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Functions with prescribed singularities

G. ALBERTI, S. BALDO, G. ORLANDI

Abstract. The distributional k-dimensional Jacobian of a map w in the Sobolev space
W1E=1 which takes values in the the sphere S*~! can be viewed as the boundary of a
rectifiable current of codimension k carried by (part of) the singularity of u which is
topologically relevant. The main purpose of this paper is to investigate the range of
the Jacobian operator; in particular, we show that any boundary M of codimension k
can be realized as Jacobian of a Sobolev map valued in S*~!. In case M is polyhedral,
the map we construct is smooth outside M plus an additional polyhedral set of lower
dimension, and can be used in the constructive part of the proof of a I'-convergence
result for functionals of Ginzburg-Landau type, as described in [2].
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1. Introduction

Given a map u = (u1,uz) from a domain Q C R? into R? which belongs to the Sobolev
class W12 the Jacobian determinant of u is Ju := det(Du) (notice the absence of
modulus). This pointwise definition may not give an L*-function for less regular maps
u, but the Jacobian can be still defined in some cases using the identity

0 8u2 0 81@
Ju = B (ulax?> " 9, <u18ml> . (1.1)
Indeed, the right-hand side of (1.1) makes sense, as a distribution, for all u of class
Wl N L the two definitions clearly agree for maps of class W12,

If we restrict our attention to maps u which take values in the unit circle S?,
for smooth u the area formula implies that Ju vanishes, because S!' has null two-
dimensional measure. In fact, the same holds for maps of class WP when p > 2, but is
no longer true when p < 2: for example, the (distributional) Jacobian of u(z) := z/|z|
defined by (1.1) is wdg, where dg is the Dirac mass centered at the origin, while det(Du)
is almost everywhere null. More generally, if v is smooth except for finitely many
singular points z;, then Ju is a sum of Dirac masses centered at z;, endowed with
a multiplicity that can be recovered from the degree of the restriction of u to any
curve which winds around z; (see §3.6 below). The distributional Jacobian was first
applied in the context of nonlinear elasticity by J. Ball in [5] (see also [31]), while the
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relation with topological singularities and Dirac masses was pointed out by H. Brezis,
J-M. Coron, and E. Lieb [14] in the context of harmonic maps and liquid crystal

theory.
For domains and target spaces of general dimension, the situation is quite similar.
Given a regular map u = (ug,...,ux) from Q C R" into R¥, it is convenient to define

the k-dimensional Jacobian as the pull-back according to w of the standard volume
form on R*, that is, Ju := duj A --- A dug. This definition makes sense for all maps
of class at least W1* and can be extended to maps of class W =1 N L> using the
identity Ju = ¢ d( > (1) u Njsi du;). As before, if u: Q@ — S*~!is of class WP
with p > k, then Ju = 0, but this may be no longer true when p < k. More precisely,
if u is smooth outside a regular surface M of codimension k, then Ju is supported on
the set M, and can be reconstructed from M and the degree of the restriction of u
to any surface of dimension k¥ — 1 which winds around M (cf. [28] and §3.7 below).
In this sense, we may say that Ju represent the part of the singularity of u which is
topologically relevant (1).

The previous observations on maps with regular singularity suggest the following
general structure theorem (see [27], [28]): if u : @ — S*~! is of class W1*~1 and
Ju is a locally bounded measure, then Ju is concentrated on a set of (Hausdorff)
codimension k, and more precisely it can be identified (2) with a rectifiable current of
codimension k£ and without boundary. This result can also be obtained as a corollary
of Federer-Fleming boundary rectifiability theorem and the following slightly more
general statement (see Theorem 3.8 below): the Jacobian of a map u :  — Sk=1 of
class W1F=1 agrees with the boundary of a rectifiable current of codimension k — 1.
For k = 2,4, 8 this theorem was proved independently in [32], using results from [21];
a similar statement for maps in the trace space W1=1/%* was given in [23] for any k.

The distributional Jacobian of maps in W1k=1(Q, §¥~1) is particularly interesting
because is the obstruction to strong approximation by smooth maps (see [6], [7], and
also [32], [33], [34], where the Jacobian is known as topological singularity). In fact,
Ju is just the projection of the boundary of the graph of u, which plays an essential
role in the theory of cartesian currents developed by M. Giaquinta, G. Modica, and
J. Soucek ([19], [20], [21]); in particular, the rectifiability of Ju can be recovered by
the product structure of this boundary (cf. Remark 7.10). More recently, R.L. Jerrard
and H.M. Soner [28] proposed a systematic study of the distributional Jacobian of
maps valued in R* which underlines the analogy with the theory of BV functions.

The main purpose of this paper is to investigate which surfaces, or currents, can
be obtained as Jacobians of S*~!-valued maps, that is to say, to construct maps with

(1) This statement must be taken with care: if h : S® — S? is the Hopf map—
namely the one that generates the third homotopy group of S?—and u : R* — S?
is given by u(z) := h(z/|x]), then u belongs to W1P(Q, S?) for every p < 3, and in
particular Ju = 0; yet the singularity at the origin cannot be discarded as topologically
unrelevant (cf. [24]).

(2) The Hodge-type x operator defined in §2.7 provides a canonical identification of
k-covectors and (n— k)-vectors; thus xJu is an (n— k)-current, although in general not
a rectifiable one. In the rest of this introduction we tacitly assume this identification.
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a prescribed singularity. Our main result in this direction is the exact converse of
Theorem 3.8:

MAIN RESULT (SEE THEOREM 5.6) — Let §) be an open set in R™, and let M be the
boundary of a rectifiable current of codimension k — 1 in Q. Then there exists a map
u € WHE=1(Q, S¥=1) whose Jacobian agrees, up to a canonical identification, with the
current M.

The proof of this result is based on a dipole construction much in the spirit of [14],
and a careful iteration argument. In §6.7 we sketch a very simple proof for the case
k = 2 based on the theory of BV functions.

Note that the previous statement, although very general, does not settle the ques-
tion completely. In particular, it is natural to ask how regular can be u when M is
a regular surface. In this direction, we can show that when M is a smooth surface of
codimension k = 2, then u can be taken of class Wli’f for every p < 1* = n/(n — 1)
and smooth in the complement of M (see Theorem 4.4 and §6.4).

Such a result could not be proved for surfaces of codimension k > 2: as pointed
out in §6.5, constructing a map u smooth in the complement of M is quite close to
proving that M is the boundary of a smooth surface (and not just of a rectifiable
current) and even a complete intersection, and it is known that both statements may
not hold when the codimension of M is strictly larger than 2 (see [9]).

Nevertheless, u can be taken smooth in the complement of M U S, where S is an
additional singular set of codimension k + 1 (see Theorem 5.10). Note that we have
preferred to state this result for polyhedral chains rather than smooth surfaces, the
reason being that polyhedral chains, and not smooth surfaces, are dense in the class of
integral currents. Indeed, the original motivation for this research was to provide an
upper bound for a I'-convergence result for functionals of Ginzburg-Landau type, and
this required constructing a map u as above for every M in a suitably dense subclass
of integral currents (cf. [1], [2], see also [29] for related lower bound and compactness
results).

The paper is organized as follows. In Section 2 we set the notation and briefly recall
the notions of geometric measure theory which are needed throughout the paper, plus
some additional results which are not widely available in reference texts. Section 3
contains the definition of Jacobian and summarize some of the existing results, here
included the structure theorem for the Jacobians of S*~!-valued maps (Theorem 3.8
and Corollary 3.10). In sections 4 and 5 we describe two constructions for maps with
prescribed singularity, or Jacobian, respectively in the case k& = 2 and k arbitrary
(when k = 2, the special structure of S! allows for a construction which is simpler
and more powerful than that for general k). In Section 6 we have gathered some
additional remarks on the results described in the previous sections, together with
some open problems. For the sake of a clear exposition, we have postponed to Section
7 some technical lemmas: a version of the coarea formula for Sobolev maps, the proof
of Theorem 3.8, and an approximation result for rectifiable currents.
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99.01699.CT01, and by MURST research project “Calcolo delle Variazioni”. During
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2. Notation and preliminary results

Throughout this paper € is an open subset of R™ with n > 2; S¥~1 is the unit sphere in
RE. The constant «y, stands for the k-dimensional volume of the unit ball in R¥; thus
kay is the (k — 1)-dimensional volume of S*~1. The open ball of radius 7 and center
z is denoted by B(z,r), and we simply write B(r) if x is the origin; a k-dimensional
disk in R” is an oriented isometric embedding of a closed ball in R¥, and is usually
denoted by E; we may write E* to recall the dimension.

By k-surface in 2 we mean, if not otherwise specified, a smooth, oriented, closed
k-dimensional submanifold of €, possibly with boundary. J#* stands for the k-
dimensional Hausdorff measure (and agrees with the usual k-dimensional volume on
every smooth k-surface), while .£" is the n-dimensional Lebesgue measure; when no
doubts may arise, we omit any explicitly mention of the measure in integrals. Sets
and maps are always at least Borel measurable.

We write Du to denote indifferently the classical, the approximate, and the dis-
tributional derivative (or gradient) of u, the precise meaning being usually clear from
the context. We denote by Lip,,.(€2) the class of all maps which are locally Lipschitz
on 2. We say that a map is a Sobolev map when it belongs to VVlic1 ; we recall that
for such maps the distributional and the pointwise (approximate) derivative agree. As
usual, W1P(Q, S¥71) is the class of all u in the Sobolev space W?(Q, R¥) which take
values in S*~! almost everywhere. For the basic properties of Sobolev functions we
refer to [16].

Throughout this paper we will make frequent use of many elementary results and
notions from geometric measure theory and differential topology which are not widely
available in reference texts. In order to give precise definitions, and allow the reader
to verify all formulas, we summarize beforehand the basic notations about forms and
currents. We refer the reader to [17], [20], or [35] for detailed expositions of geometric
measure theory, and to [25], [22] for differential topology.

2.1. VECTORS AND COVECTORS. — For k-vectors and k-covectors in R™ we follow
the standard notation (see for instance [35], §25, or [20], §2.2.1) and just recall here
some basic facts: {e1,...,e,} is the canonical basis of R", and given a multi-index i
of order k, namely i := {i1,...,95} with 1 <43 < iy < - - < i < n, we denote by ¢
the k-vector e;; A---Ae;,, and by € the (n — k)-vector associated to the complement
of i. The set of all ¢; with i ranging among all multi-indexes of order k is a basis of the
space Ak (R™) of all k-vectors in R”. We denote by dz; the 1-covector (or linear form)
which takes z € R™ into the i-th component x;, and define the k-covector dx; and the
(n — k)-covector d/x\i as above. The n-covector dx; A --- A dx,, is sometimes simply
denoted by dz. The set of all dx; with ¢ = 1,...,n is the canonical basis of the dual of
R™ (the space of 1-covectors A*(R™)), and the set of all dr; with i ranging among all
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multi-indexes of order k is a basis of the space AF(R™) of all k-covectors (3). Vectors
and covectors are dual to each other via the duality pairing defined by dz; - ej := 03—
that is, 1 if i = j, and 0 otherwise.

