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1 Introduction

The proofs and results shown below are essentially contained in ArXiv reference [7] (see also [6]). We start
with some notation. By Q we denote an open, bounded, connected set in R", locally situated on one side of
its boundary I'. To simplify, we assume that the boundary T is of class C3. The notation Q¢ cc Q means that
the open set Q satisfies the property Qg c Q.

By C(Q) we denote the Banach space of all real continuous functions f defined in Q. The “sup” norm is
denoted by ||f]l. We also appeal to the classical spaces C k(Q) endowed with their usual norms ||u|x, and to the
Holder spaces C%1(Q), endowed with the standard semi-norms and norms. The space C%1(Q), sometimes
denoted by Lip(Q), is the space of Lipschitz continuous functions in Q. We set

Ix;ry={y:ly-xl<r}, QC;r=QnlI(x;r).

Symbols ¢ and C denote generical positive constants. We may use the same symbol to denote different con-
stants.

We start by recalling an old, but related, result. In [3] (dedicated to the two-dimensional Euler equations,

see also [8]) we were led to the study of the auxiliary problem

{ Lu=f inQ,

(1.1)
u=0 onl,
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where
n

L= z aij(x)0;0j, (1.2)
i,j=1
is a second order, uniformly elliptic operator. Without loss of generality, we assume that the matrix of coef-
ficients a;j(x) is symmetric. To avoid conditions depending on the single case, we assume once and for all
that the operator’s coefficients are Lipschitz continuous in Q. Lower order terms can be considered without
difficulty.
In [3] we looked for Banach spaces C, (Q) ¢ C(Q), as large as possible, for which the following result holds
([3, Theorem 4.5]).

Theorem 1.1. Let f € C,(Q) and let u be the solution of problem (1.1). Then u € C2(Q), moreover,
IV2ull < clifl.

This result was stated for constant coefficients operators, however the proof applies without any modifi-
cation to variable coefficients case, since it depends only on the behavior of the related Green’s function
(by following the same ideas we have shown, see [4], that the solution (u, p) to the Stokes system belongs
to C2(Q) x CH(Q) if f € C.(Q)).

For convenience we recall the definition and main properties of C .(Q) (see [3] and, for complete
proofs, [4]). Define, for f € C(Q), and for each r > 0,

wr(ry= sup  If00 - fy)l, (1.3)
x,y€Q, 0<|x-y|<r

and consider the semi-norm

R
(fls =fler = wa(r) g, (1.4)
0
where R > 0 is fixed. The finiteness of the above integral is known as Dini’s continuity condition. We define
the functional space
C.(Q) = {f € C(Q) : [fl. < 00}

normalized by ||fll. = [f]« + |Ifl. Norms defined for two distinct values of R are equivalent. We have shown
that C,(Q) is a Banach space, that the embedding C.(Q) ¢ C(Q) is compact, and that the set C*°(Q) is dense
in C.(Q).

The regularity Theorem 1.1 for data in C,(Q) raise a number of new questions. Contrary to the case of
Holder continuity, where full regularity is restored (V2u and f has the same regularity), no significant addi-
tional regularity is obtained for data in C, (Q), besides mere continuity of V2u. So, we are here in the presence
of two totally opposite behaviors. This picture leads us to study regularity in the framework of general Banach
spaces D, (Q), characterized by a given modulus of continuity function w(r). For clearness, when the space
D, (Q) plays the particular role of f data space, we will use the symbol Dz (Q). In this last case D5 (Q) denotes
the corresponding regularity space (i.e., the space to which the second order derivatives of solutions belong).
To each suitable w(r) there corresponds a @(r) such that V2u € D for f € Dy, see Theorem 3.2. This general
regularity result is always optimal, in the sharp sense introduced in Definition 3.3. Clearly, w(r) < cw(r), for
some c > 0. If a reverse inequality @w(r) < cw(r) holds, then full regularity occurs, see Theorem 3.4. This is
the situation for data in Holder spaces. However intermediate regularity (between mere continuity and full
regularity) may also occur. This holds, for instance, for data in Log spaces D®%(Q), simply defined by replac-
ing in the expression of the classical modulus of continuity of a-Holder spaces the quantity 1/|x — y| by
log(1/]x — y|). Log spaces are significant also for arbitrarily large values of a. The related regularity result
is the following. If f € D%%, for some a > 1, then V2u € D% 1,

In other cases, as for Holder spaces, full regularity occurs. This is the more interesting situation. A very sig-
nificant case is that of the new family of functional spaces Cg”\(ﬁ), 0 <A< 1,a € R, called here Holog spaces.
For A>0and a =0, Cg’A(ﬁ) = C%4(Q), is a Holder classical space. For A = 0 and a > 0, C9°(Q) = D%%(Q)
is a Log space. Main point is that, for A > 0, V?u and f enjoy the same c?;A(ﬁ) regularity (full regularity).
See Theorem 9.2.
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The assumptions on the data spaces Dz(Q) required in Theorems 3.2 and 3.4 can be substantially
weakened. However, explicit statements in this direction would not add particularly significant features, at
the cost of more involved manipulations.

Concerning generalizations, it looks clear that the same type of results can be proved for derivatives of
order higher than two, and extended to more general elliptic boundary value problems. Clearly, specific
and significant variations are expected, as already happens in the sequel. Such a program should start by
imitating the classical main lines followed, for long time, in the framework of Holder spaces. Concerning
applications to non-linear problems, see a couple of remarks in the last section.

Looking for references, we realized that other authors, see [1, 12, 17, 19], have previously stated related
results, in general obtained by quite different methods (like, for instance, harmonic analysis). Below we
simply appeal to very classical potential theory. We hope that results, particularly complete presentation,
and detailed proofs, are of real interest to many readers.

2 The spaces Dw(ﬁ). General properties

In this section we define the spaces D, (Q) and state some general properties. We consider real, continuous,
non-decreasing functions w(r), defined for O < r < R, for some R > 0. Furthermore, w(0) = 0, and w(0) > 0
for r > 0. These three conditions are assumed everywhere in the sequel. The functions w(r) will be used here
to measure the uniform continuity of functions. To abbreviate, we mostly use the term oscillations instead of
modulus of continuity.

