
He extended Sm+
,

action  on H*( Cm ( ¢ )
, ¢ )

.

Let us consider the configuration space

Cm ( ¢ ) = ( ( a , ixm ) £ an / E xi = o
, xvtxf

Tt can be viewed as the complement of the essential

braid arrangement pm ,
whose hyeysmes me

His = I xrxsao } in V=¢Y¢(})
We can identify V wwth { ( a , , an ) efnkxef

After this identifications ,

the hyeylones of Bm can

still be written as He
,

= } xc - ×s=o}
.

Now we construct an Sm - egwmomant map
C

m (4) -8 , IP Ccm ( ¢ )) x ¢*
p - > (TCP ) ,

QZCP) )



where I : (
m

( 4) → IP ( cm ( ¢ )) is the

standard projection ,
and Q = I

,

Ca - xg ) is

the defining polynomial of the
arrangement pmand Sm ads trivially on 10

.

Lmu I ( p ) at (g) e⇒ p = tq for he ¢*
and Q

'

(g) = Q4iq) ⇐ s Q4H= N' →
Qyq)

⇐ ) find =i

the fibers of y
me the orbits of the action of the cyclic

pay
p = { zc.gl |eat=i }

Proposition the
my y

is a

covering
map .

Now we recall the following Transfer Theorem ( see for instance

Hatcher
,Algebraic Topology , by 36.1 )

in
a general version :

2henem_ Let 6 be a finite group ,
X a pnaompnot , Handoff,

locally euclidean
space where G acts

, ah IF a field with
chon IF  

= o on chon IF > 0 but chon IF f 161
.

Zhen

H* ( % , IF ) E A
*

( × , E)
0



Jn our setting we

hay
TRANSFER#( cna ) J = ¥

Kkk )=
a # * ,E It

't

( IP ( Cmc ¢ )) × ¢* ) I # ( Pan C¢ ) ) )
T

RunNET It FORMULA

where the
cohomology Iswith complex coefficients .

Now we observe that the action of P on Cnn (4) Is

the restriction of the continuous action of 51
an (

m
( ¢ ) .

Ymu 51 is a goth - connected topological group ,
the

action of s
'

on H
*

( Cm ( ¢ )) Is timid ( every
element

I of 51 acts by a

mop handgun to the identity) .

therefore A
*

( cm ( k ) )M=H* C (
n ( ¢))

.

It is

easy to check that the
my y

is Sm egumomsmt
( where Sm acts in the natural

way on (
m

( ¢ ) and
IP ( Cm ( 14 ) and acts trivially on F)

.

Also the
mop

Em (4)
A

⇒ Pkn ( ¢) ) x ¢*
is Sm egwivoniant



therefore :

theorem
Here is an isomorphism of Sm ryresentations

He ( Cm C ¢ ) ) ± H*CPkmC¢)) ) @ 1¥n EY

2hm is the
cohomology ring H*C4* ) ,

where e has degree 1
,

and Sm acts
trivially .

Own plan is
to

print
out an Sm

+ ,
action on

He ( IP ( Cm C 4) )
,

that restricted to Sn genes
the

natural action
. Using theorem A we will "

left , ,

the Sa
,

action to H* ( (
m ( 4) )

.



One moduli
spaceMoi

Eon m } 2 consider thecation agree

¢n+fM¢)) = { ( pop . , , pm )€tPk4D"lprtrf

Definition the moduli
space of m +1 printed arms of

Thus 0

is
mm

± (
mm

(

PkkPSLK
,¢:T
the

group of protectiveautomoyhismoflP¥dj
.

Let
p= [ Po , P

, , , pm ] E Mo
, mm . there is a

unique

poyectmentomoyhesm F e P 542
, ¢) such that

F ( po ) = ( 0,1 ) =o
, FCP, ) = ( to ) .