2.2. RECTIFIABLE SETS. — A set M is k-rectifiable if it has locally finite #*
measure, and can be covered, up to an J#*-negligible subset, by a countable family
of k-dimensional surfaces of class C'. For such sets the tangent space Tan(M,z)
is well-defined in a measure theoretic sense at #*-almost every point x € M; an
orientation T is any Borel map which associates to  a simple unit k-vector 7(z) which
spans Tan(M, ) for s#%-ae. x € M (cf. [17], §3.2.14-16, or [20], §2.1.4). If M is
an orientable k-surface, then the orientation is always taken to be continuous, and
induces a canonical orientation on M (so that n A 7o = Tas, where n is the unit
outer normal to OM).

2.3. CURRENTS AND FORMS. — A k-form w on  is a map (or even a distribution)
which takes values in k-covectors, and dw denotes its (external) differential; the action
of a smooth oriented k-surface in 2 on a k-form is given by the usual integration
(cf. §2.5).

A k-dimensional current on € is a distribution which takes values in k-vectors,
or equivalently, an element of the dual of the space of smooth k-forms with compact
support. The action of a current T on a form w is sometimes denoted by T'[w]. The
boundary of T is defined in order to satisfy Stokes theorem, that is, 0T [w] := T'[dw]
for every k-form w of class C2°.

The mass ||T'|| of T is its total variation (as a distribution); therefore T has (locally)
finite mass if and only if it can be represented as a (locally) bounded measure valued
in k-vectors, that is, as the product of a (locally) bounded positive measure p and an
orientation 7, namely a Ag(R"™)-valued map such that |7| = 1 p-a.e. The measure p is
called variation of T', and denoted by |T|.

2.4. BASIC OPERATIONS ON CURRENTS AND FORMS. — Given a proper map f :
Q — ', the pull-back of k-form w on ' according to f is the k-form on Q defined
by flw(z) = (Df(z))fw(f(x)) (*), while the push-forward f;T of a k-current T on
is the k-current on €’ defined by the obvious duality (that is, f; is the adjoint of f*).
Recall that d(ffw) = f#(dw) and O(f;T) = f;(9T).

The cartesian product of a kj-current 77 in R™ and a ks-current 75 in R™ is a
(k1+kz)-current T X Ty in R™ x R™. In particular, if Ty = 71 -3 and Ty = 7o - o, then

(3) We endow Ak (R™) and AF(R™) with the euclidean norms associated to the previ-
ous basis. These are different from the usual mass and co-mass, but sometimes more
convenient. On the other hand, the euclidean norm and the mass agree for simple
vectors (those which can be written as a wedge product of 1-vectors), and therefore
the difference is not relevant to most of this paper.

(4) Given a linear map L : R® — R™, then Lf : AF(R™) — AF(R™) is defined by
LYBy A -+ A Bg) := B1L A -+ A B L for simple k-covectors, and then extended by
linearity.
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Ty X Ty = 7 where p is the product measure p1 X pe, and 7(x,y) := 71 (x) Am2(y) (°).

2.5. INTEGRAL AND POLYHEDRAL CURRENTS. — Given a rectifiable set M equipped
with an orientation 73; and a multiplicity ops (namely a real function which is locally
summable on M), we can define a current T' by

T[w] = / o (w-Tar) ds*  for every k-form w of class C2°. (2.1)
M

In other words, T is the k-vector-valued measure given by oy - 7ar - #F L M (the last
term stands for the restriction of the measure J#* to the set M). Thus the variation of
T is the positive measure |T'| = o] - % L M, and the mass is |T|| = [,, |oa| dF",
that is, the measure of the set M counted with multiplicity.

We may occasionally denote this current simply by M.

When M is a regular k-surface, the current canonically associated to M is given
by formula (2.1) with the multiplicity oas set equal to 1 everywhere.

A current T is called rectifiable if it can be represented as in (2.1) with an integer
multiplicity oy, and integral if both T' and 0T are rectifiable. A polyhedral current
in R™ is a finite sum of k-dimensional oriented simplexes S; endowed with constant
integer multiplicities o;. It is also usually assumed that S; NS is either empty or a
common face (of any dimension) of S; and S;.

Note that polyhedral currents are just the usual simplicial chains of algebraic topol-
ogy, and the boundary coincides with the usual algebraic object; they are particularly
relevant because they are dense in the class of integral currents (with respect to flat
convergence with convergence of masses).

REMARK 2.6. — Every integral k-current M in R™ with finite mass, bounded
support, and no boundary is the boundary of an integral current N with finite mass,
e.g., the cone over M with vertex at the origin (more precisely, the push-forward of
the product current M x (0,1) in R™ x R according to the map (z,t) — tz). Then
when M is a polyhedral current, N is polyhedral, too.

2.7. FURTHER OPERATIONS ON VECTORS AND COVECTORS. — There is a canonical
way to identify k-covectors and (n — k)-vectors, namely the operator x which takes
every k-covector 3 into the (n — k)-vector x3 defined by the identity (°)

a-«3=(aANp)- (et A---Ney) for every a € A"7F(R).

Thus x takes k-forms into (n—k)-currents; moreover the exterior derivative is conjugate
to the boundary operator via %, in the sense that

w(dw) = (—1)"*O(xw) . (2.2)

(5) Here one tacitly identifies multi-vectors in R” and R™ with those in R™ x {0}
and {0} x R™, respectively.

(6) A direct definition is xdz; := o(i’,1) & for every multi-index i of order k, where i’
is the set of indices not contained in i and o(i’,1) is the sign of the permutation (i’,1).
Up to the identification of k-vectors and k-covectors induced by the scalar product, *
is the usual Hodge operator.



Functions with prescribed singularities 7

If we apply an h-covector [ to a k vector v with k < h, we get an (h — k)-covector,
denoted by BLv, which is defined by the identity (7).

(BLv)-w=p0-(vAw) forevery w € Ap_r(R").

One easily checks that
*(BLv) = (*B) Av . (2.3)

2.8. CONVOLUTION OF CURRENTS AND FORMS. — The convolution of two maps
U:R" — Ap(R™) and T : R™ — A(R™) (resp. an h- and a k-current) is defined by

UxT(x):= . Ul —y)AT(y)dy . (2.4)

Since |U «T| < |U|*|T, all the usual inequalities for the convolution of real functions
hold in this case, too. For instance, U * T is a well-defined map in, say, L' if both
U and T belong to L', and ||U * T|l; < ||U|1||T]|;. Moreover definition (2.4) can
be extended, as for the usual convolution, to the case both T and U are bounded
measures, or to the case 7' is a distribution and U is of class CZ°.

Since U % T is the push-forward of the product current U x T according to the map
® : R™ x R™ — R™ which takes (z,y) into « + y, the well-known formula O(U x T') =
OU x T + (—1)"U x 9T gives

QU T)=0U *T + (-1)"U % 0T , (2.5)

provided all convolution products in (2.5) are well-defined (at least as distributions).

The convolution of an h-form w : R — A"(R") and a k-current T : R™ — A (R™)
is defined by the obvious analogous of (2.4)—with the A-product replaced by the L-
product—and enjoys the same basic properties. In particular, identity (2.3) yields
*(w*T) = (%w) * T, and then (2.5) implies

dw*T) = (—1)k[dw T +w x0T . (2.6)

2.9. FORMS ON MANIFOLDS AND SUBMANIFOLDS. — An h-form on a smooth k-
dimensional manifold M is a map which associates to every y € M an h-covector on
Tan(M, y) (8). The restriction of an h-covector o in R™ to a k-dimensional subspace T
of R” is the h-covector on T which represents the restriction of the dual map v — o -v
to h-vectors v in Ap(T). Accordingly, if M is a k-surface in R™, the restriction of an
h-form w on R™ to M is the map which takes every y € M into the restriction of

(") A direct definition is the following: given multi-indexes i and j of order h and
k respectively, then dxjLe; := 01if j ¢ i, and dz;Lej := o(j,1') dzy otherwise, where
i’ := 1\ j is the set of indices in i not contained in j. Up to a sign, this is the “elbow”
interior multiplication of [17], §1.5.1.

(8) To be precise, this is a section of the h-cotangent bundle of M.
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w(y) to Tan(M,y); we say that the h-form w on R™ extends the h-form w’ on M if o’
agrees with the restriction of w to M. For forms of class O the exterior differential
commutes with the restriction, that is, dw’ is the restriction of dw.

A particularly relevant (k — 1)-form on R is

k

wo(y) =D (=1)" 'ydy; . (2.7)

i=1

Indeed dwy = kdy; A - - A dyr = kdy, while the restriction of wy to the unit sphere
S%=1 is the standard volume form on S*—I.

2.10. BROUWER DEGREE AND AREA FORMULA. — Given k-dimensional oriented
manifolds M and M’, M compact and M’ without boundary, and a continuous map
f: M — M, then deg(f, M,M',y) denotes the Brouwer degree of f at the point
y€ M\ f(M) (see [25], Chapter 5, and [22], Chapter 3).

If f is of class C! and y is a regular value of f, then deg(f, M, M’,y) is the number
of points x € f~1(y) where the derivative Df(z) is orientation-preserving, minus the
number of those where the derivative is orientation-reversing. We recall that the degree
is constant on each connected component of M’ \ f(0M); in particular, if IM = &,
deg(f, M, M',y) does not depend on y, and we simply write deg(f, M, M’), or even
deg(f).

Using the degree we can write an “oriented” version of the area formula: for every
k-form w on M’

/ (ffw) - Tap dAF = deg(f, M, Yw - Tap dA" .
M M

The following fact will be needed later: if M’ = R* and f maps OM into S*~!, then
deg(u, M,R¥ y) =0 for |y| > 1 and

deg(u, M,R* y) = deg(f,0M,S*~1) for |y| < 1. (2.8)

Indeed deg(u, M,-) is constant on both components of R*¥ \ S¥~! and must vanish
in the unbounded one. Moreover, denoting by d its value on the unit ball of R¥ and
taking wy as in (2.7),

avd= [ de(f MRS ) dy= [ FHay) mr dt
R¥ M
= / ldfﬁ((ﬂ()) *TM d%k
Mk
1
N /51\/[ Efu(wo) *TOM d%k_l = -deg(f, 8M) 5

where the second and fifth equalities follow from the area formula, the third one from
the identity dy = %dwo, and the fourth one from Stokes theorem.
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2.11. INTERSECTION AND LINKING NUMBERS. — Let M and M’ be surfaces in R"
with dimensions n — k and k, respectively, endowed with (locally constant) multiplic-
ities oy and opp. If M and M’ are transversal and OM N M' = M NOM' = &,
then the intersection number of M and M’, int(M, M’), is defined as the sum over all
x € MN M of £op(x) - on(x), where the sign is + if 7a7(x) A 7apr (x) agrees with
e1 N+ Aey, and is — if the opposite holds (cf. [25], Section 5.2, or [22], §3.5).

