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1. Introduction

We are concerned with the regularity problem for solutions of nonlinear systems of partial differential equations with
p-structure, p € (1, 2], under Dirichlet boundary conditions. In order to emphasize the main ideas we confine ourselves to
the following representative case, where i > 0 is a fixed constant:

—V - ((u+|Vu)P?Vu)=f ing, (1.1)
u=0 onads2.

The vector field u = (u;(x), ..., uy(x)), N > 1, is defined on a bounded domain £2 C R", n > 3. When u = 0, the system
(1.1) is the well-known p-Laplacian system. To avoid meaningless specifications, we fix an arbitrarily large positive constant
o, and assume that u < ug everywhere.

It is worth noting that our interests concern global (up to the boundary), full regularity for the second derivatives of
the solutions. Our results also hold in the singular case 4 = 0. For any bounded and sufficiently smooth domain £2, we
prove W29(£2) regularity, for any arbitrarily large q. Therefore, we get, as a by product, the «-Hblder continuity, up to the
boundary, of the gradient of the solution, for any « < 1. The results are obtained for p belonging to intervals [C, 2), where
C are suitable constants, whose expression may be explicitly calculated. In particular, if £2 is convex, solutions belong to
W22(2)forany1 <p < 2.

As usual, weak solutions of problem (1.1) are defined as follows (for notation and more precise statements see the
sequel).
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Definition 1.1. Assume that f € WP (Q). We say that u is a weak solution of problem (1.1) if u € WO1 P(2) satisfies

/ (w+ |Vu)P2vVu .-V edx =/ f - @dx, (1.2)
2 2

forall ¢ € W, P(£2).

We recall that the existence and uniqueness of a weak solution can be obtained by appealing to the theory of monotone
operators, following [1].
It is immediate to verify that, if 4 > 0, sufficiently regular weak solutions to the problem (1.1) satisfy
Vu-VVu-Vu

—AU—(p—2)— T 2-p
Au—(p 2)(,u+|Vu|)|Vu| fe+1Vuph=>. (1.3)

Here, and in the following, we use the notation Vu-V Vu-Vu to indicate the vector whose ith component is Vu- (9;Vu) d; u; =

(B ) (3] we) (3 wy).
In the sequel we start by proving the existence of a (unique) strong solution

ue WP (2)N wr(Q),

of problem (1.3), under homogeneous Dirichlet boundary conditions, in the case ;& > 0 (see Theorem 3.1). Clearly, u solves
(1.2). Furthermore, we prove that the W29(£2) norms of the above strong solutions are uniformly bounded with respect to
. This allows us, by passing to the limit as © — 0, to extend the W29(£2) regularity result to weak solutions of problem
(1.1) in the case u = 0 (see Theorem 2.1).

The regularity issue for systems like (1.1) has received substantial attention, mostly concerned with the scalar case

(N = 1),and with CIL’C“—regularity. Here and in the following, by local regularity we mean interior regularity. The pioneering
result dates back to Ural’'tseva [2], where, for p > 2 and N = 1, the author proves C&’f -regularity for a suitable exponent
B. Still in the case N = 1 we recall the following contributions. In [3] the author proves Wlf)’cp -regularity for any p < 2, and
also Wli’cz—regularity, forp > 2.In[4], for p > 2, the author proves C!#-regularity up to the boundary, in £2 C R".In[5] the
authors show, for any p € (1, 2), W22 N C1*-regularity up to the boundary, in £2 C R?.

For systems (solutions are N-dimensional vector fields, N > 1), we recall [6] forp € (1, 2),[7,8] for p > 2, and [9] for any
p > 1.The results proved in papers [6-8] are local. Moreover all these papers deal only with homogeneous systems and the
techniques, sometimes quite involved, seem not to be directly applicable to the non-homogeneous setting. In particular, [6]
is the only paper in which the leoc—regularity of second derivatives is considered. The results below are, in the non-scalar
case, the first regularity results up to the boundary, for the second derivatives of solutions.

For related results and for an extensive bibliography we also refer to papers [ 10-18] and references therein.

Last but not least, we recall the classical Ladyzhenskaya and Ural'tseva famous treatise [19], where related results and
deep methods are shown.