Recalling (1.3), we set

_ wp(r)
e = oiligR w(r)’

Hence,
wf(r) < [flyw(r) forallr e (0, R). (2.1)

Further, we define the linear space
Dy (Q) = {f € C(Q) : [flw < co}.
One easily shows that [f],, is a semi-norm in D, (Q). We introduce a norm by setting

Iflw = flw + I1A.
Two norms with distinct values of the parameter R are equivalent, due to the addition of | f] to the semi-norms.
It is worth noting that, beyond the three conditions on w(r) introduced above, any other property
assumed in the sequel is merely needed in an arbitrarily small neighborhood of the origin. This fact may
be used without a continual reference. In the sequel, to avoid continual specification, we introduce the
following definitions.

Definition 2.1. We say that w(r) is concave if it is concave in a neighborhood of the origin, and say that w(r)
is differentiable if it is point-wisely differentiable (not necessarily continuously differentiable), for each r > 0,
in a neighborhood of the origin.

Next we establish some useful properties of the above functional spaces.

Proposition 2.2. If
0<ko< win) ky < +00, 2.2)
wo(r)

for r in some neighborhood of the origin, then D,(Q) = Dy, (Q), with equivalent norms.

The proof is immediate.
Lemma 2.3. If |fullw < Co, and f,, — f in C(Q), then ||l < Co.

The proof is immediate.
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Theorem 2.4. The space D, (Q) is a Banach space.

Proof. Let f, be a Cauchy sequence in D, (Q). It follows, in particular, that f, — f in C(Q), where f € D, (Q).
On the other hand, for [x - y| =1,

(00 ~ fn(0) = FO) = fu ) _ 4 1Gm () ~ fn(0) = Fm ) ~ fu ()

w(r) m—oo w(r)

< limsup(fm - fula-
Hence
[f = fulw <limsup[fp - fulw.
m—oo
From the Cauchy sequence hypothesis it readily follows that
nli_)nolo[f_fn]w =0. O
Next we consider compact embedding properties.

Theorem 2.5. If
w(r)

=0 wy(r)

(2.3)
holds, then the embedding
Dy(Q) ¢ Dy, (Q)
is compact.
Proof. By assumption,
Ifullw = fnlw + Ifall < Co  forall n.

From (2.3) it follows that w(r) < w(r) for r € (0, Ry), for some Ry > 0. For r € (Rp, R) one has

w(R)
w1(Ro)

w(r) <

w1(r).
So there is a positive constant C such that
w(r) < Cwi(r) forallr e (0,R).
By the Ascoli—Arzela Theorem, the embedding
Du(Q) < C(Q)

is compact. Hence, by appealing to Lemma 2.3, one shows that there is a subsequence, still denoted f;;, which
converges uniformly to some f € D, (Q). Without loss of generality, we assume that f = 0.
Let |x — y| = r. One has

IfnG) = faI _ 00 — fn ()l (1)

for all n.
w1 (7) w(r) w1 (1)
Given € > 0, it follows from (2.3) that there is Rg(€) > O such that
0<r<Rple) = w () <E.
w1 (1)
Hence, for O < |x — y| < Ro(€),
M < Coe forall n. (2.4)
w1(r)
On the other hand, if r € (Rg(€), R), one has
X) — 2
a0 = fa)] _ il

w1(r) ~ w1(Ro(e))
Since the sequence ||f,| converges to zero, there is an index N(e) such that, for each n > N(¢), the right-
hand side of the last inequality is smaller than e. This fact, together with (2.4), shows that (2.4) holds for
0 < |x —y| < Rand n > N(e) (increase the constant Cy, if necessary). So,

lim [fu]w = O. O
n—+oo
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Lemma 2.6. Assume that w is concave. Then
w(kr) < kw(r) forallk > 1.

The proof is immediate. Recall that w(0) = 0.
Theorem 2.7. Assume that w(r) is concave and that (2.3) holds. Then D, (Q) is not dense in Dy, Q).

Proof. We assume that the origin belongs to Q, and argue in a neighborhood I = I(0, §) c Q. Define f
by setting f(x) = w1(|x]). We show that [f - g],, = 1, for each g € D, (Q). 1t is sufficient to consider the
one-dimensional case. One has

() - 8()) - (f0) - 8O _ |, _ 8(0) -8(0))

w1(x]) w1(]x])

Hence [f - glw, > 1 follows if we show that

lim 80 -80) _
x—0  w1(|x])

Let us prove this last inequality. One has, as x — 0,

. g8x)-g0) .. gx)-g0) .. w(x]
1 =1 -] =
SN (1 <) M ) B P (1)

Note that in the above proof we did not explicitly appeal to the concavity assumption. This assumption is
introduced here merely to guarantee that f(x) = w1 (|x|) belongs to D, in a neighborhood of the origin. This
holds if

w1(s) S w1(r)+cwi(s—r) forO<r<s<p, (2.5)

for some constant ¢ > 1, and some p > 0. Concave oscillations satisfy (2.5) with ¢ = 1. O

The above result shows, in particular, that CO#(Q) is not dense in C®*(Q) for 1 > u > A > 0. In particular,
Lip(ﬁ), hence C1(Q), is not dense in C%*(Q) (a result sometimes appealed in the literature).
We end this section by stating an extension theorem, where Qs = {x : dist(x, Q) < 6}.

Theorem 2.8. Assume that Q is convex or, alternatively, that w(r) is concave (concavity may be replaced by
condition (3.9)). Then there is a § > 0 such that the following holds. There is a linear continuous map T from
C(Q) to C(Qs), and from D, (Q) to D, (Qs), such that Tf(x) = f(x), foreach x € Q.

The proof follows by appealing to the argument used to prove [4, Theorem 2.3]. Note that the classical proof
of approximation of functions on compact subsets of Q by appealing to mollification does not work here.
Otherwise, the density property refused by Theorem 2.7 would hold.

3 Spaces D;(ﬁ) and Da(ﬁ), and regularity. The main theorems

In this section we state Theorems 3.2 and 3.4. Recall that we use the symbol Dz(Q) when the space D, (Q)
plays the role of f data space. In this case, we use the symbol D5 (Q) to denote the corresponding regularity
space, to which belong the second order derivatives of solutions.