, F ( pa ) = ( in )
SIMPLIFIED

T
NOTATION ; it should be [ (0/1)]



Jm particular , every point p eMann has a UNIQUE representative

of this type :

p
= [ Po , , pm ] = [ com )

, Go )
,

C H )
, Kaye )

,  , Kmiifm . i ) ]
with Eto Fi

, y ,
to Fs

, xetyi Fi

and

Y÷u±Y÷
,

F H '

a

.=*xe
Now we choose in V

't

the boon

de
= a - x

,

2mF
 Xm - Xy

and we denote by

v.
, ,

vm
. ,

its  dual bans in V.
Notice that if we write an element

qe (
m ( ¢) using this

boss we home :

g
= ( 8 ,

, , ym
. , ) With

y ,

to Fi
( otherwise

g e It
, ,a ,

) anal
yctyg FCHJ ( otherwise

gt Hun
.sn ) •

We more  define the
map ( using

the boom abowhel above)
¢ :

Km
( ¢ )) → Mann

¢
ji

in.D→
Hit , 4,0441 )

, Hurd ,
' - swarm .D



Renault to is well defined ounce
,

as rematch drone
,

k¥0 Fi
, Ity ,

Has
.

Proposition the
my 10 is bijectwe

.

Proof One

mi
: Mam

,
→ IP ( cm ( ¢))

[ C 911,110 )
, ( 11 )

, and ,
. - ii ( txm )] →§i×z, 1 Xmr)]

is the muse of 10
.

D

Set us now ammeter 5n+
,

as the
group that permutes

{ on , ,
m } .

We identify Sm with the subgroup that

fixes 0
.

Hemet Zhe
my 10 is Sm egwmoniant

& : p ( Cm ( 4)) → Mqnti
p T

natural action of here 5mm acts
,

and Sm is

Sn
+ fjfntjljydswgththe subgroup



Proof Let us dente by to  

= Cv , ch ) the kmmwutian

or Sm is generated by te , Tz
, , Tnt .

Tt is sufficient to check our claim an -4 , , Tnt
.

Let us for instance consider Ze .

Let

g=[
( air , in . , )] c- P Ccm (4) )

.

Recall that Cnn
, , one )

is writtenwith respect to the boom ve , , vm ,
and ryvrents

a print ( an
, , am ) e ✓ such thataux3-4=82

an - a 1=8
m -1

Lina T
, ( an

,
"

.

, an ) = ( az , an , . . . . .am ) ,
this vector  with

respect to the boom mi , van is (-1
,

k£1
, . . .

. . iym .

it )
Zheufne T

, g
= Ty [ (

Trutjmn
)] = [ Hit - ja ,

-
. .ttyn

. ,
)]

On the other hand
,

let us f- an on the action of Ty
on 10 (g) ± [ ( on )

,
Go )

, 41 )
,

( 1,82 ) , , ( 1
, K. ,

)] .

*
e permutes

Tn it G) = [ ( on ) , an ) , 14,0 ) , Hik )
, i &8m.D

To put this in canonical form we act by the



positivity ( h! , ) ,
i.e. the page duty that

sends X → x
, ( 1

, D → ( i
,

o ) , ( 1
,

o ) -7 the ) .

Lo tee 10 (g) = [ ( 0,1 )
, 4,0 )

, ( 1.1 )
, ( i

,
1 . K ) ,

- .  . .

, ( 1,1 - Jn
. ,)]

And the two actions of Ty agree
.

Lumbnly me checks that Fi the actions of ti

agree D

One observes that $ is m isomorphism of algebraic variety

Io : IP (Cm ( 4)) I Mo
, mm

p
here Sm ,

acts

farm this isomorphism one has n 5mm action  on

p ( cm ( 41) and therefore on # ( IP (Cm ( ¢ ) ) .

Remote
Let g=[Gk , ini ) ] € IP ( Cn ( ¢ )) .

Using 10 one can compute

so q= [ ( 1
, Kt

, , ymj ) ] ( Ex E-Rase ! )



Remark 2

.m the end
, via

Zhemem A
,

we have a 5mm action

on H* ( Cm ( ¢ ))
.

One can pore ( Mathieu ' 96 )
that this action does not come from an Smn action

on the
qaa (

m
( ¢)

.
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