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1. INTRODUCTION

In this paper we study three problems which are strictly interconnected and
ultimately related to Sard’s theorem: structure of the level sets of maps from
R? to R¥~!, weak Sard property of functions from R? to R, and locality of the
divergence operator. Some of the questions we consider originated from a PDE
problem studied in the companion paper [1]; they are however interesting in their
own right, and this paper is in fact largely independent of [1].

Structure of level sets. In case of maps f : R? — R4 ! of class C?, Sard’s
theorem (see [17], [12, Chapter 3, Theorem 1.3])! states that the set of critical
values of f, namely the image according to f of the critical set

S :={z: rank(Vf(z)) <d -1}, (1.1)

has (Lebesgue) measure zero. By the Implicit Function Theorem, this property
implies the following structure result: for a.e. y € R%~! the connected components
of the level set E, := f~1(y) are simple curves (of class C?).

For Sard’s theorem to hold, the regularity assumption on f can be variously
weakened, but in any case f must be at least twice differentiable in the Sobolev
sense.” However, a variant of the structure theorem holds even with lower regu-
larity: in Theorem 2.5, statement (iv), we show that if f : R> — R is Lipschitz,

1 For more general formulations see also [9, Theorem 3.4.3] and [6, 2, 3].
2For Sard’s Theorem for maps of class C1! see [2], for maps in the Sobolev class W?? see
[4, 5, 10]. The constructions in [19, 11] and [9, Section 3.4.4] give counterexamples to Sard’s
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then for a.e. y € R the connected components of F, are either simple curves or
consist of single points, and in statement (v) we show that the same holds if d > 3
and f:R? — R4 is a map of class C11/2,

Note that for d > 3 it is not enough to assume that f is Lipschitz: in Section 3
we construct examples of maps f : R — R9! of class C1 for every d > 3 and
a < 1/(d—1) such that for an open set of values y the level set E, contains a Y-
shaped subset, or triod (see Subsection 2.3 for a precise definition), and therefore
at least one connected component of F, is neither a point nor a simple curve.

Weak Sard property. Given a function f : R?> — R of class C?, consider
the measure p on R given by the push-forward according to f of the restriction
of Lebesgue measure to the critical set S defined in (1.1). The measure p is
supported on the set f(.S), which is negligible by Sard’s theorem, and therefore
1 is singular with respect to the Lebesgue measure on R:

wl Lt (1.2)

Formula (1.2) can be viewed as a weak version of Sard’s theorem, and holds under
the assumption that f is (locally) of class W21, cf. [1, Section 2.15(v)].

In Section 4 we prove that the last assumption is essentially optimal; more
precisely we construct a function f : R? — R of class C1® for every a < 1 (and
therefore also of class W5 for every # < 2 and p < +o0) such that (1.2) does
not hold.

We actually show that this function does not satisfy an even weaker version of
(1.2), called weak Sard property, where in the definition of u the critical set S is
replaced by SN E*, with E* the union of all connected components with positive
length of all level sets.

The relevance of the weak Sard property lies in the following result [1, Theo-
rem 4.7]: let b be a bounded divergence-free vector field on the plane, then the
continuity equation du+div (bu) = 0 admits a unique bounded solution for every
bounded initial datum wug if and only if the potential f associated to b, namely
the Lipschitz function that satisfies b = V£ ,? satisfies the weak Sard property.

Locality of the divergence operator. It is well-known that given a function u
on R which is (locally) of class W', the (distributional) gradient Vu vanishes
a.e. on every Borel set EF where u takes a.e. a constant value. This property is
summarized by saying that the gradient is strongly local for Sobolev functions;
it follows immediately that every first-order differential operator, including the
divergence, is strongly local for (first-order) Sobolev functions.

Theorem of class C1'® for every o < 1, and therefore also of class W?? for every 8 < 2 and
1<p< oo

3 Given a vector v = (v1,v2) we write v* = (—v2,v1) and v" := (va, —v1). Thus V* :=
(=02,01). If a vector field b is bounded and divergence-free then b’ is bounded and curl-free,
and therefore there exists a Lipschitz function f such that Vf =b", that is, V1f = b.
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It is then natural to ask whether first-order differential operators are strongly
local even on larger spaces.

In Section 5 we show that, somewhat surprisingly, the answer for the divergence
operator is negative,* and that in two dimensions this fact is strictly related to the
(lack of ) weak Sard property for Lipschitz functions (Remark 5.1). More precisely,
we construct a bounded vector field b on the plane whose (distributional) diver-
gence belongs to L°°, is non-trivial, and is supported in the set where b vanishes;
we then use b to construct another example of Lipschitz function f : R? — R
without the weak Sard property.

Acknowledgements. We thank Ludék Zajicek for pointing out reference [15]
and David Preiss for reference [16]. This work has been partially supported by
the italian Ministry of Education, University and Research (MIUR) through the
2006 PRIN Grant “Metodi variazionali nella teoria del trasporto ottimo di massa
e nella teoria geometrica della misura”’, and by the European Research Council
through the 2009 Starting Grant “Hyperbolic Systems of Conservation Laws:
singular limits, properties of solutions and control problems”.

2. STRUCTURE OF LEVEL SETS OF LIPSCHITZ MAPS

We begin by recalling some basic notation and definitions used through the
entire paper, more specific definitions will be introduced when needed.

2.1. Basic notation. Through the rest of this paper, sets and functions are
tacitly assumed to be Borel measurable, and measures are always defined on the
appropriate Borel o-algebra.

We write a A b and a V b respectively for the minimum and the maximum of
the real numbers a, b.”

Given a subset E of a metric space X, we write 15 : X — {0,1} for the
characteristic function of E, Int(E) for the the interior of F, and, for every
r > 0, 4. F for the closed r-neighbourhood of E, that is,

SE:={z e X: dist(z,E) <r}.

The class .# (X)) of all non-empty, closed subsets of X is endowed with the Haus-
dorff distance

dy(C,C") :==inf {r € [0,400] : CC 4C', C'C 4C}. (2.1)

A function (or a map) defined on a closed set E in RY is of class C* if it admits
an extension of class C* to some open neighbourhood of E, and is of class C*®

4This answers in the negative a question raised by L. Ambrosio; a simpler but less explicit
example has been constructed by C. De Lellis and B. Kirchheim.

5The symbol A is sometimes used for the exterior product; the difference is clear from the
context.
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with 0 < o < 1 if it is of class CF and the k-th derivative is Holder continuous
with exponent a.

Given a measure y on X and a positive function p on X we denote by p- p the
measure on X defined by [p- pu](A) := [, pdp. Hence 1g -y is the restriction of
1 to the set E.

Given a map f : X — X’ and a measure p on X, the push-forward of
according to f is the measure fyu on X' defined by [fxul(A) := u(f~(A)) for
every Borel set A contained in X’.

As usual, .Z¢ is the Lebesgue measure on R? while #? the d-dimensional
Hausdorff measure on every metric space — the usual d-dimensional volume for
subsets of d-dimensional surfaces of class C'! in some Euclidean space. The length
of aset E is just the 1-dimensional Hausdorff measure 5! (E). When the measure
is not specified, it is assumed to be the Lebesgue measure.

A set E in R? is k-rectifiable if it can be covered, except for an #*-negligible
subset, by countably many k-dimensional surfaces of class C.

2.2. Curves. A curve in R? is the image C' of a continuous, non-constant path
7 : [a,b] — R? (the parametrization of C'); thus C is a compact connected set
that contains infinitely many points. We say that C is simple if it admits a
parametrization v that is injective, closed if ~ satisfies y(a) = v(b); and closed
and simple if vy(a) = v(b) and ~ is injective on [a,b).

If v is a parametrization of C of class Wbl then s#1(C) < ||§||; and the
equality holds whenever ~ is injective. Moreover it is always possible to find
a strictly increasing function o : [a’,b'] — [a,b] such that v o ¢ is a Lipschitz
parametrization which satisfies [(yo o)/ | =1 a.e..

For closed curves, it is sometimes convenient to identify the end points of the
domain [a,b]. This quotient space is denoted by [a,b]*, and endowed with the
distance

d(z,y) = |z =y A (b—a—lz—yl). (2.2)

A set E in R? is path-connected if every couple of points z,y € E can be joined
by a curve contained in E (that is, x,y agree with the end points y(a),y(b) of
the curve).

2.3. Triods. A (simple) triod in R? is any set Y given by the union of three
curves with only one end point ¢ in common, which we call center of Y. More
precisely

Y=CiuCyuC(C}s

where each C; is a curve in R? parametrized by ~; : [a;, b;] — C; and v;(a;) = v,
and the sets 7;((a;, b;]) are pairwise disjoint.

2.4. Lipschitz maps. Through this section d, k are positive integers such that
0 < k < d, and f is a Lipschitz map from (a subset of) R? to R4~*; we denote
by fi,i=1,...,d — k, the components of f.
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For every y € R4 we denote by E, := f~!(y) the corresponding level set of f,
and by %, the family of all connected components C of E, such that s#*(C) > 0;°
Ey is the union of all C'in 6, and E* is the union of all £ with y € R¥%. Both
E, and E* are Borel sets (Proposition 6.1).

By Rademacher’s theorem f is differentiable at almost every point, and at such
points we define the Jacobian

J = [det(V f - VIf)]/2.

We denote by S the set of all points 2 € R? where either f is not differentiable
or J(z) = 0; note that J(x) # 0 if and only if the matrix V f(z) has rank d — k.

If k¥ =1and x ¢ S then there exists a unique unit vector 7 = 7(z) such
that 7 is orthogonal to V f; for every i and the sequence (V f1,...,Vfs_1,7) is a
positively oriented basis of R%.”

We can now state the main result of this section. Statements (i) and (ii) are
immediate consequences of the coarea formula and have been included for the
sake of clearness. For d = 2 and k = 1, a variant of statement (iii) was proved
in [16, Section 11] under the more general assumption that f is a continuous
BV function. Even though we could not find statement (iv) elsewhere, the key
observation behind its proof — namely that for a continuous function on the plane
only countably many level sets contain triods — is well-known.

2.5. Theorem. Let f : R? — R¥* be a Lipschitz map with compact support. In
the notation of the previous subsections, the following statements hold for almost
every y € RIF:
(i) the level set Ey is k-rectifiable and S*(E,) < 4o00;
(ii) s%(E, N S) = 0, which means that for #*-a.e. v € E, the map f is
differentiable at x and the matriz V f(x) has rank d — k; moreover the
kernel of this matriz is the tangent space to Ey at x;

(iil) the family 6, is countable and H#*(E, \ Ey) =0;

(iv) for k=1 and d = 2 every connected component C' of E, is either a point
or a closed simple curve with a Lipschitz parametrization v : [a,b]* — C
which is injective and satisfies y(t) ¢ S and §(t) = 7(v(t)) for a.e. t;

(v) the result in the previous statement can be extended to k =1 and d > 3
provided that f is of class C11/2,

2.6. Remark. (i) The assumption that f is defined on R? and has compact
support was made for the sake of simplicity. Under more general assumptions,
the results on the local properties of generic level sets (rectifiability and so on)

6Since the length of a connected set is larger than its diameter, for k = 1 the connected
components in %y are just those that contain more than one point.
"Ifd =2 and k = 1 then J = |V f| and 7 is the counter-clockwise rotation by 90° of V f/|V f].
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are clearly the same, while the results concerning the global structure (notably
statement (iv)) require some obvious modifications.