We observe that we do not consider a more general dependence on Vu, as for instance ¢(|Vu|) Vu, under suitable
assumptions on the scalar function ¢, just to emphasize the core aspects of the results and to avoid additional technicalities.
For the same reason we avoid the introduction of lower order terms. Note that another, very similar, representative case can

be obtained with the regular term (i« + |V u|2)% in place of (i + |V u[)?~2 in (1.1). This latter function is only Lipschitz

continuous, hence in this case it seems not possible to get stronger regularity results. Finally one could also extend the
results to non-homogeneous Dirichlet boundary conditions, if the boundary data belongs to a suitable W2 4-space.

Remark 1.1. Different, more intricate, proofs of Theorem 2.1 and its corollaries were given in [11], in the particular case
N = n = 3.In[11] we also consider the case where V u is replaced by D u = %(V u + Vu'),and p € (1, +00). Results
and proofs where also presented at the conference Vorticity, Rotation and Symmetry (II)—Regularity of Fluid Motion, held
at the CIRM, (Luminy, Marseille) from May 23-27, 2011.

2. Notation and statement of the main results

Throughout this paper we denote by £2 a bounded n-dimensional domain, n > 3, with smooth boundary, which we

assume of class C2, and we consider the usual homogeneous Dirichlet boundary conditions
Upe = 0. (2.1)

By [P(£2) and W™P(£2), m nonnegative integer and p € (1, +00), we denote the usual Lebesgue and Sobolev spaces,
with the standard norms || - ||ip() and || - [[wm.p(g), respectively. We usually denote the above norms by || - ||, and || - || p,
when the domain is clear. Further, we set || - || = || - ||.. We denote by Wol’p (£2) the closure in WP(£2) of (5°(£2) and by
W*”’/(_Q), p’ = p/(p — 1), the strong dual ofWo]’p(.Q) withnorm || - [[=1,p.

In notation concerning norms and functional spaces, we do not distinguish between scalar and vector fields. For instance
IP(2; RNy = [IP(2)]V, N > 1, is simply [P (£2).
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We use the summation convention on repeated indexes. For any given pair of matrices B and C in R"" (linear space of
N x n-matrices), we write B - C = Bj; Gj;.

We denote by the symbols c, ¢y, ¢, etc., positive constants that may depend on w; by capital letters, C, Cq, G, etc., we
denote positive constants independent of i > 0 (eventually, i« bounded from above). The same symbol ¢ or C may denote
different constants, even in the same equation.

We set d;u = g—;’ 85 u= % Moreover we set (Vu); = dju;. We denote by D?u the set of all the second partial
i 10 Xj

derivatives of u. Moreover we set
N n
D2u? = 3" 3" a2 il (2.2)
i=1 j,h=1
Before stating our main results, let us recall two well known inequalities for the Laplace operator. The first, namely
I D* v]| < Gil|Av], (2.3)

holds for any function v € W22(£2) N W(,l‘z(.Q), with C; = C1(£2). Note that C; = 1 if £2 is convex. For details we refer
to [20, Chapter I, estimate (20)]. The second kind of estimates which we are going to use says that

ID*vllq < C(q) 1 AV]q, (2.4)

forv e W29(22) N WS"’(Q), q > 1, where the constant C; depends on g and £2. It relies on standard estimates for solution
of the Dirichlet problem for the Poisson equation. Actually, there is a constant K, independent of g, such that

G(q) <Kq, (2.5)
for g > 2. Similarly, one has
vll2.q < CllAvV]lg, (2.6)

where the constant C depends on q and £2. For further details we refer to [21,22]. For convenience, since we are interested
in large values of g, we assume from now on that g > 2.
We set

] ifq e [2, n],
r(q =

np—1)+q2-p (2.7)
q ifqg>n.

Note that r(q) is a strictly increasing function. Moreover, r(q) > q for any q < n. Clearly, in (2.7), r(n) = n in booth cases.
Our main results is the following.

Theorem 2.1. Let be ;v > 0. Further, let p € (1, 2] and q > 2, q # n, be such that the couple (p, q) satisfies the condition

2-p G <1, (2.8)
where C,(q) is given by (2.4). In particular (2.8) holds if
1
2— — <2, 2.9
kg ~P= (2.9)

where K is independent of q (see (2.5)).
Assume that f € LI'@(£2), and let u be the unique weak solution of problem (1.1). Then u belongs to W*9(£2). Moreover, the
following estimate holds

1
lullag < C (||f||q + ||f||:’(q;) . (2.10)

Corollary 2.1. Let p, i, q, and f be as in Theorem 2.1. Then, if q > n, the weak solution of problem (1.1) belongs to C'%(£2), for
a=1-21
q

In particular, when q = 2, one has the following corollary.

