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Abstract. In this notes we consider the stationary Stokes system in a bounded, connected, three-dimensional smooth domain,
with homogeneous Dirichlet boundary condition. Proofs also apply to the n-dimensional case, and to other boundary
conditions, like Navier-slip ones. We say here that a solution is classical if all derivatives appearing in the equations are
continuous up to the boundary. It is well known, for long time, that solutions of the Stokes system are classical if the
external forces belong to the Hélder space C: )‘(ﬁ) . It is also well known that, in general, solutions are not classical in the
presence of continuous external forces. Hence, a very challenging problem is to find Banach spaces, strictly containing the
Hélder spaces C% *( ), such that solutions to the Stokes problem corresponding to forces in the above space are classical.
We prove this result for external forces in a suitable functional space, denoted C. (), introduced in references Beirdo da
Veiga (On the solutions in the large of the two-dimensional flow of a non-viscous incompressible fluid, 1982) and Beirao da
Veiga (J Differ Equ 54(3):373-389, 1984) in connection with the Euler equations.

Mathematics Subject Classification. 26B30, 26B35, 35A09, 35B65, 35J25, 35Q30.

Keywords. Stokes system, boundary value problems, classical solutions, continuity of higher order derivatives,

functional spaces.

1. Introduction and Main Results

We begin to introduce some notation. {2 is an open, bounded, connected set in R3, locally situated on
one side of its boundary I'. We assume that I is of class C**(Q), for some A, 0 < A < 1.

C(2) denotes the Banach space of all real continuous functions defined in €2, with norm

[ £1I= sup | f(z)].
€N

We also need the classical spaces C1(Q) and C2%(Q), with norm

n

Fulo= Nl + Y0 10l lulz=lul+ D logull,

i=1 i,j=1

respectively. Further, for each A € (0, 1], we define de semi-norm
flx) — fly
For= s HOZTW)]
z,ye Qsr#y \x—y|
and consider the Hélder space C%*(Q) = {f € C(Q): [flo,n» < 0o}, normed by

I lloox= 171+ Tf oo

Clearly, C%1(Q) is the space of Lipschitz continuous functions in 2. Further, C*°(£2) denotes the set
of all restrictions to Q of indefinitely differentiable functions in R3.

Boldface symbols refer to vectors, vector spaces, and so on. Components of a generic vector w is
indicated by w;, with similar notation for tensors. Norms in function spaces, whose elements are vector
fields, are defined in the usual way by means of the corresponding norms of the components.

: (1.1)

) Birkhauser
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The quantities ¢, ¢y, c1,..., denote positive constants depending at most on 2. For simplicity, we
may use the same symbol ¢ to denote different constants.
In what follows we consider the Stokes system (see, for instance, [8,11,19])

—Au+Vp=f in Q,
V-u=0 in Q, (1.2)
u=0 on TI.

If f € C(Q), this problem has a unique solution (u, p) € C*(Q) x C(Q), p up to a constant.
Furthermore, the solution is given by

u;i(r) = /Gu(m, y) fily)dy, px)= /gj(:m y) fi(y) dy, (1.3)
Q Q

where G and g are respectively the Green’s tensor and vector associated with the above boundary value
problem. Furthermore, the following estimates hold.

C
|Gij(z, y)| < g
< : < —
e S o el o (1.4)
‘52Gij($, y) ‘ < C |agj(xv y) < C
Oxy 0z = - y?’ oz =z —yl?’

where the positive constant C' depends only on 2. A detailed treatment of the above properties can be
found, for instance, in chapter 3 of the classical Ladyzhenskaya’s famous treatise [11], where the author
gives a quite complete overview on the classical theory of hydrodynamical potentials (due to Lichtenstein
[12], and to Odqvist [14]). Furthermore, the author shows how to construct the Green functions G and
g (Sect. 4, Chapter 3). The estimates (1.4) are contained in equations (46) and (47). They may also
be found in Solonnikov’s paper [15]; see also [7], [8] section IV.6, and [20]. The estimates (1.4) are a
particular case of a set of much more general results, due to many authors. See, for instance, [2] and [16].

