
An qylication of Puri 's rule
_

Jn Lesson 1A we
gone

the following statement fm
Puri 's rule :

Cheney Let h be a pntdion of m
.

2hm

yndsgnntn Vx = § Vv

Where V vanes
among

all the

partitions

of
mm

obtainedadding
a square to the Young diagram

of X
.

Actually the following more general statement is still called

Pieri
's rule ( and is  a pntialor case oflittlewood -

"

Richardson rule ) :

Cheney Let h be a pntdion of m
.

Am

sndshntxmgmdex
e) =§Vv

where V vanes
among

all the partitions of
m + mobtainedaddingmrgwmes

to theYoungdiagram of
h

,

NOTWOBOXES.NTHESAMECOLUMN.int



Lemma ( Hemmer 2011 )
Let V be a

representation

of Sm
,

and let

MZM
. Let in consider the decomposition :

\

"

,

Tmtfnnxtjm
( V @ a) =

2.tv
.

I pntvtim
of mtm

Zhen

yndsntm
"

( ✓ @ rs ] ) = { de VySmx5mm
epntitim

of ntm

where E is obtained from 2 by adding a box in thefirstnow
.

Proof Zhi is an qylicotim of Reni 's rule
, once

men inyliesthat the only way
to  addmn boxes ( no two

in the some column ) is to add one box in the first
row of a  diagram where m boxes home already been

added
.

D



Zhenhua ( Hemmer 2011 )
.

Let It E 5
m

and let V be a representation of H
.

Lrypse m In
and consider the decomposition

Tmoytsnxtjm ( rod ) = E alt K
Z part . of mtm

Am
yndspnjjnm

.

( v @ as ) = E he VE

where the notation for E is as before .

E Tnt . ofmtm

Proof We notice that :

:Idea- kmwww.Yssmmvxrd
Sm #m

( w= Tmlsnxsm ( 5µm
*

) x to )
.

At the same way ,

Ind
5mm "

( ✓ @ a) =

Jndsgnmm
"#Ivory

.

It × S
mm × 5mm

Now we can qyly the lemma.



2hm means that if we commobn It < Sk and V

a representation of H
, the

sequence of

representationsTndInnxsn.lV@raadm.r

. >
.

K

M ZZK

" stability , ( is
"

uniformly representation stable a) ,••

for every mzzk the decomposition into washables

inthe case my can be

obtained
from the

decompositionInthe case m by adding a boxInthe

first
row of

all the diagrams that
year

.
It turns out that thereIsan important stabilisation

phenomenon in the table :

owgnll
.

r 0 1 2 3

÷D

AfiDl a + B 17
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Ryusentotionatabibtyfnthealgehostwe
will illustrate a result of Church and Eat ( 2013 )

,
as an

example of the rich field of research called "

representation
stability , , .

We recall from a pervious lesson the following
result for the Orlek - falomom algebra :

2heoum_ For X t L (A) ,
we put A×=y (Ex)

Zhen
A  = TO Ax

xe LCA)
In the core of the Igeha An = A ( Bm) this can

be rewritten in the following way
We denote by S = { Se , sz , ... , Sr } a PARTITION

of the set { 1
, in } .

For
every

S ; we denote by As
,

the mbalgehaf

Angiven by the generators a ,
with

.

4,5 } csi
.

For example Aq
,

, }
, ,

is the
mbdgelm

of Ag generated

by 43 ,
a

14 ,
a

34
.



Furthermore
,

we denote by

Atf
the component of

tq degree of As
,

( i. e. of degree I sit-1 ) .

Finally , genen
the partition S = { sy , , Sr }

we denote by Ams the point
A ! = Ate

,

x Asti × × Aston

which is a mbyou of Annik T.legeem.rs
.

Zhen we can write

An = TO Asn

5 rthipdmitimamqmo, , ,,nY the

( this Isthe translation of the theorem on 0 - S lgehn ,

and it com
he obtained also considering the bans of Am)

For instance
,

I n = 8

Wnz We z Wzg W

67¥8belongs to A § where S={ { 1,43 is } , {4416,7
, 8D

152 's
6-

tg
. 4



We notice that the symmetric group
Sm permutes

the summonses in gtO
Anf

according to its action on

the partitions of { a , ...  in }
.

.

Let as denoteby lg = ( k
,

.lk ) the politian of

m determined
by

the numbers lsillsd ,  . - ...

, lsrl
.