From now on we assume that the modulus of continuity w(r) satisfy the condition

R
J’E(r)? < Cp, G.1)

for some constant Cz. Assumption (3.1) is equivalent to the inclusion D4(Q) ¢ C.(Q). This assumption is
almost necessary to obtain V2u € C(Q).
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We put each suitable oscillation w(r) in correspondence with a unique, related oscillation @(r) defined
by setting w(0) = 0, and

r
o = jws)@
s

0
for 0 < r < R. Hence, to a functional space Dz(Q) there corresponds a well-defined functional space Dg(Q).
Obviously, w satisfies all the properties described in section 2 for generical oscillations. In particular, Banach
spaces

Dg(Q) = {f € C(Q) : [flg < oo}

turn out to be well defined.

Next we discuss some additional restrictions on the data spaces Dz(Q). We start by excluding Lip(Q) as
data space since this singular case, largely considered in literature, is borderline. So, we impose the strict
limitation

Lip(Q) ¢ Dz(Q) ¢ C.(Q).
Exclusion of Lip(ﬁ) means that w(r) does not verify w(r) < cr, for any positive constant c. Hence we obtain
lim sup(w(r)/r) = +00, as r — 0. We simplify, by assuming that
lim @ =
r—0 r

+00. (3.2)

In particular, the graph of w(r) is tangent to the vertical axis at the origin (as for Hélder and Log spaces). It
follows that concavity of the graph is here a quite natural assumption. Concavity implies that left and right
derivatives are well defined, for r > 0. By also taking into account that w(r) is non-decreasing, we realize
that pointwise differentiability of w(r), for r > 0, is not a particularly restrictive assumption. This last claim is
reenforced by the equivalence result for norms, under condition (2.2). This equivalence allows regularization
of oscillations w(r), staying inside the same original functional space Dz(Q). Summarizing, differentiability
and concavity (recall Definition 2.1) are natural assumptions here.
If w(r) is concave, not flat, and differentiable, it follows that

ffr) >1,
rw (r)
for r > 0. This justifies the assumption _
lim ffr) =Cy>1, (3.3)
-0 ro (r)

where C; = +oo is admissible. Assumption (3.3) is reenforced by the particular situation in Lipschitz, Holder,
and Log cases. The limit exists and is given by, respectively, 1, %, and +co. As expected, the Lipschitz case
stays outside the admissible range. Note that, basically, the larger is the space, the larger is the limit.

The above consideration allow us to assume in Theorems 3.2 and 3.4 that oscillations w(r), are concave,
differentiable, and satisfy conditions (3.1), (3.2), and (3.3).

Note that, due to a possible loss of regularity, it could happen that a Dg(Q)-space is not contained
in C.(Q), as happens in Theorem 8.2 if 1 < a < 2. In other words, @(r) does not necessarily satisfy (3.1).

Next, we define the quantity

rjR@ds

s2

j:@ds

0O s

B(r) =:

The following result holds.

Lemma 3.1. Assume that w(r) is concave and satisfies assumptions (3.1), (3.2) and (3.3). Then

;%mn=g_r (3.4)
In particular, there is a positive constant C, such that
B(r) < C; (3.5)

in some neighborhood of the origin.
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Proof. By appealing to (3.1), (3.2) and to a de I’Hopital’s rule one shows that

r—

lim 1 J & ds = +oo. (3.6)
r—0r S
0
On the other hand
[RECER
lim B(r) = lim ~——=——, (3.7)
r—0 r—0 1 w(s) ds
r Jo S

Equation (3.6) shows that the denominator g(r) of the fraction on the right-hand side of (3.7) goes to +co as
r goes to zero. Furthermore, its derivative

r
o L [ W(S)
gm= r—z(w(”) - J Tds)

0

is strictly negative for positive r in a neighborhood of the origin, as follows from the inequality

r__

w(r)—J@ds <0,

0
for r > 0, which we are going to show. Since the left-hand side of the inequality goes to zero with r, it is
sufficient to show that its derivative is strictly negative for r > 0. This follows easily by appealing to (3.3).
The above results allow us to apply to the limit (3.7) one of the well-known forms of de L'Hopital’s rule.
Straightforward calculations, together with (3.3), show (3.4). O

Next we state our main results, Theorems 3.2 and 3.4. In the first theorem constant coefficients are assumed.

Theorem 3.2. Assume that the coefficients of the operator L are constant. Further, let the concave and differen-
tiable oscillation w(r) satisfy conditions (3.1), (3.2), and (3.3). Assume that Qg cc Q, f € Dgz(Q), and let u be
the solution of problem (1.1). Then VZ2u € Dz(Qo) and

2
IV-ulla,q, < Cliflla,

for some positive constant C = C(Qq, Q). The result is optimal in the sharp sense, see Definition 3.3 below.
Regularity holds up to flat boundary points.

A point x € 0Q is said to be a flat boundary point if the boundary is flat in a neighborhood of the point. The
meaning of sharp optimality is the following (our abbreviate notation seems clear).

Definition 3.3. We say that a given regularity statement of type w — @ is sharp if any regularity state-
ment w — Wy, obtained by replacing w by any other wy, implies the existence of a constant ¢ for which
w(r) < cwo(r).

The sharp regularity claimed in Theorem 3.2 will be proved in Section 10.
Much stronger results hold if the constant C; in equation (3.3) is positive and finite. In this case one has

D5(Q) = Dg(Q). (3.8)
In fact, by the de ’'Hopital rule, one shows that

() _ i w(r)
=0 w(r) -0 y@'(r)

if the second limit exists. Hence, under this last hypothesis, identity (3.8) holds if (actually, and only if) the
limit is positive and finite. Clearly, (3.8) holds by merely assuming the inequality required in Proposition 2.2.
In this case the operator L can have variable coefficients, and full regularity occurs up to the whole (regular)
boundary. More precisely, one has the following result.
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Theorem 3.4. Assume that the oscillation w(r), concave and differentiable, satisfies conditions (3.1), (3.2),
and (3.3) for some C; < +co. Let f € Dg(Q), and let u be the solution of problem (1.1). Then V2u € Dz(Q) and

IV?ulz < Clifllzs
for some positive constant C.

Regularity in the sharp sense follows trivially from full regularity. But it is quite significant in dealing with
intermediate regularity results, like in Theorem 3.2. See the example shown in Section 8, in the framework
of Log spaces D%4(Q).

