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Chapter 0O

Introduction

In this thesis we deal with the models of subspace arrangements which De
Concini and Procesi introduced in [4]. In particular we study their integer
cohomology rings, which are torsion free Z-modules of which we find Z-bases.

When the considered arrangement is the braid hyperplane arrangement,
this leads to the study of the integer cohomology rings of the moduli spaces
M, of n-pointed curves of genus 0 and of their Mumford-Deligne compact-
ifications Mo,n- In fact we prove that Mo,n is isomorphic to a particular De
Concini - Procesi model of the braid arrangement. In these cases, we deal
with the action of the symmetric group on the cohomology rings: we give
explicit formulas for the associated generalized Poincare series, and provide
recursive formulas for the characters. We also extend part of our results to
the root arrangements of types B, (= C,) and D,,. Let us describe more in
detail the content of this thesis.

Models of arrangements and moduli spaces

The first part of this thesis is devoted to recalling some of the definitions
and results established by De Concini and Procesi in [4]. Given a subspace
arrangement G* C C", we describe it by considering, in the dual (C™)*, the
subset G of the subspaces orthogonal (with respect to the standard pairing
between (C™) and (C™)* ) to the ones in G*, and call by Mg the complement
of G* in C". A model for Mg is a smooth irreducible variety Yy equipped
with a proper map 7 : Yg — C" which is an isomorphism on the preimage of
M and such that the complement of this preimage is a divisor with normal
crossings.

Let us sketch the explicit construction of the De Concini-Procesi models.
We start by considering the map

it Mg—C"x [[P(C"/D")
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where D+ is the dual space of D, P(C"/D") denotes the projective space
of lines in C™/D* and the map from Mg to P(C™/D%) is the restriction of
the canonical projection C" — D* — P(C"/D™*). Then we form Yy as the
closure of the graph of 7. It turns out that, when the set G has suitable prop-
erties ( when it is “building”, see Chapter 1, Section 1), Yg is a “wonderful
model” in the sense explained by the following theorem.

Theorem 0.0.1 (see [4] and Chapter 1, Section 1)

Let G be a building set of subspaces. Then

(1) Yg is a model for Mg.

(2)  The complement D of Mg in Yg is the union of smooth irreducible
divisors D¢ indexed by the elements G € G.

(3) Let G be a minimal (with respect to inclusion) element in G. If we put
G' = G—{G}, and denote by G the family in (C™)* /G given by the elements
{A+G/G : A€ G}, we have that G' and G are building and that Yg can be
obtained from Yg: by blowing up a subvariety isomorphic to Yg.

The blow-up property (3) is the key to understand the geometry of Yg: we will
also use it to study the integer cohomology rings of Yy and of the subvarieties
Dg =, Da, (S={A:,..., A} C G) which are intersection of the divisors
in the boundary. De Concini and Procesi provided a presentation of these
cohomology rings as quotients of polynomial algebras.

Theorem 0.0.2 (see [4] and Chapter 1, Section 3)

The ring H*(Dg,Z) is the quotient of Z[ca] by an ideal I, where the
variables c4 are indexed by the elements in G and, for A € G, c4 is interpreted
as the cohomology class [D 4], associated to the divisor D 4, restricted to Dg
(and therefore it has degree 2). In particular, keeping the above definitions
also in the case S =0, we obtain that H*(Yg, Z) is a quotient of Z[ca].

We note that in [4] arrangements of linear subspaces in P(C") have also
been studied. As a result, a theory has been obtained, which gives compact
models and is quite similar to the above described one. In fact, the connection
between the two settings is given by the following assertion.

Theorem 0.0.3 (see [4] and Chapter 1, Section 2)

Let G be a building set containing (C™)* and let ?g be the compact model
associated to the linear subspace arrangement induced by G in P(C"). Then
Y is the total space of a line bundle on D((D")* and i}g s isomorphic to

Pery

An interesting example of compact model is provided by the moduli space
M 41 of stable curves of genus zero, with n 4 1 labeled pairwise distinct
points. It corresponds in our setting to the case of the braid arrangement:
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in fact, in Chapter 2 we will show that M, is isomorphic to a particular
De Concini- Procesi model, denoted by Yz Ay of the projective hyperplane
arrangement induced by a root system of type A, _;.

Cohomology bases for the models and Poincare polyno-
mials

A special case of what we have described above occurs when the building
set G is such that every element of Cg is generated by some lines belonging
to G or, in a dual way, when every element of G* can be obtained as an
intersection of certain hyperplanes Hy, ..., Hy belonging to G*. We will refer
to such a G as a “refinement” of the hyperplane arrangement {Hy,..., Hy}
(or we will say that G “refines” {Hy,..., Hy}).

In his recent paper [25], Yuzvinsky has found bases for the Z-module
H*(Yr,Z), when F is the minimal building set which refines an hyperplane
arrangement (i.e. when F is the building set of irreducibles, even if his
method could be extended to the case of any subspace arrangement, as he
observes in Remark 3.11 of [25]). In Chapter 3 we provide bases for the
Z-modules H*(Dg,Z) and H*(Yg, Z), when G is any subspace arrangement
and S a G-nested set, thus generalizing the mentioned result. The methods
we use in the proof are different from those in [25]: they are based on the
geometric structure of the model, in particular on the blow-up property (part
3 of Theorem 0.0.1) which gives rise to some useful recurrence relations.

Then we provide formulas for the Poincare polynomials of Y when F is
the building set of irreducibles which refines a root hyperplane arrangement
of type A, B, (= C,), D,. Furthermore, given a building set G, we study a
particular class of subspace arrangements, which we call “ induced by G” since
they are obtained by tensoring the elements of G by C”. In particular, given
F as above, we study the “induced root arrangements” of types A,, B, (=
C,), D, and give formulas for the Poincare polynomials of the associated
models.

Finally, the last section of Chapter 3 is devoted to finding squarefree bases
for H*(Dg,Z) (and for H*(Yg,Z)), when G is a building set which refines
a hyperplane arrangement (squarefree bases may not exist in the general
case of subspace arrangements). They are interesting because of their geo-
metrical meaning, since they are in correspondence with irreducible varieties
obtained by intersecting, without multiplicities, the irreducible divisors in Yg.

Symmetric group representations: a recursive relation
In the last part (Chapters 4 and 5) of this thesis we specialize all the
above mentioned results to the study of the symmetric group representations

connected with some root hyperplane arrangements and their De Concini -
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Procesi models.

Let us consider the root hyperplane arrangement A* ;| C (C") of type
A,—1 and its orthogonal arrangement A,_; C (C")*: we can realize the
symmetric group S,, as the Weyl group generated by reflections in the hyper-
planes orthogonal to the roots; the symmetric group action on €' restricts

to an S,-action on the complement My, , = C" ' —J, oo A

n—1

This action induces on the cohomology ring H*(M 4, ,, C) a linear S,, action
that has been studied by several authors.

In particular Lehrer (see [17]) and Lehrer-Solomon (see [19]) determined, us-
ing combinatorial techniques, the structure of the S,-module H*(M 4, _,,C),
showing that it is, degree by degree, the sum of certain induced representa-
tions. In [19] it has been proved that, as S,-modules,

H*(Ma,,,C) = 2Ind%;. (1) (1)

where r is a reflection and 1 is the trivial one dimensional representation.
In Chapter 4 we construct an extension to S,.; of the natural S, action
described above. As a first step we shift the problem for the arrangement
A,_1 to the same one for its projectivization which has complement M 4, _,.

Next we use the fact, proved in Chapter 2, that M A,_, is isomorphic to

1
My nt1: as a consequence, we get on M, , an S,4i-action that can be
lifted to an S,,41- representation, compatible with the natural S,, one, on the
cohomology ring H*(My, ,,C).

Then we find an interesting recursive relation which connects the ex-
tended action with the already known one. Let us express it in terms of
characters, introducing the following notation: let x,.1(¢,n) be the charac-
ter of the natural S,;; action on H (M4, C), Xn42(i,n) be the character of
the extended S, 1o action on H(My,,C) and p,.; be the character of the
standard representation of S,, ;1. Then, for n > 2, we have :

Xn+1(i7n) = Xn+1(i7 n— 1) +pn+1Xn+1(i - 17n - 1) (2)

As a first application, we will use relation (2) to obtain a polynomial for-
mula which involves the characters of the S, 1 action on the homogeneous
components of the graded ring H*(M4,,C). Secondly, we will provide a
quick proof of the important Lehrer’s result (1). Finally we will compute the
Euler characteristic x(Mo,,/S;) of the quotient spaces My, /S; (n > 3 and
2 < j < n, that is to say, S; is identified with a subgroup of S,,). The interest
of this computation lies in the fact that x (M, /S;) plays a crucial role in the
computation of the Euler characteristic of the moduli spaces M, ,,, M, of
n-pointed curves of genus 1 and 2 and of their compactifications Ml,na Mgvn,
as it is shown in [3].



Generalized Poincare polynomials

The last sections of Chapter 4 and most of Chapter 5 are devoted to
studying the S,41 action on the cohomology ring of the De Concini - Procesi
model Yr, . Since Yz, Is isomorphic to Mg, 11, the importance of this
action (which we will call the “extended” action) was first pointed out in the
context of moduli spaces. It has been studied by E. Getzler in [13] and it turns
out to be compatible with the S, action coming from the geometry of A, 1
(which we will call the “non extended” or “natural” action). In [13] Getzler
calculates the characteristic of the cyclic S-module Poly which corresponds to
the cohomology of the moduli spaces M ,,. This characteristic takes values
in the ring of symmetric functions and encodes all the information about
the characters of the “extended” action (therefore, a fortiori, of the “non
extended” one).

Assuming the point of view of models of arrangements, we can study in a
new and elementary way these modules. For instance we will give very direct
formulas for the trace of operators in the “non extended”case and we will
explicitly describe the S,y;-module H?(Yx u,_,»Z) and its decomposition
into irreducibles. The reason why our approach is elementary lies in the
combinatorial properties of the Yuzvinsky basis of H*(Yg Anil,Z). In fact
it turns out that the elements of this basis are permuted by the symmetric
group S, (unfortunately, not by S,.1): this allows us to compute the trace
of operators in a direct combinatorial way.

Our interest is thus devoted to the generalized Poincare polynomial with
respect to an element w € §,, i.e. to the polynomial

P (@) =) (tr vy, z)7

. 1
(2

(note that the variable ¢ has to be considered of degree 2: in fact the odd-
degree cohomology groups are trivial).

Now we can view w € S, as an element of S,, for every m > n, by the ob-
vious immersion S,, +— S,,; this makes w to act on all the rings H*(Yr,  ,Z)
for m > n. It turns out that, in order to determine the generalized Poincare
polynomials P, 4,, ,(¢) as m varies, it is convenient to compute directly the
two variables “generalized Poincare series”

tm

Pw,A((L t) = Z wa“m—l(q)%

In Section 2 of Chapter 5 we give some formulas for P, 4(q,t) for any w €
S,,. These formulas are particularly explicit when w is a cyclic permutation
(see Theorem 5.2.1); when w is the identity, we recover the well known
formula for the ordinary Poincare series.
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We then note that a substantial simplification to the equations provided
in Section 2 can be obtained if we consider, instead of the series P, 4(q,t),
a “universal” graded series H in some formal graded variables S; and P,gd)
(j > 1, k> 1,d > 0). It encodes all the information about the series
P, 4(q,t), for every w, in the way explained by the following steps:

1. Given w € §,, with decomposition w = ¢; - - - ¢;, where ¢y, ..., ¢ are non
trivial disjoint cycles of length Ay > ... > )\, > 1 respectively, consider
the polynomial H; which is the homogeneous component of degree [ of

H.

2. Then substitute in H,; the formal variables S; (and Pk(d)) with some
special functions from Z7 (Z" respectively) to Z][q,t]].

3. Finally put the numbers \;, ..., \; as inputs of these special functions
and sum over all the possible permutations of Ay,..., \.

4. The universal series H is constructed in such a way that, after the steps
Y
1,2 and 3, Pi%ﬁ AZ)(q,t) is obtained (here the superscript (n) means

“n-th derivative with respect to ¢”).

Note that, although the series H and the non cyclic characteristic ch; of
the rings H*(Yr, ,Z) (which can be computed by differentiating Getzler’s
formula for the cyclic characteristic in [13]) encode the same information,
they are different combinatorial objects. Section 3 is devoted to finding a
nice and compact formula for the universal formal series H (see Theorem
5.3.4). This formula is obtained by studying certain sums over rooted trees:
the remarkable combinatorial properties of these sums are summarized by
the Theorems 5.3.2 and 5.3.3 which are of independent interest.

Finally, in Section 4 of Chapter 5, we focus on the complex Coxeter
arrangements B,, of type B, and on the associated De Concini - Procesi
models of irreducibles: we provide a formal series Hp which, by the same
methods as above, gives us the generalized Poincare series with respect to
the elements of some subgroups (isomorphic to S,,) of the Weyl group of type
B,.
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Chapter 1

Models of subspace
arrangements

1.1 Construction of the De Concini-Procesi
models

Let us consider a subspace arrangement G* in C"; given K € G*, we can
construct its orthogonal subspace K+ in the dual (C")* and therefore we
can describe the arrangement G* by means of the arrangement G € (C")*,
G={K*|Keg}.

Let now Ag C C" be the union of the subspaces of G*:

Ag=|J A=|JB"
Aeg Beg

and let Mg be the complement of Ag in C".
By construction, given A € G, the rational map

T4 C"— C"/A*
is defined outside A+ and thus there is a morphism
og + Mg — H P (CR/AJ‘)
Aeg
The graph of ¢¢ is a closed subset of
Mg x [] P (C"/A%)
Aeg
which embeds as open set into

< [P (€"/AY)

Aeg
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Finally we have an embedding

qgg : Mg — C" x HP(@”/AL)

Aeg
as a locally closed subset. This construction allows us to give the definition:

Definition 1.1.1 We denote by Yg the closure of c//ﬁ\g(./\/lg) n

c"x [P (cr/At)

A€eg

The variety Yg will be the main object of our study. Its properties essen-
tially depend on the combinatorial properties of G, therefore we will shortly
recall some definitions and facts concerning the combinatorics of a subspace
arrangement.

First, we call by Cg the closure, under the sum, of G, that is to say, the
set of subspaces in (C")* which are sums of subspaces in G.

Definition 1.1.2 Given a subspace U € Cg, a decomposition of U is a col-
lection of non zero subspaces Uy,Us, ..., Uy € Cg (k > 1) which satisfy the
following properties:

1. U=U,0U0:®...0U4

2. for every subspace A C U in Cg, we have that ANUy, ANUs,, ..., ANUj
lieinCg and A= (ANU) & (ANUz) @ ... 8 (ANUy)

Definition 1.1.3 If a subspace in Cg does not admit a decomposition, it is
called “irreducible”. The set of all irreducible subspaces is denoted Fg.

The above mentioned definitions lead immediately to the following expected
proposition:

Proposition 1.1.1 FEvery subspace U € Cg has a unique decomposition
U = @F ,U; into irreducible subspaces. This is called “the irreducible de-
composition” of U. If A C U is irreducible, then A C U; for some 1.

In the sequel, we will deal with a further property of the arrangement G:

Definition 1.1.4 A collection of subspaces G C (C")* is called "building
set” if every element C' of Cg is the direct sum C' = Gy ® G @ ... DGy of the
set of the maximal elements G1,Gs, ..., Gk of G contained in C. We say in
this case that {G, ..., Gy} is “the decomposition of C' in (the building set)
Gg”.

12



Remarks

1) One can easily see that the “decomposition of C'in G” is a decompo-
sition in the previous sense.

2) The sets Cg and Fg defined above are building sets. Furthermore, for
every building set G, we have g C G C Cg. Let in fact A € Cg be irreducible.
Then A can be decomposed in G, but then A € G since A is irreducible. This
proves the first inclusion, the second being trivial.

The notion of “building set”, introduced by De Concini and Procesi in
[4], plays a fundamental role in the theory, since it turns out that, in the case
when the arrangement G is building, the variety Yy is a “wonderful model”
for Mg, in the sense specified by Theorem 0.0.1 in the Introduction.

De Concini and Procesi proved this in [4] by using the explicit description
of an open affine covering of Y;. We will give here a sketch of the proof
provided in [4]. As a first step it is worth recalling the construction of the
above mentioned open charts. For this purpose we need to introduce the
notion of “nested set” (see [4]) by means of the following definitions. This
notion is close to the one introduced by Fulton and MacPherson in their
paper [9] on models of configuration spaces.

Definition 1.1.5 A set S of subspaces in (C™)* is called nested if, given
any its subset {Uy, ..., Uy} of pairwise non comparable elements, one has

U=U,® - @®Up and U ¢ S.

Definition 1.1.6 Let K be a building set of subspaces in (C")*. A subset
S C K is called “nested relative to K7, or KC-nested, if

1. S 1s nested

2. given a subset {Aq, ..., A} of pairwise non comparable elements in S,
then C'= A1 @ --- ® Ay is the decomposition of C in K.

Let now S be a nested set of subspaces in (C")*. For every set A C (C")*,
A # {0}, the set
sS4 ={(C"}u{BecS|AcC B}

is linearly ordered (with respect to inclusion) and non empty. We let pgs(A)
to be the minimum of S4. We will write pg(v) instead of ps(Cv) if v is a
vector in (C™)*.

Definition 1.1.7 A basis b of (C")* is called “adapted” to S if, for all A €
S, the set
ba:=bNA={vebdps(v) C A}

is a basis of A. A “marking” of a basis b adapted to S is a choice, for all
A€ S, of an element x4 € b with ps(za) = A.

13



One can easily observe that, given a nested set S, one can always find a
basis b adapted to S and a marking for b.

Consider now a space of functions C° with coordinates u, indexed by the
elements of b and, given A € S, set uy := u,, where x4 € b is the marked
element associated to A. We can define a map:

pPs (Db — @b
by means of the following relation:

U= Uy H up if A=p(v)and v is not marked (1.1)
BDA

v = HuB ifv=uxy (1.2)

where the elements of b have been chosen as coordinates on the target space.
This map is easily seen to be birational and, since b is a basis of (C")*, we
can consider it as a map

ps 1 C0— C"

Proposition 1.1.2 The map ps restricts to an isomorphism between the
open set where all the coordinates ua (A € S ) are different from 0 and the
open set where the coordinates x4 € b are different from 0 (A € S), and
maps the hyperplane defined by us = 0 in the subspace A*.

If we now consider the variety

YscC"x [P (Ccr/AY)
AeS

constructed according to Definition 1.1.1, we have that

Proposition 1.1.3 (see [4]) The map ps lifts to an open embedding of C°
mto Yy.

Proof.
This essentially follows from the fact that the composition of pg with the
rational map

T4 C"—P(C"/AT) (A€b)

is given by the formulas (1.1), (1.2), if we choose on P (C"/A") the pro-
jective coordinates coming from the basis by of A. Thus as monomials in
the u,, these coordinates are all divisible by the monomial expressing x 4; we
deduce that the map m4 pg is a morphism to the affine part P° ((D”/Al) C
P(C" /Al) where x4 = 1. We can then form a morphism (again denoted by
Ps)

ps 1 C"—=C" x [P (C"/A")

AeS

14



the image of which is easily seen to be equal to the intersection between Yy
and C" x [[P°(C"/A"). n

AeS

We will denote by U% the open set in Yg provided by the previous propo-
sition and identify with pg the restriction to U2 of the projection from Y to
C". Moreover we observe (see [4], page 465), that ps depends only on the
marked elements of the basis b.

Now, let us describe one possible way to select adapted marked bases for
S. Choose for every B € S a basis b(B) of B made by vectors not contained
inany C C B, C € S. Choose a vector zg € b(B) for every B € S. Then
these vectors are linearly independent and thus can be completed to a basis
b which is adapted to S and in which they are the marked vectors.

If we fix the bases b(B) (B € S) and perform the above algorithm in all
the possible ways (that is to say, if we choose the marked vectors in all the
possible ways), we get a family © of adapted marked bases. Since the open
sets U% depend only on the marking of the basis b, this gives rise to a finite
family V = {UY | ¥ € O} of open sets.

Proposition 1.1.4 (see [/])

1. The variety Ys is covered by the open sets US in the family V.

2. Given a minimal element A € S and put S" = S — {A}, Ys is the
blow-up of Y along the proper transform Z4 of the subspace A+ which
15 a smooth subvariety. Furthermore Z4 is canonically isomorphic to

YA where A :={(B+ A)/A e (C")*/A|B e S'}.

3. Consider Mg = C™ — Uyeg AL embedded as an open set in Ys. Then
Ys — Mg is a divisor with normal crossing with smooth irreducible
components D% parametrized by the elements A € S.

4. All the intersections of the divisors D% are irreducible.

Proof.
1),2).
We observe that S’ is still nested and we want to study the two varieties
Ys, Y. By their very construction, there is a birational morphism p : Yg —
YS’-

Let us consider a basis b adapted to S and marked. Then b is also adapted
to S" and, up to forget the marking on the element x4 € b, is marked for S’
It follows that the map ps equals the composition of p restricted to U% with
ps’-

We want to explicit the relations between the coordinate charts U% and
U%,; in order to do this we will denote by w, the coordinates in U4 and by

15



u! the coordinates in U%,. We observe that we have u, = u, if ps(v) # A or
v=ux, and ul = uyua if ps(v) = A and v # x 4.

These are exactly the explicit maps of the blow up of U2, along the sub-
variety u/y = 0,ul =0 (ps(v) = A and v # z4) in the charts

p qu'Hug/

In particular, in the case of the claim 2), since A is a minimal element in
S, if we start from an adapted basis b of S and we mark it for S’ in such a
way that no marked vector belongs to A, we can complete the marking to
S in m = dim A different ways. Let us call b; (i = 1,...,m) the marked
bases we get; the associated charts Z/{gi cover the blow up of U, along the
subspace defined by the equations u! = 0 (v € A), hence the induced map
Uiugi — Ug, is a proper map.

Now, using the formulas (1.1) and (1.2), we can conclude that the variety
we blow up in UY, is exactly the proper transform of the subspace At. In

fact we have
v=u, H u'y
BDA, BeS’
for v € by and thus the claim follows dividing by

/
I

BDA, BeS'

These observations allow us to prove the claims 1) and 2) by induction on the
cardinality of S. As for the claim concerning Z,, we notice that A meets

Mg and
Atn Mg = At — UBGS/(BJ' N AJ')

But if (B + A)/A = (B’ + A)/Ain A, then B- N A+ = (B'): N A*, so, after
identifying (C")*/A with (A+)*, we can rewrite

AN Mg = A — LJ@GA(é)L
Finally, under the map

Mg —C"x [ P(Cc"/BY)

Bes’

A+ N Mg maps to

Atx [ P(At/B nAY)

(B+A)/AeA
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3), 4).
First we note that for every open set U3, p~1(A+) NUY is the divisor
of equation H up. Thus, if we set Dy equal to the closure of p~!(AL —

BOA
Upo ABL) we obtain a smooth divisor whose intersection with Z/{g is the hy-

perplane of equation u4 = 0. Furthermore Yg — Mg = UscsD 4. This proves
3) and 4) except for the irreducibility of D4. Let us prove that Dy is ir-
reducible by induction on the cardinality of S. We assume the statement
for " = S — {A} (A minimal) and we consider, by 2), Yy as the blow up
of Ys along Z4. Then D, is the exceptional divisor and its irreducibility
follows from the one of Z4. This also proves the base of the induction (that
is to say, |S| = 1). For B # A, Dpg is the proper transform of the divisor
corresponding to B in Yy, so it is irreducible by the inductive hypothesis.
At the same way, using the local description, we can prove 4). [ |

Let us now focus on the variety Yg in the case when G is any building
set. Let us take a G-nested set S and a marked basis b adapted to it.