(ii) In statement (iv), the possibility that some connected components of E,,
are points cannot be ruled out. Indeed, for every a < 1, there are functions
f : R? = R of class C1* such that the set E,\ E;, — namely the union of all
connected components of E; which consist of single points — is not empty for an
interval of values y.%

(iii) In Section 3 we show that for every d > 3 and every o < 1/(d — 1) there
exist maps f : R? — RZ7! of class O such that the level set E, contains a
triod (cf. Subsection 2.3) for an open set of values y, and therefore its connected
components cannot be just points or simple curves. This shows that the exponent
1/2 in the assumption f € C1/2 in statement (v) is optimal for d = 3. However
we believe that the exponent 1/2 is not optimal for d > 4.

(iv) The fact that a connected component of E,, is a simple curve with Lipschitz
parametrization (statement (iv)) does not imply that it can be locally represented
as the graph of a Lipschitz function: there exist functions f on the plane of class
C1® with o < 1 such that every level set contains a cusp.

(v) Even knowing that a connected component of E, is a simple curve, the
existence of a parametrization whose velocity field agrees a.e. with 7 (cf. state-
ment (iv)) is not as immediate as it may look, because 7 and E,, lack almost any
regularity. Our proof relies on the fact that generic level sets of Lipschitz maps
can be endowed with the structure of rectifiable currents without boundary.

(vi) One might wonder if something similar to statement (iv) holds at least
for functions f : R — R with d > 2. As shown below, the key points in the
proof of statement (iv) are that a family of pairwise disjoint triods in the plane is
countable, and that a connected set in the plane with finite length which contains
no triods is a simple curve. A natural generalization of the notion of triod could
be the following: a connected, compact set E in R is a d-triod with center y if,
for every open ball B which contains y, the set B\ E has at least three connected
components which intersect 0B. However, even if it is still true that a family
of pairwise disjoint d-triods in R¢ is countable, very little can be said on the
topological structure of d-triod-free connected sets with finite .74~ measure.

The rest of this section is devoted to the proof of Theorem 2.5.

2.7. Coarea formula. The coarea formula (see e.g. [9, Section 3.2.11], [14, Corol-
lary 5.2.6], or [18, Section 10]) states that for every Lipschitz map f : R? — R4

8Simple examples can be obtained by modifying the construction in [11]. Moreover, since
the level sets E, of any continuous function contain isolated points only for countably many y,
it turns out that F, \ E; has the cardinality of continuum for a set of positive measure of y.
An example of Lipschitz function on the plane such that the set E, \ Ej has the cardinality of
continuum for a.e. y is also given in [13].
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and every positive Borel function ¢ : R — [0, +o00] there holds

¢Jd.$d=/

Rd—k

. [ . ¢d%k} A2k ) (2.3)

(quite obviously, (2.3) holds even for real-valued functions ¢ provided that the
integral at the left-hand side makes sense, e.g., for ¢ € L'(R%)).
The coarea formula has two immediate consequences:

(i) Let ¢ be the constant function 1: if f has compact support then the integral
at the left-hand side of (2.3) is finite, and therefore J#*(E,), which is the value
of the integral between square brackets at the right-hand side, is finite for a.e. y €
RI-F,

(ii) If ¢ is the characteristic function of the set S defined in Subsection 2.4, then
identity (2.3) implies that for a.e. y € R4"* there holds s#*(E, N S) = 0. This
means that for ##*-a.e. * € E, the map f is differentiable at z and J(z) # 0,
that is, V f(z) has rank d — k. Hence E, admits a k-dimensional tangent space at
x, namely the kernel of the matrix V f(z). This implies that E), is k-rectifiable,
cf. [9, Theorem 3.2.15] or [18, Theorem 10.4].

PROOF OF STATEMENTS (i) AND (ii) OF THEOREM 2.5. These statements are in-
cluded in Subsection 2.7. O

Statement (iii) of Theorem 2.5 will be obtained as a corollary of Lemmas 2.11,
2.12, and 2.13. In the next three subsections we recall some definitions and a few
results that will be used in the proofs of these lemmas.

2.8. Connected components. We recall here some basic facts about the con-
nected components of a set F in R?, or more generally in a metric space X; for
more details see for instance [7, Chapter 6].

A connected component of E is any element of the class of connected subsets
of E which is maximal with respect to inclusion. The connected components of
FE are pairwise disjoint, closed in F/, and cover F.

Assume now that E is compact. Then each connected component C' agrees
with the intersection of all subsets of F that are closed and open in E and contain
C' [7, Theorem 6.1.23].

Every set which is open and closed in E can be written as U N E where U
is an open subset of X such that OU N E = @.” Hence C is the intersection of
the closures of all open sets U which contain C' and satisfy OU N E = @. There-
fore, under the further assumption that X is second countable (or, equivalently,

91f D is open and closed in E, then D and E \ D are disjoint and closed in X, and since X
is a normal space there exist disjoint open sets U, V such that D C U and E\ D C V; it is then
easy to check that U meets all requirements.
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separable), we can find a decreasing sequence U, of such sets, the intersection of
whose closures is still C.'"

2.9. Rectifiable currents. We recall here some basic definitions about currents;
for further details see for instance cite[Chapter 7]KP or [18, Chapter 6].

A k-dimensional current on RY is a linear functional on the space of k-forms on
RY of class C2°. The boundary of a k-current T is the (k — 1)-dimensional current
OT defined by (0T;w) := (T;dw), where dw is the exterior derivative of w. The
mass of T', denoted by M(T), is the supremum of (T';w) among all k-forms w
that satisfy |w| < 1 everywhere; M is clearly a norm on the space of currents with
finite mass.

Let E be a k-rectifiable set in R%. An orientation of E is a map ¢ that associates
to s *-a.e. x in FE a unit, simple k-vector that spans the approximate tangent
space to F at x; a multiplicity is any integer-valued function m on E which is
locally summable with respect to #%. To every choice of E,(,m is canonically
associated the k-dimensional current [E, ¢, m] defined by

(B.Cmlw) = [ (wig)mdot
E
for every k-form w of class C>° on R?. Hence the mass of [E,(,m] is equal to
J Im] ds*. Currents of this type are called rectifiable.'!

2.10. Current structure of level sets. Take S as in Subsection 2.4. For every
x € R?\ S the kernel of the matrix Vf has dimension k, and therefore we can
choose an orthonormal basis {71, ..., 7} such that (Vfi,...,Vfo_k,71,...,7%) IS
a positively oriented basis of R%; we denote by 7 the simple k-vector 71 A- - - A7,. 12
Statement (ii) in Subsection 2.7 shows that for a.e. y the k-vector field 7 defines
an orientation of ;. We denote by T}, the k-dimensional current associated with
the set E,, the orientation 7, and constant multiplicity 1, that is, T}, := [E,, 7, 1].
The essential fact about the current 7T}, is that its boundary vanishes for a.e. y,
that is
(0Ty; w) = (Ty; dw) = / (dw;T) dA* =0 (2.4)
Ey

for every (k — 1)-form w of class C>° on R,

10Recall that in a second countable space every family % of closed sets admits a countable
subfamily .#’ such that the intersection of .#’ and the intersection of .Z agree.

11Examples of k-dimensional rectifiable currents are obtained by taking a k-dimensional
oriented surface E of class C', endowed with constant multiplicity 1. In this case the mass
agrees with the k-dimensional volume of F, and the boundary of E in the sense of currents
agrees with the (k — 1)-dimensional current associated to the usual boundary 0F, endowed with
the canonical orientation and constant multiplicity 1.

12 Note that 7 is is uniquely determined by the assumptions on 7,...,7k, and for k = 1 it
agrees with the vector defined in Subsection 2.4.
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The proof goes as follows: the currents T}, are the slices according to the map
f of the d-dimensional rectifiable current T := [R?, ¢, 1], where ¢ is the canonical
orientation of R%. In general, the boundaries of the slices T, agree with the slices
of the boundary 9T for a.e. y (see [9, Section 4.3.1]), and since in this particular
case 0T = 0, then 0T, = 0 for a.e. y.

2.11. Lemma. Let T := [E,(,m| be a rectifiable k-current in R?, and let T' :=
[ENA,¢,m] where A is a set in RY. If 0T = 0 and the boundary of A does not
intersect the closure of E, then 0T = 0.

PROOF. Since AN E = @, the sets EN A and E \ A have disjoint closures,
and we can find a smooth function o : R? — [0, 1] that is equal to 1 on some
neighbourhood of E'N A, and to 0 on some neighbourhood of E \ A. Then for
every form w there holds

(0T"; w) = (T"; dw) = (T; 0 dw) = (T; 0 dw + do A w)
= (T;d(ow)) = (0T;0w) =0

(the second identity follows by the definition of 7" and the fact that ¢ = 1 on
ENnAand o=0on E\ A. The third identity follows by the fact that do = 0 on
E). O

2.12. Lemma. Let T := [E, (, m] be a rectifiable k-current in R? with E bounded,
and let T' ;= [ENC, {, m] where C is a connected component of the closure of E.
If 0T = 0 then 0T’ = 0.

PROOF. Since C is a connected component of E, we can find a decreasing se-
quence of open sets U,, such that the intersection is C' and OU,, N E = & for every
n (see Subsection 2.8). We set T, := [E N Uy, (, m]. Hence Lemma 2.11 implies
0T, = 0, and since T}, converge to T" in the mass norm, then 97T, converge to
0T’ in the weak topology of currents, and therefore 97" = 0. O

2.13. Lemma. Let E, be a level set of f such that S*(E,) < +oo and the
associated current Ty is well-defined and has no boundary (cf. Subsection 2.10).
Then A*(E, \ E}) = 0.

PROOF. Set B := E, \ E}, fix § > 0, and take an open set A; such that B C A
and
AF(B, N As) < A%(B)+6.

Recall that B is the union of the connected components of E, which are 7 ke
negligible. For every such connected component C', we can find an open neigh-
bourhood U such that C C U C A, #*(E,NU) < 4§, and U NE, = &
(see Subsection 2.8). From such family of neighbourhoods we extract a countable
subfamily {U,} that covers B, and set V;, := U, \ (U1 U---UU,_1) for every
n. The sets V,, are pairwise disjoint and cover B, and one easily checks that
oV, N B, = @ for every n.
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We then set T), := [E, NV, 7,1]. Thus the sum ) T, agrees with the current
Ts := [EyN Vs, 7,1] where Vj is the union of the sets V;,. Moreover the properties
of U, and V,, yield M(T},) = #*(E, NV,,) < s*(E,NU,) < § and 9T, = 0
(apply Lemma 2.11). Thus the isoperimetric theorem (see , [14, Theorem 7.9.1],
[18, Theorem 30.1]) yields T}, = 05, for some rectifiable (k 4 1)-current S,, that
satisfies

M(S,,) < e[M(T,)]"HVE < eM(T,,) 6% = e % (B, 0 V;,) 6Y/F

where ¢ is a constant that depends only on d and k. Since the flat norm'® of T,
satisfies F(T,,) < M(S,,), the previous inequality yields

F(T,) < c (B, 0 V;,) 6YF .

