 0?(2, x),
w(t, x)=c(t, x) vVt x) + |1 —c(t, x)] £'2(¢, x).

Then the equations of the motion are ( denotes the time derivative)

plw+w VIw—bl=-Va in Q,=]0.T]x, (1.1)
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p +diviow) =0 in Q. (1.2)
dive=0 in @, (1.3)

here 2 is a bounded connected open subset of R? 7=n(t,x) is the
(unknown) pressure and b=0>b(t,x) is the external force field. The
experimental Fick diffusion law is (see Frank and Kamenetskii [6])

A
v =w—=Ve, (1.4)

where A > 0 is the diffusion constant. Since

i
p
(1.4) is equivalent to
A
) _ —_——Vd
v v
and to
A
w=v—-Vp. (1.5)
p

Then from (1.1) and (1.2) we obtain the Euler system

plo+ @ -Vv—bl—Av-V)Vp—A(Vp- V)
A2 A? A :
+ (Vp-V)Vp — (Vo - Vp) Vp + ;—Ap Vp+VP=0in Q,(E),
p+v-Vp—Adp=0 in Qr, (E),
divv=0 in 0, (E);

where P=P(t,x)=n—A*4p + Av - Vp. Finally we consider the following
boundary and initial conditions

v-n=0 on |0, T[ X I, (E),
op
X=0 on |0, T[ X T, (E)s
on

Vo =a(x) in 2, (E)s

Pli=o = Po(x) in 25 (E),
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where I'=00, n=n(x) is the unit outward normal to I, a =a(x) and
Po=Po(x) are the initial velocity and density. The significance of the
boundary conditions is that the fluid is isolated, i.e. there is no flux through
the boundary.

2. MAIN RESULTS

We assume that I is a compact manifold of dimension 2, without
boundary, and that £ is locally situated on one side of I. I has a finite
number of connected components Iy, I', ..., I, such that I';(j = 1,..., m) are
inside of I'; and outside of one another. We prove the following results

THEOREM A. Let TEC®, a€ H*(Q) withdiva=0inQanda-n=0
on I, p,€ H'(Q), dp,/on=0 on I, (8/on)(Adp,—a-Vp,)=0 on I,
pox) >0 for each x€ R, be L0, Ty; HX(R)) N L0, Ty H'(2)) with
rot b € L'(0, Ty; H*(2)). Then there exist T, € 10, T,|,v € L*(0, T,; H*(2))
with o€ L0, T; H}(Q))N L0, T;; H'(R)), PEL'O, Ty H(@)N
L0, T;; H¥R)) p € L0, T,; HY(@Q) N ([0, T,]; H'(Q)) with
p € L*(0, T,; H*(R)) such that (v, P, p) is a solution of (E) in Qr-

THEOREM B. Suppose that mingp, > 0 and b€ L'(0, T; L*(2)). Then
the solution of (E) is unique in the class of functions ve&€ L*(Q;)
with . Dv€L*(0,T;L*(R)), 0EL'(0,T;L*(R)), pEL®Q,) with
Vp € L4(0, T; L*(R)), D*p € L*(0, T; L®(2)). The function P is unique up
to an arbitrary function of t which may be added to it.

For the sake of simplicity we assume in the proof of Theorem A that 2 is
simply connected. Otherwise we argue as in |1, 2, 4].

3. PROOF OF THEOREM A
Let T€ 10, T,] and u € L®(0, T; H*(R2)) with # € L*(0, T; H'(£2)), such
that (0, x)=a(x) in 2, divu=0in Q,,u-n=0o0n X, =10, 7] X [, and

lulsr <4, 2] r <4, (3.1

where A is a positive constant, which will be specified in (3.19). We denote
by || - l«., and [- ], the norm in L®(0, T; H*(R2)) and L*(0, T; H*(2)).
respectively.
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We want to find a solution of

pP+u-Vo—IA4p=0 in Q,
op
o r—O on X, 3.2)

Plimo=po(x)  in Q.

LEMMA 3.1. There exists a unique solution of (3.2), such that
p € L¥0, T, H(R2)) N C°([0, T); H*(R)) with p € L*(0, T; H*(R)), and

[p]5.1'+”p”4,r+ [Pls.r <E(4). (3.3)

Moreover, 0 < ming p, < p(t, x) < max p, for each (¢, x) € Q.

Here and in the sequel, ¢(4) is a non-decreasing function of its argument,
depending also at most on £, A, T,, and suitable norms of a, b, and p,.

Proof. From well-known results on parabolic equations one gets a
unique solution p € L*(0, T; H*(R)), with

[Pl < E(A4).