Corollary 2.2. Let p € (1, 2] satisfy (2 — p) C; < 1, where C; is defined by (2.3). Assume that . > 0. Let f € L"® (£2), where

2n

"= T yrra—n

(2.11)
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and let u be the unique weak solution u of problem (1.1). Then u belongs to W22 (§2). Moreover, there is a constant C such that

lullaz < C <||f|| +IF17) ) . (2.12)

If §2 is convex the result holds forany 1 < p < 2.

It is worth noting that in the limit case p = 2, when system (1.1) reduces to the Poisson equations, we recover exactly the
well known result

lull2,q = Clifllg,

sincer(q) = qforp = 2.
Note that in estimates (2.10) and (2.12), the terms ||f||4 and ||f]| can be replaced by 1.

Remark 2.1. One could also consider the case where f € L"(£2). We omit this further case and leave it to the interested
reader. In this regard we stress that our interest mostly concerns the maximal integrability of the second derivatives of the
solution.

We end this section by some remarks:

It could be more natural to state the results by inverting the (strictly increasing) function r = r(q) since, in practice, r
is given and we look for g. This means to consider the inverse function ¢ = q(r), to assume f € L"(£2), and conclude that
u e w210 ().

Let us make some comment on practical application of Theorem 2.1. The p-growth exponent is fixed, as soon as we
consider the problem (1.1). Next, by assuming that right hand sides f are given in some L*(£2) space, we look for the solution
g to the equation r(q) = s (note that this equation depends on the given value p). If the pair (p, q) enjoys (2.8), the solution
u belongs to W2 9(£2). Otherwise, we look for the largest valuAe'cT > 2 for which (2.8) holds. Since r(q) < r(q) = s, it follows
that f € L'@(£2). Hence Theorem 2.1 shows that u € W29(£2). Roughly speaking, in this last case, f is “unnecessarily”
regular.

An interesting question is to look for the minimal L*-regularity needed by f in order to prove that the second derivatives
of solutions are integrable with some exponent q. In our framework the values s are artificially restricted from below, due to
the assumption ¢ > 2. However, it is easily checked that the proof of Theorem 2.1 also hold without this restriction. Some
restriction is necessary if we want to appeal to (2.5). For instance g > nzT"z

Finally we note that, in the presence of the same right hand side f, the regularity proved for the solutions tends to increase
with the growth’s exponent p, since the value r(q), for fixed g, is a decreasing function of p (strictly decreasing if ¢ < n).

3. Proof of Theorem 2.1. The case u > 0

In this section we assume that & > 0. Let us consider the system (1.3). In the left hand side of (1.3) the fraction is
continuously extended by zero to V u = 0. Formally the system (1.3) can be obtained from system (1.1) by computing the
divergence on the left-hand side and then multiplying the equation by (i + |V u[)?7P.

It is immediate to verify that if u is a sufficiently regular solution of (1.3), say u € W??2(£2), then u is a weak solutions of
(1.1). So, from the uniqueness of weak solutions of (1.1), it follows that to prove Theorem 2.1 under the assumption u > 0
it is sufficient to prove the following result for strong solutions.

Theorem 3.1. Let be u > 0. Further, let p € (1, 2] and q > 2, q # n, be such that the couple (p, q) satisfies the condition (2.8).
Let f € L"9(£2) for some q > 2 and q # n. Then, there is a strong solutionu € W?29(£2) of problem (2.1), (1.3). Moreover, the
following estimate holds

lullzg < C <||f||q + 11 (q)) : (3.1)

In the sequel we appeal to the following fixed point theorem in order to prove Theorem 3.1. In order to avoid
misunderstanding between indexes concerning sequences and lower indexes concerning components of a vector, the first
ones will be denoted by upper-indexes.

Theorem 3.2. Let X be a reflexive Banach space and K a non-empty, convex, bounded, closed subset of X. Let F be a map defined
in K, such that F(K) C K.
Assume that there is a Banach space Y such that:

(i) X C Y, with compact (completely continuous) immersion.
(ii) If v™ € K converges weakly in X to some v € K then there is a subsequence v™ such that F(v™) — F(v)inY.

Under the above hypotheses the map F has a fixed point in K.
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For the proof and some comments see Section 5.
In the sequel we appeal to the above theorem with X = W29 and Y = LY. Clearly, point (i) in Theorem 3.2 holds.