Taking the sum over all n we obtain F(Ts) < c#*(E,) 5%, and therefore Ty
tends to 0 with respect to the flat norm as § — 0.

On the other hand, the inclusions B C V5 C As and the choice of As imply
A% ((EyNVs)\ B) < 6. Hence Ty = [E,NVj,T,1] converge to the current [B, 7, 1]
with respect to the norm M, and therefore also with respect to the flat norm F
as § — 0. Thus [B, 7, 1] must be equal to 0, which means that /#*(B) =0. O

PROOF OF STATEMENT (iii) OF THEOREM 2.5. Let A be the set of all y such
that statements (i) and (ii) of Theorem 2.5 hold and T} := [Ey,7,1] is a well-
defined current without boundary (cf. Subsection 2.10). Then A has full measure
in R%* and we claim that statement (iii) holds for every y € A. Indeed, the
elements of 6, are pairwise disjoint subsets of F, with positive ¢’ k_measure, and
since J#*(E,) is finite, %, must be countable. Moreover J#*(E, \ E;) = 0 by
Lemma 2.13. U

Next we give some lemmas used in the proof of statements (iv) and (v) of
Theorem 2.5.

2.14. Lemma. Let T := [C,(,1] be a 1-dimensional rectifiable current in R?,
where C' is a curve with Lipschitz parametrization 7 : [a,b] — C such that |y| =
1 a.e. Assume that 0T =0 and C is simple. Then

(i) C is closed;
(ii) either o~y =4 a.e. in [a,b] or oy = —% a.e. in [a,b].
PRrROOF. Step 1. Since ((v(t)) and *(¢) are parallel unit vectors for a.e. ¢, there

exists o : [a,b] — {£1} such that {(y(t)) = o(t) §(t) for a.e. t. Since + is injective
at least on [a,b), the assumption 0T = 0 can be re-written as

b
_ : 1_ o e 1
0—/C<d¢,<>d% —/a (déoni3) o ds

13 Here the flat norm F(T') of a current T with compact support is the infimum of M(R)+M(S)
over all possible currents R, S such that T'= R 4 955, cf. [9, Section 4.1.12].
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for every function (0O-form) ¢ on R? of class C2°. Since (dé o 7;+) is the (distri-
butional) derivative of ¢ oy, we obtain that

b
o:/ podL? (2.5)

for every test function ¢ : [a,b] — R of the form ¢ = ¢ o v where ¢ is a function
on R of class C°.

Step 2: proof of statement (i). Assume by contradiction that 7 is injective
on [a,b], that is, C' is simple but not closed. Then Corollary 7.4 implies that
equality (2.5) holds for all Lipschitz functions ¢ : [a,b] — R, and this allows us
to conclude that o = 0 a.e., in contradiction with the fact that ¢ = 41 a.e.

Step 3: proof of statement (ii). Since C is simple, the parametrization 7 is
injective on the interval with identified end points [a,b]* (cf. Subsection 2.2),
and then Corollary 7.4 yields that (2.5) holds for all Lipschitz functions ¢ :
[a,b] — R such that ¢(a) = ¢(b). This implies that the distributional derivative
of o vanishes, and therefore either 0 = 1 a.e. or ¢ = —1 a.e., and the proof is
concluded. O

2.15. Lemma. Let .# be a family of pairwise disjoint triods in R%2. Then F is
countable.

The above lemma has been proved in [15, Theorem 1]. For reader’s conve-
nience, we give a self-contained proof of this result in Section 8.

2.16. Lemma. Given a map f : R® — R the following statements hold:

(i) if d = 2, then the level set E, contains no triods for all y € R except
countably many;™*

(ii) if d > 3 and f is of class C™1/2, then the level set E, contains no triods
for a.e. y € R1,

PROOF. Since the level sets of any map are pairwise disjoint, statement (i) follows
immediately from Lemma 2.15.
We prove statement (ii) by reduction to the case d = 2. Consider the open set

U:={zeR’: rank(Vf(z)) >d—2}.

Since f is of class C11/2, a refined version of Sard theorem [2, Theorem 2] shows
that the level set E, is contained in U for a.e. y € R4 and therefore it is
sufficient to prove statement (ii) for the restriction of f to U.

Now, by applying the Implicit Function Theorem to y = f(z), we can cover U
by open sets V' where d — 2 of the variables x; can be written in terms of d — 2
of the variables y;; in other words, for every such V there exist an open set W in

14 Note that f does not need to be Lipschitz, and not even continuous.
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(b) x=ybo) Wt =¥t ()
\ a

o y(ab)
— — — W([to:bol)
y(b) Bt

F1GURE 1. Construction of triods in the proof of Lemma 2.17.

R?, a diffeomorphism ¢ : W — V of class C', and a map ¢ : W — R such that,
after a suitable re-numbering of the variables,

fo(t) = (t1,...,tq_2,9(t)) forallte W.

Then it suffices to prove statement (ii) for the map fi=fou.

Let N be the set of all y € R4! such that the level set Ey of f contains a
triod, and for every ¥ = (y1,...,ya—2) € R¥2 let Ny be the set of all y” € R
such that (y’,3”) € N. Then statement (i) shows that N,/ is countable for every
y', and therefore Fubini’s Theorem implies that N is negligible. (]

2.17. Lemma. Let E be a closed, connected set in R® with finite, strictly positive
length. If E contains no triods, then it is a simple curve, possibly closed. More
precisely, there exists a Lipschitz parametrization v : [a,b] — E which is either
injective on [a,b] or satisfies y(a) = v(b) and is injective on [a,b).

PRrROOF. Step 1. Recall the following well-known fact: a connected closed set E
with finite length is connected by simple curves. More precisely, for every x,y in
E there exists an injective map ~ : [a,b] — E such that v(a) = z, v(b) = y, and
« is 1-Lipschitz, that is, it has Lipschitz constant at most 1 (see for instance [8,
Lemma 3.12]).

Step 2. Let .7 be the family of all 1-Lipschitz maps v : [a,b] — E (the domain
[a,b] may vary with ~) that are injective on (a,b). We order .# by inclusion of
graphs, that is, v1 < 72 if [a1,b1] C [a2,b2] and v1 = 2 on [a1, b1]. One easily
checks that .# admits a maximal element v : [a,b] — E. In the next steps we
show that this is the parametrization we are looking for.

Step 3: either v is injective on [a,b] or satisfies y(a) = v(b) and is injective on
[a,b). Since +y is injective on (a, b), it suffices to show that for every ¢ € (a, b) there
holds v(t) # v(a),v(b). Assume by contradiction that v(t) = 7(a) for some ¢, and
take a positive ¢ such that a +20 <t < b— 9. Then, contrary to the assumptions
of the statement, E contains the triod with center y := 7v(a) = ~v(t) given by
the union of the following three curves: Cy := ~v([a,a + d]), Ca := ([t — 4,1]),
Cs = ~([t,t + 0]) (see Figure 1(a)).
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Step 4: the image of v is E. Assume by contradiction that there exists x €
E\~([a,b]). By Step 1 there exists an injective 1-Lipschitz map 7o : [ag, bo] — E
such that ~vy(by) = = and 7g(ag) is some point in ~([a,b]). Now, let ty be the
largest of all ¢t € [ag, bo] such that vo(t) € v([a,b]) and take t; € [a,b] so that
Y(t1) = y0(to)-

If «y is injective on [a,b] — the other case is similar — we derive a contradiction
in each of the following cases: i) t; = b, ii) t; = a, iii) a < t; < b. If t; = b,
we extend the map v by setting v(t) := vo(t — b+ to) for all ¢t € [b, b+ by — to];
one easily checks that the extended map belongs to .#, in contradiction with
the maximality of v. A similar contradiction is obtained if t; = a. Finally, if
a < t; < b then E contains the triod with center y := 7(t1) = vo(tp) given
by the union of the following three curves: C; := vo([to, bo]), Co := v([a,t1]),
Cs3 := y([t1,b]) — see Figure 1(b). O

PROOF OF STATEMENTS (iv) AND (v) OF THEOREM 2.5. Let d = 2 or d > 3
and f be of class C11/2. Then for ae. y € R4 ! the level set E, has finite
length (Subsection 2.7) and contains no triods (Lemma 2.16), and the associ-

ated current T, := [E,, 7, 1] is well-defined, rectifiable, and without boundary
(Subsection 2.10). In particular the tangent vector 7 is defined at .7#!-a.e. point
of E,.

For every such y, let C be a connected component of F, which is not a point.
Since C' contains no triods, Lemma 2.17 implies that C' is a simple curve with
a Lipschitz parametrization 7, and we can further assume that || = 1 a.e. The
latter assumption implies that 7 is defined at ~y(t) for a.e. t.

By Lemma 2.12 the current 77 := [C,,1] has no boundary, and therefore
Lemma 2.14 implies that C' is a closed curve such that either 7 oy = 4 a.e. or
T oy = —%¥ a.e.; in the latter case we replace v(t) by v(—t), and the proof is
concluded. (]

3. EXAMPLES OF MAPS WITH NO TRIOD-FREE LEVEL SETS

In this section we show that the assumption that f is of class C11/2 in state-
ment (v) of Theorem 2.5 cannot be dropped. More precisely, given d > 3 and
a < 1/(d — 1), we construct a map f of class C** from R? to a cube Qg in
R?~1 such that every level set contains a triod,'” and therefore at least one of its
connected components is neither a point nor a simple curve (Proposition 3.7(iii)).

This example shows that the Holder exponent 1/2 in Theorem 2.6(v) is optimal
for d = 3. As pointed out in Remark 2.6(iii), we believe the the optimal Holder

15 At first glance, this claim seems to contradict the fact that a generic level set of a Lipschitz
map is a rectifiable current with multiplicity 1 and no boundary (cf. Subsection 2.10). It is not
S0, since we do not claim that the level set coincides with the triod in a neighbourhood of the
center of the triod.
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@ (b)

FIGURE 2. The components of the level sets £, and Ej starting
from the points z; and Z; (j = 1,2, 3) after the first step of the
construction (a), and at the end (b).

exponent for d > 3 is the one suggested by this example, namely 1/(d — 1), and
not 1/2.

3.1. Idea of the construction. Assume for simplicity that d = 3. The strategy
for the construction of f is roughly the following: we divide the target square Qg
in a certain number N of sub-squares @); with side-length p, then we define f on
a cube Cp minus N disjoint sub-cubes C; with side-length r, so that the following
key property holds: for every y € Qg the level set f~!(y) contains three disjoint
curves connecting three points x1, x2, x3 on the boundary of Cy with three points
on the boundary of the cube C;, where i is chosen so that y belongs to @Q;, see
Figure 2(a).!°

In the second step we replicate this construction within each Cj, so that f takes
values in Q;, is defined outside N sub-cubes with side-length 72, and now f~!(y)
contains disjoint curves connecting x1, x2, x3 to three points on the boundary of
one of these smaller cubes. And so on ...