If M" is a (k—1)-surface in R"™ endowed with multiplicity oz, and OM, M and
M N M" are all empty, the linking number of M and M”, link(M, M"), is defined as
the degree—computed taking the multiplicities into account—of the map that takes
(v,y) € M x M" into (x —y)/|x —y| € S*~! (cf. [25], Section 5.1, Exercise 7).

The relation between intersection and linking number is given by the following
formula: if M and M’ are as above, and M has no boundary, then

int(M, M’) = (—1)*link(M,0M’) . (2.9)

Take indeed g : M x M’ — [0,1] such that g(z,y) = 1 when (z,y) € M x OM’,
g(x,y) > 0 unless z = y, and g(z,y) = |x — y| for |x — y| sufficiently small. Set
O(x,y) :=g(x,y) (xr—y)/|x—y| for all (x,y) € M x M’'. Then link(M,OM’) is equal
to deg(®, M x OM’, S*~1) which is equal to deg(®, M x dM’,R¥ 0) by (2.8), and it
is easily verified that the latter is (—1)¥int(M, M").

3. Jacobians of Sobolev maps

In this section we recall the basic definitions and main results about the Jacobian of
Sobolev maps (see [28] for further details).

3.1. DIFFERENTIALS AND JACOBIANS. — The differential of a scalar function « on 2
is, as usual, the 1-form du := Y} D;udz;, where D; denotes the i-th partial derivative.
For k < n, the k-dimensional Jacobian of a (smooth) map u = (uy,...,u;) : R® — Rk
is the pull-back according to u of the volume form dy on R*, that is

Ju = uﬁ(dy) =dui A ANduyg | (3.1)

and since dy = %dwo, where wy is given in (2.7), then

k
Ju = %duﬁ(wo) = %d(Z(—l)i_lui@Z) . (3.2)

i=1

While (3.1) makes sense for maps u with gradient in L*, (3.2) makes sense (as a
distribution) as long as the products within brackets are well-defined, e.g. for bounded
maps u with gradient in L*~!. This motivates the following definition (cf. [28]):

DEFINITION 3.2. — The Jacobian of a map u : Q — R* of class L. N VVI})’f*l is
the k-form with distributional coefficient Ju defined in (3.2).
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REMARK 3.3. — For many purposes it is sometimes more convenient to consider,
instead of the k-form Ju, the (n — k)-current xJu, where x is the operator defined in
§2.7. Since Ju is an exterior differential (cf. (3.2)), then xJu is always a boundary,
and in particular d(xJu) = 0.

REMARK 3.4. — The Jacobian operator J, although nonlinear, is continuous, in
the sense that given any bounded closed set £ C R* and a sequence of maps u; €
WHF=1(Q, ) which converge strongly to u, then the Jacobians Ju; converge to Ju
in the sense of distributions: in fact, the expression within brackets at the right-hand
side of (3.2) converges strongly in the L'-norm (?). It follows that (3.1) and (3.2) agree
for all maps of class W&)Ck , and in particular

Ju="Y_ det(Dsu)dz; , (3.3)

where the sum is taken over all multi-indexes i of order k, and Dju denotes the k X k
matrix with columns D;, u, ..., D; u.

REMARK 3.5. — Assuming that v is sufficiently regular (say, of class W1*), the
notion of Jacobian is better understood in some special cases:

o for k =1, Ju is just the differential of wu;

o for k =2 and n = 3, xJu is the vector product Duy X Dus;

o for k =n, Ju = det(Du) dx and xJu = det(Du).

If ¥ = n and v is a map of class L® N WY~ ! then xJu is the distributional
determinant introduced in [5], and usually denoted by Det(Du). Although Det(Du)
may not agree with the pointwise determinant det(Du) for maps in WP with p < k,
it was proved in [31] that if Det(Du) is a measure, then its absolutely continuous part
(with respect to Lebesgue measure) is represented by det(Duw). Using this result and
a standard slicing technique (cf. [28], Section 5), it is easy to show that if Ju has
bounded mass then its absolutely continuous part is represented by the k-form at the
right-hand side of (3.1) or (3.3).

sk-1_yalued maps

For the rest of this paper we confine our attention to maps with values in the sphere
Sk=1. First of all we remark that for any u € WIL’C]C(Q, Sk=1) the Jacobian Ju is just
pointwise defined as the pull-back of the standard volume form on R* (cf. Remark
3.4) and therefore is 0, because £*(S*~1) = 0.

The situation is different if we consider maps v € W1HF=1(Q, S*~1). For simplicity,
let us first assume that u is regular (say, locally Lipschitz) in the complement of a closed
singular set S. The previous argument shows that the restriction of the distribution

Ju to Q\ S vanishes, that is, Ju is supported on S. If in addition the singular set S

(%) This result still holds if we replace strong convergence in W*~! by weak conver-
gence in V[/lif *¢ for some € > 0, and even & = 0 when k = 2. This stronger statement
can be proved by induction on k.
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is a regular surface of codimension k, then Ju can be expressed in terms of S and the
degree of the singularity of v at S, as shown in the paragraphs below.

3.6. MAPS WITH REGULAR SINGULARITIES, CASE n = k. — When S = {x;} is a
finite set, it is not difficult to show that xJu is a linear combination of Dirac masses
centered at the points x;. Moreover, if we take for every i a ball B; which contains x;
and no other point of S, and set d; := deg(u, dB;, S*~1), then

wJu=apy di- Oy, . (3.4)

This formula can be found in [14] (see also [28], Example 3 of Section 3). A sketch
of proof is the following: knowing that xJu is of the form Y f; d,,, and denoting by
Tp, = e1 N --- A e the standard orientation of B;, then

8; = J’UJ'TBi :/ luﬁ(wO)'TaBi = 1jéakil(skil)di:Ozkdi s
B; 0B; k k

where the second equality follows from Stokes theorem and definition (3.2), and the
third one from the area formula and the fact that wg is the volume form on S*~1.

3.7. MAPS WITH REGULAR SINGULARITIES, CASE n > k. — If u belongs to
WHE=1(Q, 8%=1) and is regular outside a Lipschitz surface S with codimension k
and no boundary in 2, then (cf. [28], Example 4 of Section 3)

*Ju=ar-M,

where M is the integral current associated to S and to the multiplicity o defined for
every z € S by the formula

o(z) = deg(u, 0E, S*~1) | (3.5)

where F is a k-dimensional disk in € which satisfies S N E, = {z}, is transversal to
S, and oriented so that 75(x) ATg(x) =e1 A+ Aey.

Note that xJu has no boundary and is supported on a regular surface S with same
dimension and no boundary, and therefore ¢ must be constant on every connected
component of S (e.g., by the constancy theorem—see [20], §2.2.3). Formula (3.5) can
be derived from (3.4) using a dimension reduction argument based on slicing formulas
for the Jacobian (see [28], Section 5).

We can generalize formula (3.5) using the notions introduced in §2.11: for every
k-surface A relatively compact in € which is transversal to S and such that A N
S = @, the intersection number of S, endowed with multiplicity o, and A is equal to
deg(u, DA, S¥~1). Moreover, if Q = R", formula (2.9) yields

int(S, A) = (—1)"ink(S,dA) = deg(u, DA, S*1) (3.6)
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! [
1 1

o=2

=S int(S,A=link(SpA)=1
FIGURE 1

Identity (3.6) completely characterizes the multiplicity o, and therefore also xJu (see
Figure 1 for an example with n = 3, k = 2).

Paragraphs 3.6 and 3.7 show that the current xJu is related to the part of the
singular set of w which is topologically meaningful. In fact, the same conclusions holds
also for maps in WH*~1 which are continuous in the complement of a finite sum of
Lipschitz surfaces with codimension k& and no boundary (a discrete set in the case
n=k).

Of course, not all maps in W1 =1 are so regular. Yet, for n = k, the Jacobian Ju
can still be represented as in (3.4) for suitable z; € Q and d; € Z (cf. [28], Proposition
1 of section 5), although in this case it is more difficult to interpret the integers d; as
degrees and the points x; as singularities. In the general case we have the following
structure theorem (cf. [23] for maps of class W1=1/kk).

THEOREM 3.8. — If u belongs to W1*=1(Q, S*=1)  then xJu can be represented as
*Ju = ai ON, where N is a rectifiable current with codimension k — 1 in Q. More
precisely, we can take N = (—1)""**1N, where N, is any regular level set of u (in
the sense of §7.5), and we can choose y so that

1
N|| < — [ |Dul* . 3.7

COROLLARY 3.9. — Ifu € WYE=1(Q, S*~1) and ¢ is a Lipschitz map of S*~! into
itself, then the Jacobian of the composition ¢ o u is J(¢p ou) = deg(¢) Ju.

COROLLARY 3.10 (see [27]). — If u belongs to W*=1(Q, S¥=1) and Ju has locally
finite mass, then
*Ju = ap M

where M is an integral current in  with codimension k and no boundary.

The proof of Theorem 3.8 has been postponed to Section 7. For smooth ¢, Corol-
lary 3.9 follows immediately by the characterization of xJu as boundary of any regular
level set of u and the definition of degree, while the general case is obtained by ap-
proximation. Corollary 3.10 is a straightforward consequence of Theorem 3.8 and the
boundary rectifiability theorem of Federer and Fleming (see [35], Theorem 30.3, or
[17], Theorem 4.2.16(2)).
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In [28] the rectifiability of Jacobian is proved by a dimension-reduction argument
based on a rectifiability criterion by slicing proved in [37], [26]. Alternatively, one can
use the product structure of the boundary of graphs with finite mass ([21], §4.2.1) and,
again, the boundary rectifiability theorem (cf. Remark 7.10).

Sl-valued maps

In this subsection we fix some notation for the case k = 2. If we identify R? with the
complex field, the map 0 — exp(27if) is an isometry (up to a scaling factor 27) of the
quotient space R/Z into S. Therefore for every map u :  — S! there exists exactly
one map 6 : Q — R/Z such that u = exp(2mi0).

Furthermore, for every C* function 6, df is a well-defined 1-form (1), and

2 df = uydug — usdu; = —itdu and 27|df| = |Du . (3.8)

Based on these identities, we say that 6 is of class WP when u is so (}!). However,
since 6 is not a real-valued function, d(df) may not vanish, and indeed the first identity
in (3.8) implies

7 d(df) = %d(ulduz — upduy) = %Zd(ﬂ du) = Ju . (3.9)

3.11. LIFTING SOBOLEV MAPS. — When can we lift a map 0 :  — R/Z to a map
with values in R? If we disregard regularity, this is clearly always possible. On the
other hand, if 4 is of class W' and we look for a lifting with the same regularity, then
it must be d(df) = 0.