Lemma 1.1.5 Given any x € (C")* — {0}, suppose A = pg(z) € S. Then
x = xaP,(u), where P,(u) is a polynomial depending only on the variables
u, with v such that ps(v) C A and v # 4.

Proof.
Since by is a basis of A, we have an expression

v
T = Z ayv = xa(a,, + Z ayx—)
vEba UebA A
VF#£ Ty

If we substitute for the v’s their expression in terms of the u’s provided by
the relations (1.1), (1.2), we get the requested polynomial P, (u). n

Now, given G € G, the previous lemma allows us to define polynomials
PS(u), z € G, by the formula z = x4 P (u).

Let us denote by Zg the subvariety in (C)” defined by the vanishing of
these polynomials. Then we observe that the map

Cl—C"— C"/GH

given by the coordinate functions z € G, can be composed in C* — Zg with
the rational map C"/G* — P(C"/G"), giving a regular morphism.

Definition 1.1.8 Given a G-nested set S, we define the open setU% or US(G)
as the complement in C° of the union of all the varieties Z¢;, G € G.
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The open set UZ has been defined in such a way that all the rational mor-
phisms
Ui — P(C"/G*)

are well-defined; therefore we obtain an embedding j% of U% in Yz. By

construction, and by the formula z4 = H up, we have that the complement
ACB
in U5 of the divisors us = 0 ( A € S), maps to the open set Mg injectively,
while the divisor u4 = 0 maps to A*.
The fact that the maps j% are open embeddings (as S, b vary ) easily

follows from the diagram
b
Uy —=- Yg

ib
(€C) —— Y5
since i% is the open embedding of Proposition 1.1.3 and 7’ is a birational
map. From now on we will identify U4 with its image j5(U3).
We have recalled the construction of the open sets Ug in Yy since they play
in the theory the role of local coordinates. This is assured by the following

Theorem 1.1.6 (for the proof see [4], Theorem 3.1.1)
1. Yg = Usldl. In particular Yg is smooth.

2. Set D% equal to the divisor in UL defined by [[icgua = 0. Set D =
UsDY%. Then, considering the projection

T:Ys—C"

we have that 7~ '(Mg) = Yg — D and D is a divisor with normal
CT0SSINgS.

From the geometrical point of view, one of the more interesting property
of the variety Yy is that it can be constructed by means of a sequence of
blow-ups along varieties which are of the same kind, that is to say, models
associated to building sets of smaller cardinality.

This explicit construction allows us to study the models Yy recursively:
for instance, the proof of Theorem 3.1.1 of the present thesis (see Chapter
3), which provides a Z-basis for the cohomology ring of Yg, is based on the
geometry of these blow-ups.

Theorem 1.1.7 (1) The complement D of 7= (Mg) in Yg is the union
of smooth irreducible divisors D¢ indexed by the elements G € G, where Dg
is the unique irreducible component in D such that 7(Dg) = G*+.

18



(2)  Given divisors Dy,,... Dy, , they have non empty intersection if and
only if the set S = {Aq,..., A} is nested in G. In this case the intersection

is transversal and we obtain a smooth irreducible variety Dg = ﬂ Dy,.

(3)  Let G be a minimal (with respect to inclusion) element in G. Let us
put G' = G —{GY}, and let G be the family in (C™)* /G given by the elements
{(A+G)/G : A € G} We have that G' and G are building and that
Y can be obtained from Yg by blowing up the proper transform Tg of G*.
Furthermore, Tq is isomorphic to the variety Yg.

Proof.

We proceed by induction on the cardinality of G, the case |G| = 1 being easily

verified. By induction we assume that 1) and 2) hold for G’ and show 3).
The proper transform T of G+ in Yy is isomorphic to Y5 since for any

H € G the restriction to G* of the rational morphism C" — P(C"/H")

factors through the rational morphisms

Gt P(GH/GE N HY) =P(GH/(G+ H)Y)

Notice that we can identify (C")*/G with G+ and ((G+ H)/G)* with (G+N
H*) = (G+ H)*.

We have then to check that the subscheme where the rational morphism
is not defined coincides with T;. Consider a maximal nested set 7" relative to
G', a marked basis adapted to T, and take the open set U%(G’) C Yg. There
are two possibilities: either T is also maximal in G, or T'U {G} is maximal
nested in G.

In the first case the projection map Yy — Yy induces an open embedding
UL(G) c UL(G"). Otherwise we can embed U2(G') into Y. Then Proposition
1.1.4 implies that on the open set U%(G’) the map Yg +— Yg is a blow up
along the intersection with T¢.

Having proved 3) under our inductive assumption, we deduce 1) and 2).

Let us set Dg to be equal to the exceptional divisor of the blow up
Yo — Yg and let Dy (H € G') be equal to the proper transform of the
corresponding divisor D%, in Yg. The first claim now follows after observing
that the intersection of D', with T¢; is a smooth irreducible divisor isomorphic
to D77, where H = (H +G)/G in G.

We then note that the divisor D4 meets the open chart U2 if and only if
A € T. Furthermore, if A € T, then D 4NU2. is the divisor of equation us = 0.
Now all the statements in 2) are immediate, except for the irreducibility of
Z =Dy, N...N Dy, in the case when Z is non empty, that is to say, when
the set {Ay,..., A,} is G-nested.

But if G ¢ {A;,...,A,}, then Z is the proper transform of the corre-
sponding variety in Yg.. If instead G € {A;,...,A,}, Z is the preimage of
the subvariety Dz N ... N D3z in Tg which is irreducible by the inductive
hypothesis (here A; = (A; + G)/G in G). |
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Remark. We note that in [4] a slightly different version of the above Theorem
1.1.7 has been stated (see Theorem 3.2 in [4]), that is to say, the cases in
which G is a minimal element in G — Fg and G is a minimal element in
G = Fg have been distinguished. We do not stress this distinction in the
present thesis; anyway, the proof essentially doesn’t change.

1.2 Projective arrangements and compact mod-
els

In their paper [4], De Concini and Procesi extend the constructions provided
in Section 1 to the case of a configuration of linear subspaces in P(C").

What they get is a family of compact models the geometry of which is
strictly connected with the one of the varieties described until now.

Let us recall the construction of these compact models. Let G be a non
empty family (not necessarily building, at the moment) of non zero sub-
spaces in (C™)* and let P(A') (A € G) be the elements of a configuration of
subspaces in P(C").

As before, we set

Ag = | P(ah)
Aeg

Mg =P(C") — Ag

We note that the multiplicative group € = € — {0} acts on Mg and Mg =
C \ Mg. The regular morphism

Mg — [ P(C"/A")

Aeg

is constant on the C orbits, therefore we have a morphism

Mg — [[ P(C"/A%)
Aeg
the graph of which is a closed subset of M\g X H P(C"/A*) which embeds
Aeg
as open set into P(C") x H P(C"/AY).

Aeg
Finally we obtain an embedding

6g : Mg P(C") x [[ P(Cm/A%)
A€eg

as a locally closed subset.
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Definition 1.2.1 We let }A/g to be the closure of the image Of./T/t\g under ggg.

We can make C to act naturally on Yy in such a way that the projection
m : Yg +— C" is equivariant. This is obtained by observing that the regular
morphism
Mg €™ x [ P(C"/A")
Aeg
is C equivariant if C acts on M and C" by multiplication and trivially on
the product [ [ P(C"/A").
Aeg
Let us now study the closure Y3 of Mg in the embedding

Mg — (C" —{0}) x [[ P(Cc"/AY).

Aeg

We observe that this closure is Y2 = Y5 — 7~ '(0) and it is open in Yg and €
stable. This leads to the following commutative diagram:

Mg —— Y9 —L (€™ — {0}) % [Taeq P(C"/A")

| l ®

Mg —— Y5 —1—  P(C") x [[1e P(C"/AY)

where i, i are open embeddings and j, /]\ closed embeddings. Furthermore,
since

=P(C") x [[P(C"/A")

A€eg

C\ [(@" —{0}) x [[ P(cm/A%)

Aeg

we have that }Afg =C \ YJ. As a consequence, since the canonical rational
map to P(C") =P (C"/((C™)*)") is well defined on Y, we can assume,
without restricting our hypothesis, that (C")* is an element of G.

If we now call by Eg» the total space of the tautological bundle of P(C™)
we obtain from the diagram (1.3) a fiber product diagram

[
Yo —— P(C")

from which it follows that Y is the pullback, under the canonical map ?g —
P(C"), of the tautological line bundle.

__ This allows us to deduce the geometric properties of the compact model
Yg from the properties of the divisors in Yg. In fact we have the following
theorem:
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Theorem 1.2.1 (see [4])
Let G be a building set of subspaces in (C")* which contains (C")* itself.
Then we have:

1. }/}g 1S a smooth variety.

2. Yg is the total space of a line bundle on 7=1(0) = D qry. and Yg is
1somorphic to D((D”)*'

Proof

The claim follows from the observations above, since Yy is isomorphic to
the 0 section of a line bundle the total space of which is Yg. The smoothness
of this section is assured by Theorems 1.1.6 and 1.1.7. [ |

This implies that ?g is an irreducible projective variety. Furthermore,
we have that the map @ : Yg — P(C") is surjective and restricts to an
isomorphism on ./\//Tg. As in the non projective case, the boundary of ?g is a
divisor with normal crossings whose irreducible components are smooth and
in bijective correspondence with the elements of G — {(C")*}.

We also note that the intersection Dg of a collection ﬁAl,...lA)An of
irreducible components of the boundary is non empty if and only if S =
{A;,...A,} is a G-nested set. The corresponding transversal irreducible
variety is identified with (] D in Y.

Aesu{(C™yy
Remark. All the above mentioned facts are consequences (actually particular
cases) of Theorem 1.1.7.

In [4], De Concini and Procesi pointed out some further deeper facts
about the geometry of the compact model SA/g, namely about the structure
of the subvarieties Dg which are intersection of irreducible divisors in Yg.
Before recalling these results, we need to introduce some notation.

Let G be a building set of subspaces ( containing (C")*) and let S be a
G-nested set. Given A € S, consider the (non zero) vector space

Wa=A/( Z B)
BeS
BCA
and call by m4 : A+ W4 the canonical projection. Let us put
G5 .= {D C W, | there exists B € G, B C Awithms(B) = D}

We note that (Cg)% is closed under sum and G5 C (Cg)? is building.
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Theorem 1.2.2 (see Theorem 4.3 of [4] ) Let G be as before, and S be a G-

nested set such that (C™)* ¢ S. Let Dg C Yg be the subvariety Dg = ﬂ Diy.

AeS
Then we have a natural isomorphism

Ds = ] Vs
AesS

where Ygi 18 a compact projective De Concini - Procesi model.

1.3 The cohomology

A large part of this thesis is devoted to the study of the integer cohomol-
ogy rings of the varieties Yg and of their subvarieties Dg (this includes, as
mentioned in the preceding section, the case of compact models).

In [4] a presentation of these cohomology rings as quotients of polynomial
algebras has been provided. Let us recall the results in [4] and give a sketch
of the proof.

Suppose we have fixed a G-nested set S C G. Let us take a subset H C G
such that there is an element B € G with the property that A C B for all
A€ H. Set Sp={A €S : AC B}. Asin [4], we define the non negative
integer d%’ B
Definition 1.3.1

3 p = dimB — dim < > A)
AEHUS R

Then we consider the polynomial ring Z[c4| where the variables c4 are in-
dexed by the elements of G; in Z[c4] we can define the following polynomials:

Definition 1.3.2
Py - (H ) (z )
AeH BcC

Let us now call by Ig the ideal in Z[c4] generated by these polynomials, for
fixed S and varying H, B.

Theorem 1.3.1 (see [}]) The natural map ¢ : Z[ca| — H*(Dg,Z), defined
by sending ca to the cohomology class [Da] associated to the divisor D4
(restricted to Dg ), induces an isomorphism between Z[c|/1s and H*(Dg,Z).
Therefore each variable cy has degree 2. In particular, keeping the above
definitions in the case S = ), we obtain

Z[CA]/I@ >~ H*(Yg, Z)
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Remark. A consequence of Theorem 1.2.1 is that the cohomology rings
of Yg; and Yy are isomorphic. The description of the cohomology rings
of H*(Dg,Z) provided by Theorem 1.3.1 explicitly shows that we have
H*(Yg, Z) = H*(Yg, Z).

Before giving a proof of the theorem, we focus on the following lemma
since it singles out a property of the ideals Ig which we will refer to in the
sequel.

Lemma 1.3.2 Let H C G be such that HU S is not G-nested. Then

HCA € Ig

AcH

Proof.

First we prove that there is an element C' € G which is a sum of a family
of subspaces H'US’" (H' C H, S’ C S) and which properly contains all these
summands.

Let us put Lo = HUS. Let £; be the set of non maximal elements in L
and let recursively £y be (Lx_1)1. We set < L; >= ZAeﬁj A, then we call
by <L;>=Al@---@ A] the decomposition of < £; > in g.

We immediately observe that since by definition, for every j, the AJ
are the maximal elements of G contained in < £; >, the set 7 = {A]}
constructed in this way is G-nested.

Given that Ly is not G-nested, there must be an element B € L such
that B ¢ 7. Let h be the maximal index such that B C< £, >. Then by
the maximality of the A" ’s, we have B C A" for a certain s.

By construction A" is a sum of subspaces in £y. Now B is maximal among
the subspaces of £y contained in A" otherwise it would be B C< L4 >.
Furthermore, B # A" since B ¢ 7T, thus A" ¢ £;. Then A" = C has the
requested property, that is to say, we can write C' =, ;. ¢ D-

Now, since S is G nested, H' must be not empty and S’ C S¢. It follows

that d%',c = 0 and therefore PS,C = H ca. Since H ¢y is divided by
AeH! AeH
Pﬁ,’c, it lies in Ig. [ ]

The preceding lemma allows us to say that Ig is generated by the poly-

nomials H ca (when H U S is not G-nested) and by the polynomials Py 5

AeH
( when H U S is G-nested).

Proof of the Theorem.
The proof is by induction on the cardinality of the building set G. The
first step |G| = 0 is trivial. Then we will make use of the blow-up property
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described in Theorem 1.1.7 and of the following lemma stated by Keel in
[16].

Lemma 1.3.3 1. Let Z be a smooth variety and W C Z a smooth sub-
variety. Assume that the restriction map H*(Z,Z) — H*(W,Z) is
surjective with kernel J. Let Z' denote the blow up of Z along W.
Denote by E both the exceptional divisor and its class in H*(Z', Z).
Then

H™(Z',Z) = H'(Z, Z)|E]/(J - E, Pzyw (= E)),

where Py (x) € H*(Z,Z)[x] is any polynomial whose restriction to
H*(W, Z)[z] gives the Chern polynomial of the normal bundle of W in
Z.

2. H'(E,Z) = H*(W,Z)[E)/(Pzyw(—FE)), where Py (x) € H*(W, Z)[z]
denotes the Chern polynomial of the normal bundle of W in Z.

Let us assume that the claim is true for building sets of cardinality strictly
lesser than p > 0 and let F be a building set of cardinality p. Furthermore,
let A be a minimal element in . Then by Theorem 1.1.7 we know that
Y is obtained from Yg, where G := F — {A}, by blowing up the proper
transform Z4 of A+. We take a G-nested set S in F and want to compute
the cohomology of Dg. Let us denote by G the building family of subspaces
B = B+ A/A ( B € G) which defines the variety Z4 = Yz. In general, if
H={H,,...,H,} CG, weshall set H={H,,...,H,} CG.

As a matter of notation, if S C G we wish to distinguish the variety
Dg C Yr by the variety defined by the same set in Yg, which we will denote
by Dy ( similarly for Is and Ig, P55, P’y ).

Let us now present the cohomology rings of Yg and its subvarieties under
consideration as quotients of the polynomial ring Z[c;] for B € G, where the
generators ¢z correspond to the cohomology classes of the divisors D’.

Remark that, under the blowing up map m, we have

m([Dp)) = [Dsl

From the above considerations we have a commutative diagram

/

Z[cglpeg — H*(Yg, Z)
’Yl W*l
Z(cp)per —— H*(Yr,Z)

where v(cz) = ¢p.
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Moreover for the inclusion i : Z4 = Yz — Y5 we have a commutative
diagram

Z[¢ylpeg —— H*(Yy,Z)

vl l (1.4)
Zlcglpeg —— H*(Yz2)

where 7(cz) is equal to cg if { B, A} is G-nested and to 0 otherwise. Notice
that in particular, since A is minimal, if HU S C G, and if B € G properly
contains all the elements in H, we have

S
PS,B = VP,H,B (1-5>

Case 1. SU{A} is not F-nested.

In this case the variety Z4 does not meet the variety D’ and we have Dy =
Dgs. Also, by Lemma 1.3.2, ¢4 € Ig. By the relation 1.5, we immediately
deduce that Ig is generated by (1) and c4 as desired.

Case 2. S does not contain A and S U A is F-nested.

In this case the variety DY intersects transversally Z4 and Dy is the blow
up of DY along Z5 := Z, N Df.

The divisor D, for {C, A} G-nested, intersects Z4 in the divisor Dgs. We
thus have that Z9 is the subvariety Ds in Yz and, by the inductive assump-
tions, the cohomology of Z% is generated by the image of the cohomology
of DY and we can apply Lemma 1.3.3. As for the normal bundle of Z5 in
DY, we have, by transversality, that it is the restriction to Z%5 of the nor-
mal bundle of Z, in Yz. With the notations of Lemma 1.3.3, in this case
Prw(=E) = (=Y 5o4[D5]) %™ since in [4] it is easily shown that the
Chern polynomial of the normal bundle of Z4 in Y7 is

(t— 3 [Dy]) .

Let I5 denote the kernel of the map
Z|cy) 5 (D5, Z) & H' (75, Z)

where j is the inclusion. Using the diagram (1.4) and the inductive assump-
tions we immediately deduce that j* o ¢g is surjective and that I5 coincides
with the kernel of ¢go7.

We must thus show by Lemma 1.3.3 that

Is = (3 en)™ @, can(15),2(15)) = Js.
BDA
Let us first show that Is O Js. By 1.5 we get that v(I5) C Ig, but we
also have () 5, cp)®™A) = P, € I,
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Finally we need to show that c4v(I5) C Is. Recall that I3 = 7~ !(I3)
and that I5 is generated by the polynomials P%,E' Notice that, since ker7 is
generated by the ¢z such that {A, B} is not F-nested, clearly cavy(kery) C
Is. So we are reduced to showing that for any polynomial P%,E there is a
representative P’ € Z[cg| such that cay(P') € Ig.

Write G = G, U G,, where G, is the set of elements in G whose preimage
under the quotient homomorphism ¢ : V* — V /A (this preimage is well
defined by the building property) is in G, and G, = G—G;. We can now define
a unique lifting of G to G as follows. If B € G; we lift it to q *(B), otherwise
we note that, for the building property, ¢ !(B) ¢ G can be expressed as the
direct sum A ® B’ (with B’ € G) and we lift B to B’

Now take a polynomial P%,E‘ Using our lifting to lift H to H and B to B

we can consider the polynomial P’ 751 5 We easily see that unless HUSH C G,
and B € G; we have V(P’%’B) = P%E. If on the other hand H U Sz C G
and B € G, then P'j  is divisible by (3o co)®™ and, if we set Q'3 5 =
P’%B/(ZCQB co)®mA we obtain that 7(@’_%’3) = P%E'

Now in the first case P';? g € Ig so our claim is obvious. In the second

CA’}/(Q/%,B) = PE[U{A},B € Is.

Then we must show Ig C Jg. From the previous analysis (P’ ;q{ B) = Pig
so we only have to consider the case in which A appears in ‘H or A = B.
Now A = B can occur only when H = () and we have already treated this
case. Let now A € H. We immediately deduce from our previous analysis
that Py, 5 = cay(P') with P’ € I5.
Case 3. S =S"U{A}.

In this case Dg is the exceptional divisor in Dg or, equivalently, the
preimage in Yz of Z%. Our claim then follows by a completely similar argu-
ment to the above described one, using Lemma 1.3.3. [ |

Remark. This proof is essentially analogous to the one provided in [4]: it is
shorter since it uses Theorem 1.1.7 whose statement is slightly different from
the corresponding one in [4].
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Chapter 2

Root hyperplane arrangements

2.1 De Concini-Procesi models for root ar-
rangements

An important application of the theory exposed in the preceding chapter is
the study of the De Concini -Procesi models of root hyperplane arrangements.
Here for “root hyperplane arrangement” we mean a complexified arrange-
ment A} C C" provided by the hyperplanes orthogonal to the roots of a
complexified irreducible root system ® of dimension n in (C")*.
__ In particular, we will deal with the De Concini-Procesi compact models
Yy, where F is the building set of irreducibles which refines A%. This means
that F consists of the irreducible subspaces in C 4, (note that F in particular
contains all the linear subspaces C6, where 6 is a root of ®). The following
proposition gives a characterization of F:

Proposition 2.1.1 A subspace A C (C")*, spanned by some of the roots in
D, belongs to F if and only if P4 = ® N A is an irreducible root subsystem
of ®. In particular, (C™)* belongs to F.

Proof.

Let us consider a subspace A which is spanned by roots and such that
®, = &N A is an irreducible root subsystem of ®. We will prove that A
belongs to F (note that the case n = 1 is obvious, hence we suppose dim
A>2).

If A¢ F we could find a decomposition (in the sense of Definition 1.1.2)
into irreducibles A1 & Ay @ --- ® Ay = A (k > 1). Let us call by &4, the
intersections ® N A; (i = 1,...,k). Since ®4 is an irreducible root system,
we can find a root a € @4, and a root 3 € P4, for a certain j such that
(o, 8) # 0 (here (, ) is the standard symmetric bilinear form on (C")*).
Therefore, by the elementary properties of root systems (see [15]), a + (3 (if
(o, ) < 0) or a« — B (if (a, 3) > 0) belongs to ®4. Let us suppose that
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(v + B) € ®, the other case being analogous; now, a + 3 does not belong
to A; for any i = 1,... k since the sum A; @ Ay @ --- @ Ay, is direct. This
contradicts the fact that Ay & As & --- & Ap = A is a decomposition, given
that C(a + 3) # {0} =B, (AN C(a+ ).

Let us now consider a subspace A € F and prove that &4, = & N A is
an irreducible root system. If this was not the case, we could find some non
empty irreducible pairwise orthogonal root systems ®q,...,®, (s > 1) such
that szl ®; = ®4. Now, calling by B; the span of ®; (i = 1,...,s), we
have that By @ By--- @ B, = A. Furthermore, taking a subspace C C A
spanned by roots and calling by ®¢ the intersection ® N C', we have that &~
is the disjoint union of the pairwise orthogonal subsystems ®¢ N &, P N
Dy, ..., Do N Py (some of them may be empty). Therefore C' is equal to
(CNBy)® -+ @ (CN By). This means that B; @ - -- @& By is a (non trivial)
decomposition of A, contradicting the assumption A € F. [

A remarkable property of the root arrangement A} is that the De Concini
-Procesi model ?]-‘ can be obtained via an embedding of M £ into a product
of projective lines P! (= P(C?)).

In other words, one does not need to embed M x in the product of the
various P(C"/A*) (A € F), but it suffices to consider only the P(C"/B™)
with B € F and dim B = 2, as it is shown by the following theorem.

Theorem 2.1.2 Let F be the building set of irreducibles which refines a root
hyperplane arrangement Aj. Then the restriction to Yr of the projection

[[Pcr/At) - I Per/ah
AeF AcF
dimA =2

induces a closed embedding

¢:Yr— [ Per/ab)
AeF
dim A =2

Proof.
We can prove the theorem using local coordinates. Let us first choose a
suitable collection of open charts.