The study of minimal, explicit conditions on f in order to guarantee the continuity up to the boundary
of all derivatives appearing in Eq. (1.2) is a classical, and extremely natural problem. It is well known, even
in the simplest scalar case Au= fin Q, u= 0 on I', that f € C(Q) does not imply VZu € C(Q2). On
the contrary, Hélder continuity is sufficient, since V2u € C%*(Q) if f € C%*(Q). The above picture
leads us to look for Banach spaces C.(Q) satisfying

Cc**Q)c C.(Q) c C(Q), (1.5)
with strict inclusions, and such that the solutions (u, p) to problem (1.2) satisfy VZu € C(Q), and

Vpe C(Q).
The following is the main result of our paper. For the definition of C,(Q2) see the next section.

Theorem 1.1. For every f € C. (Q) the solution (u, p) to the Stokes system (1.2) belongs to C*(Q) x
C1(Q2). Moreover, there is a constant cgy, depending only on Q, such that the estimate

[ula+ Ve < coll fll, Ve C(Q), (1.6)
holds.

Remark 1.1. Estimates (1.4) are the key tool in the proof of Theorem 1.1. Since they also hold under
boundary conditions other than Dirichlet’s, like, for instance, Navier-slip ones (see [17,18], and [6]),
Theorem 1.1 continues to hold in these cases as well. It should be not particularly difficult to extend
Theorem 1.1 to any solution to the corresponding Navier-Stokes equations, in the case of dimension less
or equal to 3. For arbitrarily large dimensions the situation changes dramatically, as explained in the
deep introduction of reference [9]
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Remark 1.2. We introduced the functional space C,(Q) in [4] and [5], where we proved the existence of
a classical solution w € C(R;C'(Q)) to the initial-boundary value problem for the 2-D Euler equations
with data u(0) = ug € C,(Q) and f € L'(R; C.(Q)). In the above references the main properties of
this functional space were already stated. Actually, results and proofs published in [5] were previously
presented in a preparatory and more complete manuscript [3]. In fact, all results given in the following
sections were already proved in [3], the only difference being that, instead of the Stokes system (1.2)
considered here, we dealt with boundary value problems for second order elliptic (scalar) equations. The
proofs concerning the latter problem remained unpublished until now. In fact, in reference [5] we merely
stated Theorem 1.1 for the particular problem —Aw = f inQ, u = 0 onI (see Theorem 4.5 in
[5]), since this result was sufficient to treat the 2-D Euler equations, which, at that time, was our focus.
Furthermore, just after the statement of the above theorem, we claimed that we were able to prove the
result for uniformly elliptic second-order equations under regular boundary value conditions. Here we
turn back to the unpublished proof of this last result, by adapting it to the Stokes system (1.2).

Concerning the 2-D Euler equations, we remark that our results and proofs have been rediscovered,
after many years, by other authors.

Remark 1.3. In [3] we have also introduced a second functional space B, (f), strictly containing C, (),
for which some of the regularity results proved for elliptic boundary value problems, and for the 2-D
Euler equations, still apply by replacing C,(Q2) by B.(Q2). More precisely, the Theorem 3.1 holds for
data in B,(Q). However we do not know whether Theorem 1.1 holds under this condition. In the final

section of this paper we define B,(€)) and give some comment on this, and related, matter.

2. The Banach Space C.(f2). Definition and Main Properties

To define and study the vector field case C,(Q), it is clearly sufficient to consider the scalar case C. ().
Algebraic properties and norms are defined by appealing to the single components.
We set

IHxy;ry=Ay: ly—2|<r}, Quzr)=QnI(zr), Qdlz;r)= 02— Q).
For f € C(Q), and each 7 > 0 we set
wy(r) = sup | f(@) = f(y) . (2.1)

z,ye Q;0< |z—y|<r

Clearly, wisi g)(r) < wy(r) + we(r), and |wy(r) — we(r)| < w(f_g)(r).
As in [4], we use the notation

R
(£le=1hr = [ w0 T (22)
0

It is worth noting that R may be replaced by any positive constant §. In fact, if 0 < d < R, one has
(with obvious notation)

1o < [Fler < [Fles+ 2 (1o 3 ) 171 (23)

It follows that norms, obtained by addition of || f|| (see [2.5]), are equivalent. In particular, we will use
the symbol [ f]. also to denote the quantity [f]. s, where 6 > 0 is related to the geometry of 2.
In the literature, the condition

r

b
dr
/wf(r)— < 400
0



542 H. Beirao da Veiga JMFM

is called Dini’s continuity condition, see [10], equation (4.47). In [10], problem 4.2, it is remarked that if
f satisfies Dini’s condition in the whole space R", then its Newtonian potential is a C? function in R™.