As one can see from Figure 2(b), in the end each level set E, will contain
three disjoint curves connecting x1,rs, 3 to the same point, which means that
E, contains a triod (cf. Subsection 2.3).

Note that in the (n + 1)-th step we define f on each one of the N™ cubes
with side-length ™ left over from the previous step minus N sub-cubes with side-
length 7"*1, so that each cube is mapped in a sub-square of Qg with side-length
p". Thus the oscillation of f on this cube is p”, and this is enough to guarantee
that in the end the map f is continuous. As we shall see, if things are carefully
arranged, f turns out to be of class Ch*.

3.2. Notation. We denote the points in R? by =z = (2/,74) with 2/ :=
(x1,...,24-1), and the points in R~ by the letter y. For every zyp € R? and

16 This is the only part of this construction that requires more than two dimensions: as one
can easily see in Figure 2, in two dimensions the joining curves for different values of y would
necessarily intersect, in contradiction with the fact that they are contained in different level sets.
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every £ > 0, we denote by C(xzg,¢) the closed cube in R? with center xq and
side-length ¢ given by
¢ ¢
C(J}o,g) =0+ [ 0% 2:| .
We denote by Q(yo,) the closed cube in R?~! similarly defined.

Through this section we reserve the letter C' for d-dimensional closed cubes in
R of the form C(zg,¢), and the letter @ for the (d — 1)-dimensional closed cubes
in R%! or in R? with axes parallel to the coordinate axes. With the case d = 3
in mind, we often refer to the former ones simply as “cubes” and to the latter
ones as “squares”.

We set

11

1 1791
272 ’

oo =[5 @=aon=[};]

and for every cube C' = C(zq,¥) we denote by gc the homothety on R? which
maps Cj into C, that is,

go(x) ==z + Lz for all z € R%
Similarly, for every square @ = Q(yo, {) we set

ho(y) ==yo+ ¢y forallye R,

3.3. A complete norm for C*®, Given a real or vector-valued map f defined
on a subset E of R and a € (0,1], the homogeneous Hélder (semi-) norm of
exponent « of f is

._ |f(z) — f(y)]
1o == f;lepE Tyl (3.1)
7Y

Let be given an open set A in R%, a point xg € A, and an integer k£ > 0. Among
the many (equivalent) complete norms on the space C**(A), the following is
particularly convenient:

k
flloma = IV Fllcoa + > [V f (o)l (3.2)

h=0

The following interpolation inequality will be useful: if E is a convex set with
non-empty interior and f is of class C! then "

1o <2l IV - (3-3)

1714 suffices to estimate the numerator |f(z) — f(y)| at the right-hand side of (3.1) by 2||f||so
when |z — y| > || fll|IVflla, and by ||V f|le |z — y| otherwise.
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3.4. Construction of C;, Q;, g;, h;. For the rest of this section we fix a positive
real number « such that

1
_ A4
a<o— (3.4)

We also fix an integer N > 1 which is both a d-th and a (d — 1)-th power of
integers, e.g., N = 244=1_ Since N is a (d — 1)-th power of an integer, we can
cover the (d — 1)-dimensional square Qo by N squares @); with pairwise disjoint
interiors and side-length p := N~1/(@=1)_Since N is the d-th power of an integer,
for every positive real number r such that

r< N4 (3.5)
we can find N pairwise disjoint cubes C; with side-length r contained in the
interior of Cy. For every i =1,..., N we set

gi =gc,, hi:=hq,
(thus g; and h; are homotheties with scaling factors r and p, respectively).
For the rest of this section we fix r so that it satisfies (3.5) and
p<rite, (3.6)
This assumption is compatible with (3.5) because the upper bound on « and the
definition of p imply p < (N~Yd)ye+L,
Finally, we define the open set

A:=Int(Cp \ (C1U---UCN)).

3.5. Construction of f;. We construct a map fo : R? — Qg with the following
properties:
(i) fo is of class C? and has compact support;
(ii) fo agrees with h; o fyo gl._l on a neighbourhood of 9C; for i =1,..., N;
(ili) there exists three pairwise disjoint sets G; contained in 9Cj such that the
following holds: for every i = 1,..., N and every y € @; both f;'(y) N
Gj and f Yy)n 9i(G;) consist of single points, denoted by x; and a:;
respectively, and there exist pairwise disjoint curves joining x; and :c;
and contained in f; L(y) N A except for the end points, cf. Figure 2(a).
The construction of fy is divided in three steps.
Step 1. For j = 1,2,3 we define G; := Q} x {1/2} where Q},Q5, Q3 are
pairwise disjoint squares contained in QQg. Then we choose € > 0 so that
(a) the e-neighbourhoods £ G with j = 1,2, 3 are pairwise disjoint;
(b) A£(0Ch) and %.(0C;) are disjoint for ¢ =1,..., N (see Figure 3(a)).
Then we set
fo(z) == hégl (z) for every x € LG,

and take an arbitrary smooth extension of fy to the rest of .Z(9Cy).
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@ (b)
T MG L
1 - 0,(Gy) %(0Cy); 0:(Gy) H,j
X' | 13 '/?5 (aci) H
—G ;O (G) 1,3
oC jr i\
2 o %(Gy) _Gis
3 ] Go3
= | “Hays
X3 0Co %£(9Co) 0C, '

FIGURE 3. Sets involved in the construction of fo on F; (N = 2):
contrary to what appears on the right, in dimension larger than
two the sets H;; do not overlap.

Step 2. We define fj on the sets .%..(0C;) withi = 1,..., N so that property (ii)

above is satisfied, that is, fo := h; o fy0g; .18

Step 8. So far the map fy has been defined on a neighbourhood of the union of
0C; with i = 0,..., N. Now we extend it to the rest of R? so that property (iii)
above is satisfied.

Let y € Q; be fixed: by Step 1 there exists a unique point in G, denoted by
x(y), such that f(x;(y)) =y, and by Step 2 there exists a unique point x; (y) in
9i(G;) such that f(z(y)) = .

Roughly speaking, the idea is to choose for all y € (g and all j = 1,2,3
pairwise disjoint curves joining x;(y) and ZL‘; (y) and contained in A except the
end points, and then set fy := y on each curve. However, in order to get a smooth
map we need a careful construction. For every j =1,2,3 and everyi=1,..., N,
the sets

Gij =GN [ Qi)
are squares with pairwise disjoint interiors of the form @, x {1/2} which cover
G, while the sets g;(G;) are pairwise disjoint squares contained in 0C; that can
be written as @;; x {s;} for suitable s;.

Therefore we can find closed sets H;;, with pairwise disjoint interiors and
contained in the closure of A, and diffeomorphisms

\I’ij : QQ X [0, 1] — Hz'j

which map Qo x {0} onto g;(G;), and Qo x {1} onto Gjj, see Figure 3(b), and
more precisely

\Ijij (CL‘,, t) = {

(hQ;/j ('),s;+t)  for 2’ € Qo, t € [0,r¢]
(hQ;j(aj’),t —1/2) fora’ € Qp, t €[l —eg,1].

18 This definition is well-posed because the sets .7 (8Co) and % (0C;) are pairwise disjoint.
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By Step 1 and Step 2, the map fy is already defined on the points of H;; of the
form W;;(2’,t) with 2’ € Qo and ¢t € [0,re] U[1 — ¢, 1], and satisfies
fo(Wij(a', 1)) = h; ' (a”) .

Then we extend fy to the rest of H;; just by setting fo(¥y;(2/,t)) := h; *(2') for
every ' € Qo and every t € [0, 1].

Finally we take an arbitrary extension with compact support of fy to the rest
of R

3.6. Construction of f,. We denote by J the set of indexes {1,..., N}, and

for every n = 2,3,... and every i = (i1,...,4,) € J" we define
9i = 9in ©Gin_1° 90, Ci:=gi(Co) (3.7)
hi := hi, o h,_, o---0oh;y, Qi := hi(Qo)
and
Ay =R%\ < U Ci>.
ieJn
For every n = 1,2, ... we define the map f, : R* — Qo by the recursive relation

fn_l(l‘) ifxe A,
n = 3.8
fn() {hiofoogi_l(x) if v € C; withie J". (8:8)

3.7. Proposition. Take o and f,, as in Subsections 3.4 and 3.6. Then
(i) the maps fp, : R — @, are of class C?;
(ii) the maps f, converge to a limit map f : R — Qo of class C1%;
(iil) for everyy € Qo the level set E, := f~1(y) contains a triod, and therefore

at least one of its connected component is neither a point nor a simple
curve.

PrOOF. We prove statement (i) by induction on n. The map fy is of class
C? by construction (property (i) in Subsection 3.5), and if f, 1 is of class C?
then formula (3.8) implies that f, is of class C? provided that f, 1 agrees with
h;o foo gfl on a neighbourhood of 9C; for every i € J".

For every i = (i1,...,i,) € J" let i’ = (i1,...,4,—1). Formula (3.8) implies
that f,—1 = hy o fyo gi71 on Cy, and therefore property (ii) in Subsection 3.5 and
the definitions of h; and g; imply that in a neighbourhood of 9Cj

a1 = hi, o hyo foogitogit=ho fyogt.
To prove statement (ii) it suffices to show that the maps f, form a Cauchy

sequence with respect to the norm of C1*(R%) defined by (3.2) with zq € 9Cj.

198uch an extension can be taken of class C?, and even smooth, provided that the diffeo-
morphisms ¥;; are carefully chosen (we omit the verification).
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Let us estimate the norm of f,, — f,—1. By (3.8) this map vanishes outside the
union of all Cj with i € J”, and then

[fn = fa-tlloremae) = ISE%IZ IV fn — an—lucﬁfr‘n(ci)
< «@ —_ « . .
< sup IV fallcos @ + 19 fa-llos (6, (3.9)

By (3.8) the map f,, agrees with h; o f; o g(l on each Cj, and since g; and
h; are homotheties with scaling factors r™ and p", respectively (cf. (3.7) and
Subsection 3.4), using the interpolation inequality (3.3) we get

19 o @y < 2NV Al 192l

(23 11—« n 6%
=2 (Q\Wfb!@) (Znnv?fouoo)
T T

—C (Tl%)n ) (3.10)

where C 1= 2||V fo|35 (| V? fol|%.
Putting together estimates (3.9) and (3.10) we get

p n—1
1o = fa-tloroee <2€ (H5) " (3.11)
and therefore assumption (3.6) implies that the sum of || f, — fn—1|lc1.« over all
n =1,2,... is finite, which implies that (f,) is a Cauchy sequence in C%,

We now prove statement (iii). Let y € Qo be fixed. We choose a sequence
of indexes i, € J such that, for every n, the point y belongs to Q;, with i, :=
(i1,...,4n), and we denote by & the only point in the intersection of the sets Cj .