The set of conditions imposed in the above statements can be weakened as follows. We start by replacing
the concavity assumption by the existence of a constant k; > 1 such that

w(kir) < crw(r) (3.9)

for some positive constant ¢;, and for r in a neighborhood of the origin. We take into account that, if (3.9)
holds, then given k, > 1, there is a positive constant c, such that

w(kyr) < cow(r), (3.10)

for r in some §p-neighborhood of the origin. The proof is obvious, by a bootstrap argument. Take into account
that, if k, > k1, there is an integer m such that k, < kT'. If w(r) is concave Lemma 2.6 shows (3.9) for
k2 = ¢ = 1. It would be interesting to show that assumption (3.9) does not necessarily imply the existence
of some convex oscillation wq(r) equivalent, in the (2.2) sense, to the given, non-convex, w(r).

Actually, in the proof of Theorem 3.2 shown bellow, concavity, differentiability, and assumptions (3.1),
(3.2), and (3.3), are replaced by the more general set of assumptions (3.1), (3.2), (3.9), and (3.5). The same
holds for Theorem 3.4, by adding assumption (6.1).

4 A Holder-Korn-Lichtenstein—Giraud inequality

In this section we prove Theorem 4.1 below. The proof is an adaptation of that developed in [11] to prove
the so-called Holder-Korn-Lichtenstein—Giraud inequality (see [11, Part II, Section 5, Appendix 1]) in the
framework of Holder spaces. Following [11], we considered singular kernels X (x) of the form

3 a(x)

K(x) =
|x|"

, (4.1)

where o(x) is infinitely differentiable for x # 0, and satisfies the properties o(tx) = o(x), for t > 0, and
J o(x)dS =0,
S

where S = {x : |x| = 1}. We denote by ||o|| the sum of the L>-norms of ¢ and of its first order derivatives on S.
It follows easily that, for 0 < p; < p2,

J K(x)dx = J K(x)dx = JJC(X) dx =0, (4.2)
p1<lxl<pz p1<|x|

where the last integral is in the Cauchy principal value sense.
For continuous functions ¢ with compact support, the convolution integral

(K * p)(x) = j K(x - y)p(y) dy, 5

extended to the whole space R", exists as a Cauchy principal value and is finite.
We set I(p) = {x : |x| < p}, Dg(p) = Dz(I(p)), and do the same for other functional spaces, norms, and
semi-norms labeled by p.
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Theorem 4.1. Let X(x) be a singular kernel enjoying the properties described above. Further, assume that the
oscillation w satisfies (3.1), (3.2), (3.9), and (3.5). Let ¢p € Dg(p), vanish for |x| = p. Then X = ¢ € Dg(p). Fur-
thermore, in the sphere I(p), one has

(K * P)]a < Cldllz, (4.3)

where C = C(n, w, ||o]l).

Proof. Below we use the simplified notation w(r) = wy(r), the modulus of continuity of ¢ in I(p), recall (1.3).
Let x0, x1 € I(p), O < |xo — x1| = 8 < 8¢ < p. The positive constant § is fixed here in correspondence to

the choice k> = 3 in (3.10). In the concave case (assumed, for clearness, in the statements of Theorems 3.2

and 3.4), we may set k, = 1.
From (4.2) it follows that

<x*@uﬁﬁkww—mmﬂn—wdy

Hence, with abbreviated notation,

(% * $)(x0) — (K * P)(x1) ﬁ@w%¢mmwm—w—@w%¢umwn—wwy

j {...}dy+ I {..}dy+ j (ddy=h+h+l. (4.4)
ly—xol<26 26<|y-xol<6o So<ly—xol

Since
{y:ly—xol <26} c{y:ly—-xil <36},

it follows that

J [p() - px)|K(x1 - y)ldy < J lp() - px)IK(x1 - y)l dy

ly=xol<26 ly—x1|<36
Tam Tam
w(r w(r
<lol [ “ 7 ar < toliglg [ £ a, (4.5)
0 0

where we appealed to polar-spherical coordinates with r = |[x; — y/|, to the fact that ¢ is positive homogeneous
of order zero, to (4.1), and to definition (2.1).
A similar, simplified, argument shows that equation (4.5) holds by replacing x; by xo and 36 by 24. So,

35 5
11 < 2101191 | 22 ar < cloligl [ 2 ar,
0 0

where we have appealed to (3.10) for k, = 3. Hence,
1] < clol[¢lzw(d). (4.6)
On the other hand

I = j (P(x1) — P(x0))K(xo - y) dy + j (P(y) = p(x1))(K(xo - y) = K(x1 — y)) dy.
268<|y—xol<bo 268<|y—xol<bo
The first integral vanishes, due to (4.2). Hence,
Bls [ 1800 - @0liXeo -y) - Koa -l dy.
28<|y-xol<6o

Further, by the Mean-Value Theorem, there is a point x;, between xo and x1, such that

[K(xo = y) = K(x1 = y)| < [VK(x2 - y)|6.
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Since 1 M x
i
0;K(x) = W[@i“)(m) - nmg(x)],
it readily follows that
|K(xo —y) - K(x1 - y)| < C|||0|||W < C|||0|||W- (4.7)
Note that, for |xg — y| > 26, one has
[xo =yl < 2|x2 -yl < 4lxo ~ yI.
On the other hand, for 26 < |xo - ¥/,
Ix1 =yl <3lxo -yl
So,
lp(y) - p(x1)l < [Plzgw(BIxo - yI).
The above estimates show that
5() 60
2] < clloll[¢]z6 J w@nr2dr<clloll[$lzé J w(nr2dr,
26 26
where we appealed to (3.10) for k, = 3. Finally, by (3.5), it readily follows that
II2| < clloll{plzw(6) (4.8)

for 6 € (0, 6p).
Finally we consider I5. By arguing as for I, in particular by appealing to (4.2) and (4.7), one shows that

lp(y) — p(x1)|

I3 <Cé
VEY llall ly = xo/"1

ly=xol>80

dy < Célialllgll < Clialllplw(6). (4.9)

Note that, by a de 'Hopital rule, one shows that (3.2) holds with w(r) replaced by @(r). From equation (4.4),
by appealing to (4.6), (4.8), and (4.9), one shows that

I(K = @)(x0) = (K = p)(x1)] < Clialll@llzw(6),

for each couple of points xo, x; € I(p) such that 0 < |xg — x1| < 8o. Hence (4.3) holds.
We may easily estimate |[(K * ¢)(xo) — (K = ¢)(x1)| for pairs of points x¢, x1 for which 8y < |x¢ — x1| < p.
However, this is superfluous, since §y is fixed “once and for all”. O

5 The interior regularity estimate in the constant coefficients case

In this section we apply Theorem 4.1 to prove the basic interior regularity result for solutions of the elliptic
equation (1.1) in the framework of Dg data spaces. In this section L ia a constant coefficients operator. The
proof is inspired by that developed in Holder spaces in [11, Part II, Section 5]. For convenience, assume
thatn > 3.

