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Population Risk decomposition

ANALYSIS F

Question What is an latificial neuralnetwork
What is the corresponding Fo howbig is it

Definition of neural network

Memelnetworks are a chain offunctions combining usually
pointwise nonlinear operations the neurons through
linearmaps transformations connections the network

Different connection structures nonlineauities givedifferent NN
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A single layer neuralnetwork of
width ne IN is a function of the form

Fok α a r w by
where α IR is the scaling of the network

a eRd are the outputweight
w eRd are the inputweight
by ER are the biases

T IR IR is the activation function

we will define 0 aging by e R

Note Most of the time we will set d 1

The above network can be represented as a graph
r

ug.by e here d 3 d 1 u 6
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no fix ago w by
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Often e gtoday x 1 but we will use it when u a

The network can also bewritten usingmatrix notation

defining the action of r on IR to be componentwise

Folx α E r Wx ̅ b

where a E er b 1 e R ws ek

There are
many

possible choices for activation 0

a Rectified Linea Unit ReLU

T 2 2 mex e t z 11220
b Sigmoid

7 11 55

c Hyperbolic tangent

514 tank f
less common activations include

d step function Tft 1 20
1 if to
else

e identity T z Z

f smooth RelUs T E Ik 512 1 5
1



g gaussiandensity r z e

E squared T 2 22

d 1 anything
RelU

For each nonlinearity r we denote by

Frin a ay fwy by ayayb e R't

the space of singlelayer NN ofwidth n with activation o

Fr Frin
openclosed

Example Let XER

LetPLak fe X fix e Ea lxe5e.ee É cR
he 1 ILemme2fi For every h ePHX there exists a single layerNNF

of width n with ReLU nonlinearity such that f x 1k
In other words Pln X Frewn



Ref Set eyes jefe it
Then we can write

fold E g by x byte lapteyb a b

so for 6 1 b

p L _a a feet
an Ea her solve I

bet ten 9b

Sometimes a function is applied to the outputof a network

Fok ltexpl aE.grwgx b
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Def a class of functions F is on universalapproximeter over

a compactset X if forevery ge C X there exists

feF with 11f glla E

Consider first the univariate case Throughout wesetwlog X 0,1
Westartwithintuitive constructivepf
Rory Let g IR IR be g lipschitz Then forevery so

there is a single layer NN Fo with 512 Z of width
n The such that 11g fellate

Ref Bythe abovelemme weonlyneed to show that ThePLulx
such that 11g Ella E

Wechoose h as thelinear interpolator of 4gmens

a

eet we sit FITa glo of glbs g1b

so that folx Éia lab g b 1kelbpk.fi

19k fold Igt glby 19lb flb folb f x

elbp.bg g x b e t o g E
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Altematively we couldhaveused the result

Lemmet Let X be a compactsubsetof R Then PL is dense in C X

in the 11.11a topology

Roof see courseofrealanalysis e.g
Rudin

Ee For every compactset IR single layerneuralnetwork

with ReLUnonlinearity are universal approximeters

Remed Whiletheabove result is more generalapproximation of IX insteadofLipsch
Pop2.1 givesfounds on thesiteofthe network lowcomplexity lowwid

Exercise Let becompact then Figmoid is univ approx in X

Idea By Ca2.3 h n eFrewin with 11ha911
Then approximate eachneuronofLu

withena with a t w by
a

forwind aged fief
Levee2.4 Let ER becompact Fa is a universalapproximate over X

This follows fromthefactthat

xe bibi 1 x b 1 x b x b o 1 1 bio

togetherwiththedensityofsimplefunctions in C X

Renal Polynomialsof founded degree are closed under linear transf

pe Plu a p a b b e Pla
and are not dense in C X forfixed u_ no www.apple

Renal The compactness of X is necessary forany finite relu
network f if x R 11cos x fix lo 1



Renal Whythe 11110 topology Because wewantto found Rlo
withoutknowing P

Q how about higher dimensions dse

Idea We would like to approximate with sums

ETA e Ae Ae beg ble

However this cannotbe done at least directly withshallownets
Or can it

Consider 5 z cos z then

T t T y cos z cos y

cos 2 y cos z y
T t g r Z y

So at least in principle usingthe above propertyofcosines and
theFemia approximation of step functions

g x α IT E byebje α Palestrate

algebra Ex PaTealrexe Ex IPESmceslgie.ae
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In practice this is painful hit theheavylifting was done forus

Im 2.5 Stone Weierstrass Let Fe x for Xc.IR satisfy

a for every e X thereexist fe F such that f x o

b for every pail x x ex with thereexists feF with

f x fix F separates points

c F is closed under pointwisemultiplication F is an algeho

then F is an universal approximeter

Lemuel6 Fee is universal

PI a each fe Fco is continuous finitesumofcont functions
b cos o x 1 xeX

e flz cos selfie
it

flx
d already checked

The 2.7 Suppose r e IR is sigmeidel
H

then Fr is universal r 2 1

Also Frew is universal



Pf sketch By femme 2.7 we have there
exists ne N

fuk É of cos w̅ bj e Fo

with 11h glia
Then since hu.sk egcos w̅ 5 e C X by
exercise we have fu E Frigmaid llfj hu.gl

for ft fu K Figmoid

11 f glla If all ten 911 FEE fee

thate the elgehe condition does nothold for polynomialsof founded
degree In fact

I Leshue 1993 Fr is universal iff re IX is not a polynomial