Let n = 0,1,... be fixed. Since f agrees with h; o fjo gi;l on 0Cji,,
property (iii) in Subsection 3.5 implies that for every j = 1,2,3 the set
f~Yy) N g, (G;) consists of only one point, denoted by x;,, and there exist
pairwise disjoint curves parametrized by «;, joining x; , to z;,+1 and contained
in B, NInt(C;, \ Cj, ) except for the end points.

Upon re-parametrization, we can assume that each -, ,, is defined on the inter-
val [27"71, 277] and satisfies 7j,(27") = 2, and ¥, (27"71) = 2j,,41. We then
set

(t) = Yim(t) for 27"l <t <27 n=0,1,...
T = T for t = 0.

It is easy to check that the paths v; are continuous (the only issue being the

continuity at ¢ = 0), and the associated curves are contained in the level set E,

and have only the end point Z in common. Hence the union of these curves is a
triod contained in Ej.

20 s finite because fo is a map of class C? on R? with compact support.
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A standard topological argument shows that a connected set in R? that con-
tains a triod cannot be a simple curve (and clearly not even a point). O

4. EXAMPLES OF FUNCTIONS WITHOUT THE WEAK SARD PROPERTY

The critical set S of a Lipschitz function f : R? — R is the set of all z € R?
where f is not differentiable or Vf(z) = 0. As explained in the introduction,
we are interested in the following property (that for functions of class C? is an
immediate corollary of Sard’s theorem): the push-forward according to f of the
restriction of .#? to S is singular with respect to .Z!, that is

fu(ls - L% L 2. (4.1)
This property clearly implies the following weak Sard property [1, Section 2.13]:
fu(lsnp- - L) L 27, (4.2)

where the set £* is the union of all connected components with positive length
of all level sets of f (see Subsection 2.4).

As pointed out in [1, Sections 2.15(iii) and 2.15(v)], property (4.1), and there-
fore also (4.2), hold whenever f has the Lusin property with functions of class
C?, and in particular when f is locally of class W21,

In this section we show that in terms of Sobolev classes this regularity assump-
tion is optimal: from Subsection 4.1 to 4.5 we construct an example of Lipschitz
function f without the weak Sard property (Proposition 4.7), and in Subsec-
tion 4.8 we show how to modify this construction so to obtain a function f’ of
class C1@ for every a < 1, and therefore also of class WPP for every § < 2 and
every p < oo.

Finally, in Proposition 4.10 we prove that the class .# of all Lipschitz functions
f : R? — R which satisfy the weak Sard property is residual in the Banach space
of Lipschitz functions Lip(R?); this shows that in some sense Lip(R?) is the
smallest Banach space of functions that contains .# (Remark 4.11).

4.1. Construction parameters. For the rest of this section (a,), (b,), and (r,)

are decreasing sequences of positive real numbers such that
1

n?2n’

where ~ stands for asymptotic equivalence.?! Hence the following sums are finite:

(4.3)

oo o0 [e.@]
a:= E 2" 2q,, b= E ontly = E ont2y

2l For the purpose of constructing the function f (see Subsection 4.5), the parameters 7,
could be taken equal to 0; the choice in (4.3) is relevant only in the construction of the function
/' (see Subsection 4.8).



STRUCTURE OF LEVEL SETS AND SARD-TYPE PROPERTIES 21

FiGURE 4. The sets C; for i = 0,1,2, and D; for ¢ =0, 1.

We also choose § > 0, and set
co=0+a+7, dy:=8+b+7.

4.2. Construction of the sets C,, and D,. The set Cj is a closed rectangle
with width ¢p and height dp; Dp is the union of 4 closed rectangles (called the
components of Dy) with width %co — 2ag and height %do — by arranged as in
Figure 4; C is the union of 4 closed rectangles with width ¢; := %co — 2ag — 2rg
and height d; := %do — by — 2rp, each one concentric to a component of Dy. And
so on. ..

Thus C,, is the union of 4™ pairwise disjoint, closed rectangles with width ¢,
and height d,, (the components of C,,); D,, is the union of 4"*! pairwise disjoint,
closed rectangles with width %cn — 2a, and height %dn — by, and each component
of C), contains 4 components of D,; Cy1 is the union of 47+ pairwise disjoint,
closed rectangles with width c,4+1 and height d,4+1 given by

1 1
Cnt1 3= 5Cn — 200 — 21y,  dpt1 = §dn — by, — 21y, (4.4)

and each of these rectangles is concentric to a component of D,,.
Taking into account the definition of ¢y and dy it follows immediately that
n—1
2"%¢c, = co — Z (2m+2am + 2m+27“m) 9,
m=0

and
n—1

2"y =do— > (2™ by + 2721 ) N6
m=0
In particular ¢, and d,, are always strictly positive,?? and satisfy

0
n "~ dTL ~ — 4.
c on (4.5)

22 This means that C,, and D,, are well-defined for every n.
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(b)

rE1 components . components —— level
L of C, of D, T stsoff,

FI1GURE 5. The level curves of f,, in each connected component of C),.

We denote by C' the intersection of the closed sets C),. Thus (4.5) yields
L%(C) = lim Z%(C,) = lim 4"c,d, = 6°. (4.6)

n—oo n—oo
4.3. Construction of the functions f, and h,. We construct a sequence of
Lipschitz and piecewise smooth functions f, : R? — R as follows. The function
fo = fo(x1,12) agrees with x5 in R? \ Cp, while in Cj it is defined by its level
curves, which are described in Figure 5(a); f1 agrees with fo in R?\ C1, while in
each component of Cj it is defined by its level curves, described in Figure 5(a).
And so on for n =2,3,...

We denote by s, the oscillation of f,, on the components of C,.?* On each
component R of D, the function f, is affine, depends only on the variable xo,
and is increasing in z3. Hence V f,, = (0, v,) for some v, > 0. Clearly the same
holds for the components R’ of C),11, and then

Y osc(fn, R)  osc(fn, R')
" height(R)  height(R')

Since height(R) = dy11 + 27y, height(R') = dyi1, osc(fn, R) = 185 (cf. Fig-
ure 5(a)), and osc(fn, R') = sp+1, the second identity in the previous formula
yields

dn+1
Sn
dpi1+2r,

and taking into account that sg = dy we get

" d > d
4"s, = d S L — d S L CR— 4.7
s=a| [N ] 69

g

45n+1 =

23 This oscillation is clearly the same on all components of Cy,.
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Using (4.3) and (4.5) we obtain log(d,,/(dm + 27rm—1)) = O(1/m?), and therefore
the infinite product o is strictly positive. In particular, (4.7) implies

Sp ~ dood ™. (4.8)
Finally, for every n =1,2,... we set
hn = fn — fa-1- (4.9)

4.4. Estimate on the norm of f, and h,. To begin with, we compute the
L*> norm of Vf, on the set C),. Clearly it suffices to compute the supremum of
|V fn| on one component of Cy,, and a closer inspection of Figure 5(a) shows that
this supremum is attained in the set E defined in the same figure. If we choose
the axis as in Figure 5(b) and denote by ¢ the value of f, at the bottom of E,
then we readily check that for every z € E, f,(x) is given by

AnSnd2
n =t 5
Jnl®) = e (@ — G

and a straightforward computation yields

(=(dp — 4by)(fn(2) — 1), ansn)
Vin(z) = . 4.10
Jn() andy, + (dy, — 4by)x1 ( )
Equations (4.3) and (4.5) imply d,, — 4b, ~ §27"; in particular d,, — 4b, > 0 for
n sufficiently large, and, taking into account that xy > —a,, the denominator in
(4.10) is larger than 4a,by,. Since |f, —t| < sy, the absolute value of the first
component of the numerator is smaller than (d,,—4b,,)s,. Hence (for n sufficiently

large)

= b, n
where the final equality follows from equations (4.3) and (4.8).
Now we focus on the functions h, defined in (4.9). By construction, f, and

fn—1 agree outside C,, and therefore the support of h,, is contained in C,,. Then
(4.11) yields

Sp [ dp — 4by, n

IVhallse < IV fall oo (o) + 1V fatlle(o,y) = O(*277), (4.12)
and since the distance of a point in C,, from R?\ C,, is of order ¢, = O(27"),
Jonlloe = O(n14~) (4.13)

4.5. Construction of f. We take the functions f,, and h, as in Subsection 4.3,
and for every x € R? we set

Fa) = Timfule) = fola) + D ha(). (4.14)
n=1

Estimates (4.12) and (4.13) show that the sum of the norms ||h,||co1 (defined

by (3.2) with an arbitrary choice of z) is finite and therefore f is a well-defined

Lipschitz function on R2.
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4.6. Lemma. Let be given a compact metric space X and a sequence of count-
able Borel partitions F, of X. Let 8, be the supremum of the diameters of the
elements of F,,, and assume that 6, — 0 as n — 4+oo. Then two finite measures
w1 and po on X which agree on the elements of U, agree also on all Borel sets.

PROOF. For every n, let ¢, be the class of all bounded functions on X which
are constant on each element of .%,. Then [gdu; = [ gdus for every g € ¥,
and the equality carries over to all continuous functions g because they can be
uniformly approximated by functions in U%,,. U

4.7. Proposition. Take the set C' as in Subsection /.2, and let [ be the function
defined in (4.14). Then

(i) f is differentiable at every x € C and V f(x) = 0;
(i) LY(f(C)) = doo where o is given in (4.7);
(il) fu(lo - ZL?) =mlyc) - L where m := 6?/(dyo); in particular, f does
not satisfy the weak Sard property (4.2).

PrOOF. (i) For every n > 0, we write f as f, + hpt1 + hpyo + -+, and then
estimates (4.11) and (4.12) yield

IV fllze(c,y = O(n*27™).

This implies that the Lipschitz constant of f on each component of C,, is of order
O(n*27™); since C is contained in the interior of C,,, it follows that
lim sup 1) = F@)l = O0(n'2™)
y—z |z =yl
for every x € (', and taking the limit as n — 400 we obtain that f is differentiable
at x and Vf(z) =0.

(ii) We note that f(C') is the intersection of all f(Cy), and f(C,,) agrees with
fn(Cy), and therefore it is the union of 4" pairwise disjoint, closed interval with
length s,, — the images according to f of the components of C),. Therefore, using
(4.8) we get

ZLYUF(C) = lim LYfu(Ch)) = lim 4"s, = dgo.
n—-+o0o n—-+00

(iii) We must show that the measures yu:= fu(1c - .2?) and X := mlp) - Z£*
are the same. Since both p and A are supported on the compact set f(C), we
apply Lemma 4.6 to the partitions .%,, given by the sets R’ := f(R N C) where
R is a component of C,,, and deduce that it suffices to prove u(R') = A\(R') for
every such R'.

Since C can be written as a disjoint union of 4" translated copies of RNC, we
have

w(R) = ZL*(RNC) =4"2%C) = 4",
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On the other hand f(C) can be written as a disjoint union of 4™ translated copies
of R, and then

A(R) = m LN R) = 47"m LN (F(C)) = 4 "mdgor = 47752 0

In the next subsections we show how to modify the construction in Subsec-
tion 4.5 so to obtain a more regular example.