By a fundamental solution of the differential operator L one means a distribution J(x) in R" such that

Lj(x) = 6(x). (5.1)

The celebrated Malgrange—Ehrenpreis Theorem states that every non-zero linear differential operator with
constant coefficients has a fundamental solution (see, for instance, [20, Chapter VI, Section 10]). We recall
that the analogue for differential operators whose coefficients are polynomials (rather than constants) is false,
as shown by a famous Hans Lewy’s counterexample.
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In particular, for a second order elliptic operator with constant coefficients and only higher order terms,
one can construct explicitly a fundamental solution J(x) which satisfies properties (i), (ii), and (iii), claimed
in [11], namely,

(i) J(x)is areal analytic function for |x| # O.

(ii) Forn>3
a(x)

Jx) = —= (5.2)

| X|n—2 ’
where o(x) is positive homogeneous of degree 0.
(iii) Equation (5.1) holds. In particular, for every sufficiently regular, compact supported, function v, one has

V() = jJ(x CY)LV)()dy.

For a second order elliptic operator as above, one has

2-n
J(x) = C(ZAinin) o,
where A;; denotes the cofactor of a;; in the determinant |a;;|.
Following [11], we denote by S the operator
(S9)00 = [ 1= )90 dy = U » $)00.

Note that, in the constant coefficients case, the operator T introduced in reference [11] vanishes.
Point (iii) above (see also [11, “Lemma” A]) shows that if v is compact supported and sufficiently regular
(for instance of class C2), then
v =SLv. (5.3)

Due to the structure of the function o(x) appearing in equation (5.2), it readily follows that second order
derivatives of (S¢)(x) have the form 0;0;S¢ = K;; * ¢, where the X;; enjoy the properties described for
singular kernels X in Section 4.

We write, in abbreviated form,

V28900 = | Kx- g dy. (5.4)
where X (x) enjoys the properties described at the beginning of section 4. From (5.4) it follows that
V2SLv = J K(x - y)Lv(y) dy.

Hence, by Theorem 4.1, one gets
[V2SLV]a;2p < C[LVg,2p- (5.5)

By appealing to (5.3) we get the following result.

Proposition 5.1. Assume that the differential operator L has constant coefficients and that the oscillation w
satisfies assumptions (3.1), (3.2), (3.9), and (3.5). Let v € C*>(2p) be a support compact function such that
Lv € Dg(2p). Then

[VZV]ZJ;Zp < C[LV]E;Zp- (56)

One has the following interior regularity result. For brevity we have consider two spheres of radius p and R,
R > p, in the particular case R = 2p.

Theorem 5.2. Assume that the hypothesis of Proposition 5.1 hold. Let u € C?(2p) be such that Lu € Dg(2p).
Then V?u € Dg(p), moreover

(5.7)

flul  IVul IIV2u||> [x -yl
—_— + 2 — N
P> p p Jw(x-yl)

for some positive constant C, independent of p. In particular,

[V2ulay < ClLulg o + c(e)(

c(0
[V2ulayp < ClLulgp + %uuumzp). (5.8)
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Proof. Fix a non-negative C* function 6, defined for0 <t <1 such that 8(t) =1forO <t < %, and 6(¢t) =
for % < t < 1. Further fix a positive real p, for convenience 0 < p < 1, and define

1 for |x| < p,
X) = —
0 G(MTP> forp < |x| < 2p.

Next we consider {(x) for points x such that p < |x| < 2p, and leave to the reader different situations. Due to
symmetry, it is sufficient to consider the one-dimensional case

) = 9<I—Tp) forp < t<2p.

Hence

t-p\1
0=0(=2)-,
¢ p /p
and ‘e
(”(t) ell p )
p /p?
Further,
tr—p nfti-p
28" (1) - ()] < |6 )-0"(2=2),
Pl (t2) = ¢ (t ) P
where
bop_tiop) sty 1oy
p P 3
So 1
1" (t2) = ¢ (t1)] < E[e”hipuz - t1l, (5.9)
where [ - ]1ip denotes the usual Lipschitz semi-norm.
Set
v=(u. (5.10)
Note that Lv € D¢(2p), moreover the support of v is contained in |x| < 2p.
On the other hand,
Lv={Lu+N. (5.11)
One has

I(CLu)(x) - (CLu)(y)| < I¢ITLulgw(lx - y]) + IVEIILullx - y| < [Lulg@(|x - yI) + C||9'II%IIVZMII|X -yl

Hence,
Ix -yl
Lulg < [Lulg + cll0' | =V ul| =——. (5.12)
({Lulg < [Lulg + clO') S IV2ul= 2
Next we prove that
u Vu vZu X -
(Nlg < ¢ (9)<II I 2I|+I| I|>_I yl . (5.13)
p p Juw(x-yl
One has
= (V2Qu + (VO (Vu) = A +B.
By appealing in particular to (5.9), straightforward calculations show that
1 1 1
|A(x) = AW)| < IVulllVZdlix -yl + ||u"E[e”]Lip|X -yl< (FIIH"IIIIVMII + EW"]Lipllull)IX -yl
tence Jul | Ivuly b -yl
u u xX-y
Aly < e( )_— (5.14)
[Alg < c(0) 7 )@=yl
Similar manipulations show that
Vu vZull\ |x -
Bl = c0)( gt + ) S (5.15)
p Jw(x-yl

Equation (5.13) follows from (5.14) and (5.15).
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Lastly, from (5.11), (5.12), and (5.13) one shows that

lul IVl IV2ully Ix -yl
[Lv] < [Lulo + c(e)(— L, >_ . (5.16)
¢ ¢ P> p? p Jw(x-yl
In the following not labeled norms concern the domain 1(2p).
From (5.10), (5.3), (5.5), and (5.16) one gets
lull  IVull  IV2ully Ix -yl