To obtain further estimates, we look at the term u - Vp as a datum in
Eq.(3.2) and we regularize the solution p in three steps. Since
u-Vp€eL*0,T;H'(Q)), by using Theorem 3.2, Chap.4 in Lions and
Magenes [12] one gets that p € L*(0, T; H*(R2)) with p € L*(0, T; H'(2)),
and, consequently, by interpolation p € C°([0, T]; H*(R)) (see Theorem 3.1,
Chap. 1 in [12]). Moreover one has

[Pls.r +lpllar+ [0],r < E(A4) (3.4)

Hence u - Vp € L0, T; H*(R)) with (6/6t)(u - Vp) € L*(0, T; L*(22)). We
use now Theorem 5.2, Chap.4 in [12]. First we choose H=H*(2),
#=L*Q), =1 and we obtain p € L*(0, T; H*(2)) with p € L*(0, T;
H?(2)) and F€L*0,T;L*(2)), where the corresponding norms are
estimated by &d4). In particular u-Vp€L*0, T;H?(2)) with
(@/6t)(u - Vp) € L*(0, T; H'(2)) and from the theorem above (now with
H=HQ), # =H'(Q) and f= 1) we obtain the thesis.

For some remarks about these results see the Appendix. Finally, the
maximum principle gives

mr;lrnp0 £plt, x) & max p, for each (t,x)€ Q,. |

Now let us consider the Neumann problem (3.5), formally obtained by
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taking the divergence of Eq. (E), in £, and by taking the scalar product of
(E), with the outward normal #n on I If we write (E), as

vP . 1
T+[u+(u-V)u‘b]+?A=0,

where
112
E—l(u-V)Vp—,l(Vp-V)qu—;(Vp-V)Vp
A2 Al
——=(Vp - Vp)Vp+—A4p Vp,
pz( ) Vp » p
we obtain

v
AP — -pﬂ -VP=-p [2 (D;u;}(Dju;) — div b]

iJ

. Vp .
—div A +TAEF m.Q, (35)
aP ,
E=p‘\_(Dinj)u,~uj+pb-n—A-nEG onrl.

i
We remark that F=—pdivi(u - Viu —b+p 'Aland G= —p|(u - VIu — b +
p 4] - n.

LEMMA 3.2. There exists a solution (unique up to an additive constant)
of problem (3.5) such that VP € L'(0, T; H*(2)) N L*(0, T; H(R)) and

[ 9Pl di <) (T+ | ol at).

[VP],  SEANT'? + [b] 1 ;). (3.6)

Proof. The compatibility condition for (3.5) is obviously verified as
follows from the remark above. See also [3]. Moreover, one easily obtains
from the previous estimates that

IF@llo + 1GOOI < EA[T + (I ]-
Taking into account that
HE < E&A),
P

2, T
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estimate (3.6), follows by well-known regularization results for elliptic

boundary value problems.
Analogously, we have

IF@I + 1 GOl < e@)[1 + [|5()]l,]

and consequently (3.6),. N

Now consider the following equation (formally obtained by taking the curl
of (E), and writing rot u = ¢{):

E+(u-V)E—1 (%-v)é

PN /) -
— (€ Vu—A( V)pucdw(p)

v Y
+ﬂ+—4XVP—l-4
4 P

X [VpXrotu+ (u-V)Vp+ (Vp-Viu—AV 4p] in @7, (3.7)
élr:o =a, in Q,

where by definition @ =rota and f=rot b.

LEMMA 3.3. There exists a unique solution of (3.7) such that
EE L™(0, T; HX(R)) with E€ L*0, T; L*(2)) N L' (0, T; H'(2)). Moreover

1€0.r < (Il + [ 1Bl e+ &0a) [ Ul e+ )T | e, (38)
[&o.r SEATY + [b], 7- (3.9)
Proof. Set
Wi — l’f’_

Equation (3.7) can be written

E+(w-VY=M-E+y,
é|t=0=a;

(3.10)

here M(t, x) and p(¢, x) are a matrix-valued and a vector-valued function,
respectively.
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It is easy to get from previous estimates that

[wlls r <),
”M|IZ.T<E(A)» (3-11)

.Tr T T
J, N7llsde <[ 1B e+ &) [ 16l di +EAYT:

The solution of (3.10) can be obtained by the method of characteristics,
solving the ordinary differential system

ﬂ%’ﬂ: wis, Uls;t,x))  in]0, T[ X Qr,

(3.12)
Ut t, x) = x,
(which has a global solution since w - n|. =0), and by using then the change

of variable (¢, x) - (¢, U(0, ¢, x)).
Now the proof follows as in [5], observing that

[ (00 9) DD g1 - DD, dx <5 ogpla1D,D,EIR:
One obtains
@@l <l WOl + 1ol -+ MO NEON: + 17O
15OV =l al,
and by comparison theorems and (3.11),
180 < [Vl + [ D8l de+ ) [ ks de+ )T | 0