4.8. Construction of f’. For every n = 0,1,2,... we consider the smoothing
kernels

pu(x) =12 p(a/rn) |
where r,, is given in Subsection 4.1 and p : R? — R is a positive smooth function
which satisfies the following conditions:

(a) the support of p is contained in the ball with center 0 and radius 1/2;
(b) Jgep(x)de =1 and [z, 2 p(x)dx = 0.
Then we take f, and h,, as in Subsection 4.3, and define f': R? — R as

f = fo*po—l—Zhn*pn, (4.15)

n=1

where * denotes the usual convolution product.

4.9. Proposition. Take C and f as in Subsections /.2 and /.5, and let f' be the
function defined by (4.15). Then

(i) f" is a well-defined function of class C1 for every a < 1;

(ii) f’ is smooth on R?\ C and agrees with f on C;

(i) Vf'(x) =0 for every x € C;

(iv) fx(1lc- L?) = ml ey - LV where m := §%/(doo); in particular, f' does
not satisfy the weak Sard property (4.2).

PROOF. (i) We claim that the series >_ h, * p,, converge in norm in the Banach
space C1 for every a < 1, and therefore f’ belongs to this space. Indeed, using
(3.3), (4.12), and (4.3) we obtain

IV o)l < 209 (% o) [ 19 B 5 )

11—« «
< Q(HthHooHanI) (HthHoovanul)
= 2|Vl VenllT
= | VhnllocO(r,®) = O(n*F22~ (1m0

Moreover estimates (4.12) and (4.13) hold even if h,, is replaced by hy, * p,, and
therefore ||y * pp || 1.0 = O(n82-(1=®)") 'which implies that the sum of the norms
|| * pn||cr.e is finite.

(ii) Each h,, is supported in C), (cf. Subsection 4.3) and since pj, is supported
in the ball with center 0 and radius r,, /2, the function h,, * p,, is supported in the
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closed set CY, of all points whose distance from C,, is at most 7, /2. Since the sets
C] decrease to C, f’ agrees with a finite sum of smooth functions in every open
set with positive distance from C, and therefore is smooth on R?\ C.

By construction, f, is affine on D,, and then h,, = f,, — f,—1 is affine on D,, too.
Therefore, assumption (b) in Subsection 4.8 and the fact that p,, is supported in
the ball with center 0 and radius r, /2 imply that h, * p, = h, in the closed set
D!, of all points of D,, whose distance from the boundary of D, is at least r, /2.
Since D), contains Cj+1 (cf. Figure 4), which in turn contains C, we have that
hp * pn = hp on C. A similar argument shows that fo * pg = fo on C. Then
f = f"on C by definitions (4.14) and (4.15).

Since f' = f on C, statements (iii) and (iv) follow (almost) immediately from
statements (i) and (iii) of Proposition 4.7. O

The next result that shows that the weak Sard property is verified by a generic
function.

4.10. Proposition. Let Lip(R?) be the Banach space of Lipschitz function on
R?, and let 4 be the subclass of all functions whose critical set has measure zero.
Then 4 is residual in Lip(R?).**

PROOF. For every r > 0 let %, be the class of all f € Lip(R?) whose critical set
S(f) satisfies £2(S(f)) < r. Since ¢ is the intersection of all &, with r = 1/n and
n =1,2,..., it suffices to show that each %, is open and dense in Lip(R?). Among
the many (equivalent) complete norms on Lip(R?) we consider the following:

LFIF:= [AO + [V oo

Step 1: 9, is open. Take f € 4,. Since £?(S(f)) < r, there exists 6 > 0
such that Z?({z : |Vf(x)| < §}) < r, and therefore .£%(S(g)) < r for every
g € Lip(R?) such that ||V f — Vg|leo < 6, that is, for every g in a neighbourhood

of f.

Step 2: 9, is dense. Given f € Lip(R?) and § > 0, we must find g € ¥,
such that ||g — f]| < J. We take an open set A which contains S(f) and satisfies
Z2(A\ S(f)) < r, and choose a sequence of pairwise disjoint closed discs D,,
contained in A which cover almost all of S(f). Then for every n we choose a
Lipschitz function g, such that Vg, # 0 a.e. in D,, and Vg,, = 0 a.e. in R?\ D,,.
Up to rescaling we can assume that ||g,|| < 27", and then we set

oo
g:=f+) gn-
n=1
Thus g is Lipschitz, ||g — f|| < d, and S(g) is contained in A\ S(f), and in
particular .#?(S(g)) < r, that is, g belongs to ;. O

247 get in a topological space is residual if it contains a countable intersection of open dense
sets. By Baire theorem, a residual set in a complete metric space is dense.
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4.11. Remark. (i) The class .# of all functions in Lip(R?) which satisfy the
weak Sard property contains ¢, and therefore it is residual in Lip(R?).

(i) Lip(R?) is the smallest functional space which contains .. More precisely,
a Banach space X which embeds continuously in Lip(R?) and (whose image)
contains .# must agree with Lip(R?) itself. Indeed the image of X is residual in
Lip(R?), the Open Mapping Theorem implies that the embedding is open, and
therefore an isomorphism.

5. NON-LOCALITY OF THE DIVERGENCE OPERATOR

In this section we show that the divergence operator is not strongly local on
the space of vector fields in L with distributional divergence in L*°. More
precisely, in Subsection 5.4 we construct a bounded vector field b on the plane
whose distributional divergence div b is bounded, non-trivial, and its support is
contained in the set where b takes the value 0 (Proposition 5.6).

5.1. Remark. Proposition 6.6 in [1] establishes the following relation between
the locality of the divergence and the weak Sard property: let b be a bounded
vector field on the plane which has bounded divergence and can be represented as
b= a VIf with a a bounded function and f a Lipschitz function; if f satisfies the
weak Sard property then the divergence of b is local, in the sense that divb = 0 a.e.
on every set where b is a.e. constant.

Note that the vector field b given in Subsection 5.4 can be written as b =
15 Vf where the set F and the Lipschitz function f are given in Subsections 5.3
and 5.7, respectively, and indeed f does not satisfy the weak Sard property (in
Proposition 5.9 we give a direct proof of this fact).

5.2. Construction parameters. For the rest of this section (d,) is a fixed,
decreasing sequence of positive real numbers such that

dy,>5-2"" forn=0,1,2,... (5.1)

and the sums - -
Ccy ‘= Z 2nd2n, Cc1 = Z 2nd2n+1 (5.2)

n=0 n=0

are finite. We then choose r» > 0, and set ag := ¢g + \@r, ai :=c1 +r.

5.3. Construction of the sets C' and E. The set Cj is a closed rectangle with
width a1 and height ag; C is the union of two closed rectangles obtained by
removing from Cj the middle rectangle with same width (that is, a;) and height
dp; Cy is the union of four closed rectangles obtained by removing from each
of the two rectangles that compose C7 the middle rectangle with same height
(denoted by az) and width d; as shown in Figure 6. And so on...

Thus C), is contained in C,_1, and consists of 2" closed rectangles with the
same width and the same height, called components of C,. Let a, denote the



28 G. ALBERTI, S. BIANCHINI, G. CRIPPA

(€Y (b) (c)
k a.l N| F a3% dl% a.3 F a3
@TT d/2 %‘T a,
P (37 a2 (27 d,
J o %% % Jf 7 Y
1ﬂ Nz % o
vz a, 14 a, 14
1l 172 |

— integral — integral . — integral
Cl . = curvesof b; C2 . = curvesof b, C3 = curvesof by

FIGURE 6. The sets C;, E;, and the integral curves of b; (within
E;) fori=1,2,3.

width of such rectangles for n odd, and the height for n even (thus the other
dimension is a,+1); then a,, satisfies the recursive relation

20n49 = ap — dy, . (5.3)
We easily deduce from (5.3) that for every n > 1

n—1
2" a9, = ag — Z 2™ o, \, V2r,
m=0

and
n—1

2"agn41 = a1 — Y 2 domi1 \ 7
m=0
Hence a,, is strictly positive and

ap ~ 2072 (5.4)

The set E, is defined as in Figure 6), it is open, contained in the complement
of C,, and contains FE,,_1. Note that F; — and therefore all E,, — contains an
horizontal strip unbounded to the left.

Finally, we denote by C' the intersection of the closed sets C,, and by E the
union of the open sets F,. Thus C is the product of two Cantor-like sets, and
(5.4) yields

Z22(0) = lim Z%(C,) = lim 2"apans1 = V272, (5.5)

n—oo n—oo
5.4. Construction of the vector field b. For every n > 0, the vector field b,
is set equal to 0 in R?\ E,,, while in FE,, it is piecewise constant, satisfies |b,| = 1
everywhere, and its direction can be inferred from the integral curves and the
arrows drawn in Figure 6.%° Note that b,, agrees with b,_; in E,_; for every n.

25 In what follows it does not matter how by, is defined at the corners of the integral curves.
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Finally, the vector field b is the pointwise limit of b,,.%%
The result in the next subsection is used to compute the divergence of b.%”

5.5. Divergence of piecewise regular vector fields. Let b be a bounded
vector field on R?, and {A;} a finite family of pairwise disjoint open sets with
Lipschitz boundaries whose closures cover R%. We assume that b agrees on each
A; with a vector field b; of class C! defined on R?. Then the divergence of b is a
measure of the form

divb=h- 2%+ gls -7, (5.6)
where ¥ is the union of all A;, h is the pointwise divergence of b (defined for all
x ¢ ¥), and ¢ is the difference of the normal components of b at the two sides
of 3. More precisely, for every x € dA; N 0A; where both 0A; and 0A; admit a
tangent plane 7', we set g(x) := (bi(x) — b;j(x)) - n where 7 is the unit normal to
T pointing toward A;.

5.6. Proposition. Take C and b as in Subsections 5.3 and 5.4. Then b =0 on
C, while divb is non trivial, belongs to L>°(R?), and is supported on C. More
precisely divb = m 1c where m = 1/(v/2r?%).

PrOOF. The fact that b = 0 on C follows immediately from the fact that b, =0
on C' by construction and b is the pointwise limit of b,,.

Step 1: computation of the divergence of b,. We compute div b,, using formula
(5.6). In this case h = 0 because by, is piecewise constant, and X consists of
the boundary of E,, plus the discontinuity points of b, contained in FE,,, that is,
the corner points of the integral curves drawn in Figure 6. Moreover g = 1 in
F, :=0E, N0oC,, and g = 0 everywhere else. Thus divb,, = u,, where u, is the
restriction of J#! to the set Fj,. Since F), is the union of 2" segments of length
27" uy is a probability measure.

Step 2: computation of the divergence of b. Since b, converge to b in L', the
divergence of b is the limit (in the sense of distributions) of divb, = u, and
therefore is a probability measure, which we denote by p. Since the support of
each p, is contained in Cy,, the support of y is contained in C.