Definition 2.1. We set
C.)={feC(Q): [f]l.< 0} (2.4)

It is immediate to verify that C,(f2) is a linear space, and that the quantity [-]. is a semi-norm. We
endow C,(€2) with the norm

1= [+ 11 (2.5)
Note that
A
[fls < %[f]o X (2.6)

for each f € C%*(Q), where X € (0, 1].
The following simple remark looks quite significant.

Remark 2.1. Alternatively, we may define C, () in a totally equivalent form, by replacing in Eq. (2.4)
the quantity |z — y| < r simply by |z — y| = r.

Next we show that the normed space C.(2) is complete.
Theorem 2.1. The space C.(Q) endowed with the norm || f ||« is a Banach space.
We start by proving the following partial result.

Proposition 2.1. Let f, be a Cauchy sequence in C.(Q), and let f be the uniform limit of this sequence.
Then, f € C.(Q). Moreover,

[fle< Tim [fols, (2.7)

n— + oo

where the existence of the limit is part of the statement.
Proof. Assume that

hmoo [ frn = fm |l = 0.

Clearly, there is a (unique) f € C(Q) such that f, — f, uniformly in Q. In particular,
lwp, (r) = wp(r) [ < 2[[ fu = f.
So, for each r € (0, R), the pointwise limit
wr(r)=lm wy,(7) (2.8)

n— 4+ oo

exists. It is worth noting that (2.8) follows merely from the uniform convergence.
On the other hand

R R
dr dr
Jon®Z = [ o] =11l = Unle| < U= e
0 0
This shows that the limit in Eq. (2.9) below exists, since the sequence of integrals is a Cauchy sequence
in R. By appealing to (2.8) and to Fatou’s lemma, we prove that
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i d ’ d
wir) = < lim [ wy, () (2.9)

n— oo r

We are now in a position to prove Theorem 2.1.

Proof. By replacing the couple (f., f) by (fn — f,0), we assume, without loosing generality, that
f=0.

Let € > 0 be given. Fix an integer n. such that [f, — fm ]« < € whenever m, n > n, and choose a
real R. € (0, R] such that

Further, let m. be an integer such that

I£all < (2108(R/R)) e

for all n > m,.
If n > max{ne, mc} one has
R R, R

dr
[fn}* S /w(fn fn,e /('ufn6 /wfn(r) 7'
0 0 R.
From the above estimates, it readily follows that [ f,]. < 3e. Hence, f,, — 0 in C.(Q). O

Note that if a sequence f,, converges uniformly to some f € C(Q), and [ f,]« < k, then f € C.(Q),
and [f]. < k.

Theorem 2.2. The embedding
C.(Q) C O(Q)
18 compact.
Proof. Let f, € C.(Q) be a sequence of functions such that
I fulls < K,

for n=1,2,.... Let ¢ > 0 be given, set § = Re ¢ , and assume that |z — y| < ¢.
Clearly,
R

/an()%<k

s
Since wy, () is a non-decreasing function of r, it follows that

wr, () logE < k.

)
By tacking into account the definition of ¢, it follows that wy, (§) < €, for each index n. This proves
the equi-continuity required by Ascoli-Arzela’s theorem. O

Next we consider the problem of the extension of functions f € C,(Q) outside their initial domain,
without losing their basic properties. We set

Qs = {z: dist(z, Q) < 0},
where § > 0. We show the following result.
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Theorem 2.3. There is a 6 >0 such that the following holds. There is a linear continuous map T from
C(QQ) to C(Qs), and from C.(Q) to Ci(Qs), such that T f(x) = f(x), for each x € Q.

Proof. It is well known that, for a sufficiently small positive ¢, which depends only on €, we can construct
a system of parallel surfaces I',., 0 < r < §, such that the surface T', lies outside 2, at a distance r
from I'g = I'. For convenience, we set R = ¢ in Definition (2.2).