Proof of Theorem 3.1. Forany v € W29 N W,'? we define C; = C3(q) by

IV vllg: < GllAvllg, ifge (1, n),

. 32
IV vl < GllAvllg, ifq € (1, +00). e
These estimates can be easily obtained by applying the Sobolev embeddings and then using estimate (2.6).
Define 6 by
§=1-2-p G,
where G, is given by (2.4), and fix a positive real a by
1420 Pa®? <as.
Note that, under our assumptions, § > 0. It is worth noting that §, a and b are constants of type C.
Define
K={ve W»9(£2): |Av]l <R, v =0 ond},
where
_1
R=a (ufnq + ||f||:’(:,;) :
Let f € L'@ be given. For each v € K define u = F(v) as being the solution to the linear problem
A ( 2) Vv -VVuv-Vu FfLt V)P, ing@
— AU = - P — v El n ’
P v (33)
u=0, onds2.

To apply Theorem 3.2 we start by showing that F(K) C K. Note that if the right-hand side of (3.3) belongs to LY(£2), from
well known results on the Poisson equation, there exists a unique u € W?29(£2) solving the Dirichlet problem (3.3). For
q € (1, n), by using (3.2); we have

— 2— 2— —
VO™ fllg < IVl 1 fllrgy < G5 PIAVIE 1 f -
For q > n, by using (3.2),, and by recalling that r(q) = q if ¢ > n, we have
IV fllg < IV0I%P 11 fllg < G377 AP Fllg-
So, in both the cases,
_ 2— _
VO fllg < G PIAVIE PN flig)- (3.4)

Therefore, since the first term on the right-hand side of (3.3) obviously belongs to L(£2), there exists a unique u € W29(£2)
solving the Dirichlet problem (3.3).

It remains to show that u satisfies the estimate ||Aull; < R. We multiply both sides of Eq. (3.3) by —Au|Au|%2, and
integrate in £2. Note that (for details see the Appendix)

Il == |(Vv-VVv- Vo) - Au| < |Vv|* |D* v| |Aul. (3.5)
We get

/ |Aulfdy < 2~ p)/ ID*v] | Auf! dx+/ (i + VU P | Aul dx.

2 2 2

The Hélder inequality and the inequality (i + |Vv|)?™P < 14 |Vv|?>7P yield

I Aull < @ =PI D*vligl Auld™" + [ Fllgll Aulld™" + [IVVI* P fllqll Auld~, (3.6)
and, by dividing both sides by || Au||?~", one has

I Aullg < 2 —pID* vllg + [ fllg + 1IVVI* P fllq. (3.7)

Let us estimate the last term on the right-hand side of (3.7). Since v € K, one has

2-p
| AV < a7 (Ilfllé" + |If||ﬁ};§> . (38)
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Hence, from (3.4), by using (3.8) and

1
2— =1
A1 P W ey < Ifllg + WF Il gy s

one gets

1
1YV fllg < G377 a7 (nfnq + 2017, ) :

Therefore (3.7) becomes

1
lauly < (@=pGa+1+2¢7a) (Ilfllq + ||f||:’(q;), (3.9)

where we have appealed to (2.4). Finally from the definition of §, it readily follows that u € K. So, F(K) C K.
To end the proof of Theorem 3.1 it is sufficient to show the following result (which corresponds to point (ii) in
Theorem 3.2).

Proposition 3.1. Let v" — v weakly in W% 9, where v" € K. If u™ = F(v") are the solutions to the problem

" Vot Vvt . vyt
—Au" =2 —-p)
(1 + VotV

then there is a subsequence v™ of v" such that u™ = F(v™) — uinY = L9, where u = F(v).

Hf (e + IV, (3.10)

In the sequel we use the label (3.10), to mean that the sequences u" and v" are replaced by subsequences u' and v'
respectively. For instance we can denote identity (3.10) also by (3.10),.

Since u" € K, there is a subsequence u* and an element u € K such that u¥ — u weakly in W? 9 (since this space is
reflexive). In particular —A u* — —A u weakly in L9. Moreover, u¥ — u strongly in W*9, for each s < 2, hence u¥ — uin

Y =14
The proof is accomplished by showing that one can pass to the limit in (3.10),,, along subsequences u™ and v™, to obtain
Vv-VVu. Vo
—Au=p—-2)—————+f(n+|Vv)*P. (3.11)
(n~+ VD[V

To prove the proposition it is sufficient to consider the Eq. (3.10), and to show that there is a subsequence v™ of v* such that
each of the two terms in the right hand side of (3.10),, converge, in the distributional sense, to the corresponding terms in
Eq. (3.11). This verification would be quite immediate. However, we rather prefer to prove the convergence in a topology
stronger than the distributional one.