Lemma 2.1.3 We can choose an open covering U off/]: made by open charts
UL of the following kind: S is a mazimal F-nested set which contains (C™)*;
b is a marked basis, consisting of roots (i.e., b C ®), adapted to S.

30



Proof of the Lemma.

We begin by observing that the cardinality of a maximal F-nested set
S is equal to n and that ), ¢ A = (C")* (see Proposition 1.1 (2) in [5]).
Therefore S contains (C")*; otherwise, calling by By, Ba, ..., B, (r > 2) the
maximal elements in S, we should have B; @ By @ --- @ B, = (C")*. But
this is impossible since (C")* € F, S is F-nested and B; @ By @ --- @ B, is
not the decomposition of (C™)* in F.

Let us now show that we can choose marked bases, made by roots,
adapted to S. First we observe that, since |S| = n, every element of a
basis adapted to S is marked. Then we recall the following algorithm (see
Chapter 1, Section 1) which selects a suitable collection of adapted (marked)
bases for S. Choose for every B € S a basis b(B) of B made by vectors not
contained in any C' C B, C' € S. Choose a vector x5 € b(B) for every B € S.
Then these vectors are linearly independent and give a basis of (C")* adapted
to S. If we fix the bases b(B) (B € S) and perform the above algorithm in
all the possible ways (that is to say, if we choose the vectors zg in all the
possible ways), we get a family ©(S) of adapted (marked) bases. Then the
collection of open charts U?, where S ranges over the maximal nested sets in
F and b ranges over ©(S5), is a covering of ?]:. Therefore we have to prove
that, for every element B € S, we can choose a basis of B consisting of roots
which belong to B — J,g, A, where Sy = {C € S| C C B}.

We will construct such a basis using the following two-steps algorithm.
Let Aq,..., A be the maximal elements in Sg. As a preliminary step, we
note that we can find a root o in B — @le A; since B is generated by roots.

Step 1. For every 1 < i < k, let us choose a basis A; for the irreducible
root system ® 4, = ®NA;. Then, since 5 = PN B is irreducible, there exists
at least an i and a root ; of A; such that («, ;) # 0. Therefore o + 3 (if
(a,3;) < 0) or o — 3 (if (v, B;) > 0) is a root in 5N (B —Jyeq, A4). Now
let us consider all the other roots of the basis A;. If v € A; and (a, ) # 0,
we find, as before, & — v or v+~ in &N (B — Uses, A). If § € A; is such
that (a,0) = 0, we can consider the set I's of all the roots 6 in A; such that
(a,0) # 0. Then we can form the subset 'y of I's made by all the roots
of I's which have minimal distance from § (where the distance is the graph
distance in the Dynkin diagram). Finally we can choose in a canonical way
a root ¢ among all the roots of I'y (for example, we can take £ to be the
minimal one with respect to a previously fixed total order in ®). Now, if
0,€1,€9,...,65, € are all the roots of A; which lie in the path of the Dynkin
diagram of ® 4, which connects ¢ to €, it turns out that 0’ =d +e+ Y ;&
is a root in ®4,. Moreover, we have that (', a) # 0 and o — §' or a4 ¢’ is in
PN (B —Uyes, 4)-

Repeating this construction for every root in A; we find |A;| 4+ 1 linearly
independent elements in ®5N (B —Uaes, A); one of these elements is a and
the other elements are of type a — v; (i = 1,...,|A;|) where v; are linearly
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independents roots of ® 4, .

Step 2. Let us consider the root a and search for a j # ¢ such that a
root 3; of the basis A; of ®4; satisfies («, 8;) # 0. If such a j does not exist
we search again considering o — vy instead of «. If we fail again we search
considering o — v, instead of @ — vy and so further. Since ® is irreducible,
one among the roots o, o — vy, ..., — y|a,| (say o —v; ) has non zero scalar
product with a root 3; of A; for a certain j # ¢, therefore after some steps
our search succeeds.

Conclusion. Then we can repeat the construction of Step 1 with the
root a—v; and the basis A;. Thus we find |A;| linearly independent elements
in ®5N (B - Uses, A) which, together with the [A;| + 1 we found before,
give [A;| +|A;[ 41 linearly independent roots in B —|J g, A. One of these
roots is a and the others are of type av— p with p a root in the span of ®;U®;.
After k applications of our two-steps algorithm we find a basis of B made by
roots which belong to B — | ¢ s, A, which is what we were searching for. m

In what follows we will use an open covering & with the properties de-
scribed in the lemma. Let us consider U € U: we will prove that ¢ restricted
to U% is an open embedding by showing that there is a local inverse

ko (US) — Vi

For every € S, let us call by v the element of b which belongs to £ —
Uce s, C- Moreover, for every D € F, let us call by mp the projection

T Ye— P (C"/D")

Therefore we can define % by defining, for every D € F, the morphism
mpon’ (note that the case dim D = 2 is obvious).

Let us first consider the case D € S. Reasoning in the same way as in the
proof of the Lemma 2.1.3, we can find a basis vp, vp — 41, - -, 7YD — Udimp—1
of D where the y; and the vp — p; are roots and (vyp, p;) # 0 for every i =
1,...,dim D —1. This means that the two dimensional subspaces < vp, u; >
spanned by vp and p; (i = 1,...,dimD — 1) belong to F.

Furthermore, if we take a point p € ((U%) and denote by [p,,,p,,] its
homogeneous coordinates in P ((D" / <D, i >L) with respect to the basis
dual to vp, pi, we can consider p,, = 1 by the definition of U%.

Now, given C € Sp, we can write

dimD-1

Yo = Z ar<C)lur

r=1

for certain scalars a,(C). Therefore we can define 7p on’%(p) giving its pro-
jective coordinates in terms of the basis dual to vp, v¢ (C € Sp): we put

o (Tpong(p)) =1
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and
dimb-1

vo (rponl(p) = D a(C)p,,

r=1
Now it remains the case when D ¢ S. Keeping the notation of Chapter 1, Sec-
tion 1, we call by ps(D) the minimal (with respect to inclusion) subspace in S

which includes D. As before, we find a basis y,4(p), K1, - - - » Hdimpg(D)—1, COD-
sisting of roots, of pg(D) such that (v,4(py, 1) # 0 for every i = 1, .., dimps(D)—
1. After choosing a basis ey,...,eqmp of D, we can write, for every j =
1,...,dimD
dimps(D)—1
ej = ao(J)ps(p) + Z ar(J) pr
r=1

Therefore we can define the projective coordinates of mp on%(p) (in terms of

the basis dual to ey, ..., eqinp ) in the following way:
dimps(D)fl
ej (mpons(p) =ac)+ Y. a(i)pa,
r=1

(here [pvpsw),pur] are the homogeneous coordinates in P (C"/ < ,4(p), ftr >7)
with respect to the basis dual to v, (p), itr, and we take Prpgp) = 1). By con-
struction, the above defined map 1% is a morphism and it is the inverse of
¢ restricted to UZ. Tt follows that ¢ restricted to any US is an isomorphism
with its image; therefore (?]-') is smooth and ( is an open embedding unless
it has an exceptional subvariety, i.e. a subvariety Z C }A/f such that codim
Z =1 but codim ((Z) > 2. But since Y is covered by a finite number of
coordinate charts such a subvariety cannot exist. |

In this thesis we will deal with the root arrangements in C" associated
to the root systems of types A,,, B,, D,, which will be denoted respectively
by Ar. B} and D; respectively (the root arrangement C; associated with
the root system of type C, will be shown to coincide with B}) and with
the associated root systems of irreducibles F4,, Fp,, and Fp,. In the next
section we will focus on the consequences of Theorem 2.1.2 in the A, case,
showing that, for every integer n > 3, Yx,  and the moduli space Mo i
of n + 1-pointed stable curves of genus 0 are isomorphic.

2.2 The braid arrangement and the moduli
space of pointed curves of genus 0

Let us start from a realization of the moduli space M 41 of n + 1-pointed
curves of genus 0.
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Definition 2.2.1

MO,n+1 :SL(Q)\ (p07"'7pn) E.Pl X... X Pl, ‘pl%pjvz#j

n+1 times
where SL(2) acts componentwise.

Given an element p € M ,,+1, after making SL(2) to act, we can canonically
write

p= [(071)7 (1’0)7 (171)7 (xlayl)w"v (wn—Zayn—Q)}

As a matter of notation, here, and everywhere we deal with orbits, the brack-
ets mean: “equivalence class of”.
It follows that My 1 is in bijective correspondence with the set

MO,’VH-I - (q1a"'7Q’rL—2) EPI X XPI |Q’L7éq]7 QZ#1)07OO
—_————

n—2 times

A relevant point is that we can also give another description of ]\/4\07%1, show-

ing that it can be identified with the complement M A,_, of the projective
arrangement of type A,_1.

In fact, let us consider C™ and the braid arrangement, that is to say, the
hyperplane arrangement given by the hyperplanes z;; : x; — z; = 0, where
z; € (C™)* (i = 1,...,n) are the coordinate functions. We note that the
intersection of all the hyperplanes is the subspace N = C(1,...,1). We

n times
can thus consider the quotient V' = C"/N equipped with the arrangement
Ar_, provided by the images of the hyperplanes z;; via the quotient map
m : C" — V. We can immediately see that A ;| is a root arrangement of
type A,_1. We will call by ¢, the functionals in V* the zeroes of which form
the hyperplane m(zp;) in V and such that (¢pg,tpe) = 2 (where (, ) is the
scalar product in V*).

Then {tpe | hyk = 1,...,n} U{—tw | h,k = 1,...,n} is a root system
(which we will denote by ® 4, _,) of type A,_1 and we observe that the set
{t12,t23, ..., t(n—1)n} can be taken as a basis.

Let us now call by ¢ the projection map ¢ : V +— P(V) and consider
the projectivization of A} ;. According to our notation, we call by M Ana
the complement in P(V') of the union of the images ¢(D) (D € A% _,).

Theorem 2.2.1 There is a bijective map between 'M\Anfl and J\/ZO,HH that
gives rise to an isomorphism between My, , and Mo ,41.
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Proof.

Let us choose in V' the basis {vs, . .., v, } dual to the basis {¢12, 13, ..., t1n}
of V*. We note that a set of representatives for the v;’s can be chosen as
follows: v; = w((0,...,0,1,0,...,0)) where the only non zero entry is the
j-th. . e

Then we can define a map ¢ : My, |, — Myniq:

¢(71a ce 7,771—1) = ((717 '72)7 (’717 ’YS)a sy (717 ’Yn—l))

Note that if v; = 0 for a certain j, then (y1,...,7vn-1) € Hy(jy1) and if
v = v (1 < j) then (y1,...,Y-1) € Hgy1)j+1)- This implies that ¢ is
well defined. The injectivity is trivial, while the surjectivity is a consequence
of the above remarks, a right inverse being given by the map 6 such that

O((1,71), ..., (Lrpa)) = (1,71, ..., 70_2). [

The above theorem is the reason of the connections between the theory of
hyperplane arrangements and the theory of moduli spaces of pointed curves
of genus 0. In order to examine closely these connections, let us now focus
on the arrangement A’ _,, our aim being to describe the De Concini-Procesi
model }/}FAn—l'

The elements of F4,_, are the subspaces of V* spanned by the irreducible
root subsystems of ® 4 | (see Proposition 2.1.1). These subspaces can be
described by means of a collection of subsets of {1,2,...,n}; in fact, given
a subset A = {iy,...,i,} C {1,...,n} with |A| > 2, the subspace A C V*,
generated by all the functionals ¢;; such that {,7} C A, is irreducible (a basis
of AN ®y,_, is given by iy, tigiy,---»ti,_1i,). Furthermore, the following
proposition shows that all the elements of F 4, _, can be obtained in this way.

Proposition 2.2.2 The above described correspondence between the elements
of Fa,_, and the subsets of {1,...,n} with cardinality greater than or equal
to 2 1is bijective.

Proof.

We have to prove that every element of F4, , can be determined by
providing a subset of {1,...,n}.

We need first to recall a well-known algorithm (see [6]) that, given a root
system @, allows us to find the bases of all the root subsystems of ®, starting
from the bases of .

Let us consider a basis A of ®, the Dynkin diagram Dg of ® and its affine
extension Dg: the latter is obtained by adding to D¢ a vertex representing
the negative of the longest root of ®. For instance, the diagrams in the A,
B,, and D,, cases are the following ones:

An o 9o o - o o @ 04.7&—0
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B e e
D e D

We can now describe the steps of the algorithm: consider lA?q> and cancel
a vertex v representing a simple root and the open part of all the edges which
contain v. Then what remains is a Dynkin diagram Dg, associated with a
certain root system ®,. Take a connected part of Dg,, consider its affine ex-
tension and continue. The connected parts of the Dynkin diagrams obtained
via this algorithm provide the bases of all the irreducible root subsystems of
.

Let us now return to the root system ® 4, _, where the roots are given

by the functionals ¢;;. Looking at the Dynkin diagrams Dg,  and De,
it follows that an irreducible root subsystem of &, , is determined by a
connected Dynkin diagram of type A,, whose vertices represent roots of the
following kind: #; 4,, tisiy, - - - s tinipy, - 1t is now immediate to check that this
root subsystem is made by all the roots ¢;; with {,j} C {i1,...,im+1}. =

As a matter of notation, given an element A € F4 ., we will call by A
the associated subset A C {1,...,n}. Note that the dimension of A over C
is equal to |A] — 1.

Let us now study the nested sets in F 4, ,. First we observe that, since
Fa,_, is the building set of irreducibles, by definition a F4, ,-nested set is
nothing else than a nested set. Therefore one can easily see that a collection
S of subsets of {1,...,n} corresponds to a nested set in Fy,_, if and only if,
for every A, B € S, either AN B = ) or one of these subsets is included into
the other.

We now recall that Yuzvinsky, in his paper [25], associated an oriented
graph to every nested set 7' C F4, , in the following way. Take as vertices
the elements of T and the numbers 1,...,n. Let then A and B be elements
in T such that A is maximal in T = {C € T'| C C B}: then draw an edge
which joins the vertices A and B and is oriented from B to A.

If, given A € T, the set Ty = {C € T'|C C A} is empty, for each number
ke Ac{l,...,n}, draw an edge which joins the vertices A and the number
k and is oriented from A to k.

The resulting graph is a forest on n leaves (which are identified with the
vertices 1,...,n), the connected components of which are rooted oriented
trees. We will focus on these graphs in the next chapters, given that they
play a crucial role in the study of the cohomology ring H*(Yr, ,Z).
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We can now return to the moduli spaces and consider the compactifi-
cation MO,n—I—l of My 41, that is to say, the moduli spaces of stable n + 1-
pointed curves of genus 0. What we want to point out is that the isomor-
phism of Theorem 2.2.1 between the open subvarieties M, , C Yz,  and

Mo pi1 C Momﬂ can be extended to the boundary, that is to say, we have
an isomorphism between Yr A and MO,H-H'
To prove this, we start by giving a description of the elements of M(),n_i_l

as connected tree-like stable n + 1-pointed curves. This means that we are
considering elements of this kind

Here each line represents an irreducible curve of genus 0 (i.e, P! ), ev-
ery double point represents a point of transversal intersection between the
irreducible curves, the other special points, i.e. the punctures, are numbered
from 0 to n and the stability is given by the request that the special points
(punctures or double points) on each irreducible component are at least 3.

It is well known that there is a morphism

Hnt1 - MO,n—H — MO,n

obtained by forgetting the point labeled with n and, if it is the case, collapsing
some irreducible components. At the same way we can construct the maps
w; which “forget” the point labeled with ¢ (i =1,...,n —1).

Let us then call Moﬂ-jk (1 <i < j <k < n) the moduli space M4 in
which the points are labeled using the numbers 7, j, k. A composition of some
of the maps u; gives a morphism

Mo,n+1 — MO,z’jk
Now the morphism we are interested in is
v My — H Mo

i, ke{l,...,n}
1< j<k

which is given by the above described projections to each component.

Proposition 2.2.3 The morphism v is injective.
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Proof.
First we note that we can reduce ourselves to prove that, for every n, the

map
H,Ui : MO,nJrl = H Mo,n
i=1

1<i<n

is injective. Therefore we have to check that an element p € MO,R-H is
uniquely determined by its image [], y;(p). For this we notice that if there
is an irreducible component of p which has at least two marked points (say
“” and “j7 ) different from “0” and at least four special points, p can be
determined by knowing p;(p) and p;(p).

Let us now assume that n > 6 and that p has not irreducible components
with the above mentioned properties. Then in every irreducible component
of p there are at most two marked points and thus, being n+1 > 7, there are
at least four irreducible components. In particular there are two irreducible
components ¢y, cs of p, which some marked points different from “0” belong
to, and such that ¢; N ey = 0. Now, if the point “2” belongs to ¢; and the
point “j” belongs to ¢z (7,7 # 0), p is determined by f;(p) and p;(p). Then
our claim is proved after a case-by-case check for 3 < n <5. [ |

Now we note that in the theory of De Concini - Procesi models we came
across a map similar to [ [, ¢;, namely the map ¢ of Theorem 2.1.2, specialized
to the A,_; case. In fact, given

¢: Ve, = ] Pv/ah
A€ FAnfl
dim A =2

we observe that the irreducible two dimensional subspaces A € F 4, , can be

parametrized, according to the conventions established above, by the triples

of integers 7, 7,k with 1 < i < j < k < n. As a matter of notation, we will

call P;;; the projective space P(V/A™) when A = {i,j, k} C {1,...,n}.
Then we want to define in a suitable way an isomorphism

v H Moiji — H Pij

i,5,ke{l,...,n} i,5,ke{l,...,n}
1< j<k 1< j<k
Our request is that v should be compatible with the isomorphism between the
subvarieties C(./T/l\]-‘Anil) and My ,+1 (notice that /T/l\;ATH = M\An_l since the
building set F 4, , refines A*_,). Such ay can be obtained by identifying P,
with M ;1 in the following way. Let p = [(0,1), (1,0), (1,1), (z3,¥3),--., (@n,Yn)]
be a point of My, and let us put, for convenience of notation, (xq,y2) =
(17 1) and (xlayl) = (170)
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Then the projection of p to M is given by [(0,1), (x4, v:), (z4,;), (Tx, yr)]
and it can be written in canonical way if we use SL(2) to send (z;,y;) to (1,0)
and (z;,y;) to (1,1) (keeping fixed (0,1)). The matrix of SL(2) we use is

(up to scalar)
( Y _wmo )
z; z;
ENTE |

(note that, for every i = 1,...,n, x; # 0).
Thus we obtain [(0,1), (1,0), (1,1), (& - ¥ Y& _ yi)}. If we consider the
T X Tk X
isomorphism ¢ of Theorem 2.2.1 between M A, and My 41, we have that
(b_l(p) = (17 %27 R z_Z)

Let us now study the projection of ¢~ '(p) to Pj;jr. We recall that if
A= {i,j,k} c {1,...,n} then At is the n — 3-dimensional subspace the
elements of which have the i-th, j-th and k-th components equal. This means
that the projection of ¢~!(p) to Py is (z—j — &% — %) in the projective
coordinates given by the vectors v; and v, (note that & > j > 2). As a
consequence, we can identify P;;, with MOWk via 7 by choosing in P;j; the
projective coordinates given by v; and vy.

Now let us consider the diagram

~

fAn—l

‘| /|
ke o
1< j <k 1< j <k

Theorem 2.2.4 The above diagram can be completed with an isomorphism
| MO,n+1 — Y]:-An—l .

Proof.
First we note that v(v(My 1)) = C(/TA\]:AH_I) and then, since y(v(Mg 1))

is closed, the closure of ¢ (.M\ F4, ) is included in Y(v(Mony1)). But this

closure is equal to C(?}‘Anil). Since C(?}—An—l) and y(v(Mg,n41)) are closed
and contain the same open dense subvariety, they must coincide. Then we
observe that the map ¢ ~loryov is a well defined birational morphism between
Mo,nﬂ and Yr Ay which is also bijective, since we have proven that it is onto
and furthermore v is injective, 7y is bijective and ( is injective. Since the two
varieties are smooth, this implies that (~! oy o v is an isomorphism. |
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2.3 Divisors in Mg ,41.

Let us now focus on the map I' and in particular on the image of the sub-
varieties in the bﬂlndary of Mg ,+1. Recall that an irreducible divisor D in
the boundary of My, can be represented (see [16]) by the picture

where A C {0,...,n} and B = {0,...,n} — A satisfy |A| > 2, |B| > 2. The
divisor D is the one which contains as an open set the set of all the elements
§ of My,,11 which satisfy the following property: § has two irreducible com-
ponents such that the labels of the special points of each component are the
clements of A and B respectively.

Now, given the model Yz, _, let us call by 7 its projection to P(V').

Proposition 2.3.1 Given D, A and B as before, let us suppose that 0 € B.
Furthermore, keeping the notation of the preceding section, let us indicate

by A the irreducible subspace in V* associated to A. Then we have that
[(D)=Day.

Proof.

Let us consider a chart U} in Yz, _,» where S is a Fy4, ,-nested set not

containing V* and A € S. The intersection between D4 and U} is given
by the equation us = 0 (recall that if A ¢ S the intersection is empty).
Therefore, given an element p in D4 NU?, it satisfies the following property:

1. Given any triple (7,7, k) with 1 <i < j <k <nand |{i,, k} NA| = 2,
the projection pijx of ((p) to Pyjy, is 1,0,00 when respectively i ¢ A,
jE A k¢A.

This follows by construction of the chart U}; let us consider for example the
case i ¢ A. The projective coordinates on P;j;. are the ones provided by the
basis v;, vy, of V//BL, where B = {i, j, k}. Thus the projection to V/B~ of an
element v = xovgy+- - - +x,,v, in V' is given in coordinates by (x; —z;, x5 —z;)
(here we put z; = 0) and the corresponding projective coordinates in P;;;, are
[z; — x;, 2 — x;]. But tj; € B and its expression in terms of the coordinates
of U is a multiple of us. Since B ¢ S and Dy N UL = {us = 0}, given
a point p € D4 N UL, the projective coordinates [xa, ..., x,] of #(p) satisfy
tik((z2,...,2,)) =0, that is to say, x; = wy.

Therefore, since pyj. = [z; — z;, Tp — ;] # [0,0] by construction of U%, we
have p;jr, = [1,1]. At the same way we can treat the cases j ¢ A, k ¢ A.
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Let us now consider the points of the divisor

Let ¢ € D and let us take a triple (4,7, k) with 1 <i<j<k<n,i¢ A
and {j, k} C A. Then the projection v ov/(q)r of yov(q) to Py is provided
by the cross-ratio (po,p;,p;, px) of the special points pg, p;, pj, pr where we
have collapsed the points p;, py to the double point of D. Then this cross
ratio is equal to 1. Reasoning in the same way when j ¢ A and k ¢ A we
can conclude that I'(q) satisfies the property 1.

Furthermore, looking at the tree like representation of an element z €
Mo,s1 and at the cross ratios (po, pi, pj, px) we immediately see that T'(z)
satisfies the property 1 if and only if 2 € D. Since I is an isomorphism this
means that the set of elements in Yz 4, , Which satisfy property 1 is exactly

['(D). Therefore Do N U4 C T'(D) and, since D4 and T'(D) are irreducible
divisors in Yz, . it follows that I'(D) = Dy. ]

As a consequence of Proposition 2.3.1, if we consider an irreducible sub-
variety T C My 41 which is intersection of irreducible divisors, we can give
a simple rule which allows us to recover I'(T"). Recall that, on one hand,
in the language of models, the subvariety I'(T") is described by a nested set
S C Fa,., —V*, that is to say, I'(T') = Dg = [ 4cg Da (here we are consid-
ering the divisors D with A # V* since Dy« = ?_’]—‘ 7 ). On the other hand,

T can be described in MO,n—&-l by a picture of this kind

ag

a3

where aq, ..., a are the irreducible components and furthermore a parti-
tion {Ay,..., Ag} of {1,...,n} is provided, such that on each component a;
the labels of the points belong to A;.