If © is simply-connected, this condition is also sufficient (and the lifting is uniquely
determined up to integer constants). Hence a map u € Wh1(Q, S) can be written as
u = exp(27if) for some § € WH1(Q R) if and only if Ju = 0 as a distribution (cf. [15],
see also [8], [11] for more general results). In fact, this is an immediate consequence of
the following classical lemma on exact forms/conservative vectorfields: if 2 is simply
connected, a 1-form w € L(Q) is the differential of a real-valued function § € W1(Q)
if and only if dw = 0 (as a distribution).

(19) The tangent space to R/Z at every point is identified with R.

(11) Since the distributional derivative of a Sobolev function agrees with the ap-
proximate derivative, df is still a well-defined 1-form of class L?; in other words, the
complex 1-form —iw du has no imaginary part. This is no longer true for BV func-
tions; the point is that the distributional derivative of a R/Z-valued function cannot
be defined independently of the embedding of R/Z in some euclidean space.
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4. Maps with prescribed singularity:
construction for k=2

In this section we address the converse of Theorem 3.8 in codimension two, that is, we
construct an S'-valued map u with prescribed Jacobians M (Theorem 4.4). For the
rest of this section we assume that 2 = R™. We begin with an elementary geometric
construction.

4.1. GEOMETRIC CONSTRUCTION. — Let M be an oriented, boundaryless smooth
surface with codimension two (and multiplicity 1) in R™. As explained in §3.7, a map
u : R — S which is smooth in the complement of M satisfies xJu = 7 M if (and
only if)

deg(u,v, S') = link(M,v) for every closed curve « in R\ M. (4.1)

If we write u = exp(2mif) with 6 : R* \ M — R/Z smooth, and denote by wys the
differential of 6, condition (4.1) can be re-written in terms of wys as

/wM -7y = link(M,v) for every closed curve v in R™ \ M. (4.2)
gl

Let now be given a smooth 1-form wys on R™ \ M which satisfies (4.2). Then the
integral of wys on every closed curve in R™\ M is an integer, which implies that wys is
the differential of a smooth map 6 : R" \ M — R/Z (12), and the map u := exp(2mif)
satisfies xJu = 7M.

It remains to construct such a form wys. Recall that link(M,~) = deg(®, M x
v, 8" 1), where ®(x,y) := (z —y)/|z — y| for every @ # y € R™. On the other hand,
denoting by @ the pull-back of the volume form on S"~! according to ®, by the area
formula na,, deg(®, M x v, S™" 1) is the integral of @ on M X v, and then (cf. §2.7)

ne link(M, 7) — /M o(@,y) - (rar(@) A7y (1)

-/ [ stenim@] o (43)

Hence the 1-form defined by the integral within square brackets in (4.3) satisfies (4.2)
up to a factor na,,, and therefore we just set

1
wym(y) == P M(Z)(x,y) Lma(z) for every y € R™\ M. (4.4)

(12) A continuous 1-form w on a connected open set  C R™ is the differential of a
map 6 : Q — R/Z of class C! if and only if the integral of w along any closed curve in
Q is an integer. To construct such a @ it suffices to fix a base-point xy € €1, and set,
for every x € Q, 0(x) := f"/ w - Ty, where v is any path connecting o and x.
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When the surface M is replaced by a less regular surface, or by a rectifiable current,
the construction described above must be suitably re-interpreted. Notice that the map
®(x,y) used to define w(x,y) in §4.1 depends only on x — y, and this suggests that
the right-hand side of (4.4), and ultimately also €, can be re-written as convolution
products (in the sense of §2.8). We show in §4.3 below that this is indeed the case.
To this purpose, we first recall some basic facts about BV functions.

4.2. DIFFERENTIALS OF BV FUNCTIONS. — The measure which represents the
distributional differential of a real-valued BV function v can be uniquely decomposed
as (see [3], Section 3.9)

dv = dyv + dcv + djv

where the term d,v is absolutely continuous with respect to .£", the term d.v (called
“Cantor” part of dv) is singular and does not charge any . #"~!-finite set, and the
term djv (called “jump” part of dv) is concentrated on a rectifiable set of codimension
one. Furthermore the density of d,v with respect to .£" agrees with the approximate
differential of v, and djv can be written as djv = [v]n #™~! L Sv, where Sv is the
singular set (set of point of approximate discontinuity) of v, and is (n — 1)-rectifiable,
7 is the 1-covector associated to an orientation 7 of Sv via the x operator (cf. §2.7),
and the jump [v] is the difference between the traces v™ and v~ of 6’ on the two sides
of S. When the Cantor part d.v vanishes, v is called an SBV function.

4.3. CONSTRUCTION OF FOR GENERAL M. — Let M be an integral (n — 2)-current
with finite mass in R”, and take an integral (n—1)-current N with finite mass such that
M = ON (cf. Remark 2.6). By formula (3.9), in order to solve the equation xJu = 7= M
it suffices to construct a function 6 € Wli)’cl(]R”7 R/Z) such that xd(df) = M and take
u = exp(2mif). Assuggested before, such a 6 can be obtained as a suitable convolution
product—which is just formula (4.4) re-written.

Let w be the pull-back on R™\ {0} of the standard volume form on S"~! according

to the projection z — x/|x|, that is

wle) = Y () (4.5)

Thus w € Li, (R™) for every p < 1* :=n/(n —1), and
dw = nay §p dx (4.6)

where, as usual, do = dxy A -+ A dz, (13). We set

-1

nay,

0 =

w* N | (4.7

(13) Indeed dw is an n-form, smooth outside the origin, whose integral on any open
set A with smooth boundary is, by Stokes theorem, the integral of w on 0A, that is,
nay, (the volume of S"~1) if the origin belongs to A and 0 otherwise.
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and, denoting by 7 the canonical projection of R onto R/Z,
0 :=m(0) . (4.8)

The usual estimates for the convolution product show that ¢’ is a well-defined real-
valued function (0-form) in L}, (R™) for every p < 1*, and using (4.7), (2.6), and (4.6),
we obtain

_1)n

Ny,

aor = {

dw*N—i—w*aN} :(—1)”[deN+ w*M} . (4.9)

Nnoy,

Thus ¢’ is a function of class BV|,. whose differential is the sum of a term absolutely
continuous with respect to Lebesgue measure, w * M, and a jump term of the form
drL N. Since N has integer multiplicity, the jump of #’ is always integer, and therefore
0 has no jump; thus 0 is of class Wél (14) and df is given by

(&

F LY (4.10)

nay,

Since w is smooth outside the origin, df, and 0 as well, are smooth outside the support
of M. Moreover, using (2.6), (4.6), and taking into account that OM = >N = 0,

d(d&):i[dw*M—kw*aM] =dzL M ,

Ny,

and recalling (2.3),
*d(df) =M . (4.11)

The following statement summarizes what we have obtained so far.

THEOREM 4.4. — Let M be a codimension-two integral current with finite mass
and no boundary in R™, and set u := exp(2wif), where 0 is defined in (4.8). Then u
belongs to I/Vﬁ)’(f’(]R”7 S1) for every p < 1%, it is smooth outside the support of M, and
satisfies xJu = 7M.

(14) More precisely, the differential of the complex-valued SBV function u :=
exp(2mif’) con be computed by the chain-rule for BV functions (see for instance [3],
Section 3.10):

du = 27i - exp(2mif') - du0' + (exp(27i0'T) — exp(2mi®' ™)) -n - A" LSO .
By (4.9) the singular set S0’ is N, and the jump 6’ — @'~ is the multiplicity of N.

Since the latter is integer, exp(2mif'*) —exp(2mif'~) = 0. Thus u is a function of class
Wl and so is 6.
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5. Maps with prescribed singularity:
construction for arbitrary k

In this section we address the converse of Theorem 3.8 in arbitrary codimension,
namely the construction of a map u : © — S¥~1 with prescribed Jacobian *Ju =
ar M, where M is the boundary of a rectifiable current N of codimension k& — 1 in
Q. In Proposition 5.2 we give a simple construction for special M, akin to the dipole
construction of [14] (see also [21], §4.2.3), that will provide the building blocks for the
construction in the general case. In Theorem 5.6 we prove that any boundary M of a
rectifiable current is the Jacobian of a map of class W1*~1. After this general result
we examine what further regularity can be obtained on u when M is a polyhedral
current (see Theorem 5.10).

5.1. ADDITIONAL NOTATION. — For the rest of this section we fix a point y € S¥~1
(called “north pole”) and a family of smooth maps ¢, : S¥~! — Sk~ for every o € Z
with the following properties: ¢g takes constant value yy, ¢1 is the identity, ¢_1 is
a reflection with respect to an hyperplane which contains yy, each ¢, has degree o,
maps yy into itself, and has Lipschitz constant lower than 2|o| (15).

PROPOSITION 5.2. — Let P be an oriented (n — k + 1)-dimensional affine subspace
of R™, let N be the current in R™ associated with a bounded Lipschitz domain of P,
endowed with constant multiplicity 1, and assume that M := ON is connected.

Then there exists u € Wli’ck_l(]R”, Sk=1) such that xJu = ay M. Moreover u is

locally Lipschitz in R™ \ M and constant outside a bounded neighbourhood of N, Du
belongs to LP(R™) for every p < k and satisfies |Du(x)| = O(1/dist(xz, M)).

PRrROOF. We fix two positive parameters  and -y, and set

U=U(N,6,7) = {x . dist(z, N) < min {5, i dist(r, aN)}} . (5.1)

Now we identify P with R*~*+! R" with the product R**+1 x R¥~! and denote a
point in R™ as x = (2/,2"). Thus U can be written as (cf. Figure 2 below)

U={z: 2 €N, 2" <g(a)}, (5.2)

where
g(z") := min {6,y dist(2’, ON) } . (5.3)

(1%) For example, write R¥ ~ C x R¥=2, where C is the complex field, take yy of
the form yy = (0,y) and, for o # 0,

_ [ 7lz['77y) for 2 #£0,
0o (2:y) = { 0,9) for z = 0.
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Let B¥~! be the closed unit ball in R¥~! with center 0, and let 7 be the usual iden-
tification of B*~! into the sphere S*~! which takes the boundary of B*~! into the
north pole yn and preserves the orientation (16), and set

x//
T —— for x € U \ ON,
<g<x/>> \

YN elsewhere in R"”.

u(z) :=

Thus u is constant on the complement of U.

Rk-1 U leve setsof u

A_FE —> > o

Rn—k+1

>

L dly— uzyyonou N M=oN

FIGURE 2

Since g is a real Lipschitz function which vanishes only on N and 7 is a Lipschitz
map from the closed unit ball B¥=! to S¥~1 then the restriction of u to U \ ON is
locally Lipschitz. Moreover 7 takes unit vectors in yy, and since |2”| = g(a’) for all
x € OU, then u maps OU into yy, and consequently u € Lip,,.(R™ \ ON).