It is worth noting that below, on passing to the limit, the particular structure of the fractional term in the right hand side
of Eq. (3.10) has not a particular role. So, for clearness and also to simplify notation, we denote similar single terms by the
same notation, by setting

Aw) = (9 wy) (05 wy) ’
(1 + IVw])|[Vw|

and also 3% w = 8]-21 wy, for arbitrary vector fields w and indexes [, j, k, i. Clearly, we may appeal to successive extraction
of subsequences.

Lemma 3.3. There is a subsequence v™ of v* such that
AW™ = A®),
strongly in L, for each finite t > 1.

Proof. Since, in particular, v — vin W9 it follows, by a classical result, that almost everywhere convergence of the
gradient in £2 also holds, for some v™. So, A(v™) — A(v), a.e. in £2. Further, |A(w(x))| < 1, point-wisely. Hence

A" (X)) — A(wX)[" <2
The desired norm-convergence follows by appealing to Lebesgue’s dominated convergence theorem. 0O

Next, we prove that each of the two terms in the right hand side of (3.10),, converges to the corresponding termin Eq. (3.11).
We start by the first term. Each single addend has the form A(v™) 32 v™, where 3 w denotes an arbitrary, fixed, second order
derivative. We prove the following result.

Lemma 3.4. One has
AW™) 9% v™ —~ A(v) 3% v

weakly in L*, for each s < q.
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Proof. Set g = A(v), g™ = A(W™), h = 3?v,and h™ = 32 v™. Clearly, "™ — h weakly in LY. Moreover, by the previous
lemma, g™ — g strongly in L', t := ﬁ
Write

g"h" —gh=gh" —h)+ " —g)h", (3.12)
and let ¢ € L9 Since g(x) is bounded it follows that g ¢ € L9. So the quantity
(g™ —h), ¢)=((h" —h), g¢)

goes to zero as m — 0. This proves the weak convergence to zero, in L%, of the first term in the right hand side of (3.12).
On the other hand, by the Holder inequality,

g™ —g)h™lls < IIg" —gII:quS IR™ 13-
This proves the strong convergence to zero, in L*, of the second term in the right hand side of (3.12). In conclusion, the first
term in the right hand side of (3.10),, converges to the first term in the right hand side of (3.11). O
Finally, the convergence of the second term in the right hand side of (3.10),, to the corresponding term in (3.11) holds, since

2-p
P

l(w+[VO™* P — (u+ Vo> P < Vo™ — Vol

By the Cauchy-Schwarz inequality

2—p
up1

1f (e + VO = f(u+ IV oD)*Pllg < 1fllg IV 0™ = Vg,

and the right-hand side goes to zero thanks to the compact embedding of W2 9 in W4,
The solution u obviously satisfies (3.1),asu € K. O

4. Proof of Theorem 2.1. Thecase u = 0

In the previous step we have obtained estimates on the L7-norm of the second derivatives, uniformly in p, @ > 0.Let us
denote by u* the “sequence” of solutions of (1.1) for the different values of u© > 0. We have shown that the sequence u* is
uniformly bounded in W29(£2). Therefore, there exists a vector field u € W%9(£2) and a subsequence, which we continue
to denote by u*, such that u* — u weakly in W29(£2), and, by Rellich’s theorem, strongly in W1$(£2), for any s if ¢ > n,
and for s < q* if ¢ < n. In particular u* converges to u strongly in W1-?(£2). Let us prove that

/ |VulP2Vu - Vodx = lim / (1 + VU P2 VUl - Ve dx, (4.1)
2 2

n—0t

forany ¢ € Wol’p (£2). We write the integral on the right-hand side of (4.1) as

/ Lu + VUt P2 Vut — (u+ |Vu])P~2 V“} -Vodx+ / (1 + |Vul)’ =2 Vu - Vo dx, (42)
2 2

and we recall the following well known estimate (see, for instance, [23])
|A — B|
(i + Al + [B)>~P’

for any pair A and B in R"", where C is a positive constant independent of . By applying (4.3), followed by the Hélder
inequality, we get

(i + AP ™A — (u + BDP°B| < C

(4.3)