We can pass from the tree-like description of 1" to the nested set S as-
sociated to I'(T") using the following algorithm which construct the graph of
S. Before starting the algorithm, as a preliminary step, we find the curve
a; which contains the point labeled with 0 and we delete it except for its
points of intersection with the other curves. Then we label all these points
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by 0. We can now describe recursively the algorithm which we will apply on
each of the remaining connected components of the tree. Let C be one of
this components. Suppose that is made by the curves a;,aq,...,as, ..., a4
and that 0 € Ay = {0,dy,...,d;}. Then draw a vertex vs with as many
outgoing edges as the number of special points (labeled points plus double
points ) lying on as; minus 1. These edges satisfy the following properties:
t = |As| — 1 of them connect v, with the leaves labeled by d, ..., d;, while
the other edges connect vy with some new vertices v;, for every ¢ such that
a; Nas # (. Finally, delete ay except for its points of intersection with the
other curves (if any), label these points by 0, and start again the algorithm
for every remaining connected component (i.e., given a; that intersected as,
we start by considering the already drawn vertex v; and draw as many out-
going vertices from it as the number of special points on a; minus 1.... and
so further). It is easy to check that what we get at the end is the Yuzvinsky
graph (according to the construction described in Section 2) of the nested
set S.

2.4 Combinatorics of the root arrangements
of types B,, C,,, and D,,.

Let B C C" (resp. C; C C™ ) be the root hyperplane arrangement of type
B, (resp. C,). We observe that B = C!. In fact, we recall that we can
choose an orthonormal basis {wy,ws, . ..,w,} of the euclidean space R" such
that the roots of type B,, are fw; (i =1,...,n), w; —w; (i # j), £(w; +w;)
(i < j). Therefore they differ only for scalar multiplication from the roots of
type C,,, which are £2w; (i =1,...,n), w; —w; (i # j), £(w; +w;) (I < j).
Thus the hyperplanes orthogonal to the roots coincide in these two cases; as
a consequence, in the sequel we will only refer to the arrangement B C C"
made by the hyperplanes of equations z;—z; =0, z;+z;, =0 (1 <i < j <n)
and z; =0 (i = 1,...,n). Let us call by t;, t;; and t; respectively the roots
in (C")*orthogonal to these hypperplanes and denote by &5, C (C")* the
associated root system.

As in the case of A, we look for a combinatorial description of the
building set Fg,, that is to say, a combinatorial description of the subspaces
in (C™)* that are spanned by the irreducible root subsystems of @z, . Let
us describe a collection of subspaces which will be proved to be irreducible;
consider first the subspaces S7 orthogonal to the intersections S; of some of
the hyperplanes x; = 0:

Si={p=(p1,....pn) €C™|p; =0Vie I C{l,...,n}}

We can identify S} with the subset I C {1,...,n} and we then say that I is
a “strong” subset of {1,...,n}.
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Secondly we consider the subspaces Ly, 4, (A1, A2 C {1,...,n}) orthog-
onal to the subspaces Ly, 4, of C" which are made by the points p =
(p1,...,pn) such that p; = p;when(i,5) € Ay x Ay or (i,5) € Ay x Ay
and p; = —pg when (i, k) € A; x Agor (i, k) € Ay x A;.

The subspaces L, 4, can therefore be identified with the unordered pairs
(A1, As) of disjoint subsets of {1,...,n} such that |4; U Ay| > 2. This is
equivalent to saying that the elements Ljh A, are in bijective correspondence
with the subsets U C {1,...,n} which are equipped with a (possibly trivial)
partition U = Uy U U, (U NUy = B). The above mentioned subsets U will
be called “weak” subsets of {1,...,n}.

We note that the dimension of Si is equal to |I| and the dimension of
L4, 4, is equal to [A; U Ay — 1.

Proposition 2.4.1 The subspaces S; and Lj1,A2 form the building set of
irreducibles Fpg,, .

Proof.

We will refer to the algorithm (and to the pictures of the Dynkin diagrams
of type B,,) described in the proof of Proposition 2.2.2.

In this case, the Dynkin diagrams associated to the irreducible proper
root subsystems can be of the three following types:

1) 9o 9o o -0 0o oo
2) o o o o - o o -/o
3) ° ° ° o — o ® e—»

Now, in the first case, the vertices correspond to “long” roots, i.e., to

roots of types ¢;; and t;;; this means that the associated irreducible subspace

is of type Lﬁh A,- As an example, let us consider the graph

g12 z23 —t34 _t45 2;_6

It determines the subset {1,...,6} C {1,...,n} equipped with the par-
tition {1,2,5} U {3,4,6}. It is immediate to see that, changing the choices
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of the roots, we can obtain all the irreducibles Lj:h A,; In a completely sim-
ilar (and easy) way we can check that the other two cases provide all the
subspaces of type S7. |

Let us now pass to the characterization of the nested sets; following [25],
we observe that the nested sets in Fp, can be identified with the collections &
of elements S and Ly, ,, which satisfy the following two conditions. First,
every two sets in § are either disjoint or one is embedded into the other.
Here the embedding among weak sets is understood as embedding of their
partition also. Second, no two strong sets in S are incomparable, that is to
say, they are totally ordered by inclusion.

We can now associate a graph (namely a forest) to every nested set in
Fp,- This can be done as in the A,, case except that now the vertices of each
tree are divided in two classes, weak vertices and strong vertices (the leaves
will be considered as weak vertices). In each tree, for any strong vertex v, all
the vertices closer to the root than v are strong and the edges among them
form a topological line interval. Furthermore, a forest can have at most one
connected component with strong vertices.

We note that when we associate a weak vertex to a weak subset U of
{1,...,n} we “forget” the partition U = U; U U,. The following lemma will
allow us to take into account this fact in our computations.

Lemma 2.4.2 (see [25]) Let s be a nested set in Fg,, and let T be the
function which associates forests to the nested sets. Let m be the number
of the nested sets v such that 7(7) = 7(s). Then we have 7 = 227+
where v runs through the closest to the roots weak vertices of 7(s) (the roots
themselves included, if it is the case), and rk(v) is the rank of the irreducible
subspace associated to v.

Proof
We observe that the closest to the roots weak vertices correspond to the max-
imal weak subsets in ¢. Therefore the partitions of these sets will uniquely
define partitions on all the weak sets of ¢. Let us then focus on a maximal
weak set S in ¢: the number of unordered partitions of S with at most two
parts is 21°I=1 that is to say, 27%(“s), where vg is the vertex associated to S.
Multiplying with respect to all the maximal weak sets in S we get the result.
[ |

Let us now pass to the complex arrangement D}, of type D,,: it is defined
in C" by the hyperplanes z; + 2; =0 and ; —z; =0 (1 <i < j <n). The
building set of irreducibles Fp, can be described in the same way as Fg,,
with the only difference that every strong subset of {1,...,n} should have at
least 3 elements. In fact, referring to the picture of the affine Dynkin diagram
of type D,, and to the notation introduced in the B,, case, we note that the
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diagrams associated to the irreducibles are of types 1) and 2) (there are not
irreducibles with diagrams of type 3)). This means that we can obtain all the
irreducible subspaces of type Ljh 4, (associated to diagrams of type 1)) and
all the irreducibles of type S which have dimension strictly greater than
2 (associated to the diagrams of type 2) which in fact have at least three
vertices). As an example, consider the strong subset {1, 2}, corresponding to
the orthogonal of the subspace {z1 — x5 = 0} N {z; + 22 = 0}; in Fp, S{LLQ}
is not irreducible since t9,t}; is a decomposition.

As a consequence, the forests that we associate (see [25]) to the nested
sets in Fp, are of the same kind of the forests associated to the nested sets
in Fp,, except that any strong vertex should now be connected by directed
paths to at least three leaves.

We will focus again on the combinatorics of the building sets F4,, Fg,
and Fp, in the next chapters, when we will deal with the cohomology rings
of the corresponding De Concini - Procesi compact models.
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Chapter 3

Cohomology bases for the
models and Poincare
polynomaials

3.1 Bases for cohomology rings

Let G be a building set, and let S C G be a G-nested set. This section is

devoted to finding a Z-basis for the integer cohomology rings H*(Yg, Z) and

H*(Dg,Z). We note that we can regard Yy as a variety Dg with S = 0.
The first step is provided by the following

Definition 3.1.1 Given G and S as above, a function f : G — NN is called
G, S-admissible if it is f = 0 or if f # 0, supp f U S is G-nested and, for
every A € supp f,

FIA) < dfpp ) o = dimA — dim > B

Be(supp f) aUSa
where Sy ={F €S : EC A} and (supp fla={E € suppf : E C A}.

Note that, since supp f U S is G-nested, d(ssuppf)A’A > 0 for every A €
supp f.
Now, given a G, S-admissible function f, we can construct in H*(Dg, Z) ~

Z|c4l]/Is the monomial m; = H ci(A). We will call “G, S-admissible” such

A€eg
monomials.

Theorem 3.1.1 Let G be a building set and let S C G be a G-nested set.
Then the set Bg s of G, S-admissible monomials is a Z-basis for H*(Dg, Z).
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Proof.
First we prove that the elements in Bg g span H*(Dg, Z).

Let m, = H C‘Z‘(A), for a certain function ¢ : G — IN, be a (non zero)

Aeg

monomial in H*(Dg,Z): because of Lemma 1.3.2, suppg U S must be G-
nested. Let us now suppose that ¢ is not G, S-admissible, i.e. thereisan A €
supp g such that g(A) > diupp ga.a- We call such an A a “bad component”
for the monomial if it is minimal with this property, and we prove the claim
by reverse induction on the rank of bad components.

In fact if a bad component A of m, is a maximal element in G then the
polynomial P(guppg)A’A divides m,, therefore my = 0 in H*(Dg, Z). Other-
wise, given a bad component A, we note that the polynomial

dS
H cp (CA) (supp g) 4,A

Be(suppg)a

divides mg so, using the relation provided by P(*zupp DA

for all the bad components) we can express m, as sum of monomials that
are in Bg g or have bad components strictly greater than the ones of m,.
Therefore we can conclude using the inductive hypothesis.

It remains to prove the linear independence of monomials in Bg s; we will do
it first in the case S = () for simplicity.

Now, given a minimal element G € G and keeping the same notation as in
Theorem 1.1.7, we know that Yy can be obtained by blowing up Yy along a
subvariety isomorphic to Yz. This implies that, calling by p the blowing up
map p : Yg — Yg, we have

(and repeating this

H*(Yq,Z) = p*H* (Yo, Z) ® (H*(E,Z)/p*H* (Y3, Z))

The exceptional divisor E is isomorphic to the projectivization of the normal
bundle of Y5 in Yg. Then it is well known (see for instance [7] or [14])
that H*(E, Z) is generated, as p*H*(Yg, Z)-algebra, by the Chern class ( =
c1(T') of the tautological line bundle 7' — E. Furthermore the class ¢ has
in H*(FE,Z) the unique relation provided by the Chern polynomial of the
normal bundle Ny_y,,. This, if we let x(Yg) denote the Euler-Poincare
characteristic of Yg, allows us to write (recall that the odd degree components
of H*(Yg, Z) are zero)

x(Yg) = x(Ygr) + (dim G — 1)x(Yg)

Therefore, in order to see that the elements in Bg (here we write Bg
instead of Bgy for brevity) give a basis, it suffices to show that

|Bg| = x(Yg)
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Let us proceed by induction on the cardinality of G, the case |G| = 1 being
obvious.

Given G and G as before, we can divide admissible functions in two sets:
7y = {fadmissible : f(G) =0} and Z, = {f admissible : f(G) > 0}.

We note that there is a bijective correspondence between My, , the set of
monomials associated to admissible functions in Z;, and Bg/, hence we have
21| = |Bg|.

Let us now recall that in Chapter 1 (see Theorem 1.1.7) we denoted
by G the building set {D = (D + G)/G : D € G'}. If f € Z, satisfies
f(B) > 0 for B # G, we have that either BNG = {0} or G C B. This
implies that the function f : G — NN, associated to f and constructed by
putting f(D) = f(D) if f(D) > 0 and 0 otherwise, is G-admissible. We then
observe that the so established correspondence between Z, and the set of
G-admissible functions is surjective and dim G — 1 to 1, so

|ZQ| = \B§|(d1mG - 1)
We have then proved that
|Bg| = |Z1| + | Zs| = |Bgr| + |Bgl (dim G — 1)

that is to say, |Bg| satisfies the same recurrence relation as x(Yg). Thus by
induction the claim (in the case S = @) follows.

Let now S # () be a G-nested set: as before we can proceed by induction
on the cardinality of G (the case |G| = 1 is obvious) but we have to study
separately three cases (which are essentially the same cases as in the proof
of Theorem 1.3.1).

Case 1. S U{G} is not G-nested

In this case S is G’ nested and the restriction to Dg of the natural pro-
jection p : Yg — Yy is an isomorphism onto its image, which is DY, the
variety associated to S in Yg.. The theorem is then true, by induction, for
H*(DYy,Z), and, since a function f : G — N is S-admissible if and only if
supp f C G" and fgr is S-admissible, it is also true for H*(Dg, Z).

Case 2. S U{G} is G-nested but G ¢ S.

In this case S is G’-nested. Furthermore, we can consider the set S =
{A . A€ S} C G which has the same cardinality as S and turns out to be
G-nested.

The geometric picture of Theorem 1.1.7 implies that, if DY is the sub-
variety associated to S in Yg/, then Dg can be obtained by blowing up DY
along a subvariety isomorphic to the subvariety Dg in Y3.

Now our setting is quite similar to the one of the case S = () and the
proof is analogous. We start by noticing that, since the codimension of Dg
in DY is equal to dim G, we have

X(Ds) = x(Ds) + (dim G —1)x(Ds)
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and then it suffices to show that

1Bg,s| = x(Ds)

As before, we can divide admissible functions in two sets: Zy ¢ = {f G, S—
admissible : f(G) =0} and Zy g = {f G, S — admissible : f(G) > 0}.

We note that there is a bijective correspondence between Mz, ¢, the set
of monomials associated to admissible functions in Z; g, and Bg g; hence
[ Z1,5] = |Bgr .

Furthermore, if f € Zy g satisfies f(B) > 0 for B # G, we have that
either BN G = {0} or G C B. This implies that the function f : G — N,
constructed by putting f(D) = f(D) if f(D) >0 ( D = D+ G/G) and 0
otherwise, is G, S-admissible. We then observe that the so established cor-
respondence between Z; ¢ and the set of G-admissible functions is surjective
and dimG — 1 to 1, so

| Z2.s] = |Bg sl(dim G — 1)
The claim then follows by induction since we have proved that
1Bg.s| = |Z1,5] + | Za.s| = [Bg s| + |Bg 5|/(dim G —1).

Case 3. G €S. o

In this case, let S=S—G. Let also S C G be the projection of S in [
it turns out to be G-nested. In this case Dg is the exceptional divisor in Dyg,
that is to say, it is the preimage in Yg of Dz. Then it is a pdm&-1 pypdle
over DE’ SO

dimz H*(Dg, Z) = (dimp G) (dimZH*(DE, Z))

But now, given an S-admissible function f : G +— IN, we see that we can
associate to it the S-admissible function f : G — IN defined as follows:

f(D)=f(D) VDeG D#G
This map is easily seen to be surjective and (dim G) to 1. Therefore
Bys| = (dim G) B

and the theorem is proved by induction.
[

Remark. We point out that the bases Bgy coincide, if G = F is the
building set of irreducibles which refines an hyperplane arrangement, with
Yuzvinsky’s bases (see [25]).

In the next sections we will see some remarkable examples and applica-
tions of Theorem 3.1.1.
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3.2 Poincare polynomials for hyperplane ar-
rangements of type A,,, B,, D,

As a first application of the result of the preceding section we can de-
scribe explicitely, following [25], the integer bases (which will be called
Yuzvinsky bases” ) for the Z-modules H*(Yr,Z) in the case when F =
Fa, 1, Fp,, Fp, is one of the building set of irreducibles introduced in the
preceding chapter.

A consequence of this explicit description is that we will be able to give, by
means of a simple combinatorial argument (different from Yuzvinsky’s one),
formulas for the Poincare polynomials of the varieties Y a }A/an, ?]-‘Dn. We
observe that, in view of the remark of Chapter 1, Section 3, these polynomials
will also be the Poincare polynomials of the varieties Yz, , Yz, , Yz, .
Type A,,.

Since a monomial my of the Yuzvinsky basis for H*(Yr, ,Z) is non
zero only if supp f is a F4,_,-nested set, we will refer to the bijective corre-
spondence between nested sets in Fy4, , and forests, which was described in
Chapter 2, Section 2.

Therefore the supports supp f of the monomials m can be represented by
forests, on n leaves, the connected components of which are rooted oriented
trees. Now we can take into account the exponents which appear in m; by
adding labels to the vertices of these forests, i.e., we can associate to each
vertex va (A € supp f) the label f(A). The leaves remain unlabeled since
they do not correspond to any element in supp f.

We note that, given A € supp f, we have d?supp P
|out v4] is equal to the number of outgoing edges from v 4.

This means that the label f(A) satisfies 1 < f(A) < |out va| — 1. Thus
there is a bijective correspondence between the elements of the Yuzvinsky
basis for H*(Yr, ,Z) and the forests on n numbered leaves the connected
components of which are rooted, oriented labeled trees which satisfy this
further condition: the label of a certain vertex v (which is not a leaf) is a
positive integer m(v) such that 1 < m(v) < |out(v) — 1].

Finally we observe that the necessary and sufficient condition for the
existence of such a labeling on a rooted oriented tree 7" is that |out v| > 3
for every vertex v € T which is not a leaf.

Type B,,.

The elements of the Yuzvinsky basis for H*(Yr, ,Z) can be put, in a
similar way as above, in surjective correspondence with a family of forests (on
n numbered leaves) the connected components of which are rooted, oriented
trees with labeled vertices. If we forget the labels, the involved forests are the
ones that we associated to the nested sets in Chapter 2, Section 4; therefore
we have two classes of vertices: weak and strong. Let then m; be a monomial

= lout vs| — 1, where
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of the Yuzvinsky basis for H*(Yr, ,Z). If A € suppf corresponds to a
“strong” subset of {1,...,n}, the associated vertex v, is “strong”. Then
d?suppf)AA = |wout va|, where |wout v4| is equal to the number of weak
outgoing edges from wvy. This implies that the label f(A) of v, satisfies
1 < f(A) < |wout v4].

If instead B € supp f corresponds to a “weak” subset of {1,...,n}, the
associated vertex vp is “weak” and d?suppf)&B = |out vg| — 1. Thus we have
1 < f(B) < |out vp| — 1.

We then observe that the necessary and sufficient condition for the exis-
tence of such a labeling on the trees with weak and strong vertices is that
for any weak vertex w we have |out w| > 3 and for any strong vertex v we
have |wout v| > 2.

Finally we recall that (see Chapter 2, Section 4) under this surjective

correspondence, the preimage of a forest 7 has 2 rk(v)) elements, where v
runs through the closest to the roots weak vertices (the roots themselves
included, if it is the case) of 7, and

rk(v) = |{leaves connected by a directed path with v}| — 1

Type D,,.

The same as for type B,, with the further condition that any strong ver-
tex v is connected by directed paths to at least three leaves (see Chapter 2,
Section 4).

We are now ready to compute formulas for the Poincare polynomials of these
reflection arrangements. Our method is different from the one in [25], since
it avoids the use of the " Feynmann integral” method and it is connected with
the geometric picture of blow-ups of the De Concini-Procesi models.
Type A, _1.

The series we want to compute is the following

[o.¢] tn
Pa(q,t) =g, t) =t+ ) Pa, . (¢)—
n=2 ’

where Py, ,(g) is the Poincaré polynomial of the model Yz,  (here and
from now on the variable ¢ has degree 2).

Let us call by Aa(q,t) = A(g,t) the contribution provided to ®(q,t) by
the elements represented by connected graphs (i.e. trees), including the
degenerate graph given by a single leaf. Then we have ® = e* — 1 by
elementary combinatorial arguments. We can thus reduce our problem to
that of finding a recurrence formula for A\. As a matter of notation we agree
that from now on the superscript (n) in formulas will mean “n-th derivative
with respect to ¢”.
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Theorem 3.2.1 Let )\ be defined as above, then we have the following re-
currence relation:

A
AV =14+ e —get g — 1] (3.1)
q —_—

Proof.

For every n > 2 we will regard the Yuzvinsky basis for H*(Yx 4y Z) as
the set of marked forests described above, with the n leaves identified with the
numbers from 1 to n. We will directly search for a relation for the generating
function ® instead of studying separately the polynomials P4, ,(q).

As a first step, we single out the leaf 1, and divide the elements of the
bases of the various H*(Yz, ,Z) (n > 2) in two parts: the ones containing
the leaf 1 as a singleton (called I-elements), and the ones such that an edge
ends in that leaf (called II-elements).

Let us look at the contribution to ® of I-elements. Let 6 be a I-element:
we can associate to it the element @ obtained by cutting out the leaf 1.
This gives a bijective correspondence between I-elements and elements of
Yuzvinsky type whose graphs are constructed on the leaves associated to
numbers greater than or equal to 2. Here we associate the Yuzvinsky element
1 to the degenerate graph given by the leaf 1 alone. Therefore, summing
the contributions provided by the elements 6, we obtain 1 4+ ®. By simple
combinatorial arguments, we have

o = / (1 4+ @)dt + contribution of II-elements

Let us now work on Il-elements: given a Il-element p, let us consider its
associated graph and let us call by E the edge the end of which is the leaf 1.
We will call “singular” the vertex from which E stems.

Therefore, given p as above, we can construct the following two new
Yuzvinsky-type elements, ¢’ and ¢”: the graph of ¢’ is obtained from the one
of o by collapsing to the singular vertex v, which becomes a leaf, the subtree
p» that stems out of v. The graph of ¢” is p, (we note that we are considering
v E py).

We observe that a II-element can be uniquely determined by giving its
associated couple (¢, 0" ).

Therefore, in order to obtain the contribution to ® of Il-elements, we
must multiply the series originated respectively by elements of type ¢’ and
0”. The second one is easily shown to be
S " —qX

g—1r!

r>1

In fact the number of edges that go out from the singular one is r + 1, if r is
the number of connected components obtained from the graph of ¢” when we
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cut the (closed) edge E connecting the leaf 1 and the singular vertex. Note
that we are giving the value “t” to every leaf except for leaf 1.

The contribution to the series due to the elements of type ¢ is @), In
this case the first derivative is needed since the elements of type ¢ have an
artificial leaf (the singular vertex). Summing up we have:

<I>:/(1+<I>)dt+/<1>(1) (Zq _1“—'> dt
q — T

that is to say:

T _ g\
W = (1+ &) + oV (Z d 1q—|>
q— T

From this formula, since ® = e — 1, we get:

A A
A =t 2 C (e —qe* +q—1)
qg—1
A
)\(1):1+q_1 [ — ge* + ¢ — 1]

which is a recurrence relation since the series in brackets satisfies:
(e —qe* +q—1] =040t + (¢ — ¢)t* + - -~
m

We note that formula (3.1) is equivalent to the one found by Yuzvinsky
in [25] since it can be obtained from it by differentiating with respect to
t. Furthermore we remark that it was also found, in the context of moduli
spaces, by several authors (see for instance [9], [13], [20]).