To give a precise estimate of the pointwise derivative |Dul|, we notice that Dg(z') =
0 when ~ydist(2’,0N) > ¢, and then |D(z"”/g(z))] < 1/§. On the other hand, if
~vdist(z’,0N) < 6, then g(z') = ydist(z’, ON) and |Dg(z')| = v, which imply

L 1 1 (1++4)?
|D(2" /g(a")] < (7 + 1) dist(a/, ON) = 7 dist(z, ON)

(here we have used that dist(z,0N) < dist(z/,0N) + |2”| < (1 4 ~)dist(z/, ON),
cf. (5.2)). Together with the previous estimate and (5.4), this yields

IDu(e)] < Il {3, 0 65:5)

and the pointwise derivative Du is p-summable for every p < k by Lemma 7.1. Since
u is locally Lipschitz in R™ \ N, then the pointwise derivative Du agrees with the
distributional derivative on R™\ 9N, and since it is I-summable and N has codimension
strictly larger than one, Du agrees with the distributional derivative on R", too. In
other words, u is a Sobolev map on R".

It remains to verify that xJu = «p M, up to a sign that can be corrected by
changing the identification of P and R®~*#*+1. Since u is continuous in the complement

(16) For example, take m(z) := (sin(r|z|) - /|2, cos(w|z|)) for every z € B*~!, and
identify R¥~1 x R with R* so that yx = (0, —1).
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of the Lipschitz connected (n — k)-surface M = N, as remarked in §3.7 the Jacobian
*Ju is supported on M, and is of the form ayo M where ¢ is an integer. In view of
formula (3.6), to prove that o = +1 if suffices to exhibit a k-surface A transversal to
M such that AN M consists just of one point and deg(u, A4, S¥~1) = +1.

Take then Z € M, and v € R**+1 and let A be the cylinder in R?~#+1 x Rk—1
given by the segment [Z — v, T + v] times the closed ball »B*~1 where r := 7|v| (see
Figure 2 above). If we have chosen Z and v so that (&, Z+wv] is contained in N, [Z—wv, T)
is contained in the complement of N, and z is the projection of Z 4+ v onto N, then
one easily checks that u is equal to yy on the whole boundary of A except the face
{z +v} x rB*¥~! where it agrees, up to rescaling, with the injective map 7. Thus the
deg(u, 0A, S*~1) = +1, and the proof is complete. [

COROLLARY 5.3. — When the surface N in the statement of Proposition 5.2 is an
(n — k + 1)-dimensional disk E with center x and radius v, we may also require that
u is constant on the complement of the ball B(x,r) and satisfies

/ Dult < C|E] (5.6)
R’IL

where C is a constant which depends only on n and k.

PROOF. Let ug be the map given by Proposition 5.2 when N is a fixed disk Ey with
center 0 and radius 1. If the parameters ¢ and X in the definition of U (cf. (5.1) and
(5.2)) have been chosen sufficiently small, then U is included in B(1), and therefore
ug is constant on the complement of B(1). Now it suffices to take u := ug o), where ¢
is an affine similitude—a composition of an isometry and a homothety—with scaling
factor r which maps E onto Ey preserving the orientation. O

Construction for general rectifiable currents

We begin with a Lemma for pasting together S*~!-valued maps. In this subsection
is an open subset of R™.

LEMMA 5.4. — Let ug, u; be maps in V[/ll’k_l(ﬂ, Sk=1), let Fy, Fy be disjoint closed

oc

sets in Q, and set Q' = Q\ (Fy U Fy). If dist(Fo, F1) > 0 and
lup —u1] <1 ae onQ, (5.7)

then there exists u € Wﬁ)’ck*l(ﬂ, Sk=1) such that u = ug in Fy, u = uy in Fy. If Dug
and Duy are essentially bounded in the “transition zone” ', then Du is essentially

bounded on Q' and

2 [lluo — w1l pe(ar

Dul|pee(oy < —
| Dul|L @) =3 dist(Fo, F1)

+ [[Duol| oo () + | Dui || Loy | - (5.8)

If the Jacobians of uy and uy are supported on Fy and Fy, respectively, then Ju =
Jug + Juy.
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PROOF. Let m be the projection of R¥ \ {0} onto S¥~1, that is, 7(x) = z/|x|,
and take a Lipschitz function A which agrees with 0 on Fy and with 1 on Fj, and has
Lipschitz constant smaller than distfl(Fo, ), eg.,

. dist(x, Fp)
Az) = mln{l, dist(Fo,Fl)} .
Then set

wi=1(Aug + (1 = Nug) . (5.9)

Given z € ', |ug(x)| = |ui(z)| = 1, while |ug(z) — ui(x)| < 1 by assumption. Thus
the angle spanned by the vectors ug(x) and uq(x) is smaller than 60°, and then every
convex combination of ug(z) and u; () has norm larger than v/3/2. This shows that
the argument of 7 in formula (5.9) is always contained in R¥ \ B¥(1/3/2), where 7
has Lipschitz constant 2/v/3. Thus u belongs to VVll’k_1 too, and a straightforward

ocC
computation gives (5.8). The last part of the statement is trivial. O

REMARK 5.5. — In the proof of Theorem 5.6 we will apply Lemma 5.4 with F} =
B(z,r) and Fy = R\ B(z, 2r), u; constant on the complement of Fy, ug continuous in
Q' = B(z,2r)\ B(z,r) and equal to u; at some point of Q'. Under these assumptions
we have

luo — w1l o0y < 0sc(ug, ') < 47| Dug|| oo (B(x,2r)) -

Hence condition (5.7) is implied by
—1
r < (4] Duoll > (B@2r)) > (5.10)

10
while inequality (5.8) yields || Dul| (o) < %HDuOHLm(B(I,QT)), and then

k—1
— 10 n n n—
/Q Dyt < (ﬁnDuont(w,zr») o™ < Ot (5.11)

where the last inequality follows from (5.10), and C' is a constant which depends on n
and k only.

The following statement contains the exact converse of Theorem 3.8; for k = 2
there exists a simpler proof which is briefly sketched in §6.7.

THEOREM 5.6. — Let Q be an open set in R™, and M the boundary of a rectifiable
current N in Q with finite mass and codimension k — 1. Then there exists u in
WEEL(Q, SF1) such that

loc

*Ju=ar M . (5.12)

Moreover ||Du|lg—1 < C||N||, where C depends only on n and k. In particular u
belongs to WH*=1(Q, S¥=1) when Q has finite measure.

Proor. We define, by induction on j, a sequence of maps u; € Whk=1(Q, §k—1)
which are locally Lipschitz on the complement of a closed sets S; C €2 of codimension
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k, and rectifiable currents R; in € of codimension k — 1 so that Ry = N, Dugy = 0,
Sy = @ and

wJu; = ap(M — OR;) (5.13)
[Du; — Duj |1 < C|[R; ||V *1 (5.14)
1R < (1=2""""2)| Rl (5.15)

where C' depends only on n and k.

We first show that (5.13-5.15) allow us to conclude the proof. Inequality (5.15)
implies || R;|| < (1 — 2¥="=2)J||Ry||, which is a summable sequence in j. Hence (5.14)
shows that the derivatives Du; form a Cauchy sequence in LF=1 and therefore the
maps u; converge (up to subsequence) to some map u in the strong topology of
I/Vlt’ck_l(Q,Sk_l). Hence Ju; converge to Ju in the sense of distributions (cf. Re-
mark 3.4). On the other hand, identity (5.13) shows that *Ju; converge to ay M
in the sense of currents (because R; converge to 0 in norm), and (5.12) is proved.
The estimate on ||Dul[x—1 follows from (5.14), (5.15) and the fact that Ry = N and
DUO =0.

DESCRIPTION OF THE INDUCTIVE PROCEDURE. — Given u;_1, Sj_1, and R;_1,
we construct u;, S;, and R;. Since S;_; is closed, for every x € 1\ S;_1 we can find
r; = r;(x) > 0such that B(z,r;) is relatively compact in Q\S;_1. Since u;_; is locally
Lipschitz on the complement of S;_1, [Du;_1| is essentially bounded in B(z,r;). We
choose p; : Q@ — [0, +00) so that p;(z) =0 for z € S;_; and

0 < p; < min {ﬁ :
J = 2" 4| Duj 1| Lo (B(ar;))

} for x € O \ ijl- (516)

Since S;_; is A"k negligible, we can apply Corollary 7.13 with h :=n — k + 1,
N := R;_; and p := p;, and get finitely many disks Ej;, with centers z;; € Q and
radii rj; < pj(z,;), and rectifiable currents R; and P; which satisfy statements (i)—(iv)
of Corollary 7.13. In particular (iii) implies (5.15).

Then for every ¢ we take a map uj; according to Corollary 5.3 for N := Ej;. Thus
uj; is constant on the complement of B(z;;,7j;), and, possibly composing uj; by a
suitable isometry of S*~1, we can assume that this constant agrees with the value of
u;—1 at some point of the annulus B(zj;,2rj;) \ B(zji,7;;). Now we use Lemma 5.4
to construct a map u; such that

uj = uj; on B(xj;,7j;) for every i, and u; = uj_1 on Q\ |J; B(xji, 2rj;).
Indeed, the balls B(zj;,2rj;) are disjoint by statement (iv) of Corollary 7.13, the in-
equalities 7;j; < pj(z;;) and (5.16) imply that u;_; satisfies condition (5.10) in Remark

5.5, while u;; is constant on the complement of B(zj;,7;;) by construction, and then
Lemma 5.4 can be applied.

VERIFICATION OF THE PROPERTIES OF u,;. — By construction, the map u; belongs
to Wll’k_l(Q) and is locally Lipschitz on the complement of

S;:=8;1U (UaEﬁ) .
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Moreover (cf. Lemma 5.4)

JUj = JUj_l + ZJuﬁ . (517)
%

On the other hand, we have chosen wj; so that xJu;; = aydEj; (cf. Proposition
5.2), while ) 0Ej;, = OR;_1 — OR; by condition (i) of Corollary 7.13 and xJu;_; =
ar(M —0OR;_1) by the inductive assumption (5.13) for j —1. Thus (5.17) yields (5.13)
for j.

It remains to prove (5.14). If we denote by Q' the union of all transition zones
B(Iji, 2Tji) \ B([Eji, Tji)7 then Uj satisfies

n— C C2k—n
IDu 1 < CZ M < ——— 3Bl < Rl (5.18)

Op—k+1 ; Op—k+1

where the first inequality follows from (5.11), and the third one from statement (ii) of
Corollary 7.13 (with R;_1 playing the réle of N). On the other hand, estimate (5.6)
and the fact that Uj = Uj; ON B(.Iji, rji) yleld

3 /B o IDuT < OSTIE < O IR (5.19)

while (5.16) and the fact that r;; < p(xj;) give

2 :/ |Du 71|k 1<a on— 2k+2zrn k+1
B(xji,2754)

2n 2k+2 (520)
ZIIE | <

—k
[ Rj—1ll -
k+1

Estimates (5.18-5.20) imply (5.14). [

Construction for polyhedral currents

When M is a polyhedral current, we can use Proposition 5.2 to construct a map u
which is more regular than that provided by Theorem 5.6. To this end we need the
following:

LEMMA 5.7. — Let p > k — 1, and let be given finitely many maps u; €
T/Vﬁ)’f(R” Sk=1Y which are locally Lipschitz in the complement of closed sets S; and
equal to the north pole yn in the complement of bounded open sets §;.