Estimate (3.9) and the fact that € L'(0, T; H'(2)) follow directly from
Eq. (3.7). 1

Moreover if £ is the solution of (3.7) we obtain

LEMMA 3.4. For each t € [0, T

divE=0 ae.in, " E-ndl=0Vi=1,.,m. (3.13)
.r,
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Proof. In fact £ is a solution of (see also [5])

E+wdivE=p —rot(& X w) — rot (%)

1 1
+ A rot [7 V(u- Vp)] —1rot (—;VAp) inQ, (3.14)
{lico=a in £,

and taking the divergence of (3.14), we obtain

% (div &) + w - V(div &) + (div w)(divE) =0  in O,

(div &)|,_o=diva=0 in 02,

hence div¢£=0 a.e. in £ for each ¢ € |0, T]. Moreover

d ; . ]
EJrié-ndl"erié-ndl‘—O Yi=1,..,m,

since £ is a curl (see (3.14)) and

f rotg-ndlf=0
r;

for every vector field g. Hence
J' £-ndl=( a-ndl=0  Vi=l.,m 1
r; - -T;

We can solve now the elliptic boundary value problem

rotv=¢ in Q;,
divo=0 in Q;, (3.15)

v-n=0 on X,

and obtain that v €L, T;H(RQ)) with €L O, T, H ()N
L'(0, T; H*(R2)), and

T .T _
I0hsr <es Il + [ 181 de+ o) | ol de + &OT |07, (316)

[‘5]1.T<5(A)T1/2+C*[b]1.r’ (3.17)



MOTION OF NON-HOMOGENEOUS FLUIDS 187

where ¢, = ¢, (). Moreover
rot(v|,., —a)=¢|,_o—a=0 in Q,
div(v|,.,—a)=0 in 2, (3.18)

(|,_o—a)-n=0 onr,

hence v|,_,=a in Q.
We proceed to find a fixed point of the map @: u — v. Choose in fact

A4 >y llal,. (3.19)

From (3.16) and (3.17) it follows that there exists T, € |0, T;,] such that the
set

S={u€L®0,T; HR))|i € L0, T; H(Q)), ul,_, = a,

divu=0in Q;,u- nl; =0 on X, u satisfies (3.1)}

satisfies @{S] < S.

Moreover S is convex, and we want to prove that S is compact in X =
C°([0, T,}; H'(2)). From (3.1) S is bounded in C'*([0, T,]; H'(2))N
L*®(0, T,; H*(R2)), which is compact in X by the Ascoli-Arzela theorem.

So S is relatively compact in X, and one easily verifies that it is also
closed in X: hence S is compact in X,

LEMMA 3.5. @:8— S is continuous, in the topology of X.

Proof. Let u,u" €S, 4" >u in X. Then from (3.2) one obtains easily
p.—p in C°([0,T,];L*(2)). By a compactness argument p,—p in
C*([0, T,)]: H*(2)).

From the Neumann problem (3.5) one gets VP, — VP in L*(0, T, : L*(2)).
To show this result we write equation (3.5) in the form

1
div (—/;VP):divh in 0.
1
7VP-n=h-n onrl,

where h=—(u-V)u+b—(1/p)4, and we verify that A"-h in
L*(0, T,; L*(£2)). Finally, by evaluating

d n __ 2
E”é Ellos
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from Eq. (3.7), one gets that & — ¢ in C°([0, T,]; L*(£2)), hence v" - v in
x. 1

Then from Schauder’s theorem, we get the existence of a fixed point
u=v=9o[ul.

Consider now the fixed point u =v and the corresponding functions p, P
-constructed in (3.2), (3.5); they are solutions of system (E), — (E),. In fact
from {=rotv and (3.7),, divo=0 and (3.5),, v - n|,=0 and (3.5), one
easily verifies that

rot V=0 in Qr ,
divV=0 inQr ,
V.n=0 onZr,

where V is the left-hand side of (E), divided by p; hence V'=0in Q.