Type B,,.
Here the Poincare series which we are interested in is

tn
21 )

n=2

where Pg, (q) is the Poincare polynomial of the model Y, and 2"n!is the
order of the Weyl group of type B,,.

Let us call Ag and pup the contribution provided to ®p respectively by
trees with only weak vertices and by trees containing strong vertices. Then

(I)B = €AB(IUB + 1) -1
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and we can reduce ourselves to find formulas for Ag and pug. As for Ag,
we note that, according to the description of the forests, A\g = %/\ A= %/\,
therefore, from Theorem 3.2.1 we deduce the formula

) 2)\(1)
205 =1+ qTBl[quAB —qe® +q—1]
In order to compute pp, we first observe (see [25]) that, if we call by vp the
contribution to pup provided by trees with only one strong vertex (i.e. with
a strong root) then up = 17173 — 1.
So we only have to give a formula for vz, which is, because of the above
description of the marked trees:

N4 a4
PYB_;Q—l rl -1

ed*B _ B
—q + 1

At the end, we can write the following formula for ®5 in terms of Ag:

eIB _ o*B

bp=———"—
B quB — eq)\B

Type D,,.
Simple combinatorial reasons allow us to recover the Poincare polynomial
Pp, (q) from Pg,(q) by means of the following formula:

n

Po@) = Pala) () aPn, .0

3.3 Induced subspace arrangements

In this section we will deal with a class of interesting subspace arrangements,
namely the “induced subspace arrangements”. They can be constructed
by observing that the tensor product provides us a way to get some new
subspace arrangements G; starting from a given arrangement G*. As an
application of Theorem 3.1.1 we will explicitly describe the bases for the
cohomology rings of the De Concini-Procesi models of G; when the starting
arrangement G* corresponds to the building set of irreducibles associated
to root arrangements. In these cases we will also provide formulas for the
Poincare polynomials of the models.

Definition 3.3.1 Let G* be a subspace arrangement in C" such that G is
building. We will call “induced by G*” the subspace arrangement Gy in C" ®
C" given by the subspaces A @ C", as A varies in G*.
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First we note that, since the subspaces of G; are in bijective correspondence
with the subspaces of G*, we can give a bijective correspondence between Gy,
the set of subspaces in (C" ® ch )* orthogonal to the ones in G}, and G.
This correspondence is given as follows: if B € G, we associate to it B&(C yx
which is included in (C™ ® C")* via the isomorphism (C")*® (C")* = (C"®
(Dh)* and belongs to G,. Note that this construction implies that G is
building.
Therefore we can express a Gy, )-admissible function f . G, — N oas a
function f : G — IN, which turns out to have G-nested support and that
satisfies the following relation:
Ul _ g0
0< f(B)<h supp f)p.B = d(suppf) ) *7B®(Ch)*
ss(C")
if B € suppf.
Let us now consider a building set G and a G-nested set .S, and describe
a way to associate an oriented labeled graph to every element of the basis
Bg s (note that the following is the obvious generalization of the Yuzvinsky
graphs that we used in the cases of root arrangements).

Definition 3.3.2 Given a monomial my € Bg s, we call by Gy the oriented
labeled graph whose vertices are identified with the elements of supp f and that
is constructed in the following way. Let A and B be two elements in supp f
such that A is a mazimal element (with respect to inclusion) in (supp f)p;
then we draw an edge which joins the vertices A and B and is oriented from
B to A. Furthermore, if C' belongs to supp f, the vertex C is labeled with

f(Q).
Then, in terms of the above defined graphs, we have:

Proposition 3.3.1 The graphs which represent the monomial basis for
H*(Yg,Z) and H*(Yg,,Z) have the same shape but the upper bounds for the
labels in the Gy, case are obtained by multiplying by h the upper bounds in the
g case.

This allows us to provide a generalization of the computations in Section
2 of the present chapter; let us in fact consider the ”induced root arrange-
ments” F,, where F = F4,, Fp,, Fp, is as in the preceding sections. Using
Proposition 3.3.1 we will manage to extend to the induced case the formulas
for Poincare polynomials.
Case A,.
Let us call by Fa, n the arrangement induced by F,, and let the series we
want to compute be

o0 tn

Dpp=Pan(g,t,h)=t+ Z PAn,l,h(Q)a

n=2
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where Py, , 1(g) is the Poincaré polynomial of the model Yz, .

As before, we set A4 to be the contribution to ® 4 provided by trees,
soeMhr—1 =0 a,h- The same considerations as in Theorem 3.2.1 lead us to
the formula

hr __ A\
O, = (1+ @) + 0, | Y L4240
= 4 1 7l

that gives
)\(1) .
)\(Al?h =1+ —q i’hl [ef Adn et g — 1]
which is a recurrence relation.
Case B,

Let us call by Fp, , the arrangement induced by Fp,and let us consider the

series
tn
21 !

Ppp=Ppn(q,t,h) =1+ Z Pp,n(q)
n=2

where Pp, 1(q) is the Poincare polynomial of the model Yz, . Let Ap; be
the contribution to ®pj, provided by trees, and let pp p, V5,5 be respectively
the contributions provided by the trees with strong vertices and by the trees
with only one strong vertex.

As in Section 2, we have ®p} = eAB’h(,UB,h +1)—1, pugpp = — —land

I —7Bn
2ABn = Aap since all these facts depend on the shape and not on the marking

of graphs.
So, we only need to give a formula for v 5; the same reasoning as in Section
2 shows that

¢ —q Ny eTBh — gt — (¢ — g)Apy

— o —
rZqur. qg—1

YB,h =

Case D,,.
Here the relation among the graphs associated to the basis in the cases B,
and D,, gives the following formula for the Poincare polynomial Pp, 5:

2h
n qg - —q
Pp, n=Pp n— 4 —dp
Dy, ,h Bn,h ( 2 ) q 1 Bp—2,h

3.4 Geometric bases for hyperplane arrange-
ments

Let G be a building set, S a G-nested set and let us consider the variety Dyg.
As we have seen, the elements of the basis of H*(Dg, Z) can be represented as
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monomials in a quotient of Z[c4] (A € G), where the variables ¢4 correspond
to the basic cohomology classes [D 4] restricted to Dg (see Theorem 1.3.1).

This implies that there is a natural correspondence between the mono-
mials of the basis of H*(Dg,Z) and the varieties which are intersection of
the divisors in the boundary of Yg: this correspondence associates to the
monomial my the irreducible variety D, ¢.

Since the monomials of the cohomology bases we studied are not neces-
sarily squarefree, the above correspondence is not one-to-one.

In this section, in the case when G refines a hyperplane arrangement, we

will exhibit squarefree bases for H*(Dg, Z), that is to say, bases the elements
of which correspond to irreducible subvarieties of Dg obtained by intersecting
divisors without multiplicities. We note that if G does not refine a hyperplane
arrangement, squarefree bases may not exist.
Let then G be a refinement of a hyperplane arrangement, and let x1,...,zy €
(C™)* be representatives for the lines orthogonal to the hyperplanes. Then
x1,...,2xy belong to G and generate Cg. We put X = {z1,...,2n}, < X >=
Z;V:l Cz; and m = dim < X >.

We want to give a suitable total order in G. Actually there are many
possible ways to choose this order, therefore we fix our ideas by choosing
the following one, which we will refer to in the example at the end of this
section. As a first step, we associate to each element G € G the monomial
zj, - xj, (j1 <...<Jjg) obtained by selecting in X the elements belonging
to G. Then we order G according to the following rules. Given any two (non
constant) monomials A and B, we put A < B if either of the following cases
occurs:

1. B divides A, or

2. neither A divides B nor B divides A but, setting

B A B B
~ gcd (A, B) ~ gcd (A, B)

/

and writing A =z, @y, (i1 < ... <ig), B=xp -z, (n <...<
Ts), we have i; < 71y.

Now we need the following lemma:

Lemma 3.4.1 Let ' C G be a maximal G-nested set.
Then |[I'| =m =dim < X >.

Proof.

The proof is by induction on |G — Fg|.

If G = Fg, our claim coincides with Proposition 1.1 (2) in [5]. Let now
|G — Fg| > 0 and let G be minimal in G — Fg. Then G’ = G — G is building
and is still associated to the hyperplane arrangement X.
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According to Proposition 2.5 in [4], we have that a maximal G-nested set
is either a maximal G’-nested set or is obtained from a maximal G’-nested
set replacing one of its elements with G.

In both cases, the cardinality of the maximal G-nested set is the same as
the cardinality of some maximal G’-nested set, which by induction is m.

[

In the case of H*(Dg, Z), because of the characterization of the supports
of G, S-admissible functions, we are interested in subsets I' C G such that
['US is G-nested.

Lemma 3.4.2 Let Q C G be a maximal element in M ={T' C G : T U
S is G — nested}. Then |Q = m.

Proof.
This immediately follows from the above lemma since {2 must be a max-
imal G nested set containing S. [

Let us keep for the monomials in H*(Dg,Z) the same notation as in
Section 1. Since a squarefree monomial my is completely determined by
supp f, we can describe a squarefree basis for H*(Dg, Z) by means of subsets
of G. Let us then focus on the following algorithm which produces suitable
subsets of G. Take the support of a G, S-admissible function g; it already
defines a monomial in our squarefree basis. Now suppose that there is an
A € suppg such that h = diuppg)A,A > 2 and let Ay,..., Ay be all the
maximal elements (if any) in (supp g)a.

There is at least one maximal G-nested set which includes S U supp g.
Since the cardinality of such a set is m, we deduce that there exists at least

one element B € G satisfying the following conditions:
1. {B}USUsuppg is G-nested;
2. B C A and, for every A;, either A; N B = {0} or A; C B;
3. dim B =dim () A;)+ 1.

js.t.AjCB J

Remark. Note that the above conditions make sense also in the case when
(suppg)a = 0.

We choose, among all such elements, the minimal one with respect to the
total order in G. We call this element “the exceptional element of g at A”
and denote it by A°. Then we define the function g, taking values 0,1, such
that supp g = supp g U A°: ¢ defines a monomial in our squarefree basis.

Now, if there are elements C' € supp g such that déuppg)c,c > 2, we can
apply again the above algorithm and so further. We call by SBg ¢ the set of
monomials which can be constructed by means of the above algorithm.
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Theorem 3.4.3 The set SBgs gives a squarefree basis of H*(Dg, Z).

Proof.

We observe that [Bgs| = |SBg.s| by construction, so it is sufficient to
prove that every element in Bg g can be expressed as a Z-linear combination
of monomials in SBg g.

Given a monomial my € Bg g, we can consider the oriented labeled graph
G associated to it (see Definition 3.3.2) and its subgraph G} obtained as
follows: consider the leaves of Gy which are labeled with 1 and take all the
paths in Gy that end with one of these leaves and that are made by vertices
labeled with 1.

Since G}c is a forest (maybe empty), we can consider the roots C1,...C,
of its connected components and give the following definitions.

Definition 3.4.1
The “squarefree rank” of my is the number sr(f) = dim (3 ;_, C;).

We note that the sum of subspaces in the definition is direct, since supp fUS
has to be G-nested.

Definition 3.4.2 Given an oriented marked forest G and a verter B, we
will call B-subtree of G the tree obtained by considering the subgraph of G
that stems out of B, with the same marking except that the vertex B (i.e. the
root) is considered unmarked.

Now, given a monomial m; € Bg g that is not squarefree, there necessarily

: S
exists at least an element A € supp f such that 1 < f(A) < suupp £ a,A"

Let us take all the minimal (with respect to inclusion) elements M, ... M,
with this property. We will prove the theorem by proving, by reverse induc-
tion on the squarefree rank of monomials in Bg g, the following proposition:
a) Each element my of Bgs can be expressed as a Z-linear combination of
monomials mg in SBg s s.t. G} 18 a subgraph of supp@.

The first step consists in observing that if, for a certain m; € Bg g, sr(f) is
maximal, then my is squarefree, hence it already belongs to SBg s.

Let us then take a monomial m, € Bg g that is not squarefree and with
the squarefree rank equal to p. By induction, we assume that proposition a)
is true for each monomial in Bg g with the squarefree rank greater than p.

There must exist an element M; = A € suppg such that 1 < g(A) <
diupp 9)a,4 and A is minimal with respect to inclusion.

Keeping the same notation as in the construction of SBg g, we call by
Aq, ..., Ay the maximal elements (if any) in (supp g)4 and consider A® and

g.
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Let Q = H cr.. We can now apply the following “squarefree algo-

Le(supp g) ae
rithm at A” : we use the polynomial

S _
P(suppg)Ae,Ae - Q( Z CE)

AeCE

which belongs to Ig, to substitute in mg, the factor c4Q.
We thus get a Z-linear combination of monomials that are either zero or
can be of the following three types, which we write in a more general form:

1. monomials obtained by elements my of Bg ¢ such that A € supp f, G}
includes G; as a subgraph and the A-subtree of Gy coincides with the
A-subtree of G, by substituting c4@) with —cy @, where A C N.

2. monomials obtained by elements m; of Bg ¢ such that A € supp f, G}
includes G; as a subgraph and the A-subtree of Gy coincides with the
A-subtree of G, by substituting c4Q) with —cr@, where A C T C A.

3. monomials obtained by elements my of Bg ¢ such that A € supp f, G’}
includes G; as a subgraph and the A-subtree of Gy coincides with the
A-subtree of G, by substituting ca@Q) with —c4eQ.

Let us take a monomial my, of type 1. In the proof of the Theorem 3.1.1,
we described an algorithm which allowed us to show that every monomial in
H*(Dg,Z) can be expressed as an integer linear combination of monomials
in Bg g. The same algorithm now allows us to express my, as an integer linear
combination of monomials m, € Bg,s such that A € suppr, G includes G|,
as a subgraph and the A-subtree of G coincides with the A-subtree of G,.

Furthermore, 7(A) = g(A) — 1. If 7(A) = 1, we have that sr(r) > sr(g),
therefore we treat m, by induction and we manage to write it as an integer
linear combination of monomials in SBg ¢ which satisfy the conditions of
proposition a); otherwise we can apply again to m, the squarefree algorithm
at A, getting elements of type 2,3 or elements my of type 1 with 6(A) =
7(A) — 1. Therefore, after a finite number of steps, we are reduced to study
elements of types 2 and 3.

Given an element m,, of type 2 we note that, using the algorithm of The-
orem 3.1.1, it can be written as an integer linear combination of monomials
my € Bg s s.t. G} includes G} UT. We note that the monomials m, belong to
Bg,s since it must be dim T > dim(3_;,, 4,cr A;) + 1 because of the choice
of A°.

Thus we have sr(g) > sr(g) and we can conclude by induction.

Let now m., be a monomial of type 3 and let us suppose that m, does
not belong to SBg s.
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If v(A) = 1, then let us consider the monomial ms; = Z%. We note that
my is in Bg g and that sr(¥) > sr(g). Applying induction,Awe can write ms
as an integer linear combination of monomials m; € SBgs such that their
supports contain G;UA as a subgraph. If we multiply this linear combination
by cae, we find that m., is equal to an integer linear combination of monomials
mgcae which still belong to SBgs.

If instead y(A) > 1, then we can apply again to m¢ the “squarefree
algorithm at A”. This means that, calling by A the exceptional element of
~v at A and 7 the 0,1-valued function such that suppy = suppyU A, we use
the polynomial

Pl
(supp7) aee, A%
to substitute in m., the factor ca H cr.

Le(supp?) ace
In the same way as before we divide the resulting monomials in three

classes and we call monomials “of type j” the monomials in the j-th class
(j =1,2,3). As before, the monomials of type 1 can be expressed as integer
linear combinations of monomials of types 2 and 3 and of monomials in
SBg g, while the monomials of type 2 are easily treated by induction.

It there remains to study the monomials of type 3. Let m. be such
a monomial: we have then €(A) < v(A) and, if ¢(A) = 1, we can apply

€

induction to . Otherwise we can use again the squarefree algorithm

CAee CAe
at A and continue. This process of course ends after g(A) — 1 steps, and at
last we will have written m, as an integer linear combination of monomials
in SBg ¢ which satisfy condition a). This concludes our proof.
[ |

Example

Let us consider G = F 4, _,, the building set of irreducibles which refines
the reflection arrangement of type A,,_;. We keep the notation of Chapter
2, Section 2, so we denote by tpx (h,k =1,...,n) the representatives of the
functionals orthogonal to the reflecting hyperplanes.

We can give a total order on the set {¢,;} by the following rule: ¢;; < ¢
ifi<horifi=~handj<Ek.

This provides us, according to the rules mentioned at the beginning of
this section, a total order on H*(Yzg, ,Z).

Now let us take a G, )-admissible monomial m, and let A, Ay, ..., Ag be
the same as in the definition of the squarefree basis. We will show in this
example how to obtain the exceptional element Af.

First, let us call by Azyq,..., A, the leaves which are connected by an
edge with A in the Yuzvinsky graph (see Chapter 2, Section 2) of the nested
set (suppg)a. Furthermore, let ', I'y,..., 'y be the subsets of {1,...,n}
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associated to A, Aj ... Ay respectively and, if ¢t > k, let I, = {a;}, where
is the label of the leaf A,.

It is easily seen that the order we have given in H* (Y;ATH,Z) implies
that A; < A; if and only if minT'; < minT; (i,j < k). We use the above
relation to extend this order also to the leaves Agiq,..., A,.

We can now reorder (if necessary) the A;’s in such a way that 4; < Ay <
... < A,. The corresponding graph is

A

Al A5 A3 a r

Then the construction of the exceptional element immediately reveals
that Af{ is the subspace generated by functionals z; — x; for 4,5 € I'y UTs.
This gives rise to the following graph:

A
Ae

Al A2 AS AT

The next step is

Ay Ay A A,

Then we can add a vertex A§ connected by two edges with A§ and Ay

and we can go on until we draw the vertex A?_, connected by two edges to
A¢_,and A,_,.

3.5 A squarefree basis made by Keel gener-
ators of H*(Mg,.1,2Z).

In this section we want to compare explicitly the description of the cohomol-
ogy ring H*(Yr, ,Z) (arising from the theory of models of arrangements)
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with the presentation of H*(Mg,.1,Z) due to Keel (see [16]). Let us first
recall Keel’s results and notation. Given a divisor

in Mg, its fundamental class in H?(Mg,41,Z) is denoted by [DS}.
Then we have:

Theorem 3.5.1 (see [16])
H*(Moyui1,Z) =Z[[D°] | SC{0,....,n}, 2<[S|<n-1] /K
where K is the ideal generated by the following relations:
1. [DS] = [DT}, where T ={0,...,n} — S.

2. For any four distinct elements i, j,k,l € {0,...,n}:

> = > [Pl= > [P
i,jes ' S
k,l¢S
3. [DS] [DT] unless SNT =0 or SNT =S or SNT =T.

Since Keel’s presentation is in terms of fundamental classes of divisors, we
can immediately write the explicit isomorphism between the rings Z[ca]/I

(= H*(Yr, ,.Z)) and Z[[D%]] /K (2 H*(Mons1,Z)). In fact this iso-
morphism is provided by the map ' : Z[c4]/I — Z [[D®]] /K, where
r: Mojnﬂ — }Aff 4, 1s the isomorphism described in Chapter 2, Section
2. Therefore, as a consequence of Proposition 2.3.1, given A C {1,...,n}
and considering the class ¢4 associated in H *(}A/f A, _,» Z) to the divisor Dy,
we have that I'*(c4) = [D#]. In order to describe I'*(cy) (where we put
U :A{l, ...,n}) in terms of Keel generators, we can use the relations in

H* (Y;AW1 Z)
Tij Z ca=0
{i,j}CAC{1,....,n}

(in the notations of Chapter 1, calling by 7;; the irreducible associated to
{i, 7}, this is equivalent to saying that the polynomial PQ?TU belongs to Ip).
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Hence we can write

IM(cy) = — > [D4]

{i,j}CAC{1,...,n}

for any choice of the subset {i,j} C {1,...,n}.

The isomorphism I'* allows us to provide a Z-basis of H*(Mg 41, Z) in
terms of Keel generators simply by considering the basis Br 4, , brovided by
the Theorem 3.1.1 and taking F*(BfA%l,@). We note that this basis is not
made by monomials because of I'*(¢y). Anyway monomial bases in terms
of Keel generators can easily be deduced. For example one (which will be
denoted by SBMo,n+1) is provided by the following construction.

Let us start from the squarefree basis SBx, ¢ ( which is referred to
the order chosen in the example at the end of Section 4) and consider m €
SBfAn717(Z). If ¢y does not divide m, then we take [*(m) as an element of the
basis SByz, .- If instead ¢y divides m then we find the exceptional element
U of m at U (we are using the notations of Section 4) and we take I'(*7%<)
as an element of SByp .

Proposition 3.5.2 The set SBy;, ., is a squarefree monomial Z-basis (ez-
pressed in terms of Keel’s generators) of H*(Mo i1, Z).

Proof.
Let us prove the equivalent claim that (T*)~'(SByz, .,) is a basis for

H*(}/}fAnil,Z). Since the cardinality of SBy;, ., is equal to the one of
SBr, ¢ by construction, it suffices to prove that the elements of SBr, ¢
are integer linear combinations of the elements in (I"*) ™' (SBy,  ,,). The only
non trivial case we have to check is provided by the elements y € SBx, o
that are divided by cy. Now in (T*)'(SBy, ,,) there is the monomial
m = “2—5 Substituting in m the variable cye by means of the polyno-

mial P? ., we can write —m as a sum of d’ . — 1 terms all
_ (suppp)ye,U (supp p)v,U

of which belong to SBz,  ¢. Furthermore we note that one of these terms
is p itself while all the other terms are not divisible by ¢y and belong to
(T*)~"(SBy,,.,,)- Then we have found an expression for y as Z-linear com-
bination (the coefficients are equal to —1 ) of monomials in (T*) ™ (SBy, . . )-

Remark.

At the same way we can find “squarefree monomial Z-bases ” (in terms of
Keel’s generators) for the integer cohomology of all the subvarieties of M,
which are intersection of irreducible boundary divisors. In these cases we
consider the nested set S C F4,_, — V* which identify such a subvariety and
start the construction from the squarefree basis SBr, s of H*(Dg, Z).
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Chapter 4

Symmetric group
representations

In this chapter we will deal with the root hyperplane arrangement A’ of
type A, and with two symmetric group actions on the cohomology ring
H*(My,,C): the action of the Weyl group S,;; and an extended S,o
action coming from the isomorphism between Yr, and Mg iz Our main
result consists in proving (see Theorem 4.3.1) a recursive relation between the
characters of these two representations. Furthermore, an explicit description
of the 8,12 module H*(Yr, ,Z) is provided.

4.1 Projection maps and cohomology

First we recall some notation: in Chapter 2, Section 2, we introduced the

base {tia,...,t1,} of V* and we called by {vs,...,v,} its dual base in V. In

what follows we will always consider V' equipped with the basis {vs, ..., v,}.
Let now 7 be the Hopf bundle projection

T V—{O}»—>P7(E2

with fiber C*, which identifies z € V' with Az for A\ € C*; the restriction
' of m to My, , maps My, , onto My, , 2= My, ,/C* and 7’
My, , — M 4,_, is a trivial bundle. We are interested in finding some
relations between the &,, actions on the cohomology rings of My, , and

My, ,: since in general there are no §,-equivariant sections of the given
bundle, we are going to study an S,-equivariant covering map

v MAnA = M\AnA x C*

that will provide us an S,-isomorphism involving cohomology rings.
Let’s define v in the following way: given p € M4, _,, we put

v(p) = (7(p), Q*(p))

67



where, if p3 = 0 is the equation of the hyperplane Hg, () is the polyno-
mial given by @ = [[pg, (8 € ®*, the set of positive roots). Clearly
deg Q* = |®| = (n — 1)n.