If the sets Q; are disjoint and wu is the map which agrees with w; on each €2;,
and takes the value yy elsewhere in R™, then u belongs to VVll P(R™, Sk=1), is locally

Lipschitz in the complement of US;, and Ju =7, Ju;.

PROOF. It is clear that wu is locally Lipschitz on R™ \ US;. The rest of the state-
ment is trivial if the sets €; have disjoint closures, and the general case follows by
approximation. O
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PropPOSITION 5.8. — Let M be the boundary of a polyhedral current N of codi-
mension k — 1 in R™, and denote by X the union of the faces of N of codimension k.
Then there exists a map u € V[/li)’f_l(R",Sk_l) such that xJu = ap M. Moreover u

is locally Lipschitz in R™ \ ¥ and constant outside a bounded neighbourhood of N, and
Du belongs to LP(R™) for every p < k and satisfies |Du(x)| = O(1/dist(z, X)).

PROOF. Write N as the finite sum Y o;N;, where each N; is a simplex (endowed
with multiplicity 1), and o; is an integer. We assume as usual that N; N N; is either
empty or a common face of N; and IV;, and then we can find 6,y > 0 such that the
sets U; := U(N;, d,7) defined in (5.1) have pairwise disjoint interiors (see Figure 3).

=2
o M=0N
0=-2
+« SM
o=-1
N
+1

FIGURE 3

For every i, take u; according to Proposition 5.2 for N := N;, set 4; = ¢, 0 U;
where ¢, is taken as in §5.1, and let v be the map which agrees with @; on the interior
of each U;, and with yy elsewhere in R™. By Corollary, 3.9, xJ@; = aio; ON; for every
i, and xJu = ag > 0; N; = ap M by Lemma 5.7. O

The previous result gives a map u with Jacobian xJu = ay M, which is singular
on the union ¥ of the (n — k)-dimensional faces of N. Notice that ¥ contains the
support of M = 9N, but in general can be larger (see Figure 3). In other words,
part of the singularity of u supports no Jacobian. In the next paragraph we describe a
procedure to remove some (but not all) of this “unnecessary” singularity, and optimize
the singularity around M.

5.9. OPTIMIZATION OF SINGULARITIES. — Let M, N, ¥ and u be given as in the
proof of Proposition 5.8. Let F' be an (n — k)-dimensional face of N, endowed with
some orientation, and o the multiplicity of M = ON on F (thus ¢ = 0 if F is not
contained in the support of ON).

In the following we identify R™ with the product R*~* x R¥, denoting a point in
R™ as o = (2/,2"), and assume that F lies on R"~*. Then we set (cf. (5.2) and (5.3))

U =U\(Fd,9)={x: 2/ €F |2"<d ()}, (5.21)

where ¢/(2’) := min {¢’,+' dist(2/, 0F )}, and the parameters §’, 7' > 0 are chosen small
enough to have §’ < §/v, where §,v are the parameters in the proof of Proposition
5.8, and (see Figure 4 below)

dist(x,¥) = dist(z, F) for every z € U'. (5.22)
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FIGURE 4

We claim that within U’, the map w depends only on z”/|2”|, that is, it can be
written as u(z) := ¢ (2" /|2"|) for some Lipschitz map ¢’ : S¥=1 — S¥=1. Let indeed
N; be any of the (n — k + 1)-faces of N whose boundary contains F', and let U; be the
corresponding set defined in (5.1). In U’ NU;, u is defined by formula (5.4) (17). Now,
the inner normal to ON; agrees on F with a vector which lies in {0} x R¥, and we can
freely assume that it agrees with the (n — k 4 1)-th element of the canonical basis of
R™. Hence, writing 2" € R¥ as 2" = (2f,24) € R x R*~1, formula (5.4) becomes

u(z) = 77(7> forall z € U'NU;.
g(a', x7)

Moreover, (5.22) implies g(z’,2)) = ~ydist(xz,ON;) = ydist(x, F) = ~af for every
x € U’, therefore u(z) = w(y~ ! 4 /2Y), and the claim is proved.

N3 Us 0,=0,=05=1 oly .
level setsof u
level setsof u'

N, U, F U N; Up
FIGURE 5

Since xJu = ay M and M has multiplicity ¢ on F, then the degree of ¢’ must be
o (recall §3.7). And since the degree classifies the homotopy classes of maps from any
(k — 1)-dimensional compact manifold without boundary into S*~! (Hopf theorem,
see for instance [25], Chapter 5, Theorem 1.10), then ¢ must be homotopic to ¢,
that is, there exists a Lipschitz map ® : S¥~1 x [0, 1] — S*~! such that ®(-,0) = ¢, (-)
and ®(-,1) = ¢'(-). Obviously, we can also require that ®(-,t) = ¢,(-) for all t < 1/2.
Finally we set (cf. Figure 5)

u(x) when |2| > ¢'(z'),

u/(x) = q)( 2" |.%'”|

[27]" g/ (2)

(5.23)
) when |2| < ¢'(2').

(17) Note that the variables 2’ and z” in formula (5.4) have a different meaning than
here.
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Thus ' agrees with uw on the complement of U’, and with ¢, (2”/|z"”|) on U" =
U'(F,8'/2,~'/2) (see definition (5.21)). In particular, if o = 0 then ' is constant on
this set. As in the proof of Proposition 5.2, one easily verifies that u’ is a Sobolev
map from R™ — S¥~1 which is locally Lipschitz on the complement of 3 when o # 0,
and on the complement of (X \ F') UJF when o = 0. The derivative of u’ satisfies
Du' € LP(R™) for every p < k and |Du/| = O(1/dist(x, X)) when o # 0, |Du/| =
O(1/dist(z, (X \ F)UOF)) when o = 0. Finally, xJu' = xJu = oy, M.

If we iterate this construction for all (n— k)-dimensional faces of N we immediately
obtain the following improved version of Proposition 5.8:

THEOREM 5.10. — Let M be the boundary of a polyhedral current N of codimension
k—1inR", and let S denote the union of the faces of N of codimension k+ 1. Then
there exists u € Wli)’ck_l(R", Sk=1) such that xJu = ay M, u is locally Lipschitz in the
complement of MUS and constant outside a bounded neighbourhood of N, Du belongs
to LP(R™) for every p < k and satisfies |Du(x)| = O(1/dist(xz, M U S)).

Moreover, given a face F of M of codimension k, if we identify the affine plane
of codimension k which contains F with R"*  and write v € R" as a x = (2',2") €

R"* x RF, then

"

u(x)=¢a< .

||

) for all x € U'(F,6,7),

where o is the multiplicity of M on F, ¢, is defined in §5.1, and U'(F,,~) is defined
as in (5.21) for suitable 6 and ~.

6. Additional remarks and open problems

We collect in this section, with no precise order, some remarks and questions related to
the previous sections. We being with an open problem on the structure of Jacobians.

6.1. POINTWISE CHARACTERIZATION OF THE JACOBIAN. — There is a clear analogy
between Corollary 3.10 and the structure theorem for finite perimeter sets of De Giorgi.
Indeed, for k = 1 the maps from 2 into S¥~! reduce to characteristic functions of sets,
while the Jacobian is just the distributional derivative. To this regard, we recall that
the rectifiable set which carries the derivative of the characteristic function of a finite
perimeter set E can be pointwise characterized as the measure-theoretic boundary
of E, namely the set of points where F has neither density 1 nor density 0 (see for
instance [3], Theorem 3.61, or [17], Theorem 4.5.6(3)—in fact, finite perimeter sets
can be characterized via the measure of their measure-theoretic boundary, cf. [17],
Theorem 4.5.11).

It would be interesting to know if there exists an analogous characterization of the
rectifiable set which carries the Jacobian of an S*~!-valued map.

6.2. ALGEBRAIC STRUCTURE OF THE JACOBIAN. — The space W11(Q,81) is a
group under complex multiplication, and it is easy to check that the operator x.J
defines, up to a factor 7w, a homomorphism of this group into the group of boundaries
of rectifiable currents in 2 with finite mass (use the isomorphism of W1(Q, S) onto
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WH1(Q,R/Z), identity (3.9), and the fact that 6 — d(df) is obviously additive).
Theorem 5.6 shows that this homomorphism is also surjective.

Notice moreover that in §4.3 we (almost) construct an explicit right-inverse of the
homomorphism +J: indeed the map which takes M into df described in (4.10) is linear
and satisfies xd(df) = M, and therefore the map which takes M into u := exp(27i6)—
modulo multiplication by a unit complex number—is a homomorphism, and satisfies
*xJu = wM, that is, it is a right inverse of xJ (but it may be not defined when M has
not locally finite mass, cf. §6.3).

In the next paragraphs we examine the regularity properties of the map w in
Theorem 4.4. Thus M, 6 and u are defined as in §4.3 and Theorem 4.4.

6.3. RELATION WITH THE LAPLACE EQUATION. — If w is the (n — 1)-form in (4.5),
then the vectorfield xw agrees, up to some constant, with the gradient of the function
|z|"~2 (log |x| for n = 2), which is the fundamental solution of the Laplace equation on
R™. Therefore, if we identify N with a vector measure p via the Hodge operator, the
function ¢’ in (4.7) agrees, up to some constant, with the divergence of the solution v
of Av = p.

Now it is well-known that if v solves the Laplace equation with measure or even
L' right-hand side, then the second derivative D?v may be not a measure, and the
best Sobolev regularity one can expect is, in general, v € WP for every p < 1* (see
[4] for examples in the context of measure forms).

This remark suggests (but does not prove) that without the assumption that M =
ON has finite mass, the gradient Dv, and perhaps also 6/ = divw, may be not BV
functions. In particular, the function § in (4.8) may be not W'1 and then the
construction in §4.2 fails. On the other hand, if M has finite mass, the same argument
applied to the convolution product at the right-hand side of (4.10) shows that the
Sobolev regularity we have obtained for 6 and w is probably optimal.

6.4. BEHAVIOUR CLOSE TO THE SINGULARITY. — Let M be a plane of codimension
two; if we identify M with R"~2, and write z € R" as # = (2/,2”) € R"~2 x R?, then
an explicit computation shows that the map u in Theorem 4.4 agrees, up to a rotation
in S which depends on the choice of N, with 2" /|z"|.

Using this fact one can show that when M is a smooth surface, u displays a
similar behaviour in the proximity of M. In particular, it is possible to modify u in a
neighbourhood of M so that it remains smooth in the complement of M, and for every
xg € M there exist a neighbourhood U of xg and a diffeomorphism ¥ which maps U
into the product M x R?, so that u(x) = 2" /|2”| for all z € U, where (2, 2") = ¥(z).