VZulg. SVZVASCLV*SCLM*+C9(—+ + )_ ,

[Voula, < [V7vlg < C[Lv]g < C[Lulg + c(6) P o Jalx—yl
where 0 < 2p < 1. O

6 The interior regularity estimate in the variable coefficients case

In this section we extend estimate (5.7) to uniformly elliptic operators with variable coefficients
n
L= ) a;(x)0;9;.
ij=1

To avoid non-significant manipulations we assume that the coefficients a;j(x) are Lipschitz continuous
in I(2p), with Lipschitz constants bounded by a constant A. Following the same belief, we left to the reader
the introduction of lower order terms.
We assume that
w(r) < kiw(r), (6.1)

for some positive constant k1, and r in some neighborhood of the origin. This yields Dz(Q) = Dz (Q), recall
Proposition 2.2. Assumption (6.1) holds if in equation (3.3) the constant C; is finite. In fact,
wr) . ra'(n 1

Imasn - Ty TG

if the second limit exists.
In the following we appeal to the constant coefficients operator

Lo= ) b;j0i0),
i,j=1
where b;j = a;j(0). Clearly,
Lov(x) = Lv(x) + (Lo — L)v(x). (6.2)
One has
(Lo = L)v(x) = (Lo = L)v(y) = (bij — aij(X))(aizjV(X) - dizjV(y)) + (ai(y) - aij(X))(O?,-V(y)), (6.3)

where, for convenience, summation on repeated indexes is assumed. Straightforward calculations easily lead
to the following pointwise estimate:

(Lo — L)V(X) - (Lo - LV(y)| < cA(2p[V?V]g + ||v2v||%

Ja(lx - yl),
where norms and semi-norms concern the sphere (0, 2p).

Next assume that v € C?>(2p) has compact support in I(0, 2p), and Lv € Dg(2p). Then, by (6.2), (6.3),
and (5.6) it follows that

V2V)5.9, < C[LV]5.0, + CO[V2V]5.0, + C|V2V _|X—)’| .
[ ]a},Zp ( ](u,Zp Pl ](u,Zp I I (X =YD
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In particular,
[V*V]as2p < C[LV]Gyp + Cp[V Vg, + CIVZVI.

Now, from (6.1), one gets
(1- Cklp)[VZV]w;zp < C([Lvlgyp + IV2v]).

Next we set
v=_{u

and argue as done to prove (5.7). This proves the following result, in the case of variable coefficients operators.

Theorem 6.1. Assume that the oscillation w satisfies conditions (3.1), (3.2), (3.9), (3.5), and (6.1). Further,
assume that

O<p= 2Ck1’

and let Lu € Dz(2p), for some u € C?(2p). Then V?u € Dg(p), and
2 L C
[Vula, < ClLulg, zp + E"u”CZ(Zp)’ (6.4)

for suitable positive constants C, independent of p.

7 Proof of Theorems 3.2 and 3.4

The local estimates (estimates in Qg, Qo cc Q) claimed in Theorems 3.2 and 3.4 follow immediately from
the interior estimates, by appealing to the classical method consisting in covering Q¢ by a finite number of
sufficiently small spheres. For brevity, we may estimate the quantities originated by the terms |lull¢c2(2p), see
the right-hand sides of equations (5.8) and (6.4), simply by appealing to Theorem 1.1, which shows that
solutions u satisfy the estimate

”u”CZ(ﬁ) < C”f"* .

Concerning regularity up to the boundary one proceeds as follows. The main point, the extension of the inte-
rior regularity estimate (5.8) from spheres to half-spheres, is obtained by following the argument described
in [11, Part II, Section 5.6]. One starts by showing that the interior estimate in spheres also hold for half-
spheres, under the zero boundary condition on the flat part of the boundary. One appeals here to “reflection”
of u in the orthogonal direction through the flat boundary, from the half to the whole sphere, as an odd func-
tion. In this way the half-sphere problem goes back to an whole-sphere problem, absolutely similar to that
considered in Section 5, see [11]. Note that it is sufficient, and simpler, to appeal to the above extension
to half-spheres merely for constant coefficient operators. The regularity result “up to flat boundary points”,
claimed for constant coefficients operators in Theorem 3.2, follows.

Concerning the variable coefficients case considered in Theorem 3.4, we argue as follows. Extension of
the half-sphere’s estimate, from constant coefficients to variable coefficients operators, is obtained exactly as
done in Section 6 for whole spheres, by appealing to the fundamental assumption (6.1). Then, sufficiently
small neighborhoods of boundary points are regularly mapped, one to one, onto half-spheres, by appealing
to suitable local changes of coordinates. This procedure allows extension of the local estimate to solutions u
defined on sufficiently small neighborhoods of boundary points, vanishing on the boundary. A well-known
finite covering argument leads to the thesis of Theorem 3.4.

Remark. Since the above extension to non-flat boundary points requires local changes of coordinates, even
constant coefficients operators are transformed in variable coefficients operators. Hence our proof of local reg-
ularity up to non-flat boundary points requires, even for constant coefficients operators, assumption (6.1).
This is the reason why regularity up to non-flat boundary points is not claimed in Theorem 3.2. The cor-
respondent extension remains a challenging open problem, even in the framework of Log spaces (where
counterexamples may also be tried).
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8 The Log spaces D%%(Q). An intermediate regularity result

The following is a significant example of functional space D5(Q) which yields intermediate (not full) regu-
larity, based on the well-known formulae

J(—logr)*“ dr
r

(- logn! e, (8.1)

where 0 < a < +oo (for a = 1 the right-hand side should be replaced by —log(-log r)). Equation (8.1) shows
that the C, (Q) semi-norm (1.4) is finite if, for some a > 1 and some constant C > 0,

wr(r) < C(-logrn™ forallO<r<1.

This led to define the semi-norm
wg(r)

= su s 8.2
e re(o,pl) wWq(r) (8.2)
where the oscillation w,(r) is defined by setting
wq(r) = (—logr) ™.
Hence [f], is the smallest constant for which the estimate
log—— )" (8.3)
X) — < . ( 0 —) 8.3
F60 = F)1 < e (1o 1 —;

holds for all couple x, y € Q such that |x — y| < 1. Note that we have merely replaced, in the definition of
Holder spaces C%%(Q), the quantity ﬁ by log ﬁ, and allow « to be arbitrarily large.