4. PrRoOF OF THEOREM B

Let &,5,P and v,p,P be two solutions of (E),—(E),. Set u=v—u,
n=g—p, 6 =P — P: from equation (E), and (E), one obtains

pli+ (@ VIu+@- V] + Vo +n[v + @ - Vv —b]
—Au -VYVi—=Av - V)V —=A(Vn - VYT —A(Vp - V)u

lzv V) V5 lzv V)V A2 V5. V) V5 lzvvv*
+p(n )p+p(p )npﬁn(p )ppz(n p)Vp
A2 Al Al
—=(Vn-Vp)Vg—— (Vo - Vp) VY +—=n(Vp - Vp) Vj

p p Ap

2 2 2 2

A A A A
+—=n(V5 - V)V +—Af Vi — == Apn V5 + = An Vp = 0, 4.1
ppzv(p ﬁ)pppnpppnppnp 4.1)
n+v-Vp—Adn=—u-Vp. 4.2)

Take the scalar product in L*(2), denoted by (, ), of Eq. (4.1) with u, and of
Eq. (4.2) with #. Since

1 d

- | .
>a (pu, u)=7(pu, u) + (pu, u)

i
=—;—(Aﬁu,u)——2—(l7-Vp'u,u)+(/7u',u)
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and
%(i)’-Vﬁu,u)-{-(ﬁ(ﬁ-V)u,u):O,
one gets
Ld s A(Vn, Vi)
75[(/)u,u)+(n,n)] +A(Vn, Vn
< (D[ @u, u) + (1, m)] + A(Vn, V) + —;— (4n, 4n), (4.3)

where ¢(f) € L'(0, T), and depends also on A.
Moreover, taking the gradient of Eq. (4.2) and taking the scalar product
with V», we have

1 d

TE(V'I, V) + A(dn, 4n)

1 A
D vn. V ————— | DA\, (Bu, u) + — (4dn, 4n), (4.4
< ” v”oo( n, '1) + 27 minf)'po ” p”oo u u) 2 (dn ’7) ( )

where || - ||, is the norm in L*(Q).
Hence from (4.3) and (4.4) one obtains

1 d

—{EI— [(ﬁu’ u) + (77’ '7) + (V”’ V’l)] + A(Ans Ar’)

L c(O[@u, u) + (1, n) + (Vn, V)| + A(dn, 4n),

and by Gronwall’s lemma one sees that ¥ =0 and 7 =0 in Q,. From (4.1) it
is clear that Vo =0, i.e., P=P in Q; up to an arbitrary function of .

Remark. We can obtain analogous results for the simpler model (see for
instance Graffi {7])

ple+@-Vw—bl+Vr=0 in Qr,
G+v-Vo=Adp  inQ, (E)
dive=0 in Q;,

with the same initial and boundary conditions (E),—(E),. In this case in
Theorem A it is sufficient to have I' € C*, p, € H*(2), and the condition
(0/on)(A dpy —a - Vp,) =0 on I can be dropped.

Another case which can be solved under these hypotheses is that obtained
by neglecting the terms in A? in (E), (see [9, 10}).
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5. APPENDIX

Consider the parabolic initial-boundary value problem
ou
on

U,,=0 in®,

0 onZ,, (5.1)

where A is a positive constant, and f€ L%*(0,T,H*(2)) with
f€ L0, T; H'(R)) and £(0,x) =0 in 2.

We want to apply Theorem 5.2, Chapter 4 in [12], with H=H’(2),
#F=H'(Q), f=1, A=—4 and D(4)=H}(R)={UE H*(Q)|oU/on =0
on I'}. One obtains easily the following estimates

IUlls <e(lt4 +p)Ul; + 1 plIUL),  UEDE@),Rep>1. (52)
oI, <14 + p)ULL, UeD4),Rep>0, (53)
1Ulls <cli4 + p)ULi; U€EDA),Rep>1. (54)

From (5.2) and (5.4) one gets

[Ulls <cli4 + p)Ulls + ¢ |plli4 + PV (5.5)

and from (5.3) one has

[P IUl, <|plII4 + P, (5.6)
Since
1 Ulp =N UN + 114U |5 > (| U5,

from (5.5) and (5.6) one obtains at once estimate (5.11) in Theorem 5.2,
Chapter 4 of [12].
Hence there exists a unique solution of (5.1) and one has

[U)s.r + [Osr + [Ur e N + [ ] (5.7)

where the constant ¢ does not depend on T.

Now we consider problem (5.1) with an arbitrary initial condition
Ul,—o = U, and without the assumption f(0, x)=0. By assuming that the
(necessary) compatibility conditions

oU,
on |r

=0, ;%(AAUOwa(O)) r=0
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are satisfied, one can find a function W€ L*(0, +o0; H3(2)) with
We L0, +o0; HY(R)), We L*0, +00; H'(R2)) such that

W_o=U,, W\,_o=f(0) + 14U,.
Moreover

(Wlsr+ [Wlir + [W]1r el Uplls +11£O),)s

where the constant ¢ does not depend on 7. By taking Y= U~ W one
reduces the problem under consideration to the first one. Hence in the
general case the solution U verifies the estimate

[Ules + UL+ 1U]L 1
AN Uglly +ILOM, + [f s + 111k

where the constant ¢ does not depend on T.
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