6.5. GEOMETRIC CONSEQUENCES. — Let u be the map modified as in the previous
paragraph, and y a regular value of u, then M is the boundary of the smooth hyper-
surface N := u~1(y). Moreover, if (y1,¥;) and (y2,y5) are two couples of antipodal
regular values of u, then Ny := u = (y;)Uu"1(y}]) and Ny = w1 (y2) Uu"1(1h), suitably
oriented, are smooth, transversal hypersurfaces without boundary, and M = Nj N Ns.

In other words, every smooth surface of codimension two and without boundary
in R™ is the boundary of a smooth hypersurface, and even more, it is a complete
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intersection; notice that these results do not hold in codimension larger than two (see
[9], and references therein).

The next paragraphs are devoted to the construction described in Section 5.

REMARK 6.6. — The construction in the proof of Proposition 5.2 can be extended,
with few straightforward modifications, to every surfaces N of class C' with trivial
normal bundle in R™ (18), and yields a map u which satisfies xJu = ay M and is smooth
in the complement of M—cf. Theorem 5.10. This triviality condition is automatically
satisfied by every oriented surface N of codimension one, and such an N can be found
for every M of codimension two (cf. §6.5).

6.7. A SIMPLE PROOF OF THEOREM 5.6 FOR k = 2. — Let M be the boundary
in © of a rectifiable current N of codimension one. Then there exists a real function
0" € SBV () whose differential can be decomposed as xdf’ = xw + (—1)" N, where
w is a suitable 1-form in L'(Q) (19). Now we set 6 := 7(#’), where 7 is the canonical
projection of R onto R/Z. Since N has integral multiplicity, the jump of 8’ is integer,
and then 6 has no jump. Hence 6 belongs to W (Q,R/Z) and df = +w = x(df’) +
(—=1)"~LN, and therefore, using (2.2) and recalling that 9N = M and d?¢’ = 0,

*d(df) = xd(d6') + ON = M .

By (3.9), the map u = exp(2wif) satisfies xJu = wd(df) = = M.

6.8. IS IT POSSIBLE TO REDUCE THE SINGULAR SET OF u? — The singular set of
the map u in Theorem 5.10 is the union of the datum M and an additional polyhedral
set S of codimension k + 1 (disjoint from M). It is then natural to ask if S can
be removed, or at least replaced by a set of lower dimension. To this end, it is
conceivable to adapt the procedure described in Paragraph 5.13: given a face F' of
dimension n — k + 1 of S, we take a set U’ as in (5.21), so that u is continuous on
U’'\ F, and try to replace u inside U’ \ OF with a continuous extension of its restriction
to U’ \ OF. Now U’ \ OF is homeomorphic to the product F’ x B**1 where I’ is
the interior of F' and B¥*! is the unit closed ball in R¥*!, and the problem becomes
to find a continuous extension of u : F' x 0B**t! — §k=1 to F' x B¥*1. Since F' is a
contractible space, this can be done if and only if, taken an arbitrary point =’ € F”,
the restriction of u to {z'} x 9B**! (which is homeomorphic to S*) is homotopic to

(18) The triviality of the normal bundle implies that some neighbourhood of N is
diffeomorphic to the product N x RF-1,

(19) This claim is a particular case of the following statement: given an oriented
(n — 1)-rectifiable set S in Q and a real function g in L'(#"~1 L S), there exists
an SBV function v such that Sv = 5, [v] = g and ||d.v|| < 2||g]l1 (cf. [17], §4.1.18).
Indeed, when S is (contained in) the boundary of a domain A of class C! relatively
compact in 2, it suffices to apply a well-known result of E. Gagliardo [18] to find
v € WH(A) with ||dv||; < 2||g]l1 and trace equal to g on A, and then extend v to
0 on the rest of 2. The general case can be reduced to this one by covering S with
countably many boundaries of class C*.
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a constant map. Unfortunately, the k-th homotopy group of S*~! is not trivial for
k > 2(?9), and therefore such a homotopy may not exist (for a general overview of
topological obstruction problems, see for instance [36], Part III).

Thus we do not know if, and at which cost (in terms of regularity) S can be
removed. However, we know that for &k > 2 there cannot always exists a map uw which
is smooth in the complement of M and behaves close to the singularity M as regularly
as the one in §6.4, because the geometric consequences described in §6.5 do not hold
in codimension larger than two.

7. Appendix

We begin this section with a statement on the integrability of certain singular func-
tions. Then we define the notion of Jacobians for Sobolev maps valued in some man-
ifold, and give a version of the coarea formula for such maps; this is the key lemma
in the proof Theorem 3.8. We conclude with an approximation result for rectifiable
currents.

LEMMA 7.1. — Let S C R™ be (contained in) a finite union of Lipschitz surfaces of
codimension h. Then, given a bounded set E C R"™,

/ d7x<+oo for every p < h
 [dist(z, )P e

PROOF. Let M be the supremum of dist(x,S) for x € E, and for every ¢t > 0
denote by S; the t-neighbourhood of S, and by 1; its characteristic function. Then

1 M
. —— 0D (2 dE f .

[dist(x, S)]P + p/o t(z) or every T €
Since .£"(S;) < Ct" for some finite C' (see [17], §3.2.39),

dx Mo,
L de )
/E[dist(x,S)]P LUE)MTP /0 L (S1) dt

M
< LY E)M™P + Cp/ th=17Pdt < +o0 . 0
0

7.2. PULL-BACK ACCORDING TO SOBOLEV MAPS. — Let €2 be an open subset of R",
and w a fixed smooth h-form in R*, with h < k < n. For every C' map u : Q — R”,
we denote by J,u the pull-back of w according to u (we adopt this notation to mark
the analogy with the Jacobian). Since

| Jou(z)| < w(u(z))] - |Du()]" (7.1)

(20) In particular 73(S?) = Z and 7 (S¥~1) = Zy for k > 3, see for instance [13],
Chapter VII, Theorem 8.3.
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this pointwise definition makes sense (almost everywhere) for every bounded map
of class WP with p > h, and J,u belongs to LP/". Moreover the operator J,, is
continuous, in the sense that given a sequence of uniformly bounded maps u; that
converge to u strongly in WP, the Jacobians J,u; converge to J,u strongly in Le/h,
The pull-back according to a map u of class C? commutes with the exterior differ-

ential, that is
Jawu = d(J,u) (7.2)

and therefore, if 9 is the differential of an h-form w, for all u of class C? there holds
Jypu = d(J,u) . (7.3)

Since J,u is well-defined for all bounded maps of class W, formula (7.3) allows
us to define Jyu as a distribution for all such maps (?!), and not only for those of
class W11 The continuity of J, (and J,,) ensures that distributional and pointwise
definition of Jy agree for all bounded maps of class Wb+l (and of course identity
(7.2) holds to0).

7.3. INTEGRATION OF MAPS VALUED IN A BANACH SPACE. — Let E be the dual of
a separable Banach space, X a subset of some euclidean space endowed with a finite
positive measure y, and f a map in L1(X, E)—that is, a Borel map from X into E,
endowed with the weak* topology, such that ||f|ly := [y |flpdu is finite. Then the
integral of f on X is the element of E defined by (e,v) = [(f,v)du for every v in
the pre-dual of E.

We say that f is approximately continuous in the weak* sense at & € X if: (a)
the function x — |f(z)|g is approximately continuous at  (??), and (b) the function
x — (f(x),v) is approximately continuous at Z for every v in the pre-dual of E. It is
easy to see that in this case, the averages of f(z) over x € B(Z,r) converge to f(Z) in
the weak™® topology of E, and also their norms converge. More generally, the integrals
Jx f pidp converge weakly* to f(Z) if the real functions p; converge to a Dirac mass
at Z, and are sufficiently well-distributed around z, e.g., for every ¢ there exists r; > 0
such that p; is supported in B(x,r;) and |p;| < C/u(B(Z,r;)) for some finite constant
C. Note that every f in LL(X, E) is approximately continuous in the weak* sense at
almost every z € X (23).

In §7.4 and §7.5 we apply these notions when F is the space of bounded measures
on Q—dual of Cp(2), space of continuous functions vanishing at 9Q2—or the space of d-
dimensional currents with finite mass in Q—dual of Cy(£2, A4(R™)), space of continuous
d-forms vanishing at 0€). Notice that neither spaces are separable or have the Radon-
Nikodym property, i.e., there are functions in L1(X, E) which cannot be integrated in

(21) The Jacobian Ju agrees with Jyu = d.J,,u where (y) = dy = dy1 A -+ A dyg
is the standard volume form on R¥, and wy is given in (2.7) divided by k.

(22) Approximate continuity of g at # is intended in the usual L' sense, namely that
the average of |g(x) — g(Z)| over all z € B(Z,r) tends to 0 as r — 0.

(23) Indeed, if T satisfies (a), then (b) holds for all v in the pre-dual of E if (and
only if) it holds for all v in a given countable dense subset of the pre-dual of E.
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the sense of Bochner and are nowhere approximately continuous in the usual (strong)
sense.

Oriented and unoriented coarea formula

For the rest of this subsection M is a smooth oriented h-surface in R¥ without bound-
ary, and w is the standard volume form on M.

7.4. COAREA FORMULA FOR LiPSCHITZ MAPS. — The usual coarea formula (see
[17], Theorem 3.2.22) says that for every Lipschitz map u : Q@ — M, every Borel set
A C Q, and every continuous function p : M — R there holds

/ Tt - |o(u)| d2™ = / AN, O A) - py) A () | (7.4)
A M

where N, is the level set u='(y) for every y € M. Moreover N, is (n — h)-rectifiable
for #"-a.e. y € M.

If A is the complement of the set of all z such that w is differentiable at x and
Juu(x) # 0, then the integral of |J,u| on A vanishes, and applying formula (7.4) with
p(y) = 1 we deduce that, for s#"-a.e. y € M, the map u is differentiable at J#""-a.e.
x in Ny, and the (n — h)-vector xJ,u(z) does not vanish. Hence xJ,u(x) is a simple
vector which spans the tangent space to IV, at any such point x.

Now we equip each rectifiable level set N, with the orientation *J,u/|xJ,u| and
the multiplicity 1, and make it a rectifiable current with finite mass, still denoted by
N,. Since |w| =1 on M, for p =1 inequality (7.1) and formula (7.4) yield

[ mldst) = [ Jraazn < [t agn. (7.5)
M Q Q

Hence, taking into account that p(u)J,u = J,,u, identity (7.4) can be rewritten as a
decomposition of the measure |xJ,,u| as a weighted average over the parameter y of
the measures |N,|, that is,

e pot] = /M N, - [o(y)| 4" (3) (7.6)

where the integral is intended in the sense of §7.3 (the map y — |N,| is summable
by (7.5); we omit checking that it is also weak™ Borel measurable). From (7.6) we
immediately derive the analogous decomposition for the current xJ,,u in terms of the
currents N, (oriented coarea formula):

wpai= [ Ny ply) d ) (7.7
M

7.5. COAREA FORMULA FOR SOBOLEV MAPS. — Formulas (7.4-7.7) can be ex-
tended with some care to maps u in Wh"(Q, M). The key step is to establish a
suitable version of (7.4).
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We first choose finitely many smooth h-surfaces M;, which are diffeomorphic to
closed balls in R" and cover M. Let now E be the set of all points where u is not
approximately differentiable: then E is Lebesgue negligible, and Q\ E can be covered
by a countably many sets B; where u agrees with a Lipschitz map (cf. [17], Theorem
3.1.8). We also require that the sets B; are pairwise disjoint and u(By) is contained
in one of the surfaces M;.