Definition 8.1. For each real positive a, set
D%%(Q) = {f € C(Q) : [fla < 00}.
A norm is introduced in D%%(Q) by setting |fll« = [fla + Ifl.

We call these spaces Log spaces. We remark that in reference [7] we have called these spaces H-log spaces.
The restriction |x — y| < 1 in equation (8.3) is due to the behavior of the function log r, for r > 1. Note that,
by replacing O < [x — y| < 1 by 0 < |x — y| < p in equation (8.2), for some O < p < 1, it follows that

2
[ﬂa;p < [fla < [ﬂa;p + W”f",

where the meaning of [f]4;, seems clear. Hence, the norms |fllx and |fll4; are equivalent. We may also avoid
the restriction |x — y| < 1 by replacing in the denominator of the right hand side of (8.2) the quantity r by £,
where R = diamQ, and by letting r € (0, R). We rather prefer the first definition, since the second one implies
more ponderous notation.

For0 < B < a,and O < A < 1, the (compact) embedding

D%%(Q) c D>A(Q) c C(Q)

hold. Furthermore, for 1 < a, one has the (compact) embedding D%%(Q) c C.(Q). Note that D>1(Q) ¢ C.(Q).
It is worth noting that in reference [7] we claimed, and left the proof to the reader, that C® (Q) is dense in
D%2(Q). Actually, as shown in Theorem 2.7, this result is false.

Theorem 8.2. Let Qo cc Q, f € D%%(Q) for some a > 1, and u be the solution of problem (1.1), where L has
constant coefficients. Then V2u € D%%1(Qy), moreover

IV*ulla-1,00 < Clifllas (8.4)

for some positive constant C = C(a, Qq, Q). The regularity result holds up to flat boundary points. Moreover, it is
optimal in the sharp sense. In particular, for B > a — 1, V2u € D%F(Qy) is false in general.
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Theorem 8.2 is a particular case of Theorem 3.2. In fact, the oscillation w,(r) is concave and differentiable
for r > 0, satisfies (3.1) for a > 1, and (3.2) holds. Further, condition (3.3) follows from

wa(r)
r—0 rwt’x(r) B

+00.

In [7] the above regularity result was claimed up to the boundary. However the proof is not complete, since
extension to non-flat boundary points would require here estimates for variable coefficients operators. The
reason for this requirement was explained in Section 7.

Next we illustrate, by means of a simple example, the practical meaning of sharp optimality, recall Def-
inition 3.3. Sharp optimality is not confined to the particular family of spaces under consideration, but is
something stronger. Let us illustrate the distinction. Set w(r) = wvy2,(r). Theorem 8.2 claims that

w(r) < Cp(-logn) ™D, (8.5)
for each f € D%%(Q). Optimality of this result, restricted to the Log spaces’ family, means that
w(r) < C(~logr)P (8.6)

is false in general, for any 8 > a — 1. This does not exclude that (for instance) forall f € D%2(Q) the oscillation
w(r) of V2u satisfies the estimate

w(r) < Cf[log(log %)]_1 - (~logr)~@D,

which is weaker than (8.6), but stronger than (8.5).

Sharp optimality avoids the above, and similar, possibilities. This fact is significant in all cases in which
full regularity is not reached, as in Theorem 8.2. This is the meaning giving here to the sharpness of a regu-
larity result.

Concerning references related to Log spaces (mostly for n = 1, or @ = 1), we refer the reader to the
treatise [13] (see, in particular, Definition 2.2 in this reference), and to [14, 16, 18, 21-23].

9 Holog spaces Cg”‘ (Q) and full regularity

If, for some A > 0, one has w(r) = Aw(r) in a neighborhood of the origin, then there is a constant k > 0 such
that (r) = kr?. This fact could suggest that Holder spaces could be the unique full regularity class inside our
framework. However, full regularity is also enjoyed by other spaces. The following is a particularly interesting
case. Consider oscillations

wpa(r) = r'(-logr)™,

where 0 < A < 1 and a € R, and define the semi-norm

wg(r)
[flr,a = sup ,
7 eoR) Whal(r)

for some R > O (for instance, R = diamQ). Hence [f]),« is the smallest constant for which the estimate

F0 - f1 < o ) -y

Ix -yl
holds for all couple x,y € Q, |x - y| < R.
Definition 9.1. Foreach 0 <A < 1 and each a € R, set
Ca'(@ = {f € C@) : [fla < oo}
A norm is introduced in €3 (Q) by setting |flna = [flra + If].

We call these spaces Holog spaces.
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For A = 0and a > 0 we re-obtain the Log space D%%(Q), for A > 0 and a = 0 we re-obtain C%*(Q). Further-
more,
cat@ ccgh@ fora>p>o,

and
% (@) c Q) ¢ %1 Q) ¢ ®}Q) c O (Q) forO<A; <A<Ay <landa>O.

Theorem 2.5 shows that all the above inclusions are compact.
Note that the set
Aa
U@
Aa

is a totally ordered set, in the set’s inclusion sense. Roughly speaking, in the chain merely consisting of clas-
sical H6lder spaces, each C°* space can be replaced by the infinite chain Cg’A, a € R. The resulting chain is
still totally ordered.

To abbreviate notation, we set in this section

W) =wre™), [flo=fre and  Ifllz = 1fl4,a-
The following full regularity result holds.

Theorem 9.2. Letf ¢ Cg’/‘(ﬁ) forsome A € (0, 1) and some a € R. Let u be the solution of problem (1.1), where
the differential operator L may have variable coefficients. Then V>u € Cg’A(ﬁ). Moreover,
IV2ullz,a < Clfllz,ar

for some positive constant C. The result is optimal, in the sharp sense.

Note that full regularity w,« — wa,« could be a little surprising here. In fact, at the light of Theorem 8.2,
we could merely expected the intermediate regularity result w), — wa,a-1-

Proof. We appeal to Theorem 3.2. Assumptions (3.1) and (3.2) are trivially verified. Let us prove (3.3). Set
1
L(r) =log P
Straightforward calculations show that
@' (r) =LA+ aL(n7Y)
and that
@' (1) = 2L (A1 = 1) - A - DaL()™! - a(a + 1)L(r)72). (9.1)

Equation (9.1) shows that w'(r)<0ina neighborhood of the origin, since lim,_,o L(r) = +co. Hence w is
concave. Furthermore, (3.3) holds since
w 1
i # ==>1. 9.2)
=0 ro (r) A
To prove full regularity we appeal to the de 'Hopital rule and to (9.2) to show that
w(r) . w) 1

lim 27 _—
rl—I>I(1) w(r) rl—I>I(1) ra’(r) A

In particular. (2.2) holds for r in some neighborhood of the origin. Hence Proposition 2.2 applies. O

It would be interesting to study higher order regularity results in the framework of Hélog spaces.