/ (u + [Vu|)P~2 Vu -V(pdx—/ (u + |Vu* P2 Vu* - Vo dx
2 2
§C/ (i + |Vu| + |[Vu* )P~ |Vu — Vuk| |[Vel|dx

Q

<c / IVu — Vu' P! |Vgldx < Cl|Vu* — VulE~! Ve, (4.4)
2

The second inequality in (4.4) easily comes from |Vu — Vu*| < |Vu| + |Vu*|. We may also appeal to [24], Lemma 6.3, that
can be particularly useful for extension to more general operators.
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The right-hand side of the last inequality tends to zero, as w goes to zero, thanks to the strong convergence of u* to u in
W1P(£2). On the other hand, since

| (e + [VuDP™ Vu - Vo < [Vl | Vg
and
(w+ |Vu)»2Vu — |VuP2Vu, ae.on$2,

we apply Lebesgue’s dominated convergence theorem to obtain

lim /(;L+|Vu|)p2Vu -Vedx = / |VulP~2 Vu - Vo.dx.
2 2

n—0t

The proof of (4.1) is accomplished.

Finally, for each i > 0, the right-hand side of (4.1) is equal to fgf - @ dx. So, u satisfies the integral identity (1.2). Hence
u is a weak solution of (1.1), and belongs to W21(£2). Eq. (2.12) follows since || u|,.4 < lim inf, o+ | u"l2,q.

Corollary 2.1 is an immediate consequence of Theorem 2.1, by using the regularity of the domain and the Sobolev
embedding.

The results in Corollary 2.2 can be obtained by replacing in the proof of Theorem 2.1, hence in the proof of Theorem 3.1,
the constant C, with the constant C;. The last assertion in Corollary 2.2 follows from the validity of (2.3), for a smooth convex
domain, with C; = 1. We omit further details.

5. The fixed point theorem. Proof and remarks

Theorem 3.2 is a simplification of an idea introduced in Ref. [25] to prove existence of strong solutions to initial boundary
value problems for non-linear systems of evolution equations, specially in Sobolev spaces. See Section 3, in the above
reference. Successively, the method has been applied with success to many other problems, in particular to the compressible
Euler equations (see [26]). Main requirements, in applications, are the reflexivity of the Banach space X, and its sufficiently
strong topology. Schauder’s fixed point theorem is applied with respect to a quite arbitrary “container space” Y. Roughly
speaking, the above two properties allow us to trivialize both compactness and continuity requirements, respectively. So,
to apply the theorem, the main point is to show that F(K) C K, for some convex, bounded, closed subset K.

Proof of Theorem 3.2. Obviously K is convex, bounded, and pre-compact in Y.

Let y, € K converge to some y in the Y norm. We start by showing that K is closed, hence compact, in Y, and that
the sequence y, — y weakly in X. Since K is X-bounded, and X is reflexive, there is a subsequence y,, which is X-weakly
convergent to some u € X. Since the immersion X C Y is continuous, y,, is also weakly convergent to u in Y. Since, by
assumption, this sequence is strongly convergent in Y to y, it follows that u = y. Further, since convex sets in Banach spaces
are weakly closed if and only if they are strongly closed, it follows that y € K. So, K is Y-closed. Further, from the uniqueness
of the limit y, we deduce that the whole sequence y, converges weakly in X to y.

Finally, to prove that F(y,) — F(y) strongly in Y it is sufficient to show, by using standard arguments, that any
subsequence y, contains a subsequence y,, such that F(y,,) — F(y) strongly in Y. Obviously, y, — y weakly in X. By
assumption (ii), there is a subsequence y,, such that F(y,;) — F(y) strongly in Y. This shows that the map F is continuous
on K with respect to the Y topology. So, Schauder’s fixed point theorem guarantees the existence of, at least, one fixed point

Yo €K,F(yo) =yo. O
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Appendix

We prove here the estimate (3.5). One has

(Auy) (85 vy) (B v (@5 ve) | |-
() ()

il i k

=




4354 H. Beirdo da Veiga, F. Crispo / Nonlinear Analysis 75 (2012) 4346-4354

By appealing to the Cauchy-Schwarz inequality one shows that
1< D (Aul 18 v) (19 v]13] vl)
il

aul > (18 v] 13 v])[87 vl

J.1

IA

IA

2
|Aul{ > 130?180 ) 1D vl.
J 1

IA

Eq. (3.5) follows.
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