For each z € Q5 — Q, we denote by Z the orthogonal projection of = upon the boundary I'. We
define the extension T f = f as follows.

> flo), ifr € Q,
fla) = {f@), itz €0, -0 (2.10)

Since T' is smooth and compact, the map z — 7 is Lipschitz continuous. This leads to the existence of
the positive constant & considered below. The map T'f = [ is clearly linear continuous from C (Q) to
C(€Qs) . Next we define, for each r € (0, 0 ),

Wi = swp | f@) - fw)l,

T, Y€ Qs; |lz—yl<r
and we show that
wi 5(r) < wp(kr). (2.11)

Assume |z — y| < 5. Ifz € Q. and y € Q, then

[f(@)= f) = [f@) - fy)], and [T-y[< klz—yl|.
If x, y € Q., then

@)= f) = 1@ - f@|, and [7-7/ < klz—yl

Note that, in a neighborhood of a flat portion of T', one has k = 1. Equation (2.11) follows easily.
Finally,

)
Flos= [0 L < [or) L= £10
0 0

O

We could also start the above proof by a preliminary localization procedure. We consider a suitable
partition of unity ¢,, r= 1,..., M , subordinated to an open covering O, of I', r=1,..., M . Given
f € C.(Q), it is sufficient to prove the extension theorem for each single product f. = ¢, f, since
products by regular functions ¢ preserve the C, () estimates enjoyed by f. This is guaranteed by the
following result.

Lemma 2.4. If ¢ and f belong to C.(QY) then ¢ f € C.(QY). Furthermore,

[0 f)e < M@ NTF)e+ N F IS (2.12)

The following density theorem is a fundamental tool in the proof of Theorem 1.1.
Theorem 2.5. The set C°°(Q) is dense in Ci(Q).
The proof of this result follows immediately from Theorem 2.3 together with the following Lemma.

Lemma 2.6. Let f € C.(Qys). There is family of functions f. € C>(Q), convergent in the C.(Q)-norm,
as € — 0, to the restriction of f to Q.
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Proof. For each € € (0, §) define the Friedrich mollifiers
felz) = / Je(2) flx — 2)dz, VaeQs, (2.13)

|z|<e

where j.(z) € C°(R") is defined in the standard way (see, for instance, [13], Chapter 2, section 1.3, or
[1], section 1). In particular j.(z) = 0 for |z| > €, and

/je(z) dz = 1.

For convenience, assume in (2.13) that f(xz) = 0 outside €. It is well known that
3igr3)||fe - f||c(§) = 0. (2.14)
In the sequel we assume that x, y € Q, and r < §. From
(= D) = [ 8E) (=2~ f@)d:

|z|<e

we show that the quantity

wy (1) = wpﬂ@\/ﬁ@U@—@—f@—@Hd

o< |z—y|<r;z

satisfies the estimate wy (r) < wy 5(r). It follows that

wig—p(r) < wp(r) + wr.(r) < 2w (r; 6). (2.15)
On the other hand, by appealing to (2.14), one shows that
Elg% wis.—plr)=0, (2.16)

for each r < 0. Hence, By Lebesgue’s dominated convergence theorem,

b
. . dr
Elg%[fe - fle= EIEIB / w(feff)(r) . =0.
0
Note that the right hand side of (2.15) is integrable in (0, §) with respect to dr/r. O

As for the proof of Theorem 2.3, it would be sufficient to prove the thesis for the single products
fr = ¢r f

3. Lipschitz Continuity of the First Order Derivatives

In this section we set C,(Q) = C,(Q) x C.(Q2) x C.(Q). We prove the following result.
Theorem 3.1. Let f € C.(2), and let u be the solution to problem (1.2). Then the first order derivatives

of the velocity w, and the pressure p, are Lipschitz continuous in ). Furthermore, the estimate

lwlly s+ pllor < coll £l (3.1)

holds.

Proof. Let xg € Q be fixed, and define the auxiliary system
—Av(x)+ Vq(z)= f(zo) in Q,
V.v=0 in Q, (3.2)
v=0 on I.
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Note that the external force field is constant. Clearly, v and ¢ are smooth. We start by showing that

lolla+ [Tgllo,n < KIFI, (3-3)

where the constant K is independent of f(xo).
Denote by e; the constant vector field e; = (1, 0, 0) and, similarly, define es and ez. Further,
denote by (v®, ¢(*)) the solution to problem (3.2) with f(xo) replaced by e;. So,

~AvD(2)+ Vg (z)=e; in Q,
v =0 on T.