We note that if v(p) = ~(q), for p, ¢ € My, _,, then T(p) = 7(q), i.e.
p = zq with z € C*.

Furthermore, since Q*(p) = 2/*/Q%(q), we have that z € I, the cyclic
group of |®|-th roots of 1.

It follows that ~ provides a |®|-sheets covering; this implies that

L\ My, , %M\AWl x C*  via~.

The role that + plays in cohomology depends on the following well known
fact:

Lemma 4.1.1 Let X be a variety and G a finite group which acts on X.
Then

H(G\ X, €)= (H(X, €))°

In our case the action of I' in cohomology is trivial since I' C S! and the action
of a connected continuous group in cohomology is trivial. So we deduce:

Proposition 4.1.2

. v 5 Cle
(M, €)= H' My, C) & (S5

as Sp-modules, where the action of S, on H*(M_,_,,C) is the natural one,

the action of S, on H*(My, ,,C) is the one obtained from the S, action

induced on M\An_l from My, ., dege =1 and we = € for every w € S,,.

Proof

This follows from Lemma 4.1.1, the observation above and the fact that -y
is a S,-spaces map , when we consider S,, acting on the base space My, _,
with the action induced from M4, , via 7.

In fact, if w € S, and p € My, ,, ww(p) = T(wp) by definition of the
involved actions and Q*(wp) = Q*(p) since w permutes the hyperplanes of

Anfl- n

We are now ready to extend the S,, action on H*(My, ,,C) to an S,41

one, starting from an S,,4; action on H *(/\7 A,_1, C) that we will introduce
in the next section.
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4.2 The S, action on M\An—l and H*(My, ,,C)

Let us consider, for n > 2, the moduli space My ,4+1 of n 4 1-pointed curves
of genus 0. We recall that

n—1"

Mogi1 = SL2)\ § (Pos---pn) ER X ... X Pl [pi#piVid ]

n+1 times

and that, via the SL(2) action, we can write every element p € M ,41 as

b= [(071)7 (17())7 (171)7 <x17y1)>"'7 (xn*27yn*2)}

In Chapter 2, Section 2, we called by ]\/4\0,%1 the set of the elements of Mg 41
written in canonical way:

MO,nJrl = (q17"'7qn72) GPl X XPl ‘Q’L#q‘ya Q17é170700

n—2 times

We defined, in terms of the basis {vy, ..., v,} of V, themap ¢ : M, , — Moni1
as:

(1, 1) = ((1,72)s (1,73) -+ (Y15 Y1)
a/n\d we observed (see Theorem 2.2.1) that ¢ is an isomorphism between
M, , and My ,i1.

Now the main remark is that on Mg, there is a natural S, 41 action,
given by the permutation of the coordinates, and that, since this action
commutes with the SL(2) action, we can view it as an action on M 1.

As a consequence, we can lift this action, via the map ¢, to the comple-
ment My, .

We want to show a compatibility relation between this lifted action and
the S,, action induced on M 4, , via the fiber projection .

Theorem 4.2.1 If one identifies S, C Sp11 =< S0, 81, -, Sn_1 > with the
subgroup generated by < si,...,S,_1 >, then the action of S,11 on ./(/l\A,,k1
via % and the S, action induced on M\An_l via the fiber projection ©' are
compatible.

Proof

It’s sufficient to check the statement for simple reflections.

Let us take the element (1,7s,...,9,-1) € M_4,_, and start from the reflec-
tion s7.

On one hand, considering s; as an element of the Weyl group §,, acting via
7', we have:

s1(Lyay ooy Yne1) = (L, 1 =2,y 1T —y21)
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On the other hand, thinking of s; as an element of S, acting on Mg, 41:
s1[(0,1), (1,0), (1,1), (1,%2), -+, (L, ym-1)] =
=[0,1), (1, 1), (1,0), (1,72), -+, (1,7m-1)]
which, modulo SL(2) acting by ( 1 _01 ) can be written in canonical form:

= [<071)7 (170)7 (171>’ (171 _72)7"'7 (1’1 _f}/n—l)]

After translating in M A,_, via ¢! we get the desired result. As for s, on

one hand we have

1

52 (17’727 s 77”—1) = (’727 17737 B 7fyn—1)

On the other hand, thinking of s, as an element of S, ;:

59 [(071)7 (170)7 (171)7 (1772)7"% (17’771—1)] =

= [(071)7 (170)7 (1772)7 (1a1)7(1773)7"'7 (Lf}’nfl)]

1
Via the action of ( 0 2

> we can write:
Y2

_ i Tn—1
= {(0,1), (1,0), (1,1), (1,72),..., (1, - )

At the end we get:

52 (17 Y2, 7771—1) = (’727 ]-7 BEIRER 777‘&—1)

Finally, for s; (7 > 3) we have

Sj (17727---7771—1) = (17~--7’7j7'7j—1a-~~77n—1)

therefore the claim follows noticing that

s; 1(0,1), (1,0), (1, 1), (1,72),--+» (L, 7m-1)] =

- [(071)7 (17())’ (171)7 (1772)7"" (LVJ)? (17’7]'—1)7"'7 (1’771—1)]
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Let us now focus on cohomology rings. Let S be the symmetric algebra of
V* and let F be the quotient field of S. Let (V') be the exterior algebra of
the F-vector space F @@ V™.

We recall the following well known results (see [1], [2], [22], [23]):

Theorem 4.2.2 The cohomology ring H*(My,, ., C) is isomorphic to the

C algebra R(A,—1) C (V) generated by 1 and by the forms wg = s where

Ps
pg = 0 is the equation of the hyperplane Hg (5 € V).
The relations involving the wg’s are the following ones:
waws = —wswg [B,0€ dF (4.1)
WaW, = WaWe—g — Wewy—p if 0— B is a positive root (4.2)

Theorem 4.2.3 The cohomology ring H*(M\An,l, C) is isomorphic to the

subalgebra ﬁ(An_l) of R(A,—1) generated by 1 and elements 03 = wg — wq,
for B # ay.

From now on we will identify the rings H*(/T/I\An_l, C) and H*(My, ,,C)

~

with the algebras R(A,_1) and R(A,_1) respectively. Let us put, for 3 €
o, L(F) = j if j is the greatest index for which a; # 0 in the expression
B = 37" a;o;. Then the preceding theorem and relations (4.1) and (4.2)

can easily provide us a base of H*(M\Awl, C).
Corollary 4.2.4 A basis of H*(/Y/I\Anfl, C) is given by the elements of type

eﬁl U Q/GT
with the property that L(31) > L(B2) ... > L(f5,).

r=1,....,n—1

The action of S, 11 we have constructed gives rise to a linear representation
of S41 on H*(M 4, ,,C); this allows us to state the following theorem:

Theorem 4.2.5 The action of S,+1 on H*(M\An_l, C) can be extended, via
the isomorphism of Proposition 4.1.2, to an S,+1 action on H*(My, ,,C).
This action is compatible with the natural S, action on H*(My, ,,C) if we

identify S, C Sp11 = < So,S1,-..,Sp_1 > with the subgroup < s1,...,8,_1 >.
Proof.
Let
o O Cle] \
N i H (M, €)@ (S o H(Ma, ,.©)

be the §,-modules isomorphism of Proposition 4.1.2. Since we already have
an sy action that makes H*(My, ,,C) an S,41-module, it’s sufficient to

. Cle] ..
let so act trivially on # (i.e. to put spe = ¢) and then to extend to
£

H*(MAn_l,(D) via A. |
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4.3 A recursive formula for representations

In the preceding sections we have shown how to construct an action of S,
on H*(My,,C) for every n > 1.

Now we can prove a remarkable recursive relation which connects the S,
and S,.o actions on the cohomology ring. We express it in terms of char-
acters, introducing the following notation: let x,1(¢,n) be the character of
the natural S, action on HY(My, ,C), Xni2(i,n) be the character of the
extended S,,,» action on H'(My,,C) and let p,; be the character of the
standard representation of S, .

Theorem 4.3.1 For n > 2 we have:

Xn-i—l(i»n) = Xn+1(iv n— 1) +pn+1Xn+1(i - 17” - 1)

Proof.
Thanks to Theorem 4.2.5, it suffices to prove the analogue of the statement
for the cohomology rings H (M 4, ,C): we will denote by the superscript “~
"the corresponding characters . . -

Let us now focus on the map n : My, — My, ,, given by omitting the
last coordinate, and the correspondent injective map in cohomology

0t H(Ma, ,,C) — H(My,,C)

[t turns out by construction that if we consider the extended actions of
Sni1 =< 80, 815+ 8n_1 >on H(My, ,,C)and of S, 10 =< sg, S1,.-.,8n >
on Hi(M\An, C), the map n* is < sq, $1,...,Sp,_1 >-equivariant.

Let us call by ! C Hi(M\An, C) the image of n*. Keeping the nota-
tion introduced in Corollary (4.2.4), we note that Q, is the C-subalgebra
generated by elements 65 with § € &+ (5 # a;) and L(5) < n.

Now we have, by Corollary 4.2.4, that

H (Ma,, €)= Q& (V-7 (4.3)
n—1

as C-vector spaces, where N = @ Cb,,+.+a,_, and“ - 7 is the product.
=0

Here ;' = {0} and QY = C. For i = 1, this means that
H'(My,,C)=QL o N.

But we can also write:
H' (M, C)=QLaT (4.4)
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where T is a < sg, ..., S,_1 >-invariant complement of Q! .

Now, if we look at Hl(/(/l\An,(D) as < Si,...,8,-1 >-module, we see that
N = P, @& I, where we used the following notation: for every n > 2, I,, is a
one dimensional space affording the trivial representation of S,, and P, is a
n — 1-dimensional space affording the standard representation of S,,.

It follows that T'= P, ® I,, as < s1,...,S,_1 >-module, so, by the branching
rule, we can conclude that 7= P,,; as < sg,5s1,...,S,-1 >-module. We
need now the following:

Lemma 4.3.2
H'(Ma,,C) = Q& (T- Qi)
as < 80,81, Sp_1 >-modules.

Proof of the Lemma.
Let us show that o . ,
Hi(My,,C) = Qi+ (T - Qi) (4.5)

Let z = pf + Z;:& Ocp+-tan_, 15 ' be an element of Hi(My,,C), with

py € QU and gt € Qi1 (here we are using equation (4.3)). Now we can

write Og, 4+ ta,_, = 71; + 7 where v1; € Q. 7; € T, because of (4.4). Then

n—1 n—1
it (S )+ ()
=0 =0

Since the second term on the right belongs to 2, and the third term is in
T-Qi71 this proves (4.5). Then a simple dimension argument shows that the
sum in (4.5) is direct. But the spaces involved are < s, ..., s,_1 >-invariant,
so this direct sum is a direct sum of < sg,...,s,_1 >-modules. [ ]

We note that, since dim(7" - Q4 !) =dim(7") dim(Q% 1) by Corollary (4.2.4),
there is an obvious < s, ..., S,_1 >-isomorphism between 7" - Qﬁ;l and T'®
Qi=1. Hence it follows, recalling that Qf = n*(H (M, _,,C)) and denoting
by Xn+1,0(%,n) the character of the < sg,...,s,—1 > action on Hi(ﬁ/l\An, C),
that:

5(\71-&-1,0(2.7 n) = X\n+1(i7 n— 1) +pn+15(\n+1(7; - la n— 1)

Since < sg,...,S,_1 > is conjugate to < si1,...,8, > in S,y9, then
Hi(My,,C)viewed as < sg, ..., s, 1 >-module is isomorphic to H{(My, ,C)
viewed as < sy,...,S, >-module, i.e. as natural §,,;1-module. So we get the
desired:

X\nJrl(ivn) = X\n+1(i> n— 1) +pn+15€n+1(i - 17” - 1)
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As a first corollary we can show a nice relation involving characters.
Corollary 4.3.3 Forn > 2 we have:

Xn+1(1, 1) = Ppg1Xns1(n —1,n) +pi+1Xn+l(n —2,n)+

T <_1)np2+1Xn+1(07 n) =0

Proof.
The recursive formula of Theorem 4.3.1 gives, for the top degree n:

Xn+1(”7”) = Xn-i-l(na n— 1) ‘|‘Pn+1Xn+1(n —1,n- 1)

But xn41(n,n — 1) = 0 being n — 1 the top degree of the graded ring
H'(My, ,,C). Thus we get:

Xnt1(1, 1) = PpiiXnt1(n —1,n — 1) (4.6)
But we also have, again applying Theorem 4.3.1:
XnJrl(n - 17 n) = XnJrl(n - 1> n— 1) + anranJrl(n - 27 n— 1) (47)

Substituting in (4.6) we obtain:

Xn+1(n7 n) = pn+1Xn+1(n -1, n) - Pi+1Xn+1(n —2,n— 1)

and, inductively, we prove our claim since both x,,41(0,7) and x,4+1(0,n—
1) are the trivial character. ]

As another consequence of Theorem 4.3.1 we can give a quick proof of
the following theorem, due to Lehrer and Solomon (see [19]):

Theorem 4.3.4 Let x,, be the character of the S,, action on H*(My, ,,C).
Then, for n > 2 we have:
Xn = QIndgg(l)

Proof.
Let us prove the claim by induction on n, the case n = 2 being obvious.
First of all we note, applying Theorem 4.3.1, that for n > 3

Xn = (L +Pn)Xn (4.8)

Xn being the character of the extended S,, action on H*(My, ,,C).
Next we need to recall the following (well known) fact:
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Lemma 4.3.5 Let G be a group acting on the C-vector space M and let
H C G be a subgroup. We have the G-modules isomorphism:

Ind§;(M") = Ind§(C) @ M

where M' is M considered as H-module and the action on C is the trivial
one.

Proof of the Lemma.
Let C[G] and C[H] be the group algebras of G and H; we can write:

Ind% (M) = C[G] AC (a1 M' = C[G] OC (a1 (Cop M) =

= (ClGlogy C)og M = Ind§(C) ®g M

The above lemma, applied to the S,-module H*(M4, ,,C) shows that, in
terms of characters:

Ind3" (Xn—1) = Ind3"_ (1) Xn (4.9)

But Indgz_l(l) = (14+pn), so, comparing (4.8) and (4.9), we get for n > 3

]ndgz,l (Xn—l) = Xn

that, by induction, gives:

Xo = Indg, (2 Indg;™ (1)) = 2 Indg; (1)

Remark.

These results are also true, with the same proof, when the characteristic of
the coefficient field we are dealing with and |®|, the order of the cyclic group
[', are coprime.

The key point is Lemma 4.1.1, who fails to be true if the order of the group
G and the characteristic of the coefficient field are not coprime.

We notice that the extended symmetric group action and the recursive rela-
tion of Theorem 4.3.1 have been independently studied by Mathieu in [21],
by different methods.
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4.4 The Euler characteristic of M A,/Sj

In this section, as an application of the Theorems 4.3.1 and 4.3.4, we will
compute the Euler characteristic x(M 4, /S;) of the quotient spaces M 4, /S;
(1 <j < n+2, that is to say, S; is identified with a subgroup of S, and
we denote by S; the trivial group made by the identity). The interest of this
computation lies in the fact that X(M\ A,/S;) (which, by the isomorphism
described in Chapter 2, is equal to x(Mo,12/S;)) plays a crucial role in the
computation of the Euler characteristic of the moduli spaces M ,,, Ms,, of
n-pointed curves of genus 1 and 2 and of their compactifications Mlm, Moy,
as it is shown in [3].

Obviously, we start by recalling the Euler characteristic of M, ,. This is
provided by the following

Theorem 4.4.1 Forn >3
X(Mo,,) = (=1)"3(n — 3)! (4.10)

Proof.
Consider the fibration 7 : My, 41 — My, with fiber P! — {n points}.
This gives the recursive formula

X(Mopt1) = (2 = n)x(Mon) (4.11)
with initial data x(My3) = 1. ]

Let us now notice that when n — 5 > 3 the quotient map ¢ : M, —
My .,/ S; is unramified, since any automorphism of P! fixing three or more
points is the identity. This implies that

—1)"=3(n — 3)I

In the case when n — j < 3 it is convenient to proceed in a different way,
using the results of the preceding section. Generalizing the notation intro-
duced there, let us call by x;(i,n) (resp. x;(n)) the character of the action of
the symmetric group S; on H'(M 4, Q) (resp. H*(M4,,Q)). Furthermore,
we denote by p,, and [,, respectively the characters of the standard and trivial
representations of S,,, and by (, )s, the inner product in the space of class
functions on S; (in the sequel we may omit the subscript S; if it is clear to
which symmetric group we are referring to).

Lemma 4.4.2 Forn > 3,

(Xn(n —2),In)s, =1 (4.13)
(Xn-1(n —2), I—1)s, , =1 (4.14)
(Xn—2(n —2),I,_9)s, , =n — 2. (4.15)
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Proof.
This is a consequence of Theorem 4.3.4. In fact we can write

(Xno1(n = 2), Lim1)s,_y = (Indg " (1), Ln—1)s,_,

which, by Frobenius reciprocity law, is equal to
(I, Resg ™ (In-1))s, = (T2, Ir)s, = 1

This gives relation (4.14). As for relation (4.13) we note that Resgz_l (Xn(n—
2)) is equal to xy,—1(n — 2) and therefore

1= (n1(n—2),1h1)s, , =

= (Xn(n - 2)7 [”dgz_l ([nfl))sn = (Xn(n - 2)7 In + pn)Sn

Since dim H°(My ., Q) = 1 we know that (x,(n—2),1,)s, > 1. This implies

that (xn(n —2),1,)s, =1 and (xn(n — 2),p,)s, = 0.
It remains to prove the last assertion, which can be formulated as

(Resgz:; (anl(n - 2))7 [n*Q)Sn—z =n—2.

Then we can write
(Resg = (Xn-1(n = 2)), Ta—2)s,y = (Xn-1(n = 2), Ln_1 + Pui)s,_, =

=14 (Xn-1(n = 2),Pn-1)s.
which, applying Theorem 4.3.4, is equal to

1 + ([27 Resg;kl (pnfl))SQ'

The second addendum can be easily computed using the branching rule and
is equal to n — 3. This completes the proof. [ |

We are now ready to compute Euler characteristics.

Theorem 4.4.3 The Euler characteristic of My, /S, and of Moy, /Sn—1 is
equal to 1 for every n > 3.

The Euler characteristic of Mo ,/Sn—2 is equal to 0 if n is even and equal
to 1 isn is odd.

Proof.

The assertions concerning My, /S, and M, /S,—1 are immediate con-
sequences of Theorem 4.1.1 and Lemma 4.4.2, since H(M,,,/S,, Q@) and
H°(My,,/Sn-1,Q) are one dimensional spaces which afford the trivial repre-
sentations [,, and [,,_; respectively.

Turning to My, /S,—2, we want to prove by induction on n the following
stronger proposition which implies our claim:
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Proposition 4.4.4 For everyn > 3 and 0 < ¢ < n — 3, in the irreducible
decomposition of the S,,_o module H' (M, ., Q) the trivial representation I,, o
occurs exactly with multiplicity 1.

Proof.

The base of induction (n = 3) is obvious. Now, given n > 3, it suffices
to prove that, for every i, the multiplicity of I,,_5 in the decomposition of
H'(My,, Q) is at least 1. In fact we then observe that the top cohomology
of My, has degree n — 3 and we can apply Lemma 4.4.2.

For ¢+ = 0 our assertion is trivial. Let us then suppose ¢ > 1. From the
relation of Theorem 4.3.1 we deduce

Xn—2(i,n = 2) = Xn-2(i,n — 3) + ResﬁZ:;(pnfl)anQ(i —1,n—3),
that is to say,

Xn—2(t,n —2) = xpn_2(i,n —3) + (Pn—2+ Ln—2)Xn-2(i—1,n—3) (4.16)

If i =1, we have x,,_o(i — 1,n — 3) = I,_», therefore I,, 5 appears in the
irreducible decomposition of x,_2(i,n — 2). If i > 2, we observe that, by
the inductive hypothesis, (x,_3(i — 1,n — 3),1,_3) = 1. But by Frobenius
reciprocity law

1= (Xn—?)(l - 17 n— 3)7 In—3) = (XTL—Q(Z - 1’71, - 3)7 ITL—2 +pn—2)'

Now (xn_2(i — 1,n — 3),I,_2) = 0 since we have already proven that the
only subspace of H*(Mg,,—1, Q) which affords the trivial representation I,, o
is H%(My,—1,Q). Then we have

1= (Xn—Q(Z. - ]_,’I'L - 3)7pn—2>‘

Therefore, in the equation (4.16) we find the product p, 2p, o as an ad-
dendum: its decomposition into irreducibles (see [8] Chap. 4) is equal to
1,5 + p,_o plus two other irreducible characters. |

4.5 The §,.1 action on ?f’A B and its integer
cohomology ring

In the preceding sections we used the isomorphism between Mg ,; and
M 4,_, to obtain an extended action of S,,; on M A,_, and on its complex
cohomology ring. Now, if we consider the isomorphism I' : M, 1 = ?f 7
we can extend to the boundary that reasoning since My, has a natural
S,+1 action; as a consequence we find an S,,, action on }A/f T and on
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H *(?}‘ «._,»Z), compatible with the natural S, action which derives from
the linear action of S, on V' as reflection group

The importance of these extended symmetric group representations was
first pointed out in the context of moduli spaces (see [13]): using the theory
of models of arrangements they can be studied in an elementary way since the
elements of the Yuzvinsky basis of H* (}A/f «,_,»Z) turn out to be permuted
by S,. In fact, if we represent (as in Chapter 2, Section 2) these elements
by means of forests on n leaves, we see that the S, action is the one which
permutes the n numbered leaves.

Let us now start by focusing on the S,,; action on Mg ,,1. We think of
Mo,nﬂ as the set of tree-like stable pointed curves, according to the descrip-
tion in Chapter 2, Section 2: the symmetric group action is then the one
which permutes the n 4+ 1 marked points.

It is interesting to study what is the effect of this action on the divisors
in the boundary: since the cohomology ring is generated by the cohomology
classes of these divisors, this will allow us to recover the S,41 action on
H*(Yr, . Z).

Recall that an irreducible divisor in MO,n—f—l can be represented by the
picture

where A C {0,1,...,n} and B = {0,1,...,n} — A satisfy |[A] > 2,
|B| > 2.

Let us now identify S,y with the group of the permutations on the
numbers {0, ..., n}; using the conventions of Section 3, we can write S,,;1 =<
S0, .-, 8n_1 > where s; represents the transposition (i,7 + 1). Then, if we
consider 0 € S,,11 and put cA = {o(y) |y € A}, 0B = {o(z) | z € B}, we
have

oD = o4 oB

But we can also represent D (via the isomorphism I' of Theorem 2.2.4)
as a divisor in )/}y: 4, using the notation of forests on n numbered leaves,
introduced in Chapter 2. With a slight abuse of notation, in what follows
we will indicate for simplicity by the same symbol the subsets of {0,...,n}
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and the associated subspaces in V* (i.e. we will omit the superscript “—7).
In particular we can identify the irreducible divisors with the subsets of
{1,...,n} of cardinality greater than or equal to 2 (see Proposition 2.2.2).
The connection between these two representations of the divisors (and thus
of the objects in the boundary) was described in the Proposition 2.3.1 and
it is given by the following rule. Let us consider A C {0,1,...,n} and
B={0,1,...,n} — A, |A| > 2, |B| > 2, and suppose that 0 € B. Then we
associate to the divisor

the subset A C {1,...,n}.
We can then transfer the S, action on the divisors of Moynﬂ toan S,41
action on the set

L={AecP({l,...n})||A>2 A#{1,....n}}

which parametrizes these divisors. We will denote this action by the symbol
“x”7_and observe that we have, for 0 € §,,,; and T' € L,

[ oT it0¢oT
U*T_{{071,-..,n}—aT ifo e oT (4.17)

The cohomological interpretation of this action is immediate, since the
cohomology ring H* (}A/fAn_l,Z) is generated by the classes c4 (A € L) of
the divisors in the boundary: if o € S,.1, we have that o(c4) = cpea. We
then note that this action is compatible with the &, one, once we identify
S, C S,41 with the subgroup S, =< s1,...,8,.1 >.