Take n = 1,2,..., and let R be one of the 2" components of C,,. We claim
that

wW(RNC)=pR)=2"". (5.7)
Indeed, for every m > n, the closed rectangle R contains 27"~ of the 2™ segments
that compose F,,,. Hence pun,(R) = 27", and passing to the limit as m — 400
we obtain p(R) > 27™. On the other hand, if R’ is an open neighbourhood of

26 By construction the sequence b, () is definitely constant for every = € R?, and therefore
it converges to some limit b(z). It can be easily shown that it is a Cauchy sequence in L*(R?).

27 Through this section, divergence, gradient, and curl are intended in the sense of
distributions.
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R which intersect no other component of C,, we have p,,(R') = 27" for every
m > n, and passing to the limit we get u(R) < p(R') < 27™. Thus (5.7) is
proved.

Now we must show that g = A where A\ := m1¢c - £?. Since u and \ are
supported on C, by Lemma 4.6 it suffices to show that (RN C) = A(RNC) for
every rectangle R taken as in Step 2. Since C' can be written as disjoint union of
2" translated copies of RN C, then

MRNC)=mZL*(RNC)=2"mZL*(C)=2"=u(RNC),
where the third identity follows from (5.5), and the fourth one from (5.7). O

5.7. Construction of the function f. By Proposition 5.6, the divergence of
b vanishes on the open set E, and therefore the rotated vector field b' (see
footnote 3) is curl-free on E. Since the set E is simply connected, b' is the
gradient of a function f : E — R of class W!® and therefore we can assume
that f is locally Lipschitz on F.

Clearly b = V=f a.e. on E, and the level sets of f agree (in E) with the integral
curves of b.

Since f has Lipschitz constant 1 on E (see Lemma 5.8 below), it can be
extended to a function on the plane with Lipschitz constant 1 using McShane
lemma.

5.8. Lemma. Take f and E as above. Then f has Lipschitz constant 1 on E.

PROOF. Since |Vf| = |b] = 1 a.e. on E, the restriction of f to every convex
subset of F has Lipschitz constant 1, but proving that f has Lipschitz constant
1 on E is more delicate.

Givent; € f(E) fori=1,2,let L; := {x € E': f(z) = t;} be the corresponding
level sets, and set § := |t; — t2|]. Then f has Lipschitz constant 1 if for every
choice of t; and of x; € L; there holds

|z1 — @2 > 0. (5.8)

By a density argument, it suffices to prove (5.8) when both level sets intersect
C,, for all n.

Let n be the smallest integer such that L1 N C,, and Lo N C,, are contained in
different components of C),. Denote these components by R; and Rs, respectively,
and take the rectangle R as in Figure 7(a). This picture clearly shows that if
both 1 and x5 belong to Ry U Re U R then (5.8) holds.

We assume now that 1 ¢ R1URyUR (the case x93 ¢ R1UR2UR is equivalent).
Take m such that x; belongs to the rectangle S in Figure 7(b). There are two
possibilities: either xo belongs to the rectangle S’ defined in Figure 7(b), or it
doesn’t. In the former case, Figure 7(c) shows that (5.8) holds.”® In the latter

28 The upper picture in Figure 7(c) refers to the case m < n and the lower one to the case
m=n.
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FIGURE 7. Estimating the distance between the level sets L1 and Lo.

........

case, Figure 7(b) shows that (5.8) holds provided that the lengths r,,, s, (defined
in the figure) and 22~™ are larger than 6.
Let us prove these inequalities. Since m < n and 2!~ > § (see Figure 7(a)),
then
227 > 227" > 95

Moreover assumption (5.1) yields

1
rm = 5 (dmo = 207") 2 287 > 20

Finally, (5.3) and the positivity of a,, imply a, > d,, and taking into account
(5.1)
1

sm=g(am —27") = S(dn —27") = 21=m > 5.

N |

O

5.9. Proposition. Take C, E, b and f as in the previous subsections. Then
(i) b=1p Vif a.e.;
(ii) Vf =0 a.e. in C;
(iii) f does not satisfy the weak Sard property.

PRrROOF. Statement (i) follows immediately from the definitions of b and f.

(ii). Let {e1,e2} be the standard basis of R2. Fix a point x € C where f is
differentiable, and for every n = 1,2, ... denote by R, the connected component
of C,, which contains x.

Note that R, has sides of length a,, and a,+1 and since a, > an+1, at least
one of the points x £ %anﬂel belongs to R,,. We denote this point by x,,. Then
(5.4) yields

£ (n) = (@) ~ ID1f (@) 25 ~ | Dy f()| 52772 (5.9)

On the other hand, Figure 6 shows that the integral curves of b (in E) which
intersect R, are exactly those which intersect a certain (open) segment .J, of
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length 27" contained in the segment J in Figure 6(a). Taking into account that
these integral curves are the restriction to F of the level sets of f, we deduce that
f(CNRy) = f(Jn), and since the slope of f along J, is 1, the set f(.J,) is an
interval of length 27", that is

osc(f,CNRy) =osc(f,J,) =27", (5.10)

where osc(f, E) stands for the oscillation of f on the set E.

A close examination of Figure 6 shows that the distance of any point of R,
from CNR,, is at most %(dn+dn+1). Moreover d,, = 0(2_”/ 2) because we assumed
that the sums in (5.2) converge. Therefore (5.10) and the fact that the Lipschitz
constant of f is 1 yields

osc(f, Ry) < ose(f,C N Ry) + dn + dpyr = 0(272). (5.11)

Now, (5.9) and (5.11) can be both true only if D; f(z) = 0. A similar argument
shows that Dy f(z) = 0. We conclude that Vf(x) = 0 for every x € C where f is
differentiable, that is, for a.e. x € C.

(iii). As pointed out before, f(C) = f(J) is an interval of length 1, and
therefore, upon addition of a constant, we can assume that this interval is [0, 1].
To prove statement (iii) we show that p:= fu(1c - £?) agrees with m 1(0,1] -t
where m := £2(C).

To this end, it suffices to show that p is non atomic and p(/, ) = m/2" for
every interval I, := ((k — 1)27",k27") with n = 1,2,... and k = 1,...,2"
(cf. Lemma 4.6).

The latter claim follows by the fact that C'N f~1(I, 1) agrees up to a null set
with C'N R, where R, j is a suitable connected component of C),, and therefore
ZL%(CN Ry ) =m2~ ™. The former claim follows by a similar argument. O

6. APPENDIX: A MEASURABILITY LEMMA

Let be given a compact metric space X, a topological space Y, a continuous
map f: X — Y, and a real number d > 0. For every y € Y we write I, for the
level set f~!(y) and E;j for union of all connected components C' of I, such that
A%(C) > 0, and then we let E? be the union of Eg over all y € Y.

6.1. Proposition. The sets Eg and E? are countable unions of closed sets in X ;
in particular they are Borel measurable.

In order to prove this statement we need to recall some definitions and known
facts. As usual .%(X) is the class of all non-empty closed subsets of X, and is
endowed with the Hausdorff distance dg (see (2.1)). Since X is compact, the
metric space % (X) is compact, and the subclass .Z.(X) of all elements of .7 (X)
which are connected is closed (see for instance [8, Theorems 3.16 and 3.18]).

6.2. Lemma. If ¥ is a closed subclass of 7 (X), then the union C' of all sets in
9 is a closed subset of X.
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PROOF. Let x be the limit of a sequence of points x,, € C. For every n there
exists C), € ¢ such that z,, € Cy, and since ¥ is closed in .% (X) and therefore
compact, the sequence (C),) has an accumulation point Co, € 4. Hence x belongs
to Cx, and therefore also to C. O

For every set E in X the d-dimensional Hausdorff measure J#¢(E) is defined
(up to a renormalization factor) as the supremum over all § > 0 of the outer
measures % (E) given by

HYE) = inf { > (diam(Ai))d} 7 (6.1)
where the infimum is taken over all countable coverings {A;} of E such that
diam(A;) < 6 for every i. Note that the value of #(E) does not change if the
sets A; are assumed to be open.

6.3. Lemma. The outer measures %d are upper semicontinuous on .7 (X).

ProOOF. Take Ey € #(X) and € > 0. By (6.1) there exists an open covering
{A;} of Ey such that diam(A;) < J for every ¢ and

Z (diam(Ai))d < HEp) + €.
Since the union A of all A; is open and the set Ej is compact, then A contains
all sets E in some neighbourhood of Ey, and JGHE) < J#2(Ep) + e for all
such FE. ([

PROOF OF PROPOSITION 6.1. We only prove the result for E%; the proof for Eg
is essentially the same.

Let ¢ be the class of all connected, closed sets C' in X which are contained in
E, for some y € Y. It is easy to show that ¢ is closed in .#(X), and therefore
Lemma 6.3 yields that the subclass 4(4,¢) of all C' € ¢ such that J5%(C) > ¢ is
also closed in .#(X) for every d,e > 0. Hence the union G(4,¢) of all sets C' in
9.(0,¢) is closed in X by Lemma 6.2.

To conclude the proof it suffices to verify that E¢ agrees with the union of all
G(1/m,1/n) with m,n=1,2,... O

7. APPENDIX: A DENSITY LEMMA

In this appendix we give a density result used in the proof of Lemma 2.14.

7.1. Notation. Let I be the interval [0,1]. As usual, I* is the metric space
obtained by identifying the end points of I (see Subsection 2.2), and Lip([])
stands for the Banach space of Lipschitz functions ¢ : I — R endowed with the
norm

lell == llelloo + [[@lloo ;
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we denote by Lip,(I) and Lipy(I) the subspaces of all functions ¢ € Lip([) such
that ¢(0) = (1), and ¢(0) = ¢(1) = 0, respectively (thus Lip,(I) agrees with
the space of Lipschitz functions on I*).

Given a Lipschitz map v : I — R? we denote by X(v) the subspace of all
¢ € Lip(J) of the form ¢ = f o~ where f is a smooth function with compact
support on R and by X,(y) and Xo(y) the intersections of X () with Lip, (1)
and Lip (1), respectively.

Finally, we denote by 7 the topology on Lip(I) induced by the class .7 of all
bounded linear functional A on Lip(I) of the form

(A 0) :=/sbad-$1 +/sodu, (7.1)
I I
where a is a function in L'(I) and u a real-valued measure on 1.

7.2. Proposition. The space X(v) [resp. X.(7), Xo(y)] is T-dense in Lip(I)
[resp. Lip, (1), Lipy(I)] if and only if the following conditions hold:

(i) v is injective on I [resp. I*];
(ii) ¥ #0 a.e. in I.

7.3. Remark. (i) The topology 7 makes Lip(I) a separated, locally convex topo-
logical vector space. The class 7 is strictly contained in the dual of Lip([), thus
T is coarser than the weak topology. More precisely, if we identify Lip(I) with
R x L°°(I) via the isomorphism ¢ — (¢(0), ), then 7 corresponds to the weak*
topology of R x L>(I), viewed as dual of R x L!(I).

(ii) Note that a weak® dense subspace of L°°(I) is not necessarily sequentially
weak™ dense, and therefore we do not know if assumptions (i) and (ii) in Propo-
sition 7.2 imply that X (vy) is sequentially 7-dense in Lip(I), or, equivalently, that
every function in Lip([) is the limit of a sequence of uniformly Lipschitz functions
in X (7).