Define K > 0 by setting
3
K2 =3 (0913 0+ 14“15.1)-
i=1

One has
3 3

v(x) = Z fi(zo) v (x), and q(z)= Z fi(zo) ¢ ().

i=1 i=1
It readily follows that
0,1 < K|f(zo)| < K| £l

lollia+ lla

as desired.
Next we set

w(z) = u(z) — v(z), and t(x)= p(x)— q(x).
Clearly,

w@=/%mmm@—mmm%
Q

and

o) = [ 9560, ) (550) = Jy(a0)) dy
Q
We start by considering the velocity. One has

Op wi(x) — Op wi(wo) = / (01 Gij(z, y) — O Gij(wo, y)) (fi(y) — fizo))dy,
Q

where 0 stands for differentiation with respect to xy and, clearly, Ok w;(x¢) means Ok w;(z) at point
r = x¢. It follows that

| Ok wi(x) — Ok wi(zo) | < / |0k Gij(z, y) — O Gij(wo, y) || f3(y) — fi(z0)|dy.
Q
Set p= |z — xo|. One has

| O wi(x) — Ok wi(xo) | < / |0k Gij(x, y) — Ok Gij(xo0, y) || fi(y) — fi(xo) | dy
Q(zo;2p)
+ / |0k Gij(x,y) — O Gij(xo, y) || fi(y) — fi(xo)|dy

Qe (032 p)
— L+ I (3.5)
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By appealing to (1.4), we show that

C C
I < 6] f] / de / Wdy

Q2052 p) Q(z052p)

dy dy

soclnl| [ e [ omhE] )
I(z;3p) I(z0;2p)
Hence
L <ecplfl.

On the other hand, by appealing to the mean-value theorem and to (1.4), we get
|0k Gij(z, y) — Ok Gij(xo, y) | < Cpla' —y| 7> < Cp2%|mg— y[ 2,

for each y € Q.(xo; 2 p), where the point 2’ belongs to the straight segment joining x to x. Consequently,

R
dy dr
Iy < cp / we(ly — zol) Too— 9P < cp / wg(r) -
Qe (z0;2p) 2p
It follows that
I < cpl s

Next, by appealing to Eq. (3.9), and to the estimates proved above for I; and I, we show that
[Vw(z) = Vw(zo) | < cpll £l
Consequently,
| Vu(z) — Vu(z)| < |Vw(x) — Vw(zg) |+ |Vo(z) — V()|
cpll £l + Kpll £1I.

IN A

So,

| Vu(z) — Vu(z)|
|z — xo]

S CH f ||*7 vxa Ty € Q7 X 7é Zo- (37)
Furthermore, by (1.4),

C
VUQNSCWH/|x_m2@§cWﬂM Vee
Q

Hence
[Vul < cll £ (3-8)

This equation, together with (3.11), proves (3.1) for the velocity w .
Next we consider the pressure. As above,

t0) — t(a0) | < [ 195 ) = 9560, )11 ()~ Fy(ao) | dy.
Q
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Hence,

ta) =~ ten) | < [ lgslew) = gi6e0, )| 5)~ Filao) | dy

Q(zo; 2 p)
+ / 95@ ) — g0, |1 F0) — fi@o) | dy=Ta+ L. (3.9)
Qc(zo0;2p)

By appealing to (1.4), we show that I3 < cp|| f ||, since

c C
I < 2| f| / EEeTE Al / oo — o1
Q(z0: 2 p) (@03 2p)
dy dy
< 2C| £l / Te—gP T / oo —yl? | .
I(ZE;BP) I(IO;2P)

On the other hand, by the mean-value theorem and (1.4), we get
|01 g5(2, y) — Ok gj(x0, y) | < Cpla’ — y| 7> < Cp2° g — y| 72,

for each y € Q.(zo; 2 p), where the point 2’ belongs to the straight segment joining z to 2. Consequently,

R

dy dr
B<ep [ wply=a)=2og <o [0 F < el 1)
Qec(wo;2p) 2p

By appealing to (3.9), and to the estimates proved for I3 and I, , we show that
[ t(z) = t(xo) | < cpll £+