4.6 The representation on H?

Let us now focus on H 2(37]: w,_,»Z). We want to give explicit formulas for
the S,,11 action in terms of the elements of the Yuzvinsky basis and to de-
termine the associated representation. Recall that the Yuzvinsky basis for
HQ(}A/}A%I,Z) is given by the elements ¢r with T'C {1,...,n} and |T| > 3.

Since S,,11 is generated by transpositions and we already know the action
of the subgroup &, =< s1,...,s,-1 >, it is sufficient to give formulas for the
transpositions 7; = (0,) (j =1,...,n).
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Let us first take 7" C {1,...,n} with 3 < |T| < n — 2 and let us write
T¢ ={0,...,n} — T. Then we have, as a consequence of (4.17),

cr ifjeTc
TJ<CT) = CrixT = { 4 J (418)

creugp-fop HIET

We note that [(T¢ U {j}) — {0}| > 3 so 7;(cr) is still in any case an element
of the Yuzvinsky basis. If instead |T'| = n — 1, then the same computations
hold but |(T¢ U {j}) — {0}| = 2 and therefore we need to use the relations

Tij Yo =0 (4.19)

{1,j}CAC{1,....,n}

to rewrite 7;(cr) as a Z-linear combination of the elements of the basis.
For example, if n = 4,

74(0{1,2,3,4}) = C{34} = —C{1,3,4} — €{23,4} — €{1,2,3,4}

It then remains to compute Tj(C{Lm’n}). This can be done by means of the
relations (4.19); therefore, using for instance rj, we have to give a formula

for Tj(— Z CA)-

{1,2}CAC{1,...n}

Proposition 4.6.1 We have

milcp.n) = >, (lA[=2)ca

(Y CAC{L,...n}

Proof. Let us consider B with {j} C B C {1,...,n} and |B| <n—1. We
have that cp does not appear in the decomposition of the terms —7;(cy4)
when |A] < n —1, unless A = ({1,...,n} — B) U {j}: in this case cp
appears with coefficient —1. Furthermore, if |A| = n — 1, —7;(ca) is equal
to —c(j({1,..n}—4)} Which can be written as Z{h}gDc{l,...,n} cp, where {h} =
{1,...,n} — A. In this expression, cg appears (with multiplicity 1) if and
only if h € B. Since there are |B| — 1 possible choices for the element h
(in fact h can be any element of B except for j), the coefficient of c¢p in
Ti(cq,..ny) is |B] — 2. A simplified version of this reasoning proves our claim
in the remaining cases (that is to say, B = {1,...,n} and j ¢ B). ]

Let us now study the representations of S,, and S,y on H 2(}?17 w2 L)

Let us call by D; C H2(1A/fAn_l,Z) the Z-linear subspace spanned by the
Yuzvinsky basis elements cr with |T'| =7 (7 =3,...,n).
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If 3 <j <n—2, the relation (4.18) implies that D; & D, 1_; is a Sy41
invariant subspace.

This in particular means that, when j = n+1—j (that is to say, when n
is odd and j = ”T“ ), D% is an invariant subspace. Let us instead suppose
that n is even and n > 6. Given j such that 3 < j < "TH, we want to
determine the representations afforded by the subspaces D; © D, 1-;.

We notice that the basis {¢r} (T'C {1,...,n}, |[T|=jorn+1—j) of
D; ® Dy11-; can as well be determined by using as indices only the subsets
of cardinality j. In fact we can write cpe instead of ¢y when |T| =n+1—j
(we observe that this will not generate confusion given that 0 € T°).

Then the S,41 action on the basis {¢r} (T" C {0,1,...,n}, |T| = j <
”T“) is easily seen to be the permutation action of the symmetric group
on the subsets of {0,1,...,n} of cardinality j. This, by the “Young rule”,

corresponds to the following representation which we will denote by T}‘H:

n+1—j n+2—j‘ n N n+1 ‘
T = ® D...0 &
S

J J—

Let us now focus on D,,_; and D,,; we can write

Ha(f/ﬂﬂ,z) — ( @ Dj) & D, D,

3<j<n—2

and also

P
H*(Yr, Z)= ( & Dj> ®T
3<j<n—2

where T is a &, invariant complement of the S, ;; invariant subspace

GB D;. If we consider D,,_; and D,, = Zc,..n) as S, =< 81,..., 8,1 >
3<j<n—2
(invariant) submodules and denote, for every 0 < j < §, by T} the S,
representation

n—7j n+1—j n—1 n
7 - o7 Je..o e
J j—1 1

We can observe that, by the Young rule, we have the following S,, modules
isomorphisms:



where we denote by I, the trivial S,, representation. This means that we can

write
r=17"el,

as S, modules. Then one can immediately see that, by the branching rule,
this forces T' to satisfy
T =10

as S,+1 modules. Therefore we have

@ TjnJrl @ Tln+1

3<j<n

12

HQ(?}'A Z)

n—1’

as Sp4+1 module.
If instead n is odd and n > 7, we have to take into account that the
submodule D nit is S,,41 invariant. Viewed as §,, module, it is isomorphic to
w_1. Then, by the branching rule, the only possible associated representa-

2
tions could be
n+3 n+7

2 2 n—1 n+1
Vi = S ‘@...@J @ | |
n+l n+5
2 2 n
Qi1 = @E @...@F
n+1 n—3 1
2 2

But one easily sees that the one dimensional subspace of D% spanned

2. o
Tc{l,...,n}
7/ = =

by the element

is S,41 invariant, so in the decomposition of D nt1 the trivial representation
appears. This implies that the irreducible decomposition V,, 1 is the right
one.

Summarizing, we have that, when n is odd, n > 7,



as S,+1 modules. In order to complete our analysis, it remains to notice that
H*Yr,, Z) = Vs ® T}
H*(Ve,,, Z) =T}
and HQ(?fAQ,Z) is the trivial S4 module.

Remarks.
1) In the observations above we used the fact that, as S, modules,

S oon
Dj:Tj 1f3§j§§

This is an immediate consequence of the Young rule.

2)  One should compare these results with Getzler’s formula in [13].

4.7 The S, 1-equivariant immersion

In this section we will describe an S, 1-equivariant injective ring homomor-
phism R R
14 :HZ(YfAn_17Z) HHZ(YfAn,Z)

Here we think of H Z(?]-‘ A+ Z) equipped with the extended S,y action,

while on H'(Yr .+ Z) we consider the S,41 =< sg,...,s,-1 > action which
comes from the S, 9 =< so,...,s, > extended action.

We describe first this immersion for ¢ = 2. Let us consider the elements
cr (T C{1,...,n}, 3 <|T| < n) of the Yuzvinsky basis of H*(Yz, ,Z):
we define the map v by means of the relation

v(er) = er + crugntt)

where of course the addenda on the right are Yuzvinsky basis elements in
H*(Yr, .Z).

Theorem 4.7.1 Let 0 € 5,11 =< Sg,.-.,S,-1 > and ¢y € HQ(}A/].-An_l,Z)
be an element of the Yuzvinsky basis. Then

v(o(er)) = a(v(er))

where the symmetric group actions on the left and on the right are the ones
described above.
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Proof.
Let us suppose that 3 < |T| < n — 2. Then if 0 ¢ ¢T we have, (writing
ocr instead of o(cy) for shortness)

oOCr = CoT
and therefore

V(Cor) = Cor + Corufns1y = 0(Cr + Crufns1})

since o(n+1) =n+ 1. If instead 0 € 07", we have

OCr = C{0,...,n}—0T

and therefore

v(oer) = v(cqo,..n}—oT) = C{0,..n}—oT + C({0,...n}—oT)U{n+1}
But in HQ(}A/fAn,Z) we have

o(cr + cruns1}) = €{0,...mm+1}—oT + C{0,...nm+1}—(eTU{n+1})

Now, since cfo,... nn+1}—oT = C{0,...n}—oT)Ufn+1} AN C{o, . nnt1}—(oTU{nt+1}) =
cfo,...n}—oT> the 8,41 equivariance is proved.

Let us now suppose that || = n — 1. Then if 0 ¢ o7 we proceed as
before. If instead 0 € o7, we observe that ocr = cfo1,...n)—o7 is DOt an
element of the Yuzvinsky basis, since |{0,1,...,n} — oT| = 2. Using the
relations (4.19) we can write

C{o,1,..,n}—ocT — — E CaA

({0,1,...,n}—oT)CAC{1,....,n}

Then

v(coa,..n}—or) = — Z (ca + cavgns1y) (4.20)

({0,1,....n}—0T)CAC{1,...,n}
On the other hand, as we observed before, in H 2(?& u,» Z) we have

OCT + 0CTU{n+1} = C{0,...nn+1}—oT T C{0,...nn+1}—(cTU{n+1})

But since [{0,...,n,n+ 1} — (6T U {n + 1})| = 2 we can use the relations
(4.19) adapted to the Z-module H*(Yz, ,Z):

oCr + 0CTrufn+1} = C{0,...nn+1}—0T — E CA
{0,1,....,n,n+1}—(cTU{n+1})CAC{L,...,n,n+1}
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which is easily seen to be equal to (4.20).

It remains to study the case when |T| = n, that is to say, the case
of the element cgy, ny. If o{l,...,n} = {1,...,n} the invariance follows
immediately. Otherwise, we see that it is sufficient to check the statement
for a transposition 7; = (0,j) € S,41. Then, by the Proposition 4.6.1,

Ticgemy =y, (Al =2)ea
{ircAC{1,...,n}
and consequently
v(ticaeay) = >, (Al = 2)(ca+ cavnsry)
(F}CAC1,m}
On the other hand, in HZ(}A/fAn, Z),
TiC{1,..m} T TC{1,...nn+1} = C{jn+1} T Z (|IB| = 2)cs
(J}SBC{1,...n,n+1}
which, using the relations (4.19), can be rewritten as

= — Z ¢p + Z (|1B| = 2)cp =

{jn+1}CDC{1,....,n,n+1} {j}CBc{1,...,n,n+1}

= Y (IBl=2)(cs+cpopmeny)
{ireBc{1,...,n}
This concludes the proof.
[

The result of the preceding theorem can be extended to the entire co-
homology rings H*(Yr, ,Z) (n > 3) since they are generated by their
components of degree 2.

Theorem 4.7.2 The map v extends to an injective ring homomorphism
v H*(Y]:An_l y Z) — H*(Y]_‘An, Z)

which is S,y1-invariant, where on the left we consider the S,.1 extended

action, while on the right we consider the 8,11 =< Sg,...,S,-1 > action
which comes from the S,1o =< Sq, ..., S, > extended action.
Proof.

We will give an explicit description of the extended map v. For this we
use the squarefree basis introduced in Chapter 3, Section 4, and studied in
particular in the example at the end of that section.

Recall that, for every n, the order we chose on F4, , can be expressed
by the following rule. Given A, B C {1,...,n}, then A < B if either of the
following cases occurs:
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1. BC A, or
2. neither A C B nor B C A but min(A—ANB) <min(B— AN B)

Since the map v is defined on the elements c4 (A € G), which generate
H*(Yg, ,Z) as aring, it can be extended to H*(Yx, ,Z) in a natural

way. Let us call by [én_l) and Ié") the ideals such that

H' Ve, Z)2Zcal/T"Y (A€ Fa, )

nfl’
H*(Yr, Z) = Zlea) /1" (A€ Fa,)

It is immediate to check that, for every generator P% 5, We have V(P% B) €

[én), that is to say, V(Ié"il)) C Ién). Then v is a ring homomorphism.
As for the injectivity, let us consider a monomial my = c4, - - - ca, of the
squarefree basis of H'(Yz, ,Z) (i = 2r). We have

v(imy) =v(ca,) - v(ca,) = (ca, + caufnr1y) - (ca, + ca,umiy)

which gives a sum of monomials which are either zero or belong to the square-
free basis of H'(Yx, ,Z).
In fact we have

v(imys) = Z (H CAZ-> H CA;U{n+1}
T}

ieJ Jje{l,..r}—J

Then the addenda on the right either have non nested support or are mono-
mials m, with the following property: if A; U{n+ 1} belongs to supp g then,
for every k such that A; C Ay, we have A, U {n+ 1} € suppg.

Because of the choice of the order in F4,, the monomials m, which sat-
isfy the above mentioned condition are elements of the squarefree basis of
H'(Yr, ,Z). This explicit description immediately proves the injectivity of
v, while the S, 1-equivariance follows by construction and by the Theorem
4.7.1.

[ |

The S,41-equivariant immersion we constructed is interesting both in
view of the study of the structure of the rings H*(Yr, ,Z) and in view
of their representation theory. As for the representation theory, we note
that in fact the map v has properties similar to the ones of the map n* we
studied in Section 3 of the present chapter (see Theorem 4.3.1). Hopefully
it could be used in a similar way as n*, that is to say, it could be the key to
study some recursive relations between the symmetric group representations

of H*(Yr,, . Z) and H*(Yr, ,Z).
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Chapter 5

Generalized Poincare series

5.1 The aim of this chapter

In this last chapter we will focus on the natural (i.e., non extended) ac-
tion of the symmetric group S, on H *(}/}]-‘ An71’2>' In Chapter 4, Section
5, we determined the irreducible decomposition of this representation (and
of the “extended” S, 11 representation) restricted to H 2(?; «,_,»Z); our aim
now is, given any element w € §,,, to provide formulas for the trace of the
corresponding operator.

As we pointed out in the Introduction, in [13] Getzler found a formula
for the Legendre transform of the cyclic characteristic series of the rings
H *(?fAn_l,Z). Differentiating this formula we can find the “non cyclic”

characteristic series of the rings H*(Yr «._,»Z) which encodes all the infor-
mation concerning the non extended symmetric group action. In this paper
we will deal with a different combinatorial object (the series H which will
be defined later) which encodes the same information of the non cyclic char-
acteristic. We start by considering the generalized Poincare polynomial of
Y4, _, with respect to w:

Definition 5.1.1 Given w € S,, we call by P, a, ,(q) the “generalized
Poincare polynomial”

Pw,An_l(Q) = Z(f?” w| Hzi(f/]__An_ 7Z))q
1
Now we can view w € S, as an element of S,,, for every m > n, bx the obvious
immersion S,, — S,,; this makes w to act on all the rings H*(Ya4,, ,,Z) for
m > n. It turns out that, in order to determine the generalized Poincare
polynomials P, 4,, ,(¢) as m varies, it is convenient to compute directly the
two variables “generalized Poincare series”

m

Poa(a,) = Y Pua (@) —

m!
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We give in Section 2 some formulas for P, a(q,t) for any w € S,. The
method we apply is a generalization of the combinatorial blow-up method
used in the proof of Theorem 3.2.1. In fact, in particular, when w is the
identity, we recover the formula for the ordinary Poincare series.

We then note that a substantial simplification to the equations provided
in Section 2 can be obtained if we consider, instead of the series P, 4(q,?),
a universal graded series H in some formal graded variables S; and P,gd)
(j > 1, k>1,d>0) that is connected to the generalized Poincare series in
the way explained by the following steps:

1. Given w € §,, with decomposition w = ¢; - - - ¢;, where ¢y, ..., ¢ are non
trivial disjoint cycles of length Ay > ... > )\; > 1 respectively, consider
the polynomial H; which is the homogeneous component of degree [ of

H.

2. Then substitute in H; the formal variables S; (and Pk(d) ) with some
special functions from Z7 (Z" respectively) to Z][[q,t]].

3. Finally put the numbers \q, ..., \; as inputs of these special functions
and sum over all the possible permutations of Ay,..., \.

4. The universal series H is constructed in such a way that, after the steps

Y
1,2 and 3, P;%:M’)(q,t) is obtained (here the superscript (n) means
“n-th derivative with respect to t”).

The third section of this chapter is devoted to finding a nice formula
for the formal series ‘H (see Theorem 5.3.4), which is obtained by purely
combinatorial methods. In particular, as a by-product of our analysis, we
prove some theorems on certain remarkable sums of functions defined on
rooted trees (see Theorems 5.3.2 and 5.3.3).

Finally, in Section 4, we deal with the complex root arrangements B} of
type B, and on their De Concini - Procesi models of irreducibles }Affsn: we
provide a formal series H g which, by the same methods as above, gives us the
generalized Poincare series with respect to the elements of some subgroups
(isomorphic to S,,) of the Weyl group of type B,.

Remark. We recall that, in view of the isomorphism H *(?g, Z)= H*(Yg,Z),
the reasonings and results of the present chapter are the same in the compact
and non compact case.
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5.2 The generalized Poincare series

5.2.1 The generalized Poincare series with respect to
a cycle

We will compute the generalized Poincare series by applying a technique
similar to the splitting technique used in the proof of Theorem 3.2.1.

Let us first study the Poincare series P, 4(q,t), where ¢ € S, is a cycle.
We may assume, taking a conjugate, that ¢ = (1,2,...,r). Let us then focus
on an element 6, of the Yuzvinsky basis for H*(Y, _,,Z), that is fixed by c.
Thus the graph associated to @ is a forest 7’ whose connected components
are s (s > 1) identical copies of a symmetric rooted tree 7.

In fact, if there is a vertex v; connected by an edge to some leaves (say
ai,...,a;), it is easily seen that it must be ¢|r and aq,...,a, are all the
representatives, among {1,...,r}, of a certain congruence class (say the class

of 1) modulo -.

Furthermore, there must be vertices vy, ..., vz which play the same role
as v, with respect to the other congruence classes.

Then we have c(vi) = vy...c(v2) = v3...c(vz) = vy, therefore we can
apply again the same considerations and so on.

This allows us to describe the shape of 7 in the following way. We will say
that a vertex of 7 belongs to the ¢-th class if the oriented path that connects
it with the root is made by t edges. Then in 7 there are d; outgoing edges
from the root, dy outgoing edges from each one of the d; vertices which belong
to the first class, d3 outgoing edges from each one of the d;dy vertices which
belong to the second class, and so on, until we reach the last class of vertices,
say the k-th.

Note that it must be sH?Zl dj=randd; >2Vj.

We will indicate by F'(7) the collection of elements of the Yuzvinsky basis
whose graphs have the shape described above. The following functions are
strictly related with the contribution that the elements of F/(7) give to the
Poincare series:

Definition 5.2.1 Given the positive natural numbers d and m, with d > 1,
dlm, d # m, we define the function

=y (1[5 50))

(dy,. .. dy)
st [1,_ dj=d

m

where q; = q% % . Furthermore, if d =1 and m > 1 we put

T(l,m)=1
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Definition 5.2.2 Given a positive natural number r, we put:

Stry=">_ T(dr)
d|r
d=#r
We now call by Y, the set of the elements of the Yuzvinsky bases of H* (?;Anfl ,Z)

(n >3, n >r > 1) that are fixed by ¢. Looking at the graphs of the elements
in Y,, we want to single out, if it exists, a “singular” vertex.

Definition 5.2.3 Let us consider the graph T' of an element v € Y,. A
vertex v of I' is called “singular” if it satisfies the following conditions:

1. The subtree that stems from v has among its leaves the leaves 1,2, ... r.

2. The condition 1 is not satisfied by the vertices which follow v in the
orientation.

Theorem 5.2.1 We have the following formula for the generalized Poincare
series P. 4(q,t):

; _ Jtam=1 _ g \
Pat) =S +@)+ 80 37 Tt
J=0
m|r
m#r

Proof

The definition of singular vertex of a graph in Y, makes the proof similar
to that of Theorem 3.2.1. R

For every n > 2 we will regard the Yuzvinsky basis for H*(Yz 7Y Z) as
the set of marked forests described above, with the n leaves identified with
the numbers from 1 to n.

We can now split Y, in two parts: the subset made by I-elements and the
subset made by Il-elements, where I-elements are the elements the graphs of
which have not a singular vertex, II-elements are the elements the graphs of
which have a singular vertex.

Let us then compute the contribution of I-elements to P. 4(q,t). Let vy be
a I-element: then the part of the graph of v that covers the leaves 1,2,..., r
is a forest of type 7" (with s > 1 since + is a I-element), while the other part
is the graph of a Yuzvinsky-type element constructed on the leaves labeled
by the numbers greater than or equal to » + 1. This gives the relation:

Pc(a(q, t) = Z T(d,r)(1+ ®) + contribution of II-elements
d|r
d+#r
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Let us now work on Il-elements: given a II-element o, we can construct
two new Yuzvinsky-type elements: ¢’ and ¢”. The graph of ¢’ is obtained
from the one of p by collapsing to the singular vertex v, which becomes a
leaf, the subtree p, that stems out of v. The graph of ¢” is p, (we note that
we are considering v € p,).

We observe that a II-element can be uniquely determined by giving its
associated couple (¢’ , ¢” ). Therefore, in order to obtain the contribution
to P, 4 of Il-elements, we can multiply the series originated respectively by
elements of type ¢’ and ¢”. The second one is easily shown to be

Jtm—1_ g N
SR LA
g—1 j!
j=>0
m|r

m#r

The contribution to the series due to the elements of type ¢ is @), In
this case the first derivative is needed since the elements of type ¢ have an
artificial leaf (the singular vertex). Summing up we have:

contribution of II-elements = &™) Z Tr(m,r)——— —
g—1 J!
7=0
m|r
m#r
and this proves the theorem. [ |

5.2.2 Extracted graphs and the general case

Now our purpose is to study the general case of an element w € &, with
disjoint cycle decomposition w = cicy--- ¢, where ¢; is a cycle of length

Aj > 1. We can assume, up to conjugation, that w permutes the first 22:1 Aj

leaves and therefore we can take n = Z;:l Aj. It is convenient to introduce

the following notation:

Definition 5.2.4 For every j, we indicate by L; the set of the \; leaves that
are permuted by c;.

Our next step is to state the new appropriate definition of singular vertex:

Definition 5.2.5 Let the graph A be associated to an element o of the
Yuzvinsky basis of H*(Yr, ,Z) (m > n) and let o be fized by w. A ver-
tex v of A is called “singular” if the following conditions are satisfied:
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1. The subtree that stems from v has among its leaves some of the sets
L;.

2. Some of the sets, say L;,, ..., L;, (p>1), are not leaves of the subtrees
stemming from any other vertices that follow v in the orientation.

The sets Ly, ..., L;, are called then “adjacent to v”.
Now we note that we can extract from A two new marked graphs in this way:

Definition 5.2.6 The graph A is called “extracted from A7 if it is con-
structed according to the following rules:

1. Take as vertices all the singular vertices of A.

2. Connect two of them by an oriented edge if they are connected by an
oriented path in A.

3. Associate to each vertex a label corresponding to the number of sets L,
adjacent to it.

Definition 5.2.7 The graph A is called “fully extracted from A” if it has
the same wvertices, edges and orientation as A, but the following different
marking: if Ly, Li,, . .., Ly, are the sets adjacent to a singular vertex v of A,

the mark of v in A is the set { L;,, Li,, .. L}

Extracted and fully extracted graphs will play an important role in the
sequel. As a first example, we will use fully extracted graphs in the com-
putation of the generalized Poincare series P, (¢, t), given that they allow
us to generalize the splitting in I-elements and Il-elements that we used in
the case P. 4(q,t) of Theorem 5.2.1. In fact we will sum separately the con-
tributions coming from the elements such that their graphs give rise to the
same fully extracted graph. Before starting to compute P, (g, t) we need to
define some special functions and to introduce the notion of “contraction” of
a list of integers.