Since each M; is diffeomorphic to a closed ball in R”, we can use Kirszbraun’s
extension theorem (for maps into a closed convex subset of R") to find a Lipschitz
map u; :  — M; which agrees with u on B;. Thus formula (7.4) holds for u;, and
since u agrees with u; in B; and Du agrees with Du; a.e. in B;, formula (7.4) holds
also for u provided A C B; for some j. As the sets B; cover Q\ E, (7.4) can be made
true for every u and every set A C € by re-defining N, as

N, :=u'(y)\ E for every y € M. (7.8)

Since u agrees with u; on each Bj;, each N, is rectifiable for Hrae. y € M and
*xJ,u/[*J,u| is an orientation of N,. Now we can proceed as in the previous para-
graph and endow N, with the structure of rectifiable current, and show that the
decomposition formulas (7.6) and (7.7), and estimate (7.5) hold.

Since y — Ny is an L} map from M into the Banach space of (n — h)-currents with
finite mass, as pointed out in §7.3, it is approximately continuous in the weak* sense
at #"-a.e. y € M. We call such y regular values, and the corresponding N, regular
level sets. In the following we use the notation N, only for regular level sets.

REMARK 7.6. — Formula (7.4) holds also for maps u of class W' provided that
the level sets N, are defined as in (7.8), and |J,u| is defined in the pointwise sense.
The assumption that u is of class W1 is used to prove that #"~*(N,) is finite for
a.e. y € M and that the map y — ||N,|| is summable (cf. (7.5)), which in turn is
needed to ensure that the integrals at the right-hand sides of (7.6) and (7.7) make
sense (cf. §7.3).

REMARK 7.7. — If we define the level sets N, of a map v € WH1(Q, M) simply
as u~!(y)—that is, we do not remove the points of non-differentiability of u—then
formula (7.4) remains valid provided that u satisfies the following version of the (N)
property: for every null set £ C R", " "(u= (y) N E) = 0 for s#"-a.e. y € M.
Formula (7.4), with A replaced by F, shows that every Lipschitz map u satisfies the
(N) property. It has been recently proved in [30] that the same is true when u is the
precise representative of a map of class WP for some p > h.

REMARK 7.8. — If M is the boundary of an (h+ 1)-surface M’ and w is sufficiently
regular, and precisely of class W+l then ON, = 0 for every regular value y € M.
Indeed, taken any extension of the form w to M’, formulas (7.7) and (2.2) yield, for
every smooth function p,

y ONy - p(y) dH" (y) = O(xJport) = (—1)" M Typuyu
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and since u takes values in a negligible subset of M’, the (h+1)-form Jy(,.)u—the pull-
back of d(pw) according to u—must vanish. Thus the integral in the formula above
vanishes for every p, which proves that 0N, = 0 for a.e. y € M, and by continuity for
every regular value y.

Proof of Theorem 3.8

The geometric idea behind the proof of Theorem 3.8 is very simple: if we assume that
u is smooth outside a singular set .S of codimension k, then, up to a factor aj and
some integer multiplicity o, the current xJu agrees with S (see §3.7), and, as shown
in Figure 6 below, S is the boundary of every level set N, := u~!(y), which is indeed
a surface of codimension k — 1.

We claim that the same is true, in some sense, also for maps in W1*~1. The key
observation is that not only Ju = %d(JwOu) where wy is the standard volume form
on S*=1. but in fact Ju = %d(Jpru) for any smooth function p with average one
(Proposition 7.9). Therefore we can use the coarea formula to represent xJu as the
boundary of the integral combination [ N, p(y) d#*~!(y), and then pass to the limit
as the functions p converge to a Dirac’s mass at some regular value y.

FIGURE 6

In the following statement we consider a compact, oriented h-surface M without
boundary. Notice that in this case any smooth h-form on M can be written as pw
where w is the standard volume form on M, and p is a real function on M.

PROPOSITION 7.9. — If M is connected and p : M — R is a smooth function with
average 1, then

d(Jou) = d(Jpuu)  for every u € WHh(Q, M). (7.9)

Proor. It suffices to show that Jyu — Jywu = Ji_p)u is the differential of an
(h — 1)-form.

The h-form (1 — p)w has vanishing integral over M, and since the h-th De Rham
cohomology group of a connected h-dimensional manifold M is R, and the cohomology
class of an h-form is determined by the integral over M (cf. [10], Corollary 5.8), then
(1 — p)w belongs to the class 0, i.e., it is an exact form. Thus there exists an (h — 1)-
form ¢ on M such that dp = (1 — p)w. If we extend ¢ to the rest of R* in an arbitrary
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way, then dy is an extension of (1 — p)w, and for every u of class W" there holds

(ct. (7.2))
Ja—pywtt = Japu = dJ,u . O

PROOF OF THEOREM 3.8. — By Definition 3.2, the Jacobian of u is Ju = 1d(Jo,u),
where wy is the standard volume-form S*~1. Let p be a smooth function on S*~! with
average 1, that is, with integral kay. Then, Ju = %d(J,,wu) by Proposition 7.9, and
recalling (2.2),

1
*xJu = (_1)“—’““% O(xd pptt) - (7.10)

As discussed in §7.5, decomposition formula (7.7) applies to xJ,u,u, too, and therefore
(7.10) becomes

wru= (ool [N, ant )] (7.11)

where the currents IV, are the y-level set of u, as defined in §7.5.

If g is a regular value of u, namely a point of approximate continuity (in the weak*
sense) of the map y — N,, and we properly choose a sequence of smooth functions p
which converge to the Dirac’s mass koydy, then the integral between square brackets
at the right-hand side of (7.11) converge in the sense of currents to kay Ny (cf. §7.3),
and then

*Ju = (=1)" " la ONy .

If in addition we have chosen 7 so that || Ny|| is smaller than the average of || Ny|| over
all y € S¥~1 inequality (7.5) yields (3.7). 0O

REMARK 7.10. — The key lemma in the proof of Theorem 3.8, namely Proposition
7.9, is a rephrasing of a known fact on the structure of the boundary of graphs with
finite area. Let u be a map in W1*(Q, M), and let G, be the regular part of the
graph of u, namely, the set of all (z,u(x)) such that u is approximately continuous
and approximately differentiable at x. One easily checks that G, is an n-rectifiable set
with finite measure (and according to [20], §3.2.1, we write u € A;(Q, M)), and the
canonical orientation induced by the projection on 2 makes it a rectifiable n-current.
Moreover, if M is connected, G, can be represented as a product T'x M, where T' is a
current of dimension n—h—1in 2 (see, e.g., [21], §4.2.1, for a special case), and using
the coarea formula one can prove that T' remains unchanged if we replace the volume
form on M by any other form with same integral. If M = S*~!, the relation with the
Jacobian is given by the identity xJu = %(wﬁ(aau Lwo)), where 7 is the projection of
Q x S¥=1 onto €, and wy is the (k — 1)-form in (2.7). In particular xJu = a;T.
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Approximation of rectifiable currents

The main result in this subsection is Theorem 7.12 below, which is a fairly simple
consequence of Theorem 4.2.22 in [17].

DEFINITION 7.11. — Given two rectifiable hA-currents N7 and Ny in 2, we consider
the distance d(N71, No) defined by

d(Ny, N2) := inf([| R[] + [ PI]) (7.12)

where the infimum is taken over all rectifiable currents R and P of dimension h and
h + 1, respectively, such that Ny — Ny = R+ 0P (?4). In the following we say that a
sequence of rectifiable currents N; converge in the flat metric with convergence of the
masses to N if d(N;, N) — 0 and | N;|| — || N]|.

THEOREM 7.12. — Let N be an h-dimensional rectifiable current in Q with finite
mass. Then N can be approximated in the flat metric with convergence of masses by
finite sums Y E;, where each E; is an oriented h-dimensional disk with center x; and
radius r;, endowed with constant multiplicity 1.

Moreover, given a function p on Q which is strictly positive J"-a.e., we may
require that the radii v; satisfy r; < p(x;), and the balls B(xz;,r;) are pairwise disjoint
and contained in €.

PROOF. By Theorem 4.2.22 in [17], there is no loss of generality in assuming that
N is a polyhedral current compactly supported in N.

Moreover, we may also assume that the multiplicity of N is 1 on each face of the
polyhedron. Indeed, if some face of N was initially assigned a multiplicity o > 0, it
can be replaced by o copies of itself (where each of the copies is translated by a small
vector, and equipped with multiplicity 1): this operation does not change the mass of
N, and the resulting current can be made arbitrarily close to IV in the flat distance.

To prove the theorem for this special class of currents, it suffices to use Besicovitch
covering theorem to cover each face S of N with finitely many pairwise disjoint disks
E; of center x; and radius r; which cover all of S except a subset with small measure
and satisfy r; < p(z;), where p(z) is the minimum between p(z) and half the distance
between 2 and N \ S. This choice of p implies the second part of the statement. O

COROLLARY 7.13. — Let N be an h-dimensional rectifiable current in ) with finite
mass, and p a function on Q2 which is strictly positive S -a.e. Then there exist finitely
many oriented h-disks E; with centers x; and radii r; < p(x;), rectifiable currents R
and P of dimension h and h + 1, respectively, so that

i) N=Y,E +R+0P;
i) 2, 1Bl < 2'"N|;
iii) [|R] + |1P]| < (1-271"m)|N|;

iv) the balls B(x;,2r;) are pairwise disjoint.

(
(
(
(

(?4) Thus d is a modification of the usual flat metric—see [17], §4.1.12, or [35], §31.
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PROOF. Let € > 0 be fixed for the time being (to be properly chosen later).
By Theorem 7.12 (and Definition 7.11) we can find disjoint disks E/, and rectifiable
currents R’ and P’ such that

N=) E+R+0F Y |E|l<Q+e)|NI, [R|l+[P|<e|N|. (7.13)
% %

Let now E; be a copy of Ef scaled by a factor 1/2 and concentric to E}, P := P’ and
R:=> (B! — E;) + R'. Then the first identity in (7.13) yields (i), the first inequality
in (7.13) yields (ii) (at least for for ¢ < 1), and

RN+ 1IPI < Y IE; = Eill + | Rl + 1P

3

(1 =27 B +elN]|

<[@-27MA+e) +e] N,

IN

which gives (iii) if we choose € small enough to have (1 —27")(14¢)+¢ < 1-27h"1
Finally, if the disks E/ satisfy the second part of Theorem 7.12, then (iv) holds. O
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