Ear
my pntutim µ = ( µ , ,µr ) of m

,
let Sµ be

the "

canonical
, partition of { a

, in } defined by
Sµ= ( { 1

, in }
, 1µm ,  ,µe+µ4

,

-
- -  

-  ' ' )
.

We home by definition dgµ =p .

Now we observe that
,

once a partition µ of m is

fixed ,
then TO Asm is a mbryusentation of An

,

5.ls=µ
since Sm pennies thesumnomob Asm

such
that hg=µ .



By definition of the induced representation ,

Sm
ASNTO Asm ' Theda

( sµ ) n

55 at

Xs=µ
Let is introduce another notation

. If 5 is  a puttin
of { i

, in }
,

we define Senti ) as the partition
of { 1

, , mm } whose ports are the puts of S and { not
.

For instance
, if S = { { 1,44 } , { 3,5 } }

,
then

5<6 > =/{1,2/4},
{ 3. 53,161} .

Moreover
, for every mzntt we define Sem >

as the partition of { 11 , m } whose ports me the parts
of S and { mhf ,

{ ntz }
,

. ...

, { m } .

Let as now consider Afn where |mzTf_
We home :



A :

;a¥Qeye;en¥ge;t*n
)

number of months terms in the partition : if µ=(µy ,

,µqg
) then

l|µ)=k
Sm 5µ

=
TO Td An

.

µ put .fm
Ltd

Sµ

f(µ)=m - s

Now we consider A !+
,

'

.

A !+i TO snn
As ,

Vyortut.uanofmt1TndLtobSymt1llvfnttJAomwdremmkisthat.w.hmnyfaaMFtnEfs@evevypntutomVofmt.w

th
l(V)=nh - s must

be of the form V= ( v ,
. . . . .

, 1.)• Zhevfou V is

obtained by a partition of m adding 1 in the end
.



We can then Write

Ahn = TO

wyyy.se?itsi.n+..Hni:

Remark : Lina m 22J ,

there is a binge Aim between the partitions µ of
n with l(µ)=m - 5 and the partitions ofs :

one can subtract a botfromevery
row of the

diagram of µ . For instance
, if m= 10 and 5=4

aggrot.gg#..o.gyspg:;.3.Eg3,

Hema
,

the range of the sum TO does not depend on n

for m zzj .

this means that we me interested In considering
Sm

AS µ em >

Tndytob
( sµ< m > ) m



Eou
every µ that

years in the expesmonobome ,
we  denote

by µ the puttin obtained
by deleting the entries egualtol

For instance if µ= ( 4,2 , 2,4 ) then

µ
'

= C 4,42 ) .

We notice that
|µy . e( µ

' )=J
p

NOTATION : |µl=µi+ +

µeµ,

He maximal value for l (µ ) is j ,
obtained When

µ=G}.-i2_ it ,
. .  . ml ← recallthe picture →

HE
}g

tunes

We notice that LtobSµ< m ,=Lt&5µ<
m ,

which Is =µd5µ . ) × Sm
. |µy

Tmthe
symmetric guy 51µg

Undone sm
( Ainiixrs

'

)
Sm

Aswan '

I]M\gtASµ×5m%hLtobsµ<m
, ( )

µy



By the Hemmer Menem we know that this
sequence

stdibvs when m . |µ
'

/ = |µy ,
that is to

my

m z z
| µ 11 = 25+2 l µ)

Lma the maximum value for f (µ
') Is 5

,
we home

that for mzyg the
sequence stabilises

•
RIASSU MEN DO ;

bouma ( church . tab 2013 ) Estate g
,

he royyresentationi
Lone references

A 'M oiotohtittano -

per m z #⇐#Be,

Representation

theory
and homological

p stdihty ,
Adv

.

Math
,

2013

Here
you

can also fund the general definition of up. stability
and

many
crucial results

.HIM. ,

'

Representation stability for cohomology

p of configuration gras
in Roli

,
I M RN

,
2017

Here
you

can fund animpmementof thestability bound

for Asm .

.

Itstabilisesat

'

m =3

5*1
.

READ MORE =)



It
,

Y table

decomposition

for same

symmetric group
characters

arisingIn
braid

group cohomology ,
I

. of bomb. Zheng ,
series A

, 2011
.

Bibby,
(

.
Representation stability for the ↳ homology of arrangements

-

associated to rootsystems,
A RXIV 2016

.

Geffen:L.FIFTY.me
arm

you can

findgeneralisations of the stabilityresultsto arrangements associated to other root

systems and their Weyl groups .