Let us consider a list of positive integers (A1, Ag,...,\,) (maybe with
repetitions) and let us construct some new lists (7,79, ...,7) according to
the following rules: choose a partition of {1,...,p} in k sets Jy,..., Jy such
that

L. min{x|r € 1} <min{z|z € Jo} <...<min{z |z € J} ;

2. for every j (1 < j < k), either |J;| = 1 or, if |J;| > 1 then we have
MCD; = MCD{\; i€ J;} > 1.
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Then, for every j such that |J;| > 1, choose a number 7; > 1 which
divides MCDy; if J; = {r} (1 <r < p), then take v; = \,; finally form the

list (71,72, -+, 7k)-
We say that (y1,72,...,7%) is “contracted from” (A, Ag, ..., \,), and we
denote by

S
(>‘17 )‘27 s 7)‘p) 1—)k (’717727 S a’Yk)

the process of “contraction” described above.
We note that if the chosen partition is J; = {1}, Jo = {2}, J, = {p}, the
associated contraction is the trivial one

J1yeerdp
(A Ags s X)) "B (A Agy s Ap)

Furthermore, two contractions

D1,...,D¢

(A1, Agy ooy Ap) =57 (61,09, ..., 01)

J1yeeeyd
(Ala)\Qa"'?)‘p) 1—>k (717727"'7’}%)

will be considered equal if and only if k =t |, J, = D, Vs and v, = ¢, Vr.

Definition 5.2.8 Let us put, for every list (A, Xa, ..., \,) of natural num-
bers strictly greater than 1

p
Sp(As Aas s A) =[SO

s=1

We observe that the functions S, are symmetric. Then we can define, in
a recursive way, the symmetric functions S, for all positive integers p.

Definition 5.2.9 Let (A1, A, ..., \,) be as before; we define recursively

Sp()\l, /\2, ey >\p) — gp(/\l, /\2, ey >\p)+

q—’Yt'f‘EheJt A _ qr
Z Sk(%ﬁz,...,%)H ( o —1

T yeens t=1
(A1 A2,e2p)

where the sum ranges over all the possible different non trivial contractions.

Note that, if p =1, S1(A1) = S(\y).
We also need to introduce the following special functions:
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Definition 5.2.10 Let us put, for every list (A, \a, ..., \,) of natural num-
bers strictly greater than 1

P14, 52 j

_ q s —q A

By Aoy Ag) = S T T ) Y
j=0

di|A1, di # A1

g—1 7!

dplAp, dp # Ap

and, in a recursive way,

Definition 5.2.11 Let (A, Aa, ..., \,) be as before; we define recursively

Pp(>\17>\27 . .,)\p) - Pp<)\1,)\2, e 7)\p>—f—

k M+ hes, M
Z H q ¢ q
Pk;(’)/l)’YQa"'),}/k’) < q%_l >
1

J1yeees Ji t=
(A17A27"‘7Ap) - (717727"'7’}%)

where the sum ranges over all the possible different non trivial contractions.

Remark

In the above formulas, the recursion ends when the list (Ag, Ag,..., A,) is
composed by numbers that are pairwise coprime or when p = 1 (in both
cases the only possible contraction is the trivial one).

The motivation for all the definitions we have given stems from the following
construction. Let us call by Y, the set of all the elements of the Yuzvinsky

bases which are fixed by w. Then let us take a fully extracted graph A and
look at a certain vertex v, marked by {L;,, Li,, ..., L; }. Furthermore, let v

be the number of outgoing edges in A at .

Y
We want to compute the “contribution of v” to PLZAFI J)(q, t). This

means that we have to consider all the elements in Y,, which have fully ex-

tracted graph ;f, and sum, over all these elements, the contributions of the
subtrees that stem from v. In doing this, we collapse to a single “artifi-
cial” leaf the subtrees that stem from a singular vertex A if h follows v in

the orientation of A. What we get at the end are exactly the functions
P,(Niy, Ny - - - 7)\1',,)(1')7 where the v-th derivative depends on the fact that we
are counting v artificial leaves in correspondence with the singular vertices
that follow v in the orientation.

Furthermore, we note that if, in the graph of an element of Y,,, the sets
Li,, Li,, ..., L;, are not adjacent to any singular vertex, their contribution to

l )
P g, 1) 18 Sy (i Mg -3 A,)-
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Remark

1) It is clear from the definitions that the complexity of the computation of
the functions P, and S,, sensibly grows if m grows and the numbers \; are
not pairwise coprime.

2) From now on, if £ = {L;, Li,,...,L;,}, we will also write P(£) and
S(L) for Py(Xiy, Aigs - -5 Ai,) and Sp(Xiy, Aig, - .., Ag,) (recall that P, and Sy,

are symmetric functions).

Y
We are almost ready to give the formula for PL o J)(q, t): to express it

in compact form, we need to introduce this further definition.

Definition 5.2.12 Guwen a fully extracted graph 2[’ we associate to it the
series P(g) which is a product of series that contains a factor for each vertex

of A: if v is a vertex marked by { L;,, Li,,...,L;, } and it has v outgoing
edges, the corresponding factor is Py(Ni;, Aig, - - - ,)\ip)(”).

Given a subset J = { Ly, Ly, ..., L;, } of the set £L = { Ly, Lo,...,L; }, we
call by J¢ its complement. Let now I'jc be the family of automorphism
classes of fully extracted graphs characterized by the following property: an
automorphism class E belongs to I';c if, taken a representative n of F, the
marks of n (which are subsets of J¢ ) give a partition of J¢. Of course, if
J =L, then " jc = 0.

Furthermore, given any graph A, we indicate by comp(A) the number of
its connected components. We put comp(f))= 0.

We can finally state the theorem which provides a formula for the gener-
alized Poincare series; the proof of the theorem essentially follows the same
ideas of the proof of Theorem 5.2.1, using the new definitions and observa-
tions introduced in the present subsection.

Theorem 5.2.2

i .
P (g0 = S(L)(1+ @) + S s | Y ecom®ipp)
JCL, J£L [BleT ;o

(5.1)

Unfortunately, formula (5.1 ) is not easy to be computed as far as the number
[ of distinct cycles of w grows, mostly because I" ;o becomes quite a compli-
cated object to study. In the next paragraph we are going to show how to
overcome this difficulty.

5.3 The formal series 'H and sums over trees

We note that in the formula (5.1) the numbers \; appear as inputs of the
(d

functions P; ) and S,,. Let us look at the right side of (5.1): given an

97



addendum of this sum we can view it as a monomial ux in Pj(d) and S,,; we
observe then that there are other monomials which differ from p only for a
permutation of the inputs A;.

It turns out that if we take into account the associated symmetric group
action, we can simplify (and we can study in a deeper way) our formulas for
the generalized Poincare series. In fact we can shift the problem to that of
searching for a “universal” series H in certain formal graded variables S,,,

Pj(d) (m,j > 1,d > 0), which represent respectively the functions S,,, P; and

the derivatives Pj(d) defined in the preceding section.
The formal series H, as mentioned in the introduction, should be con-
structed so that it satisfies what follows:

1. The graduation is obtained by giving degree m to the variables S,, and
degree j to the variables Pj(d).

2. Let w € S, be an element with disjoint cycle decomposition w =
cicg - - - ¢, where ¢; is a cycle of length A\; > 1. We consider the number
[ of its cycles, and take H;, that is to say, the homogeneous component

of degree [ of H.

3. Then we create the polynomial H;(Aq, ..., A\;), by transforming, in each
term of H;, the formal variables S,,,, P; and derivatives in their concrete
representative, and by making the symmetric group §; to act.

For example, we transform the term SQP1(P1(2))2P2 of degree 7 into

> S50 M) Pr @) P i) P2 (o)) Po (o) Aac)

SEST

4. Our request is that this must be equal to the Poincare series
Y
P M(a.)

Let us then construct the series H having in mind the formula (5.1).
First of all, we should change the sum on automorphism classes of fully

extracted graphs A in a sum on automorphism classes of extracted graphs
A (this means that we are “forgetting” the difference among the various sets
L;), by associating to an extracted graph A the polynomial Q(ﬁ), in the
variables P;d), constructed in the following way:

Definition 5.3.1 Given any oriented labeled forest B, the polynomial Q(B)
1s a product of monomials that contains a factor for each vertex of B: if

v 15 a vertexr of B labeled by the number s and with v outgoing edges, the
(v)

corresponding factor is S—' Furthermore we put Q(() = 1.
s!
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Given an oriented labeled forest A we can construct the rooted tree A
that equals Aif A is connected, and otherwise is obtained by adding to A
a new root vertex u which is connected by an edge to all the roots of the
connected components of A. B

Then we note that the cardinality Aut(A) of the automorphism group

of the graph A s equal to the product H'ysym,v where v ranges over the

vertices of A and YVsym,w 18 determined in this way: delete v and consider the

connected components of the subgraph of A that stems from v. Suppose
that they can be partitioned in k automorphism classes with the following
cardinalities: aj,as,...,a;. Then ygm., = ailag!---ai!. We observe that
Aut(0) = 1.

We are now ready, having in mind formula (5.1), to define H:

Definition 5.3.2

_ Sr (compeiy)_QA)
H (Z r!) >+ v (5.2)

r20 4]

where [,Zf] ranges over all automorphism classes of oriented labeled forests (1)

included) and Sy = 1.

We note that the motivation for the coefﬁClents and is provided by

(A)
our intention to make the symmetric group to act on H

From the definition we immediately deduce the following statement, which
we aimed at:

Proposition 5.3.1 With the same notation as above, we have:

(e A9)
Pw,A (Q7t):Hl<)‘la'”7)‘l)

Our next goal is to show a remarkable simplification of formula (5.2), which
we will obtain by studying in a deeper way the combinatorics of the sum

(comp(A)) Q(Av)
%}:(1 +®) At (5.3)

We note that the expression (5.3) can be rearranged in the following way:

S gycompein_2A) St a)ml
@ Aut(A) 55 n!

99



where

_ Q(A)
b= %]: Aut(A)

A connected
and the sum ranges over all the automorphism classes of oriented, labeled,
rooted trees (this time, () excluded).

Thus the problem can be reduced to the one of finding a “nice” formula for
['. This is provided by

Theorem 5.3.2 1)

EfE)]

n>1 >1

where the derivation of a product of formal variables is performed according
to the Leibniz rule.

Proof

We begin by stressing the case when there is only one variable, i.e. only
P, is involved. This case leads to the following interesting relation which we
state as an independent theorem:

Theorem 5.3.3

SRRECRE ST
5] =

B tree

all labels=1

where [B] ranges over all the automorphism classes of oriented labeled rooted
trees, with all the labels equal to 1.

Proof.
We think of P[* as P, P, - - - P;, and we associate to each P, a label which
—_——

n terms
determines its position. The process of differentiating n—1 times by applying

the Leibniz rule will give, if we do not associate terms, n"~! monomials in
P; and its derivatives.
We observe that, if p is such a monomial, it has been obtained in this
way: starting from PP --- P, first we have differentiated the P; which
—_—

n terms
lies in the a;-th position, then the one in the as-th position, and so on.
Thus we can determine p by renaming it pu(aq,...,a,1). To p(ay, ..., an_1)
we can associate the oriented rooted tree G(u(as,...,a,-1)) according to

the following rules. In correspondence with a; we take a vertex v; and an
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outgoing edge. Then, if ay # a;, we draw, on the other end of the edge,
another vertex vy and another outgoing edge and so on. If we come across
a; = ai with j > k, instead of drawing a vertex and an edge on the free end
of the edge stemming from v;_;, we draw another edge which starts from
vertex v, and we continue. At the end we add a vertex to all the remaining

free ends of edges. Note that we are constructing G(u(as, ..., a,_1)) branch
by branch (here we call branch a directed path from v; to a leaf), and that
the tree G(p(ay,. .., a,—1)) satisfies by construction the relation

Q(G(u(ar, ... ,an-1))) = ulay,...,apn_1)

We also observe that monomials that are determined by different sequences
may give the same tree. In fact, what is really determinant to draw the graph,
is not the sequence (ay, ..., a,_1) but the “symbolic” sequence obtained from
it by substituting the number a; and all the a; equal to a; with the symbol
x1, ag and all the a; equal to ay with the symbol x5, and so on.

This provides us a method for counting the number of monomials
p(ay, ..., a,—1) that give (up to automorphism) the same tree with n vertices
A. Let 7 be the number of branches of A: then we note that there are
different symbolic sequences giving (up to automorphism) the tree A.

Furthermore, we see that each one of these symbolic sequences involves
n — 71 different symbols, given that the repetitions of symbols are in bijective
correspondence with the branches. Therefore, each symbolic sequence corre-
sponds to Z—,' possible different sequences (ay, ..., a,_1), since the a;’s belong
to {1,2,...,n}.

Now, considering formula (5.5), we see that, given an equivalence class of
oriented trees [A4], the coefficient of Q(A) on the left side is . But if we
look on the other side at the number of monomials that give, according to the
previous construction, a tree automorphic to A (therefore in particular these
7! nl!

AutAT_!.)' This, after dividing by

n! , gives the thesis. [ |

7!
AutA

monomials are equal to Q(A)) we find (

Let us go back to the theorem 5.3.2: it is sufficient to prove the theorem
when the number of variables is finite, and we will write here the proof for
the two variable case. In fact the notation is simpler and the proof in the
other cases is completely analogous. As before, looking at the right side of
(5.4), we use an algorithm that associates a rooted tree to the monomials
obtained by differentiating according to the Leibniz rule.

Let us consider the monomial P P; on the right side of (5.4). Observe
that we can “forget” the coefficient % associated to the variable Ps: in fact
it is associated to the variable P also on the left side of (5.4), because of the
definition of Q. Let us fix a canonical way to put the variables in a list, for

example P, Py - - P PPy Py and let us take the r 4+ s — 1-th derivative; we

~—
r terms s terms
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can determine each one of the resulting monomials p by writing as before:
= plag, ..., ams 1)

We want now to associate a marked forest G(u) to p; this can be done
as before, with the further conditions that the vertex we draw when we are
differentiating a variable P, is labeled with 2 and that we put all the labels
of the leaves equal to 1.

Let us fix a monomial § = d(ay,...,a.1s 1) which is obtained by differ-
entiating PyP,--- P, - P,P,--- P, and let A be the tree obtained by applying

T terms s terms . )
our algorithm to §. Furthermore, let us suppose that, in §, P, appears with

exponent g; and P, with exponent gs.
Our aim is to count the number of monomials pu, obtained from
PP - P -P,P,--- P,, that give rise to a graph automorphic to A.

r terms s terms ) ) .
Then, reasoning as in the proof of Theorem 5.3.3, we immediately see

that this number is
(g1 +g2)! 1! s

Taking into account that on the right side of (5.4) the coefficient of PJP;
(up to the coefficient 1 associated to P, ) is ( " Jrr s ), we find

g1+ g2 1
( g1 )AutA<r+s)

monomials that, according to our algorithm, give rise to a graph equivalent
to A.
We have to show that this number, up to multiply by m, is equal to

Z Auk(B)’ where [A] ~ [B] means that Q(B) = ¢ and that [B] may
[A]~[B]
differ from [A] only in the marking of the leaves (so that Aut(A) may be
different from Aut(B)).

Now, given a certain [B] such that [A] ~ [B], we observe that the number
ap which satisfies Aut(B) = 2“4 oincides with the number of possible
different ways to obtain from A a tree automorphic to B by substituting g,
times in A a leaf labeled with 1 with a leaf labeled with 2. This leads us to
the following equalities:

2 Aut Z Aut AutA Z a5

[A]~[B] ~[B]

Z aB:(m;rlgz)

[Al~[B]

But we have
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since the sum on the left counts all the possible ways to substitute g, leaves
labeled with 1 with leaves labeled with 2.
In conclusion we can write

Autl(B) - ( glg—;gQ ) m

and this concludes the proof. [ |

[Al~[B]

To sum up, we have obtained the following compact formula for H:

Theorem 5.3.4

H = <Z %) (Zu + @)(")%>

r>0 n>0
where I' is as in Theorem 5.3.2.

Remark.

The above formula for H is direct and easy to be computed. Thus the com-
plexity of the problem lies in the computability of the functions P,, and S,,. If
for example we limit ourselves to study elements w € §,, the cycles of which

p
have length pairwise coprime, we observe that S,(A1,...,\,) = H?(Ak);
k=1

therefore we do not need to introduce the formal variables S, for r > 1 and
in this case we can write

H =5 <Z(1 + ®)<n>%>

n>0

5.4 Some results for B, arrangements

Let us now focus on a Coxeter arrangement B,,, of type B,,, in C". The asso-
ciated Weyl group W, may be viewed as the group of all the permutations
and sign changes on the n coordinates in C".

Let us consider the associated De Concini-Procesi compact model of irre-
ducibles Yz, and its cohomology ring H*(Yz, ,Z). The standard Poincare
series for H *(SA/;B”,Z) has already been computed in Chapter 3, Section 2.

In this section we are going to find the generalized Poincare series P, 5(q, t)
with respect to any element w of the subgroups I';, C Wy, (for n > 2) made
by permutations. We observe that ', ~ S,, and that we will automatically
find the Poincare series with respect to the elements of all the subgroups
which are conjugate to I',.
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Let us then consider w € I',,, and let us suppose in addition that the
permutation w has no fixed points (i.e. n is the minimum integer such that
I',, contains w). The definition of P, p(q,t) is

) m
Pw,B((Lt) — Z Pw Bm(Q)%

where P, 5,,(¢) (m > n) is the Poincare polynomial of ?an with respect to
w. As before, it turns out that it is particularly convenient to search for a
“universal” formal graded series Hp.

Therefore our steps will be the following ones: first we will modify the
functions S, (A1, ..., A\n) and P.(Aq, ..., A.) defined in Section 2; then we
will compute the series Hp which, in the same way as the graded series 'H
studied in Section 3, after choosing an appropriate homogeneous component
and making some symmetric group to act, will provide us the requested
generalized Poincare series.

5.4.1 The symmetric functions S, 5, F, 5

In what follows we will refer to the properties of the Yuzvinsky bases for
H* (?;Bn, Z) which have been described in Chapter 2, Section 3.

Let us consider an element w € I',, C Wp, and let w = ¢;---¢; be its
decomposition in disjoint cycles of lengths Ay, ..., \; respectively. We can
assume, up to conjugation, that w permutes the first Zé.:l Aj leaves and
therefore we can take n = 23:1 Aj. Let L; be, as in Section 2 of the present
chapter, the set of leaves which are permuted by ¢; (j =1,...,1).

Given a w-invariant element # and considered its graph, we can extend
without changes the definition of singular vertex introduced in Section 2,
without distinguishing if such a vertex if weak of strong.

Now, a new situation to be studied is when we have a singular strong ver-

tex v with adjacent sets L;,, ..., L;,. We want to compute, in the spirit of Sec-
Lo
tion 2, the contribution of v to the generalized Poincare series PQ(U%:I J)(q, t).
We will call by §p73()\i1, iz>- - Ai,) stuch a contribution, while if, in the
graph of 0, the sets L; , Li,, ..., L;, are not adjacent to any singular vertex,
!

their contribution to Pqi%:l /\j)(q, t) will be denoted by Sy 5(Aij, Aiys - -5 Aiy)-
We observe that, given a contraction C'

J1yeensd,
C = ()\1,)\2,...,)\1;) 1—>k (’yl,’yg,...,’}/k)

if some (more than 1) of the sets J,. have cardinality strictly greater than 1,
we can find a sequence of consecutive non trivial contractions C1, ..., Cy (if
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t = 1, then C' = C}) such that their composition gives C. We will denote
this sequence by

cC:Ci —...—C,
Furthermore, given a contraction K equal to

Dlr“»Ds

(ﬁlaﬁ%"'?ﬁp) — (517627"'755)

we call by N(K) the polynomial defined by

i —0t+>hep, Br __ 0t
q t q
o = [T (=)
t=1 q

This notation allows us to the give the following definition.

Definition 5.4.1

-~

Sp (A1, Ay Ay) =

k by t
ol ld
3 I S e E T [ 275 || T Ny
J1seens J C:Cp —...—Cy m=1 d u€ Jm, j=1
C=(1 A2 2p) ST (g ) d;“’;”m

Sp.B(A1, A2, Ay) =

k A t
) 3 II S Tom) [ 275 | | T] Ny
C=(A1,A2,..., Ap)'Il :;;Jk<717')’27-»-7’)’k) GG m=t dlym e Im =
d # ym

where the involved sums range over all the possible different contractions,
m(n) =0if n is odd, m(n) = 1 if n is even, and the function T'(d,m) is the
one defined in Section 2.

We also have to define the functions P, 5

Definition 5.4.2
p
P\, Aay .oy Ap) =27 (H 2”@]')) Py(A, g,y \)
j=1

where P, is the function defined in Section 2 and w(n) = 0 if n is odd,
w(n) =1 if n is even.

We note that the function 7 allows us to take into account all the possible
different w-invariant partitions of the leaves of a weak vertex.

105



5.4.2 The formal series Hp

We can now define and compute the formal graded series Hp with respect to
the group I',: it is in the formal variables S,, 5, S, 5 Pj(fg (j,r,m>1d > 0)
and it will be constructed so that it satisfies what follows:

1. The graduation is obtained by giving degree m to the variables S,, p

and §m, p and degree j to the variables Pj(’d).

2. Given w € I',,, and put w = ¢;---¢ its decomposition in cycles of
lengths Ay, ..., \; respectively, we take H; p, that is to say, the homo-
geneous component of degree [ of Hp.

3. Then we create the polynomial H; g(Aq,..., ), by transforming, in

cach term of H; g, the formal variables S,, g, S B Pj((jg in their concrete
representative, and by making the symmetric group §; to act.

Y
4. This must give the requested Poincare series Pli%j ! /\J)(q, t) multiplied

by Y51,

Let us call by H%®* the contribution provided to Hp by the elements the
graph of which contains only weak vertices. Reasoning in a similar way as in
the preceding sections, we see that H%®* must be put equal to

k

SiB 1 A\ (comp(A Q(Z)
(Z rl >ZE 2(5)( p(A))m

r>0 k>0 [g]

where [ﬁ] ranges over all the automorphism classes of oriented labeled
forests (@) included), So s = 1 and the function A is the one of Section 2.
Now we can substitute the expression in brackets with

where I' is defined as in Section 3, using P, g instead of F,. Then we can
write in compact form

S
weak __ r,B A
HB == (Z 7"! ) e

r>0

Let us now study how to construct Hgm"g , which represents the contribution

provided to ‘Hp by trees with a strong root. First we note that, by elementary
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combinatorial arguments, if H """ represents the contribution provided by

trees with a single strong vertex (i.e. the root) we have

1
strong .
HB - (1 _ HIBstrong 1)

Therefore we need to define a suitable H};tm"g : the same considerations as
above suggest to us to put

1 stron §T,B (qA)k §r,B
Hs 9:<Z r!)ZT+ Z 7! (A +1)

r>0 k>2 r>1

where we put :5'\0,3 =1.
At the end, in order to find the formal series Hp, the various contributions
that we have described above must be summed according to the following

relation:
H o Hweak 1 1
=g "+ T};tmﬂg -
Thus our considerations can be summarized by the following statement.

Theorem 5.4.1 We have the following formula for the formal graded series
HB N

ST‘B 1
HB:<Z >+ B
r>0 rl 1- [Zkzz (quu)k + edh Zrzl S;’!B]
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