Proposition 7.2 has the following straightforward corollary.

7.4. Corollary. Let A be a functional of the form (7.1) such that (A;¢) =0 for
all o in X (). If v is injective on I [resp. I*] and ¥ # 0 a.e., then (A; ) =0 for
all ¢ in Lip(I) [resp. Lip,(I)].

PROOF OF PROPOSITION 7.2. We prove the statement only for Lipy(I); the re-
maining cases can be easily derived from this one (or proved essentially in the
same way).

Recall that the 7-density of Xo(y) in Lipy(/) means that the following impli-
cation holds for every A € 7:

(A) =0Vp € Xo(y) = (A;p) =0 Vy € Lipy(I) . (7.2)

Step 1: necessity of (i). Assume by contradiction that - is not injective on
I*, that is, there exist two different points ¢1,¢5 € I, not both equal to 0 and 1,
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such that y(t1) = v(t2). Then implication (7.2) fails for the functional A given
by a:=0 and p =, — 0¢,.

Step 2: necessity of (ii). Assume by contradiction that there exists a subset A
of I such that 0 < |A| < 1 and 4 = 0 a.e. on A. Then implication (7.2) fails for
the functional A given by a := 14 and g := 0. Indeed (fov) =V f -4 =0 ae.
on A for every f € C°(R?), and therefore (A; ) = 0 for every ¢ € Xo(7); on
the other hand (A; ) # 0 if ¢ is the Lipschitz function defined by ¢(0) := 0 and
¢ =14 —m with m := Z1(A) (note that ¢ belongs to Lipy(I)).

Step 3: sufficiency of (i) and (ii). For every A € .7 which does not vanish on
Lipy () we must construct a function ¢ € Xo(y) such that (A;¢) # 0.
Integrating by parts the second integral in (7.1) we obtain that

(A;p) = /gbad,i”l for every ¢ € Lipy (1), (7.3)
I

where a := a — u and v is a BV function on I whose distributional derivative
agrees with p.

Therefore the fact that A does not vanish on Lipy(I) implies that the distri-
butional derivative of a does not vanish, that is, a does not agree a.e. with a
constant.

Step 4: idea for the construction of . Since « is not constant, we can find two
disjoint intervals I; and I in I such that « is close (in the L' sense) to a constant
¢; on each I;, and ¢; # co. Then we set ¢ := f o~ where f is a smooth function
chosen in such a way that ¢ = 0 on the connected component of I* \ (I3 U I3)
which contains 0 and ¢ = 1 on the other. Hence ¢ vanishes outside the intervals
I and I, has integral equal to 1 on one of them (say I), and equal to —1 on
the other, and using that o ~ ¢; on I; we obtain (A; p) = f[ ap ~cp —cg # 0.

Step 5: construction of . We write I(t,6) for the interval [t — J,¢ + J]. Since
the function « is not a.e. equal to a constant and % # 0 a.e. (assumption (ii)),
we can find 1,y € I such that

(a) 0<t; <ta <1
(b) « is approximately continuous at ¢; and ty and «(t1) # a(t2);
(c) ~ is differentiable at t; and ty and (¢1),y(t2) # 0.

Let us fix for the time being ¢ > 0. Using (a), (b), and (c¢) we find 69 = do(e) > 0
such that

(d) I(t1,00) and I(t2,dp) are disjoint and contained in (0, 1);

(e) f[(ti,é) la(t) — a(t;)]| dt < ed for every § with 0 < < dp and i = 1,2;

() |v(t) —~(t;) = 3(t)(t — t;)| < e|t —t;] for t € I(t;,00) and i = 1,2.
Let us fix for the time being 6 with 0 < § < dp, and denote by p = p(d) the
distance between the compact sets

Co:=7([0,t1 =] Ufta+6,1]) and Cy:=~([t1 +6,t2 — 4]).
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Since ~ is injective Cy and C are disjoint, hence p > 0 and there exists a smooth
function f : R? — [0,1] with compact support such that

(g) f=0o0nCpand f =1 on Cy;

(h) [V fllow <2/p%°
Finally we set ¢ := f o+y. Since v(0) and v(1) belong to Cy, property (g) implies
©(0) = (1) = 0, and therefore ¢ belongs to Xo(7).

Step 6: estimate for (A;p). Property (g) implies that ¢ is equal to 1 on
[t1+0,t2 —¢], and to 0 on [0,¢; — ¢ and [t2 + J, 1]. Hence ¢ vanishes a.e. outside
the intervals I(t1,0) and I(te,d), and then

(A; @) = Z/I dt

i=1,2 (%5)

=2 ﬂw®¢wamwﬁ+ﬂw®¢@mnw—am»ﬁ]

i=1,2
= Oéti ti o) — ti—é p(t) (al(t) — « dt
i;huw<+>w n+&mwxm U)]
a(t) — alts) + £) — a(t) dt.
1 2 121:2/ 1(t:,6)

Setting ¢ := a(t1) — a(t2) and taking into account (e), (h) we thus obtain

|Mww<2/ ()] a(t) — alts)|dt

1=1,2

) . )
< 2[|@lloc €0 < 2[|V fllool|¥lloced < 4||7||oo;- (7.4)

Step 7: estimate for p. Set m := |y(t1)| A |§(t2)|. Since the map ~ is injective
on I* (assumption (i)), there exists r = r(dp) > 0 such that |y(t) — ~v(¢')| > r
whenever |t —t'| > §p and 1 — |t — /| > do.

We claim that

p>rA2(m—e)d. (7.5)
By the definition of p this means that for every ¢ € [0,f; — 0] U [t2 + 6,1] and
"€ [ty + 6,ta — 0] there holds |y(t) — v(¢')| > r A 2(m — €)é.

Assume indeed that |y(¢) —v(¢')] < r. Then the definition of r and property

(d) imply that ¢, € I(t;,dp) either for ¢ = 1 or i = 2, and then property (f)

29 For example, let f be the function ((3/2—2dist(z, C1)/p) A1) V0 regularized by convolution
with a smooth kernel with support contained in the ball with center 0 and radius p/4.



STRUCTURE OF LEVEL SETS AND SARD-TYPE PROPERTIES 37

FIGURE 8. Proof of Lemma 8.1: extension of paths v; and ~».

yields
7(t) = )] > [t £ — ] — elt — ] — el — 1]
> (m—e)t—t|>2(m—e)d,

where we have used that [t — /| = |t — t;| + |/ — t;| (note that ¢; belongs to the
interval with end points ¢, ).

Step 8: conclusion. Since £, m,r do not depend on §, we can choose the latter
so that 2(m — €)0 < r. Then estimates (7.4) and (7.5) yield
€

A o) — ¢ < 2]
(Ai) = < 2o,

and to obtain that (A; ) # 0 it suffices to choose € so that the right-hand side of
the previous inequality is strictly smaller than |c| (such e exists because m does
not depend on ¢ and ¢ does not vanish). O

8. APPENDIX: A PROOF OF THE TRIOD LEMMA

In this appendix we give a self-contained proof of Lemma 2.15.

8.1. Lemma. Let D be a closed disc in R?, and let C1, Cy be curves parametrized
by 1,72 : [0,1] — D with end points ~;(0),7;(1) in 0D for i = 1,2. If Cy and
Cy are disjoint, then v2(0) and v2(1) belong to the same connected component of
OD\ {7(0), (1)}

PROOF. Assume by contradiction that v,(0) belongs to one of the two arcs of the
circle 9D with end points 71 (0) and (1) while y2(1) belongs to the other. Then
we can extend both paths ~1,v2 to [—1, 1]* so that the extensions are smooth on
[—1,0], map the interval (—1,0) in the complement of D, and there exists only
one couple (t1,t2) such that v1(t1) = ¥2(t2), and in that case the vectors 1 (1)
and 4o(t2) are linearly independent (see Figure 8).

Then I'(s1, s2) := v1(s1) — 72(s2) is a map from the torus [—1, 1]* x [—1, 1]* to
R2, and the assumptions on 1 and 7o imply that I'"(0) contains only one point,
and this point is regular. Hence the Brower degree of I' must be +1. On the
other hand T is not surjective on R? because its domain is compact, and therefore
its Brower degree must be 0, hereby a contradiction. ([
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FIGURE 9. Proof of Lemma 2.15: (a) truncation of the triod Y;
(b) the distance between F(Y) and F(Y”) is larger than 4.

8.2. Corollary. Let D be a closed disc in R2, and let E1 and E5 be close subsets
of D which are connected by curves. If E1 and Ey are disjoint, then E1 N 0D is
contained in one connected component of 0D \ Es.

PROOF. Assume by contradiction that there exist x1,y; € £1 N 90D which do not
belong to the same connected component of D \ E3. Then the two arcs of 9D
with end points 21 and y; must both contain points of Fs, say x2 and y2. Thus
x9 and ya belongs to different connected components of 0D \ {z1,y1}. But for
1 = 1,2 there exist curves C; contained in E; and connecting x; and y;, and this
contradicts Lemma 8.1. O

PROOF OF LEMMA 2.15. Let D be an open disc in R? with center z and radius
p. For every triod Y = Cy U Cy U (5 with center y we set

re= min {max|z —y|}.

If y e D and r > |z — y| + p, then for every i there exists z € C; which does not
belong to D, and therefore C; must intersect the circle 9D. Then we denote by
t; the smallest ¢ such that ~;(t) € 9D (where 7; are taken as in Subsection 2.3),
and by E(Y) the ‘truncated’ triod

3

E(Y) = |Ji(lai, ti])

i=1
(see Figure 9(a)). Moreover we let F'(Y') be the set of end points of E(Y), i.e.,
FOY) = {y(t;): i=1,2,3} = B(Y)NaD.

Finally, let .#p denote the family of all Y € .# such that y € D and r >
|z —y| + p, and ¥p the family of all F(Y') with Y € Zp.

Step 1. The family .# is the union of .Zp over all discs D whose centers have
rational coordinates, and whose radii are rational. Hence, to prove that .% is
countable it suffices to show that each %#p is countable.
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Step 2. Since the elements of .#p are pairwise disjoint and F(Y) C Y, the
map Y — F(Y) is injective on .#p. Therefore to prove that .#p is countable it
suffices to show that ¥p is countable.

Step 3. On the circle 9D we consider the geodesic distance d,*’ and endow
the set ¢p with the Hausdorff distance dp associated to d (see (2.1)). Since the
metric space ¥p is separable, to prove that it is countable it suffices to show that
it contains only isolated points.

Step 4. Given Y € Zp, let § be the length of the shortest arc in 9D
with end points in F(Y) = {yi1,y2,y3} (see Figure 9(b)). We claim that
dg(F(Y),F(Y") > 6 for every Y/ € Fp with Y/ # Y. Indeed the triods
E(Y) and E(Y’) are disjoint subsets of the closure of D, and Corollary 8.2 im-
plies that E(Y') N 0D = F(Y') is contained in one connected component of
OD\ E(Y) =0D\ F(Y), for example the arc with end points y1,y2 that does
not contains y3. Then the distance of y3 from F(Y’) is at least ¢, which implies
the claim. U
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