Consequently,
|p(x) = p(zo)| < [t(z) — t(zo) [+ |a(x) — q(z0) |
< cpll £l + Kpll £1-
So,
[p@) = POl 11 e w0 € 9, 3 £ 0. (3.11)
|z — 2ol
Further, by (1.4),
o |<c||f||/| zdy<clfl. Vaeo
Hence
Ipll < cll £II- (3.12)
This equation, together with (3.11), proves (3.1) for the pressure p. O

4. Proof of Theorem 1.1

Due to Theorem 3.1, it is sufficient to show that the second order derivatives of u(z) and the first order
derivatives of p(z) exist and are continuous in €.
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By Theorem 2.5, there exists a sequence of vector fields f,, € C*(Q) such that f,, — f in C.(Q).
Consider the solutions (u™, p™ ) of problems

—Aun(z)+ Vpr(o) = fM(2) i Q,
V-u"=0 in Q, (4.1)
=0 on I.

It is well know that u™ € C*(Q) and p™ € C*(Q). Furthermore, by applying the result stated in
Theorem 3.1 to the system
CA(W - )+ V(- ) = - im0,
V-(um—u")=0 in Q,
u” —u"=0 on T,

we show that || 8fjum — 8?ju" I+ [[0ip™ — 0ip™ || < coll £ — fn ll«- This proves that 8i2jum and
9;p™ are Cauchy sequences in C(Q2) and C(f2), respectively. Hence, there are elements ; ;, p; € C(Q)
such that the sequences ijum and 9;p™ are uniformly convergent in Q to u;; and p; respectively. on
the other hand, from (1.2), (4.1), and (3.8), it follows that ||0; u™ — O;u || < ¢|| f,.,— f . Hence 9; u™
converges uniformly in € to 9; w. The above picture shows that the second order derivatives 3i2j w must
coincide with the continuous functions w;;, for 4, j = 1, 2, 3. A similar argument shows that the first
order derivatives 0; p are given by p;, fori = 1,2, 3.

5. The Space B.(Q)

As already remarked at the end of the introduction, we wonder whether there are functional spaces B, (Q)
such that the inclusions C,(Q2) C B.(Q2) C C(Q) are proper, and Theorem 1.1 still holds with C, ()
replaced by B, (). Having this goal in mind, in [3] we have defined and study a functional space B, ({2)
as follows. Set

wi(z;r) = sup [f(z)— f(y)l, (5.1)
Y€ Q(wz;7)

fix a positive real § > 0, and define semi-norms
; d
.
pu(f) = /wf(a:; T) gl (5.2)
0

for each z € Q. Note that continuity of f at single points x follows necessarily from finiteness of the
integral in Eq. (5.1). To avoid unnecessary technical arguments, we assume that f € C(Q).
We set

5
dr
()= sw [ wslain) T = swp palh), (5.3
z€ Q s z€Q
and define
B.@) = {fe C@): (). < +oo} (5.4)
The space B.(f2), endowed with || f||* = || f|| + (f )+, is a normed linear space. Since
; d
-
(1= [ sup wplair) < (5
r€Q r

one has (f). < [f]«. The inclusion C.(Q) C B.(Q) is strict. We exhibit explicit functions which do
not belong to C.(Q) (due to strong oscillations), but still belong to B.(Q).
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In [3], we have shown that Theorem 3.1 holds with C.(2) replaced by B,(Q2). Finally, by adapting
the proofs developed in [5], we may prove that solutions to the 2D-Euler equations, with initial data in
B,(9) and vanishing external forces, satisfy u € C(R;C*'(Q)).

On the other hand, we did not succeed in proving or disproving Theorem 1.1 for data in B.(f).

Theorem 2.3 still holds, but the extension of Theorem 2.5 to B.({2) could be false. This remains a
challenging open problem. We will turn back to this matter in the forthcoming publication [3].

It is worth noting that other significant candidates could be obtained by replacing, in the definitions
of C.(Q) or B.(Q), the quantity ws(z; r) defined in Eq. (5.1), by

Gy ) = | f@) ~ 190 [ [ sy, (56)
Q(z;r)

and similar variants.
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