10 Sharpness of the regularity results

In this section we prove the sharpness of our regularity results (a simple example was shown at the end of
Section 8). The proof is quite adaptable to different situations, local and global results, etc. We merely show



18 —— H.Beirdo da Veiga, Moduli of continuity, functional spaces, elliptic boundary value problems DE GRUYTER

the main argument. We construct a counterexample, which concerns constant coefficients operators (we
could easily deny case by case), which shows that any stronger regularity result can not occur. We start by
considering the Laplace operator A. We remark that the argument applies to the regularity results stated in
Theorems 3.2 and 3.4. However, in the second theorem, the conclusion is obvious, due to full regularity.
For convenience, we assume that w(r) is differentiable, and that there is a positive constant C such that

w(r)

~>C>0, (10.1)
rw (r)

for r > 0, in a neighborhood of the origin. Note that (10.1) holds, with C = 1, if w(r) is concave.
Proposition 10.1. Assume that w(r) satisfies the above hypothesis, and let Wo(r) be a given oscillation. Assume

that the results stated in Theorem 3.2 hold by replacing W by wo. Then there is a constant c for which
w(r) < cwp(r).

We may say that any regularity result better than (8.4) is false.
Proof. For simplicity, we start by assuming that L = A. Consider the function
u(x) = w(lxx1xz, (10.2)

defined in R", n > 2. Actually, we are merely interested in the behavior near the origin (see (10.4) below).
Straightforward calculations show that
X1Xp — X1X2

w(x) +
|x]2 |x]2

In particular, Au(0) = 0. By appealing to (10.1) one shows that

Au(x) = (n+2) Ix[@' (|x]).
|Au(x) - Au(0)| = |Au(x)| < Ca(|x]).

Hence, in a neighborhood of the origin, f(x) = Au(x) belongs to Dy.
On the other hand, straightforward calculations show that

_ 1 X2x3\ X2x2 _
0102u(x) = W(|x|) + W(x{ +x3-2 |)1(|22) “w(x]) + l)ldj -(Ix[@ (1x1)). (10.3)

In particular, 010,u(0) = 0, and

[0102u(x) — 0102u(0)| = w(|x])
for 0 < |x| < 1, since in equation (10.3) the coefficients of w(|x|) and of |x|@’(|x|) are nonnegative. On the
other hand, if wy(r) regularity holds, one has

[0102u(x) — 010,u(0)| < (clflg)wo(lx])

for some ¢ > 0. Hence w(r) < cowo(r), for r > 0, in a neighborhood of the origin.
If L is given by (1.2), we replace (10.2) by
u() = a(xl) Y 1"byxix;,
ij=1
where B # 0 is symmetric and
n
z aijbij = 0.
ij=1
In particular, if a specific coefficient aj; vanishes, we may simply choose u(x) = w(|x|)xyx;, as done in (10.2).
We localize the above result as follows. Assume that O € Q, and consider the function

u(x) = Y(xhw(lx)x1x2, (10.4)

where Y(r) is non-negative, indefinitely differentiable, vanishes for r > p > 0, and is equal to 1 for |x| < ’7’.
The radius p is such that I(0, p) is contained in Q. The above truncation allows us to assume homogeneous
boundary conditions in Q (we may consider combinations of functions as above, centered in different points
in Q, with distinct radius, and distinct cut-off functions). O
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It is worth noting that in the above argument the specific expressions of the coefficients of w(|x|) and |x|@’ (|x])
are secondary (even if the non-negativity of these coefficients was exploited). They are homogeneous func-
tions of degree zero, without particular influence on the minimal regularity. The crucial point is that the
second order derivative 010,u(x), due to the term x;x, in (10.2), leaves unchanged the “bad term” @(|x|).
This does not occur for derivatives aizu(x), hence does not occur for Au(x).

It looks interesting to note that the “bad term” @w(|x|) can not be eliminated by the other two terms which
are present in the right hand side of (10.3). Even when full regularity occurs (like in Hélder and Holog spaces),
the “bad term” @(|x|) is still not eliminated. It simply is as regular as the other two terms, w(|x|) and Ix[@’ (1x]).

11 Further properties. Non-linear problems

Applications to non-linear problems requires, besides the linear theory, some main ingredients like product
and composition properties. Concerning these two points we merely recall here some main properties. Set

(w1 V w2)(r) = sup{w1(r), wa(r)},

and assume for simplicity that f and g are scalar fields in Q. It readily follows

feDy,,g8€Dy, = fg€Dy,vw,»

and also Ifgllw,vw, < Iflw, lgllw,. In particular, D, spaces are Banach algebras.
Concerning composition of functions, if F € Lip(R; R) and u € D, then

[F(W)]w < [FlLip[u]w.

In the particular case of Hélog spaces, the following extension to Hélder functions F may be useful. Assume
that F € C%%(R;R), 0 < 0 < 1, and that u € C2*(Q). Then

[F(u)]or,0a < [Flolula,a-

Let us end this paper by proposing the study of a non-linear problem which lies outside the above main
lines. Let us recall the following well-known old problem (see the pioneering papers [15] and [2], and also
the revision paper [5]). One looks for local geometrical conditions on the boundary which guarantee the
continuity at a point xq € I' of the solutions to the boundary value problem

V-(VulP?vu)=0 inQ,
(11.1)

u=¢ onoQ,

for each given ¢ € C(I'). For p = 2, the above p-Laplace operator is simply the classical Laplace operator.
Clearly, in this linear case, the problem is even much older. It would be interesting to study, systematically,
the following kind of related problem. Assume, for simplicity, that I — {xo} is smooth. We want to establish
local geometrical conditions on the boundary, in the neighborhood of a point x € I', which guarantee that
solution u to (11.1) belong to some fixed D,,, (Q), for each ¢ in a given boundary space D, (I').
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