
Basics on
the Orbk - Ytolomm algebra

.

Let A = { He , , Her } be a central

hpeybme

arrangement

in a vector
you 1km

.

Let R be a commutative
ring .

We denote
by Et = +0 Rea .

He A
2hm is a free R - module where the elements lµ me in

bingeotion with the hyeylanes of A
.

Let E = A (E) be the exterior algebra ,
that is

naturally graded : Eo=R
E

,
a < lµ

,
, iekn >

R

Ep = 9 -
- '

' ' '

s 9+j
.  "

lady
' '

' >
R

We notice that Epzo F
p

> N =/ Al
.

Definition We  define a R - linen
my 2€ : E  → E

by 21=0
,

2 e ,+=1 F Het and
, for p 22

2 ( et ' "

reap ) = §jtMeµ
,

-
- . . far . . .

e.
with Hn

, , Hp

Et



Given or p . tyle of hypybms S = ( H
, ,

. . . .

, Hp )

we Kent 151 =p and

lee ,+j
" " e

,+p
e E n S = His n Hp

Notation Tf p=o ,
then S = ( ) and

es = 1 n S= Item

gmen a mbyaa µ in Ikn
,

we denote by r ( U )
the COMMENSION of U

.

Definition We call 5 molyenhnt if r( AS )=/S/

mhabpembntif rts
Let § denote the set of all the

p
- tybs and let

S= hkosp



Definition Let t be a

centralhgaeybme

arrangement as above
.

We denote by I =I (A) the ideal of E generated

by the elements des for all dependent S E S .

•

We notice that I is generated by homogeneous elements
,

hence it is a graded ideal :

I = # In Ep

Orhk and Solomon introduced in 1980 the following
algebra .

Definition Let A he a central hygeylane arrangement as

above
.

We define

A  = A (A) = Et
We denote by y : E → A the protection  

and we

write

y ( e* ) = a
,#

F H E A

if ( es ) = ag F S E S
y ( Ep ) = Ap



Exercise If S E S and H E S
,

we home

lg = l
, +

d es .

We observe that A is a graded anti commutative algebra ,

and A. = R
,

A
,

= +0 Ran

p
Het

the only dependent elements of § me s = ( H
,

H ) for HEA

and des = EE = o
, or In E

,
= 10 } .

From the exercise we home that Ap = 0 F p > m

once if p > m
every p - tyle in Sp is  dependent

,
n being

the dimension  of the ambient nectar
space . •

Let L (A) he the poet of all the intersections of the

hyyey lanes in A
,

ordered by reverse inclusion
.

Eon xe Lot ) let Sj { se S In s=X|
and let

E×= E R es

Sts
×



We observe that

E = TO Ex
.

XEL

Herein For X t L ( A ) ,
we put Apg (Ex)

.

Zhen
A  = TOAw( A )

Renouf Zhe Orbit - Lohman algebra can be defined

also for affine hyeylane arrangements.

One main

difference is that one takes the ideal I generated by
des ( s olyenhnt) and by es ( with nS=¢) .

Hemet ( Orbk - Yalamon
,

1980 ) .

Let A be on hyeylome arrangement in the comte
vector

spa V
.

Let MCA) = V - ¥AH
.

then
# ( met ) , ¢) ± A ft)

coefficients  in R = ¢



Remmk_ this theorem holds also with integer coefficients :

H* (MCA ) , 2) IfAt

coefficients in R=Z
,

Remould Let A be a

control
arrangement .

Eov
every

H e A
,

let 2
µ

he a functional in V*

such that H= { re V 1 a
,+ ( 4=0 } .

then the not
a

, ← > Matt
gives the isomorphism

[ )
in the Rham cohomology .

Lee the book of Orlik and Gmo

"

ifeng.IE#fIeIeiIf



He Arnold 's algebra
.

Let us consider the braid arrangement Pm .

Tt is the arrangement m V =

¢Y¢µ)
gwen by

the hyeybms Hog = { xu - x
,

= o }
( they me will defined in V ) ..

Let us identify V with { ki , ixm ) c- ¢
"

/ Exiif
then the complement of the arrangement pm is the

Configurations
C

m
( ¢) = { ( a , ixn ) c- 4m / Exeo

,
. at x

, f4⇒}
In 1969 Arnold panel that the

cohomology
algebra H* ( cm ( ¢) , ¢)

'

is namoyhic to the

sex
algebra with generators

{ ay I ne i < sg m }
andrelations

§ Ny Run - ac , ask + an a
, ,

= o F 1 E lese ken

Remade Actually it was pored for integer coefficients .

From now on we focuson complex coefficients .



From Orlvk and Ysloman result it follows that

the Arnold Igeha is isomorphic to A ( pm) .

Zhe following exercises .
show a proof .

T
complex coefficients
from more  on

bunny Let us consider the braid arrangement Pm .

Let S = ( H , , , Hp ) be a p
- tyle .

Zhen 5 is

dependent if and only if it contains a subsequence of the

form ( Huy
,

, Hhs , , Hop
sp ) with The late

F h=1
,

. . . .

, p - 1 and
sp = Ly ( i

.  e

,
the

sequence
is

"
a cycle , , ) .

bunny Arnold relations ¥0 can be written as

des = o for all S e § mininnyly
dependent

this means that if we
delete an hyeylme from the

triple ,
what remains is  independent

Yxnuse3_ For the braid
arrangement Pm ,

the iobal

I in E coincides with the noted generated by
des for every S e § dependent .



A basis for A ( Pm) .

÷
us  consider the following may

:

it13

Azzi34 1
.

l

,

l=
,

-
.

.

: ! , 1

Mm %m A
3M lmtm 1

Unsung A bans for A ( Pm )
p

is

} his
, Rich

' '
- -

lysp / 2 ± Ty < < Jp { m

the Jen that
,

. .

, p

}
His means that a born for A ( pm ) is

gmen by
all the monomials obtained

taking one element from
each row of the

may above
.

ExerciseUsing Arnold 's relations # , pone that

the monomials above are a set of generators for
A ( Prn) .



We notice that on the algebra A ( Bn) there is a natural

Sm action
,

that permutes the induces in a
y

( NOTATION a
uy

= Rgi ) .

One of the goals of this course is to illustrate some

pyuties of this interesting representation of Sm

thatcomes from the geometry ofconfigurationsyaas.


